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Description 


From the chapter and section openers through the examples 
and exercises, interesting applications from nearly every 
discipline, supported by up-to-date real-world data, are 
included in every section. 


Examples are clearly written and provide step-by-step 
solutions. No steps are omitted, and key steps are thoroughly 
explained to the right of the mathematics. 


Voice balloons help to demystify algebra. They translate 
algebraic language into plain English, clarify problem-solving 
procedures, and present alternative ways of understanding. 


Answers to students’ questions offer suggestions for problem 
solving, point out common errors to avoid, and provide 
informal hints and suggestions. 


The book’s Achieving Success boxes offer strategies for 
success in learning algebra. 


2 Work the Problems 


Description 


Each example is followed by a similar problem, called a Check 
Point, that offers you the opportunity to work a similar exercise. 
Answers to all Check Points are provided in the answer section. 


These short-answer questions, mainly fill-in-the blank and 
true/false items, assess your understanding of the definitions 
and concepts presented in each section. 


An abundant collection of exercises is included in an Exercise 
Set at the end of each section. Exercises are organized within 
several categories. Practice Exercises follow the same order 
as the section’s worked examples. Practice PLUS Exercises 
contain more challenging problems that often require you to 
combine several skills or concepts. 


3 Review for Quizzes and Tests 


Description 


Near the midway point in the chapter, an integrated set of 
review exercises allows you to review the skills and concepts 
you learned separately over several sections. 


Each chapter contains a review chart that summarizes the 
definitions and concepts in every section of the chapter, 
complete with examples. 


Each chapter contains a practice test with problems that cover 
the important concepts in the chapter. Take the test, check 
your answers, and then watch the Chapter Test Prep Videos. 


These videos contain worked-out solutions to every exercise in 
each chapter test. 


These interactive lecture videos highlight key examples from 
every section of the textbook. A new interface allows easy 
navigation to sections, objectives, and examples. 


Benefit 


Ever wondered how you'll use algebra? This feature will 
show you how algebra can solve real problems. 


The blue annotations will help you to understand the 
solutions by providing the reason why the algebraic steps 
are true. 


Does math ever look foreign to you? This feature translates 
math into everyday English. 


This feature should help you not to feel anxious or 
threatened when asking questions in class. 


Follow these suggestions to help achieve your full 
academic potential in mathematics. 


Benefit 


You learn best by doing. You'll solidify your understanding 
of worked examples if you try a similar problem right away 
to be sure you understand what you’ve just read. 


It is difficult to learn algebra without knowing its special 
language. These exercises test your understanding of the 
vocabulary and concepts. 


The parallel order of the Practice Exercises lets you refer 
to the worked examples and use them as models for 
solving these problems. Practice PLUS provides you with 
ample opportunity to dig in and develop your problem- 
solving skills. 


Benefit 
Combining exercises from the first half of the chapter gives 


you a comprehensive review before you continue on. 


Review this chart and you'll know the most important 
material in the chapter. 


You can use the Chapter Test to determine whether you 
have mastered the material covered in the chapter. 


These videos let you review any exercises you miss on the 
chapter test. 


These videos let you review each objective from the 
textbook that you need extra help on. 


Prepare for Exams with Blitzer’s 
New Interactive Video Lecture Series 
with Chapter Test Prep Videos. 
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Simplify. 
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We can divide out this two x minus one with this one 
here, so what do we have left? Simply the fraction six- 
sevenths. 


Students can make the most of their study time by preparing for exams with the new 
Interactive Lecture Series with Chapter Test Prep Videos: 


> Interactive Lectures highlight key examples and exercises from every section of 
the textbook. A new interface allows easy navigation to sections, objectives, and 
examples. These lectures are available in MyMathLab and on the Lecture Series on 
DVD. 


>» Chapter Test Prep Videos provide step-by-step video solutions for every problem 
from the Chapter Tests in the textbook. The Chapter Test Prep videos are available 
in MyMathLab, on the Lecture Series DVD, and on yi Tube b 


Definitions, Rules, and Formulas 


The Real Numbers 


Natural Numbers:  {1, 2, 3, ...} 

Whole Numbers: {0, 1, 2, 3, ...} 

Integers: {...,—3,—2,—1,0,1, 2,3, ...} 

Rational Numbers: {fla and b are integers, b # o} 


Irrational Numbers:  {x|x is real and not rational} 


Basic Rules of Algebra 


Commutative: a+b=b+a;ab=ba 
Associative: (at+b)+c=a+(bt+c); 
(ab)c = a(bc) 

Distributive: a(b +c) =ab + ac; 

a(b —c) =ab—ac 
Identity: a+0=aa:l=a 
Inverse: a + (—a) = 0;a°4 = 1(a # 0) 
Multiplication Properties: (—l)a=—a; 
(-1)(-a) = a;a:0 = 0; (—a)(b) = (a)(—b) = —ab; 
(—a)(—b) = ab 


Order of Operations 


1. 


Perform operations above and below any fraction 
bar, following steps (2) through (5). 


. Perform operations inside grouping symbols, innermost 


grouping symbols first, following steps (3) through (5). 


. Simplify exponential expressions. 
- Do multiplication and division as they occur, working 


from left to right. 


. Do addition and subtraction as they occur, working 


from left to right. 


Set-Builder Notation and Graphs 


{xl|a <x <b} ——-+—-—-—-—}+— 
a b 

{xla <x <b} ——_-_—_+" 
a b 

{xla <x <b} —--——}—+ 
a b 


{xx > b} a oe 
a b 

x|x <a <——}$—____+—— 

{ } 4 ; 


Slope Formula 


Changeiny y.- y, 
slope(m) = - : 


#0 
Change in x ec 


X2 ~ X1 


. Ifm>0, the line rises from left to right. If 7 <0, the 


line falls from left to right. 


. The slope of a horizontal line is 0. The slope of a 


vertical line is undefined. 


. Parallel lines have equal slopes. 


Equations of Lines 


. Standard form: Ax + By=C 
. Slope-intercept form: y= mx + b 


mis the line’s slope and b is its y-intercept. 


. Point-slope form: y — y, = m(x — x4) 


mis the line’s slope and (x1, y;) is a fixed point on the 
line. 


. Horizontal line parallel to the x-axis: y=b 


. Vertical line parallel to the y-axis: x =a 


Definitions, Rules, and Formulas (continued) 


Properties of Exponents 
1. b™- pr = pmen 


2. (Bey? = pin 

3. (ab)” = ab” 
b”™ 

4. —= pr 
b” 


()" af) 
7 b b™ 
6. b° = 1, where b # 0 


1 1 
Do = pn and yaa = b" where b # 0 
Special Factorizations 
1. Difference of two squares: 
A — B? = (A+ B)(A-B) 

2. Perfect square trinomials: 

A + 2AB + B? = (A+B)? 

A — 2AB + B?=(A-B)? 
3. Sum of two cubes: 

A + B? = (A+ B)(A* — AB + B’) 


4. Difference of two cubes: 
A — B? = (A — B)(A* + AB + B’) 


Variation 
English Statement Equation 
y varies directly as x. y=kx 
k 
y varies inversely as x. = 


Properties of Radicals 
All roots represent real numbers. 


1. The product rule: 2. The quotient rule: 
Wa- W/b = W/ab a en 
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Triangles 


1. The sum of the measures of the interior angles of a 
triangle is 180°. 


2. Similar triangles have corresponding angles with 
the same measure and corresponding sides that are 
proportional. Two triangles are similar if two angles 
of one are equal in measure to two corresponding 
angles of the other. 


Rational Exponents 


The Quadratic Formula 


The solutions of ax? + bx + c = Owitha # Oare 


—b + Vb? — 4ac 
x= : 


2a 


Imaginary and Complex Numbers 
1. i = V—lLand i?=-1 


2. The set of numbers in the form a+ biis the set of 
complex numbers. If b = 0, the complex number a + bi 
is areal number. If b #0, the complex number a+ bi 
is an imaginary number. 


The Graph of y = ax? + bx +c 


1. The graph of y = ax” + bx + cis called a parabola, 
shaped like a bowl. If a> 0, the parabola opens 
upward, and if a< 0, the parabola opens downward. 
The turning point of the parabola is the vertex. 


2. Graph y = ax’ + bx + c by finding any x-intercepts 
(replace y with 0), the y-intercept (replace x with 0), 
the vertex, and additional points near the vertex and 


i : .=b 
intercepts. The x-coordinate of the vertex is a 
a 


—b 
The y-coordinate is found by substituting ae for x in 
y=ax’+ bx +c and solving for y. . 


3. The vertex of y = ax? + bx + cis a minimum point 
when a> 0 and a maximum point when a <0. 


3. The Pythagorean Theorem 
In any right triangle with 


B 
hypotenuse of length c and legs 
of length a and b, c? =a’ + b’. 
c a 
Hypotenuse Leg 
A b Cc 


Common Formulas for Area, Perimeter, and Volume 


Square 


A=s? 
P=4s 


[=> 4 


Rectangle 


A=lw 
P=21+2w 


Rectangular 
Solid 


V=lwh 


1 
| oY! 


Lat 


Circle Triangle 
A= ar = bh 
C=2ar 


Circular 
Cylinder Sphere 
V=arh = oar 
a, | . 
h ( Seeee-| 
4 = 


Trapezoid 
1 
=zh(a+b) 


= b= 


Lge 


Other Formulas 
1. Temperature 


C= > (F ~ 32) 


Fe= 26 + 32 
5 
2. Percent 
A=PB 


3. Simple Interest 
I= Prt 


4. Distance 
d=rt 


(Fahrenheit to Celsius) 


(Celsius to Fahrenheit) 


(A is P percent of B.) 


(Interest is principal times rate times time.) 


(Distance is rate times time.) 


5. Distance between Points 


The distance from (xj, y1) to (x2, y2) is V (x2 — x1)? + (2 - 1)’. 


Definitions, Rules, and Formulas 


The Real Numbers 


Natural Numbers: {1, 2, 3,...} 

Whole Numbers: {0, 1, 2, 3, ...} 

Integers: {..., —3, —2, -1, 0, 1, 2, 3,...} 

Rational Numbers: {}|a and b are integers, b 4 0} 


Irrational Numbers: {x|x is real and not rational} 


Basic Rules of Algebra 


Commutative:a + b= b+ a;ab = ba 

Associative: (a + b) + c =a + (b+ c);(ab)c = a(bc) 
Distributive: a(b + c) = ab + ac;a(b — c) = ab — ac 
Identity:a + 0 = a;av1 = 
Inverse: a + (—a) = 0;a°% = l(a # 0) 
Multiplication Properties: (—1)a = —a; 

(-1)(-a) = a;a+0 = 0; (-a)(b) = (a)(-b) = ~ab; 
(—a)(—b) = ab 


a 


Set-Builder Notation, Interval Notation, 
and Graphs 


(a,b) ={xla< x <b) ————_ 


a b 
[a,b) = {xja = x < D} : : 
(a, b] = {xla <x <b}. -—————+- — 
a b 
[a,b] = {xla <x <b) + — 
a b 


(-%,) = [xlx <b), <-> 
= =f{xlx< =} 
(-»,b] = [xlx = | + 

(a, ©) = {x|x > a) 
[a, 0) = {x|x =a} 

(—%, ©) = {x|x is areal number} = {x|x € R} 


Saree enn nEEnE Eee 


Slope Formula 


Changeiny _ y2 


Pal ( 


x, FX 
Changeinx 2 - x I 2) 


slope (m) = 


Equations of Lines 


1. Slope-intercept form: y = mx + b 
m is the line’s slope and b is its y-intercept. 

2. Standard form: Ax + By = C 

3. Point-slope form: y — y; = m(x - x1) 
m is the line’s slope and (xj, y;) is a fixed point on 
the line. 


4. Horizontal line parallel to the x-axis: y = b 
5. Vertical line parallel to the y-axis: x = a 


Systems of Equations 


y y y 
a SS Lo 


One solution: 
consistent 


No solution: 
inconsistent 


Infinitely many 
solutions: 
dependent and consistent 


A system of linear equations may be solved: 
(a) graphically, (b) by the substitution method, (c) by the 
addition or elimination method, (d) by matrices, or (e) by 
determinants. 


a,b, 
= ayby — arb, 


ayby 


Cramer’s Rule: 


Given a system of a equations of the form 


Cyd, acy 
+bhy= Cob ayC 
nan Wy oe thenx = ——— andy = — 
ayx + boy = C2 a,b, a,b, 
Arby ayby 
Absolute Value 
x ifx=0 
1. |x| = . 
—x ifx <0 
2. If |x| = c, then x = corx = —c.(c > 0) 


3. If |x| < c,then-c <x <c.(c > 0) 
4. If |x| > c,thenx <—corx >c.(c > 0) 


Special Factorizations 
1. Difference of two squares: 
A — B? =(A + B)(A —- B) 
2. Perfect square trinomials: 


A +2AB + B? =(A+ BY 
A’ — 2AB + B? =(A- BY 


3. Sum of two cubes: 
A + B3 = (A + B)(4 — AB + B’) 
4. Difference of two cubes: 


A — B? = (A — B)(A’ + AB + B’) 


Variation 

English Statement Equation 

y varies directly as x. y=kx 

y varies directly as x". y = kx" 
k 

y varies inversely as x. ake 

a k 

y varies inversely as x”. y= 
x 

y varies jointly as x and z. y = kxz 


Exponents 
Definitions of Rational Exponents 


1 n m nf_ n/_m 
1. a°= Va 2 a" = (Wal or Wa" 


Properties of Rational Exponents 


If m and n are rational exponents, and a and b are real 
numbers for which the following expressions are defined, 
then 


b™ 
1. b™- pr = pmrn 2. —=pnn 
b” 
3. (b")" = b™ 4. (ab)" = ab" 
(5) =o 
. b b” 
Radicals 


1. Ifnis even, then Wa" = |al. 
2. Ifn is odd, then Wa" =a. 


3. The product rule: Wa: Wb = Wab 


4. The quotient rule: Wa = AE 
Wb Vb 


Complex Numbers 
1. The imaginary unit i is defined as 
i= V-1, where i? =~-1. 


The set of numbers in the form a + bi is called the set 
of complex numbers. If b = 0, the complex number 

is areal number. If b # 0 the complex number is an 
imaginary number. 


2. The complex numbers a+ bi and a — bi are con- 
jugates. Conjugates can be multiplied using the 
formula 


(A + B)(A — B) = A — B’. 
The multiplication of conjugates results in a real 
number. 


3. To simplify powers of i, rewrite the expression in 
terms of 7. Then replace /? with —1 and simplify. 


Quadratic Equations and Functions 


1. The solutions of a quadratic equation in standard form 
ax? + bx +c =0, a ¥ 0, 
are given by the quadratic formula 
Pe Vb? = 4ac 
2a ; 


2. The discriminant, b? — 4ac, of the quadratic equation 
ax’ + bx + c = 0 determines the number and type 
of solutions. 


Discriminant Solutions 


Positive perfect square 2 rational solutions 
with a, b, and c rational 


numbers 


Positive and not a perfect | 2 irrational solutions 


square 


Zero, with a, b, and c 1 rational solution 


rational numbers 


Negative 2 imaginary solutions 


3. The graph of the quadratic function 
f(x) = a(x — hy +k, a 40, 


is called a parabola. The vertex, or turning point, is 
(h, k). The graph opens upward if a is positive and 
downward if a negative. The axis of symmetry is a 
vertical line passing through the vertex. The graph 
can be obtained using the vertex, x-intercepts, if any, 
[set f(x) equal to zero], and the y-intercept (set x = 0). 


4. A parabola whose equation is in the form 
f(x) = ax* + bx +c, a #0, 


has its vertex at 


If a > 0, then fhas a minimum that occurs at 


x= “Se If a < 0, then f has a maximum that occurs 
a 


atx = -—. 
2a 


Definitions, Rules, and Formulas (continued) 


Exponential and Logarithmic 
Functions 


1. Exponential Function: f(x) = b*,b > 0,b 4 1 
Graphs: 


y 
A 


thd) =F 
0<b<!1 


f(x) = b* 
b>1 


> xX 


2. Logarithmic Function: f(x) = log,x,b > 0,b ~ 1 
y = logpx is equivalent to x = b’. 


Graphs: 


>< 


f(x) =b* = (0, 1) 


(1, 0) 


f"(x) = log, x 


b>1 


3. Properties of Logarithms 
a. log,(MN) = log,M + log,N 


M 
b. toss( = log, M — log,N 


c. log, M? = plog,M 


log,M InM_ logM 
fa ] M — = — 
a 08s log, b Inb logb 


e. log, b* = x;log10* = x; Ine* = x 


f. $28? =e 19°? =a eo =x 


Distance and Midpoint Formulas 
1. The distance from (x;, y;) to (x9, y2) is 


V (x = x) (yo yi) 


2. The midpoint of the line segment with endpoints 
(x1, y1) and (x2, y2) is 


(2 +X yy + 22) 
2 , 2 , 


Conic Sections Circle 


y 
\ xh)? + yk =e? 


Center 


a(hik) 


\ 
\ 
\ 


N 
Radius: r \o, Any point on 
the circle 
(x,y) 
>Xx 
Ellipse 
i Y (iverex (hy kbs) 
=i 2 —k) 2 
oe +8 = 
wie — ky? 
oe pale at a 
Major axis --¢ --+-----# ~------ = 
Vertex (h— a, k) Vertex (h+2, k) : 
Vertex (h, k — a) 1 
Major axis 
2 2 
y ie 
t- >=! ‘ 
aa Asymptote: 


= 5 
x , ee 
, 
\ , 
al 
\ 
< aaa’ 
tac i 
i: % ye H 
t 
—b,0)! nm eae 1 (b,0 
C9, Ob" foo, 
\ “TSS i 
oe | Se 
, x | 
| NG 
3o- “4 
N 
N 
SN 
N 
a aN 


Asymptote: 


j= =si aay 
a 


XX 
Asymptote: 


Parabolas Opening to the Right 
or to the Left 


The graphs of 
x=aly—k?’t+h and x=ay*+by+c 
are parabolas opening to the right or to the left. 


1. Ifa > 0, the graph opens to the right. If a < 0, the 
graph opens to the left 
2. The vertex of x = a(y — k)? + his (h,k). 


3. The y-coordinate of the vertex of x = ay”? + by + ¢ 
: b 
is y = —F 


y y 
A A 


(h, k) 


Sequences 


1. Infinite Sequence: {a,} = a1, a7, d3,...,dy,--- 
2. Summation Notation: 


L 


3. nth Term of an Arithmetic Sequence: 


n 
a;=a4,+4,+a43,7+°-°° + dy 
=1 


Gn = a, + (n—- 1)d 


4. Sum of First n Terms of an Arithmetic Sequence: 
n 
Sn = 2 (a, + An) 
5. nth Term of a Geometric Sequence: a, = ayr”! 
6. Sum of First n Terms of a Geometric Sequence: 


a,(1 — r”) 
Sn = Tr  D) 
7. Sum of an Infinite Geometric Series with |r| < 1: 
a 
S — 
L=r 


The Binomial Theorem 


1. n! = n(n —1)(n—- 2) +--+ 3+2°1;0! = 1 


ee eccen) 


3. Binomial Theorem: For any positive integer n, 


(a+ b= @z + (7 Jaro + 
NM Y\ n-2p2 N\ n-3p3 N\on 
+ treet ; 
(3) (5) (‘)o 


4. Finding a Particular Term in a Binomial Expansion 
The (r + 1)st term of the expansion of (a + b)" is 


("Jar 
r 
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Pretace 


Intermediate Algebra for College Students, Sixth Edition, provides comprehensive, 
in-depth coverage of the topics required in a one-term course in intermediate algebra. 
The book is written for college students who have had a course in introductory 
algebra. I wrote the book to help diverse students, with different backgrounds and 
career plans, to succeed in intermediate algebra. Intermediate Algebra for College 
Students, Sixth Edition, has two primary goals: 

1. To help students acquire a solid foundation in the skills and concepts of 

intermediate algebra. 


2. To show students how algebra can model and solve authentic real-world problems. 


One major obstacle in the way of achieving these goals is the fact that very few 
students actually read their textbook. This has been a regular source of frustration for 
me and for my colleagues in the classroom. Anecdotal evidence gathered over years 
highlights two basic reasons why students do not take advantage of their textbook: 


e “T’ll never use this information.” 


e “T can’t follow the explanations.” 


I’ve written every page of the Sixth Edition with the intent of eliminating these 
two objections. The ideas and tools I’ve used to do so are described in the features 
that follow. These features and their benefits are highlighted for the student in 

“A Brief Guide to Getting the Most from This Book,” which appears inside the 
front cover. 


What’s New in the Sixth Edition? 


e New Applications and Real-World Data. I’m on a constant search for data that 
can be used to illustrate unique algebraic applications. I researched hundreds of 
books, magazines, newspapers, almanacs, and online sites to prepare the Sixth 
Edition. Among the worked-out examples and exercises based on new data sets, 
you'll find applications involving changing attitudes of college freshmen, our 
vanishing tiger population, the body count in Wes Craven’s Scream series, and the 
year humans become immortal. 

e Concept and Vocabulary Checks. The Sixth Edition contains more than 500 new 
short-answer exercises, mainly fill-in-the-blank and true/false items, that assess 
students’ understanding of the definitions and concepts presented in each section. 
The Concept and Vocabulary Checks appear as separate features preceding the 
Exercise Sets. 


x Preface 


Great Question! This feature takes the content of each Study Tip in the Fifth Edition 
and presents it in the context of a student question. Answers to questions offer 
suggestions for problem solving, point out common errors to avoid, and provide 
informal hints and suggestions. “Great Question!” should draw students’ attention 
and curiosity more than the “Study Tips.” As a secondary benefit, this new feature 
should help students not to feel anxious or threatened when asking questions in class. 
Achieving Success. The book’s Achieving Success boxes offer strategies for 
success in math courses, as well as suggestions for developmental students on 
achieving one’s full academic potential. 
New Chapter-Opening and Section-Opening Scenarios. Every chapter and every 
section open with a scenario based on an application, many of which are unique to 
the Sixth Edition. These scenarios are revisited in the course of the chapter 
or section in one of the book’s new examples, exercises, or discussions. The 
often-humorous tone of these openers is intended to help fearful and reluctant 
students overcome their negative perceptions about math. 
New The Lecture Series on DVD has been completely revised to provide students 
with extra help for each section of the textbook. The Lecture Series DVD includes: 
e Interactive Lectures that highlight key examples and exercises for every section 
of the textbook. A new interface allows easy navigation to sections, objectives, 
and examples. 
e Chapter Test Prep Videos provide step-by-step solutions to every problem in 
each Chapter Test in the textbook. The Chapter Test Prep Videos are now also 
available on You-Tube™. 


What Content Changes Have Been Made 
to the Sixth Edition? 


Section 1.1 (Algebraic Expressions, Real Numbers, and Interval Notation) 
introduces interval notation, which is used throughout the book. 


Section 2.2 (Graphs of Functions) uses interval notation to identify the domain and 
range from a function’s graph. 


Section 4.1 (Solving Linear Inequalities) uses interval notation to express solution sets. 


Section 4.3 (Equations and Inequalities Involving Absolute Value) solves absolute 
value inequalities using equivalent compound inequalities, rather than boundary 
points. With the section’s focus on this one method, the pace has been both slowed 
down and expanded. 

Section 5.1 (Introduction to Polynomials and Polynomial Functions) presents a 
more detailed discussion on polynomial subtraction using additive inverses. 
Section 6.7 (Formulas and Applications of Rational Expressions) expands the coverage 
of solving for a variable in a formula with a new worked example and Check Point. 
Section 8.1 (The Square Root Property and Completing the Square) contains a 
new example on solving a quadratic equation with imaginary solutions by complet- 
ing the square. 


Section 8.2 (The Quadratic Formula) has a new example on writing a quadratic 
equation whose solution set contains irrational numbers. 

Section 8.5 (Polynomial and Rational Inequalities) includes a new example on 
solving a polynomial inequality with irrational boundary points. 


What Familiar Features Have Been Retained 
in the Sixth Edition? 


Detailed Worked-Out Examples. Each worked example is titled, making clear the 
purpose of the example. Examples are clearly written and provide students with 
detailed step-by-step solutions. No steps are omitted and key steps are thoroughly 
explained to the right of the mathematics. 
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Explanatory Voice Balloons. Voice balloons are used in a variety of ways to 
demystify mathematics. They translate algebraic ideas into everyday English, 
help clarify problem-solving procedures, present alternative ways of under- 
standing concepts, and connect problem solving to concepts students have 
already learned. 


Check Point Examples. Each example is followed by a similar matched problem, 
called a Check Point, offering students the opportunity to test their understanding 
of the example by working a similar exercise. The answers to the Check Points are 
provided in the answer section. 


Extensive and Varied Exercise Sets. An abundant collection of exercises is 
included in an Exercise Set at the end of each section. Exercises are organized 
within eight category types: Practice Exercises, Practice Plus Exercises, 
Application Exercises, Writing in Mathematics, Critical Thinking Exercises, 
Technology Exercises, Review Exercises, and Preview Exercises. This format 
makes it easy to create well-rounded homework assignments. The order of 
the Practice Exercises is exactly the same as the order of the section’s worked 
examples. This parallel order enables students to refer to the titled examples 
and their detailed explanations to achieve success working the Practice 
Exercises. 


Practice Plus Problems. This category of exercises contains more challenging 
practice problems that often require students to combine several skills or concepts. 
With an average of ten Practice Plus problems per Exercise Set, instructors are 
provided with the option of creating assignments that take Practice Exercises to a 
more challenging level. 


Mid-Chapter Check Points. At approximately the midway point in each chapter, 
an integrated set of Review Exercises allows students to review and assimilate the 
skills and concepts they learned separately over several sections. 


Graphing and Functions. Graphing is introduced in Chapter 1 and functions 

are introduced in Chapter 2, with an integrated graphing functional approach 
emphasized throughout the book. Graphs and functions that model data appear 
in nearly every section and Exercise Set. Examples and exercises use graphs of 
functions to explore relationships between data and to provide ways of visualizing 
a problem’s solution. Because functions are the core of this course, students are 
repeatedly shown how functions relate to equations and graphs. 


Section Objectives. Learning objectives are clearly stated at the beginning of each 
section. These objectives help students recognize and focus on the section’s most 
important ideas. The objectives are restated in the margin at their point of use. 


Integration of Technology Using Graphic and Numerical Approaches to 
Problems. Side-by-side features in the technology boxes connect algebraic 
solutions to graphic and numerical approaches to problems. Although the use 
of graphing utilities is optional, students can use the explanatory voice balloons 
to understand different approaches to problems even if they are not using a 
graphing utility in the course. 


Chapter Review Grids. Each chapter contains a review chart that summarizes the 
definitions and concepts in every section of the chapter. Examples that illustrate 
these key concepts are also included in the chart. 


End-of-Chapter Materials. A comprehensive collection of Review Exercises for 
each of the chapter’s sections follows the review grid. This is followed by a Chapter 
Test that enables students to test their understanding of the material covered in the 
chapter. Beginning with Chapter 2, each chapter concludes with a comprehensive 
collection of mixed Cumulative Review Exercises. 


Blitzer Bonuses. These enrichment essays provide historical, interdisciplinary, and 
otherwise interesting connections to the algebra under study, showing students 
that math is an interesting and dynamic discipline. 
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e Discovery. Discover for Yourself boxes, found throughout the text, encourage 
students to further explore algebraic concepts. These explorations are optional and 
their omission does not interfere with the continuity of the topic under consideration. 


¢ Chapter Projects. At the end of each chapter is a collaborative activity that gives 
students the opportunity to work cooperatively as they think and talk about 
mathematics. Additional group projects can be found in the /nstructor’s Resource 
Manual. Many of these exercises should result in interesting group discussions. 


I hope that my passion for teaching, as well as my respect for the diversity of 
students I have taught and learned from over the years, is apparent throughout this 
new edition. By connecting algebra to the whole spectrum of learning, it is my intent to 
show students that their world is profoundly mathematical, and indeed, zr is in the sky. 


Robert Blitzer 


Resources for the Sixth Edition 
For Students 


Student Solutions Manual. Fully-worked solutions to the odd-numbered section 
exercises plus all Check Points, Review/Preview Exercises, Mid-Chapter Check 
Points, Chapter Reviews, Chapter Tests, and Cumulative Reviews. 


NEW Learning Guide, organized by the textbook’s learning objectives, helps 
students learn how to make the most of their textbook and all of the learning tools, 
including MyMathLab, while also providing additional practice for each section and 
guidance for test preparation. Published in an unbound, binder-ready format, the 
Learning Guide can serve as the foundation for a course notebook for students. 


NEW Lecture Series on DVD has been completely revised to provide students with 
extra help for each section of the textbook. The Lecture Series on DVD includes 
Interactive Lectures and Chapter Test Prep videos. 


For Instructors 


Annotated Instructor’s Edition. Answers to exercises printed on the same text page 
with graphing answers in a special Graphing Answer Section in the back of the text. 


Instructor’s Solutions Manuals. This manual contains fully-worked solutions to the 
even-numbered section exercises plus all Check Points, Review/Preview Exercises, 
Mid-Chapter Check Points, Chapter Reviews, Chapter Tests, and Cumulative 
Reviews. Available in MyMathLab® and on the Instructor’s Resource Center. 


Instructor’s Resources Manual with Tests. Includes a Mini-Lecture, Skill Builder, 
and Additional Exercises for every section of the text; two short group Activities per 
chapter, several chapter test forms, both free-response and multiple-choice, as well 
as cumulative tests and final exams. Answers to all items also included. Available in 
MyMath Lab® and on the Instructor’s Resource Center. 


MyMathLab® Online Course (access code required). MyMathLab® delivers proven 
results in helping individual students succeed. It provides engaging experiences that 
personalize, stimulate, and measure learning for each student. And it comes from a 
trusted partner with educational expertise and an eye on the future. 


MyMathLab® Ready to Go Course (access code required). These new Ready to Go 
courses provide students with all the same great MyMathLab® features that you’re used 
to, but make it easier for instructors to get started. Each course includes preassigned 
homework and quizzes to make creating your course even simpler. Ask your Pearson 
representative about the details for this particular course or to see a copy of this course. 


To learn more about how MyMathLab® combines proven learning applications 
with powerful assessment, visit www.mymathlab.com or contact your Pearson 
representative. 
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MathXL® Online Courses (access code required) is the homework and assessment 
engine that runs MyMathLab. (MyMathLab is MathXL plus a learning management 


system.) 


MathXL is available to qualified adopters. For more information, visit our Web site 
at www.mathxl.com, or contact your Pearson representative. 


TestGen® (www.pearsoned.com/testgen) enables instructors to build, edit, print, 
and administer tests using a computerized bank of questions developed to cover all 
the objectives of the text. TestGen is algorithmically based, allowing instructors to 
create multiple but equivalent versions of the same question or test with the click of 
a button. Instructors can also modify test bank questions or add new questions. The 
software and testbank are available for download from Pearson Education’s online 


catalog. 


PowerPoint Lecture Slides (download only). Available through www. 
pearsonhighered.com or inside your MyMathLab® course, these fully editable lecture 
slides include definitions, key concepts, and examples for use in a lecture setting and 


are available for each section of the text. 
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To the Student 


The bar graph shows some of the qualities that students say make a great teacher. 


Qualities That Make a Great Teacher 


Explains 
Things Clearly 
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Entertaining 


Helpful 
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It was my goal to incorporate each of the qualities that make a great teacher 
throughout the pages of this book. 


Explains Things Clearly 


I understand that your primary purpose in reading Intermediate Algebra for College 
Students is to acquire a solid understanding of the required topics in your algebra 
course. In order to achieve this goal, I’ve carefully explained each topic. Important 
definitions and procedures are set off in boxes, and worked-out examples that 
present solutions in a step-by-step manner appear in every section. Each example is 
followed by a similar matched problem, called a Check Point, for you to try so that 
you can actively participate in the learning process as you read the book. (Answers 
to all Check Points appear in the back of the book.) 
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To the Student 


Funny/Entertaining 


Who says that an algebra textbook can’t be entertaining? From our quirky cover to 
the photos in the chapter and section openers, prepare to expect the unexpected. 

I hope some of the book’s enrichment essays, called Blitzer Bonuses, will put a smile 
on your face from time to time. 


Helpful 


I designed the book’s features to help you acquire knowledge of intermediate 
algebra, as well as to show you how algebra can solve authentic problems that apply 
to your life. These helpful features include: 


e Explanatory Voice Balloons: Voice balloons are used in a variety of ways to 
make math less intimidating. They translate algebraic language into everyday 
English, help clarify problem-solving procedures, present alternative ways of 
understanding concepts, and connect new concepts to concepts you have already 
learned. 


¢ Great Question!: The book’s Great Question! boxes are based on questions 
students ask in class. The answers to these questions give suggestions for problem 
solving, point out common errors to avoid, and provide informal hints and 
suggestions. 


e Achieving Success: The book’s Achieving Success boxes give you helpful 
strategies for success in learning algebra, as well as suggestions that can be applied 
for achieving your full academic potential in future college coursework. 


¢ Detailed Chapter Review Charts: Each chapter contains a review chart that 
summarizes the definitions and concepts in every section of the chapter. Examples 
that illustrate these key concepts are also included in the chart. Review these 
summaries and you'll know the most important material in the chapter! 


Passionate about Their Subject 


I passionately believe that no other discipline comes close to math in offering a more 
extensive set of tools for application and development of your mind. I wrote the book 
in Point Reyes National Seashore, 40 miles north of San Francisco. The park consists 
of 75,000 acres with miles of pristine surf-washed beaches, forested ridges, and bays 
bordered by white cliffs. It was my hope to convey the beauty and excitement of 
mathematics using nature’s unspoiled beauty as a source of inspiration and creativity. 
Enjoy the pages that follow as you empower yourself with the algebra needed to 
succeed in college, your career, and your life. 


Regards 
Bob 


Robert Blitzer 
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CHAPTER 


Algebra, Mathematical Models, 
and Problem Solving 


ow would your lifestyle change if a gallon of gas cost 

$9.15? Or if the price of a staple such as milk were $15? 
That's how much those products would cost if their prices had 
increased at the same rate as college tuition has increased since 
1980. If this trend continues, what can we expect in the 2010s 
and beyond? 


We can answer this question by representing data 
for tuition and fees at U.S. colleges mathematically. 
With such representations, called mathematical 
models, we can gain insights and predict what 
might occur in the future on a variety of i 
ranging from college costs to a 
possible Social Security doomsday, 
and even the changes that 
occur as we age. 


Mathematical models involving college costs 
appear as Example 7 in Section 1.4 and 
Exercises 67-68 in Exercise Set 1.4. The 
insecurities of Social Security are explored in 
Exercise 78 in the Review Exercises. Some 
surprising changes that occur with aging 
appear as Example 2 in Section 1.1, 
Exercises 89-92 in Exercise Set 1.1, and 
Exercises 53-56 in Exercise Set 1.3. 


2 CHAPTER 1 


Algebra, Mathematical Models, and Problem Solving 


Objectives 


8 | 


Translate English 
phrases into algebraic 
expressions. 


Evaluate algebraic 
expressions. 


Use mathematical 
models. 


Recognize the sets 
that make up the real 
numbers. 


Use set-builder 
notation. 


Use the symbols € 
and €. 


Use inequality symbols. 


Use interval notation. 


Translate English 
phrases into algebraic 
expressions. 


Algebraic Expressions, Real Numbers, 
and Interval Notation 


ak 


As we get older, do we mellow 

out or become more neurotic? In 
this section, you will learn how 
the special language of algebra 
describes your world, including 
our improving 
emotional health 
with age. 


\ 


Algebraic Expressions 


Algebra uses letters, such as x and y, to 
represent numbers. If a letter is used to 
represent various numbers, it is called a 
variable. For example, imagine that you are 
basking in the sun on the beach. We can let x represent the number of minutes that you can 
stay in the sun without burning with no sunscreen. With a number 6 sunscreen, exposure 
time without burning is six times as long, or 6 times x. This can be written 6 - x, but it is usually 
expressed as 6x. Placing a number and a letter next to one another indicates multiplication. 

Notice that 6x combines the number 6 and the variable x using the operation of 
multiplication. A combination of variables and numbers using the operations of 
addition, subtraction, multiplication, or division, as well as powers or roots, is called an 
algebraic expression. Here are some examples of algebraic expressions: 


x+6, x-—6, 6x, 3x +5, x7-3, Vx +7. 


x 
6 

Is every letter in algebra a variable? No. Some letters stand for a particular number. 
Such a letter is called a constant. For example, let d = the number of days in a week. 
The letter d represents just one number, namely 7, and is a constant. 


Translating English Phrases into Algebraic Expressions 


Problem solving in algebra involves translating English phrases into algebraic 
expressions. Here is a list of words and phrases for the four basic operations: 


Addition Subtraction Multiplication Division 
sum difference product quotient 
plus minus times divide 
increased by decreased by of (used with fractions) per 
more than less than twice ratio 


Translating English Phrases into 
Algebraic Expressions 


Write each English phrase as an algebraic expression. Let x represent the number. 


a. Nine less than six times a number 
b. The quotient of five and a number, increased by twice the number 


Great Question! 


Why is it so important to 
work each of the book’s 
Check Points? 


You learn best by doing. Do 
not simply look at the worked 
examples and conclude that 
you know how to solve them. 
To be sure that you understand 
the worked examples, try 

each Check Point. Check your 
answer in the answer section 
before continuing your reading. 
Expect to read this book with 
pencil and paper handy to work 
the Check Points. 


2 | Evaluate algebraic 
expressions. 


SECTION 1.1 = Algebraic Expressions, Real Numbers, and Interval Notation 3 
Solution 
Nine less than six times a number 
a. 6x — 9 
The quotient of 
five and a number, increased by twice the number 
5 
b. = ate 2x 
x | 


'/| CHECK POINT 1 
represent the number. 


Write each English phrase as an algebraic expression. Let x 


a. Five more than 8 times a number 
b. The quotient of a number and 7, decreased by twice the number 


Evaluating Algebraic Expressions 


Evaluating an algebraic expression means to find the value of the expression for a 
given value of the variable. 


| EXAMPLE 2 | Evaluating an Algebraic Expression 


We opened the section with a comment about our improving emotional health with 
age. A test measuring neurotic traits, such as anxiety and hostility, indicates that people 
may become less neurotic as they get older. Figure 1.1 shows the average level of 
neuroticism, on a scale of 0 to 50, for persons at various ages. 


Neurosis and Age 


50 - 
40- 


30 


Average Level of Neuroticism 
(from 0, low, to 50, high) 


20 
10 
Figure 1.1 
Source: L. M. Williams, “The Mellow Years? Neural 


20.6 
| ; i ; ; 
: 20 30 40 : 60 : 
Basis of Improving Emotional Stability over Age,” The 


Age Journal of Neuroscience, June 14, 2006. 


The algebraic expression 23 — 0.12x describes the average neurotic level for people 
who are x years old. Evaluate the expression for x = 80. Describe what the answer 
means in practical terms. 


Solution We begin by substituting 80 for x. Because x = 80, we will be finding the 
average neurotic level at age 80. 


23 — 0.12x 


Replace x with 80. 
= 23 — 0.12(80) = 23 — 9.6 = 134 
Thus, at age 80, the average level of neuroticism on a scale of 0 to 50 is 13.4. & 


CHECK POINT 2 Evaluate the expression from Example 2, 23 — 0.12x, for 
x = 10. Describe what the answer means in practical terms. 
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Many algebraic expressions involve exponents. For example, the algebraic expression 
2x She eS 


approximates the number of U.S. smartphone users, in millions, x years after 2007. 
The expression x” means x - x, and is read “x to the second power” or “x squared.” The 
exponent, 2, indicates that the base, x, appears as a factor two times. 


Exponential Notation 


If n is a counting number (1, 2, 3, and so on), 


Rep b appears as a 
factor n times. 


b” is read “the nth power of b” or “b to the nth power.” Thus, the nth power of b is 
defined as the product of n factors of b. The expression b” is called an exponential 
expression. Furthermore, b! = b. 


Using Technology 


You can use a calculator 
to evaluate exponential 
expressions. For example, to Pia GPa GA sae Fee 195 and StS Pees 7 =H 1G, 
evaluate 2+, press the following , , 
keys: 


For example, 


Many algebraic expressions involve more than one operation. Evaluating an 
Many Scientific Calculators algebraic expression without a calculator involves carefully applying the following 
order of operations agreement: 


2 \y"| 4, = 
Many Graphing Calculators 
2|A| 4 |ENTER The Order of Operations Agreement 
Although calculators have 1. Perform operations within the innermost parentheses and work outward. 
special keys to evaluate If the algebraic expression involves a fraction, treat the numerator and the 
powers of ten and to square denominator as if they were each enclosed in parentheses. 


bases, you can always use 


one of the sequences shown Pas aed kite : F 
here. 3. Perform multiplications and divisions as they occur, working from left to right. 


2. Evaluate all exponential expressions. 


4. Perform additions and subtractions as they occur, working from left to right. 


| EXAMPLE 3 | Evaluating an Algebraic Expression 


: -Sle=Ay = 6. 
Creat Question! Evaluate 7 + 5(x — 4)° for x = 6 
What am I supposed to do Solution 7 + 5(x — 4 =7+5(6 — 4)? Replace x with 6. 


with the worked examples? =7+5(2) First work inside parentheses: 6 — 4 = 2. 


Study the step-by-step = 7 + 5(8) Evaluate the exponential expression: 
solutions in the examples. 9% = 9:9:9 =8 


Reading the solutions slowly : 

and with great care will =7 + 40 Multiply: 5(6) = 40. 
prepare you for success with = 47 Add. @ 

the Check Points and the 

exercises in the Exercise Sets. /| CHECK POINT3 Evaluate 8 + 6(x — 3)? for x = 13. 


& Use mathematical 
models. 


n 
So 
| 


& 
o 
T 


Ww 
So 
T 


N 
So 
T 


RR 
So 


Number of Smartphone 
Users (millions) 


Number of U.S. 
Smartphone Users 


49.1 
2911. 
17.1 
18 i 


Figure 1.2 


2007 2008 2009 2010 
Year 


Source: www.comScore.com 
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Formulas and Mathematical Models 


An equation is formed when an equal sign is placed between two algebraic expressions. 
One aim of algebra is to provide a compact, symbolic description of the world. These 
descriptions involve the use of formulas. A formula is an equation that uses variables to 
express a relationship between two or more quantities. Here is an example of a formula: 


5 
C= 9(F — 32). 


Celsius is 3 of the difference between 
temperature Fahrenheit temperature and 32°. 


The process of finding formulas to describe real-world phenomena is called 
mathematical modeling. Such formulas, together with the meaning assigned to the 
variables, are called mathematical models. We often say that these formulas model, or 
describe, the relationships among the variables. 


| EXAMPLE 4_ Modeling the Number of Smartphone Users 
in the United States 


Alexander Graham Bell would no longer recognize his invention, the telephone. Today’s 
smartphones, with the ability to browse the Internet, play music and movies, and so much 
more, are getting more powerful and more popular with each passing year. The formula 


S = 2.7x? + 5.6x + 8 


models the number of smartphone users in the United States, S, in millions, x years 
after 2007. 
a. Use the formula to find the number of U.S. smartphone users in 2009. 


b. By how much is the model value for 2009 greater than or less than the actual data 
value shown in Figure 1.2? 


Solution 


a. Because 2009 is 2 years after 2007, we substitute 2 for x in the given formula. Then 
we use the order of operations to find S, the number of U.S. smartphone users, in 


millions. 
= 2.7x? + 5.6x + 8 This is the given mathematical model. 

S = 2.7(2)* + 5.6(2) + 8 Replace each occurrence of x with 2. 

S = 2.7(4) + 5.6(2) + 8 Evaluate the exponential expression: 
2? =2:2=4. 

S= 108+ 112+ 8 Multiply from left to right: 2.7(4) = 10.8 
and 5.6(2) = 11.2. 

S = 30.0 Add. 


The formula indicates that in 2009, there were 30 million smartphone users in the 
United States. 

b. The number of smartphone users for 2009 given in Figure 1.2 is 29.1 million. The 
model value, 30.0 million, is greater than the actual data value by 30.0 — 29.1, or by 
0.9 million users. 


'/| CHECK POINT 4 
a. Use the formula in Example 4 to find the number of U.S. smartphone users 
in 2010. 
b. How does the model value for 2010 compare with the actual data value shown 
in Figure 1.2? 
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4 | Recognize the sets 
that make up the real 
numbers. 


Great Question! 


Can | use symbols other 
than braces to indicate sets 
in the roster method? 


No. Grouping symbols such 
as parentheses, (_), and 
square brackets, [ ], are not 
used to represent sets in the 
roster method. Furthermore, 
only commas are used to 
separate the elements of a set. 
Separators such as colons or 
semicolons are not used. 


5 | Use set-builder 
notation. 


G Use the symbols € 
and €. 


Sometimes a mathematical model gives an estimate that is not a good approximation 
or is extended to include values of the variable that do not make sense. In these cases, 
we say that model breakdown has occurred. Models that accurately describe data 
for the past ten years might not serve as reliable predictions for what can reasonably 
be expected to occur in the future. Model breakdown can occur when formulas are 
extended too far into the future. 


The Set of Real Numbers 


Before we describe the set of real numbers, let’s be sure you are familiar with some 
basic ideas about sets. A set is a collection of objects whose contents can be clearly 
determined. The objects in a set are called the elements of the set. For example, the set 
of numbers used for counting can be represented by 


119,34 Sexe | 


The braces, { }, indicate that we are representing a set. This form of representation, 
called the roster method, uses commas to separate the elements of the set. The three 
dots after the 5, called an ellipsis, indicate that there is no final element and that the 
listing goes on forever. 

Three common sets of numbers are the natural numbers, the whole numbers, and 
the integers. 


Natural Numbers, Whole Numbers, and Integers 


The Set of Natural Numbers 
le eht Sooo |} 


These are the numbers that we use for counting. 


The Set of Whole Numbers 
JONI 22 354 Senet 


The set of whole numbers includes 0 and the natural numbers. 


The Set of Integers 
(oo 5 =o 3 IL, OL Sous |] 


The set of integers includes the negatives of the natural numbers and the whole 
numbers. 


A set can also be written in set-builder notation. In this notation, the elements of the 
set are described, but not listed. Here is an example: 


{x|x is a natural number less than 6}. 
The set of all x such that =x is a natural number less than 6. 
The same set is written using the roster method as 


Hi. 2,3, 43}: 


The symbol € is used to indicate that a number or object is in a particular set. The 
symbol € is read “is an element of.” Here is an example: 


Te {1, 2, 3,4,5,...}. 


7 is an element of the set of natural numbers. 
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The symbol ¢ is used to indicate that a number or object is not in a particular set. 
The symbol ¢ is read “is not an element of.” Here is an example: 


5 #{1,2,3,4,5,...} 


is not an the set of natural 
element of numbers. 


| EXAMPLE 5 | Using the Symbols € and ¢ 


Determine whether each statement is true or false: 


a. 100 € {x|x is an integer} b. 20 € {5, 10, 15}. 


sl= 


Solution 
a. Because 100 is an integer, the statement 


100 € {x|x is an integer} 
is true. The number 100 is an element of the set of integers. 
b. Because 20 is not an element of {5, 10, 15}, the statement 20 € {5, 10, 15} is true. ™ 


| CHECK POINT 5 ___— Determine whether each statement is true or false: 
a. 13 € {x|x is an integer} b. 6 € {7,8, 9, 10}. 


Another common set is the set of rational numbers. Each of these numbers can be 
expressed as an integer divided by a nonzero integer. 


Rational Numbers 


The set of rational numbers is the set of all numbers that can be expressed as a 
quotient of two integers, with the denominator not 0. 


This means that b 


is not equal to zero. 


rail aand bare integers and b # 0} 


Three examples of rational numbers are 


a=1 a=-2 a=5 
- ; = aadeiees: 
4 3~ ze | a 


Can you see that integers are also rational numbers because they can be written in 
terms of division by 1? 

Rational numbers can be expressed in fraction or decimal notation. To express the 
fraction j as a decimal, divide the denominator, b, into the numerator, a. In decimal 
notation, rational numbers either terminate (stop) or have a digit, or block of digits, 
that repeats. For example, 

3 7 
> =3+8=0.375 and _ 
8 11 
The decimal stops: it is This is a repeating decimal. The bar 
a terminating decimal. is written over the repeating part. 


= 7 + 11 = 0.6363... = 0.63. 


Some numbers cannot be expressed as terminating or repeating decimals. An 
example of such a number is V2, the square root of 2. The number V2 is a number 
that can be squared to give 2. No terminating or repeating decimal can be squared to 
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Real numbers 


Rational 
numbers 


Figure 1.3 Every real number is either 
rational or irrational. 


Great Question! 


How did you locate V2 
as a precise point on the 
number line in Figure 1.5? 


We used a right triangle with 
two legs of length 1. The 
remaining side has a length 
measuring V2. 


We'll have lots more to say 
about right triangles later in 
the book. 
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get 2. However, some approximations have squares that come close to 2. We use the 
symbol ~, which means “is approximately equal to.” 


e V2 ~ 1.4 because (1.4)* = (1.4)(1.4) = 1.96. 
e V2 ~ 1.41 because (1.41)? = (1.41)(1.41) = 1.9881. 
e V2 ~ 1.4142 because (1.4142)? = (1.4142)(1.4142) = 1.99996164. 


V2 is an example of an irrational number. 


Irrational Numbers 


The set of irrational numbers is the set of numbers whose decimal representations 
neither terminate nor repeat. Irrational numbers cannot be expressed as quotients 
of integers. 


Examples of irrational numbers include 
V3 ~ 1.73205 and = a(pi) ~ 3.141593. 


Not all square roots are irrational. For example, V25 = 5 because 57 = 5-5 = 25. 


Thus, V25 is a natural number, a whole number, an integer, and a rational number 
(v25 = §). 


The set of real numbers is formed by combining the sets of rational numbers and 
irrational numbers. Thus, every real number is either rational or irrational, as shown 
in Figure 1.3. 


Real Numbers 


The set of real numbers is the set of numbers that are either rational or irrational: 


{x|x is rational or x is irrational}. 


The Real Number Line 


The real number line is a graph used to represent the set of real numbers. An arbitrary 
point, called the origin, is labeled 0. Select a point to the right of 0 and label it 1. The 
distance from 0 to 1 is called the unit distance. Numbers to the right of the origin are 
positive and numbers to the left of the origin are negative. The real number line is 
shown in Figure 1.4. 


Positive 
direction 


Negative 
direction _7 6 _5 4 32-1012 3 4 5 6 7 


Negative numbers Positive numbers 


Figure 1.4 The real number line 


Real numbers are graphed on a number line by placing a dot at the correct location 
for each number. The integers are easiest to locate. In Figure 1.5, we’ve graphed six 
rational numbers and three irrational numbers on a real number line. 


Rational = 7 : 
numbers —2 =F 0 03=5 wi23 Vi6=4 


Irrational 
numbers 


-V2 =-1.4 V2~=1.4 7 = 3.14 


Figure 1.5 Graphing numbers on a real number line 


Every real number corresponds to a point on the number line and every point 
on the number line corresponds to a real number. We say that there is a one-to-one 
correspondence between all the real numbers and all points on a real number line. 


Use inequality symbols. 


Figure 1.7 
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Ordering the Real Numbers 


On the real number line, the real numbers increase from left to right. The lesser of two 
real numbers is the one farther to the left on a number line. The greater of two real 
numbers is the one farther to the right on a number line. 

Look at the number line in Figure 1.6. The integers —4 and —1 are graphed. 


+ + + +t + +t t t +t t + > 
SAB 6 1°82 Sf 4a 5 Figure 1.6 
Observe that —4 is to the left of —1 on the number line. This means that —4 is less 
than —1. 


—4 is less than —1 because —4 is to 
—4< -1 the left of —1 on the number line. 


In Figure 1.6, we can also observe that —1 is to the right of —4 on the number line. 
This means that —1 is greater than —4. 


—1 is greater than —4 because —1 is to 
-1>-4 the right of —4 on the number line. 


The symbols < and > are called inequality symbols. These symbols always point 
to the lesser of the two real numbers when the inequality statement is true. 


—4 is less than —1. -4<-| The symbol points to —4, the 
lesser number. 


—1 is greater than —4. The symbol still points to 
ah est —4, the lesser number. 


The symbols < and > may be combined with an equal sign, as shown in the following 
table: 


This inequality is true Symbol saaiatilal penpes si lial 

if either the < part or 2<9 B 2<9 
= peat = ecause 

the = part is true, a<b_ | aisless than or equal to b. 9<9 Because 9 = 9 

This inequality is true 9=2 Because 9 > 2 

if either the > part or b=a bis greater than or equal to a. 2=2 Because 2 = 2 


the = part is true. 


Using Inequality Symbols 


Write out the meaning of each inequality. Then determine whether the inequality is 
true or false. 


a. -5 <-l b. 6 >-2 c. -6 =3 d. 10 = 10 e. —9 = 6 


Solution The solution is illustrated by the number line in Figure 1.7. 


Inequality Meaning 

a.—5 <-1 “—5 is less than —1.” Because —5 is to the left of —1 on the number line, the 
inequality is true. 

b. 6 > —2 “6 is greater than —2.” Because 6 is to the right of —2 on the number line, the 
inequality is true. 

c.-6 = 3 “—6 is less than or equal to 3.” Because —6 < 3 is true (—6 is to the left of 3 
on the number line), the inequality is true. 

d. 10 = 10 “10 is greater than or equal to 10.” Because 10 = 10 is true, the inequality is true. 

e.-9 = 6 “—9 is greater than or equal to 6.” Because neither —9 > 6 nor —9 = 6 is true, 


the inequality is false. 
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Great Question! ¥| CHECK POINT6 Write out the meaning of each inequality. Then determine 
Can similar English whether the inequality is true or false. 
phrases have - = 
different algebraic eee ae 
representations? b. 7 > -3 
Yes. Here are three similar c.-1=-4 
English phrases that have d.5=5 
very different translations: 
e.2=-14 
e 7 minus a number: 7— x 
e 7 less than a number: = 
eae Interval Notation 
° 7is less than a number: Some sets of real numbers can be represented using interval notation. Suppose that a 


—_ and b are two real numbers such that a < b. 


Think carefully about what 
is expressed in English 
before you translate into the 
language of algebra. Interval Notation Graph 


The open interval (a, b) represents the set of real 


numbers between, but not including, a and b. * 
b) = {x|a <x< b} a (a, b) b 
€} Use interval notation. (4, 
The parentheses in the graph 
X is greater than a (a <x) and in interval notation indicate 
and that a and b, the endpoints, are 


X is less than b (x <b). excluded from the interval. 


The closed interval [a, b] represents the set of real 
numbers between, and including, a and b. ———F- « 


b b 
[a,b] = {xja<x <b} ss 
5 The square brackets in the graph 
X is greater than or equal to a (a <x) and in interval notation indicate 
; and that a and b, the endpoints, are 
X is less than or equal to b (x <b). facludediinithalintarvall 


The infinite interval (a, 0) represents the set of 
real numbers that are greater than a. 


(a) = {x|x >a} 


x 
The infinity symbol does not a (a, «) 
represent a real number. It 
indicates that the interval The parenthesis indicates that a 
extends indefinitely to the right. is excluded from the interval. 
The infinite interval (— ~, b] represents the set of 
real numbers that are less than or equal to b. 
(=, b] = {xx <b} ee are 
(-2, b] b 
The negative infinity symbol 
indicates that the interval The square bracket indicates 
extends indefinitely to the left. that b is included in the interval. 


Parentheses and Brackets in Interval Notation 


Parentheses indicate endpoints that are not included in an interval. Square brackets 
indicate endpoints that are included in an interval. Parentheses are always used 
with © or—%. 
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Table 1.1 lists nine possible types of intervals used to describe sets of real numbers. 


Ele)“ Intervals on the Real Number Line 


Let a and b be real numbers such that a < b. 


Interval Notation Set-Builder Notation Graph 
(a, b) {xla <x <b} 4 
[a, b] {xla<x <b} —_——__—4 = # 
[a, b) {xla<x <b} $$ 
(a, b] {xla<x <b} = ee See 
(a, °) {x|x >a} —— 
[a,~) {x|x = a} = 
(—~, b) {x]x < b} ——— ____ ae 
(—~, b] {xlx <b} —_— <= 8 
(2, 00) {x|x is a real number} or R ee ee 
(set of real numbers) 


Interpreting Interval Notation 


Express each interval in set-builder notation and graph: 
a. (-1, 4] b. [2.5, 4] c. (—4, ~), 


Solution 
a. (—1, 4] = {x|-1 <x 


IA 
= 
* 


432-1012 3 4 


b. [2.5, 4] = {x|2.5 =x= 4} : t + } } f t 
4 3 —2 -1 0 1 2 3 4 


c. (-4, 0) = {x|x > —4} pp 


432-140 12 3 «4 | 


'/| CHECK POINT 7 Express each interval in set-builder notation and graph: 
a. [-2,5) b. [1, 3.5] c. (—~,-1). 


Achieving Success 
Practice! Practice! Practice! 


The way to learn algebra is by seeing solutions to examples and doing exercises. This means 
working the Check Points and the assigned exercises in the Exercise Sets. There are 

no alternatives. It’s easy to read a solution, or watch your professor solve an example, and 
believe you know what to do. However, learning algebra requires that you actually perform 
solutions by yourself. Get in the habit of working exercises every day. The more time you 
spend solving exercises, the easier the process becomes. It’s okay to take a short break after 
class, but start reviewing and working the assigned homework as soon as possible. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 


2. 


3. 


ge No 


A letter that represents a variety of different numbers is called a/an 
A combination of numbers, letters that represent numbers, and operation symbols is called an algebraic 


If 1 is a counting number, b”, read , Indicates that there are n factors of b. The number b is called the 
and the number n is called the 


A statement that expresses a relationship between two or more variables, such as C = 3(F — 32), is called a/an 
The process of finding such statements to describe real-world phenomena is called mathematical . Such 
statements, together with the meaning assigned to the variables, are called mathematical 


The set {1, 2,3, 4,5, ... } is called the set of numbers. 
The set {0, 1, 2,3, 4,5, ... } is called the set of numbers. 
The set {...,—4, -3, -2, -1, 0, 1, 2,3, 4,... } is called the set of 


The set of numbers in the form f, where a and b belong to the set in statement 7 above and b # 0, is called the set of 
numbers. 


The set of numbers whose decimal representations are neither terminating nor repeating is called the set of 
numbers. 


Every real number is either a/an number or a/an number. 
. The notation 2 < 5 means that 2 is to the of 5 on a number line. 
In interval notation, [2, 5) represents the set of real numbers between and , including 


13. 


14. 


but not including 
In interval notation, (—2, ©) represents the set of real numbers 2: 


In interval notation, (— ©, —1] represents the set of real numbers =, 


ye 


1.1 EXERCISE SET MM\QME( el ecm 


Practice Exercises In Exercises 15-26, evaluate each algebraic expression for the 


given value or values of the variable(s). 


In Exercises 1-14, write each English phrase as an algebraic 
expression. Let x represent the number. 15. 7 + 5x, forx = 10 
1. Five more than a number 16. 8+ 6x,forx =5 
2. A number increased by six 17. 6x — y,forx =3andy =8 
3. Four less than a number 18. 8x — y,forx =3andy =4 
4. Nine less than a number 19. x2 + 3x,forx = L 
5. Four times a number one eto =) 
6. Twice a number 
. 21. x* — 6x + 3,forx =7 
7. Ten more than twice a number ; 
8. Four more than five times a number Cae eee ie 
3 = 
9. The difference of six and half of a number 23. 4 + S(x — 7)’, forx = 9 
10. The difference of three and half of a number 24. 6 + S(¢ = 6)’ fore = 
11. Two less than the quotient of four and a number 25. x? — 3(x — y), forx = Sandy =2 
12. Three less than the quotient of five and a number 26. x° — 4(x — y), for x = 8 and y = 3 
13. The quotient of three and the difference of five and a In Exercises 27-34, use the roster method to list the elements in 
number each set. 
14. The quotient of six and the difference of ten and a 27. {x|x is a natural number less than 5} 


number 28. {x|x is a natural number less than 4} 
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29. {x|x is an integer between —8 and —3} 69. [—3, 1] 70:9 |-2 5) 
30. {x|x is an integer between —7 and —2} 71. (2, ©) 72. (3, ©) 
31. {x|x is a natural number greater than 7} 73. [—3,0) 74. [-5,~%) 
32. {x|x is a natural number greater than 9} 75. (—2,3) 76. (—%,2) 
33. {x|x is an odd whole number less than 11} 77. (—,5.5) 78. (—~, 3.5] 
34. {x|x is an odd whole number less than 9} 


In Exercises 35-48, use the meaning of the symbols € and € Practice PLUS 

to determine whether each statement is true or false. By definition, an “and” statement is true only when the 
statements before and after the “and” connective are both true. 
Use this definition to determine whether each statement in 
Exercises 79-88 is true or false. 


35. 7€ {x|x is an integer} 
36. 9 {x|x is an integer} 


37. 7¢€ {x|x isa rational number} 79. 03 >03and-10<4+46 
38. 9 © {x|x isa rational number} ao ee Oe and ssc 
39. 7 © {x|x is an irrational number} 81. 12€ {1,2,3 } and {3} € {1,2, 3, 4} 
40. 9 € {x|x is an irrational number} 2. 17 €[1,2,3,...} and {4} € [1,2, 3,4, 5}. 
41. 3 € {x|x is an irrational number} 7 3 
42. 5 & {x|.x is an irrational number} 83. (2 oF 2) € {x|x isa natural number} and the value of 
1 ; : 9x?(x + 11) — 9(x + 11)x?, for x = 100, is 0. 
43. =~ € {x|x is a rational number} 
2 14 5 5 
i 84. 19 tr 19 € {x|x is a natural number} and the value of 
44. 7 & (x|x is a rational number} 12x?(x + 10) — 12(x + 10)x?, for x =50, is 0. 
45. V2¢ {x|x is a rational number} 85. {x|x is an integer between —3 and 0} = {—3, —2,—1, 0} 


and—7 > —3.5. 


46. 7 € {x|x is a rational number} 
86. {x|x is an integer between —4 and 0} = {—4,—3,—2,—1, 0} 


47. V2 € {x|x is areal number} 


T 
48. a & {x|x is a real number} and — Fo 
In Exercises 49-64, write out the meaning of each inequality. 87. Twice the sum of a number and three is represented by 
Then determine whether the inequality is true or false. 2x + 3 and—1,100,000 € {x|x is an integer}. 
ASN =O =) 88. Three times the sum of a number and five is represented 
by es by 3x + 5 and —4,500,000 € {x|x is an integer}. 
ys <5) = 7 s = . 
52. 3>—8 Application Exercises 


Geek We opened the section with a comment about our improving 


53. 
emotional health with age. We also saw an example indicating 


ae people become less neurotic as they get older. How can this be 
Ee) Ss Il explained? One theory is that key centers of the brain tend to 
56.5. ll create less resistance to feelings of happiness as we age. The graph 
es eg shows the average resistance to happiness, on a scale of 0 (no 
2 3 resistance) to 8 (completely resistant), for persons at various ages. 

58. =3 = = 
59; a2 = 2 Resistance to Happiness and Age 
60. =3==3 ge 
6h 2 =—2 eae 

a sp 
625538 = "3 falar fk 

Sod 

1 me eee 

@ 22 =— cacgee 

ge 3 

Hl go [ 
= -—— iss 

64. 4= 5) z g oy 

oR) ae 
In Exercises 65-78, express each interval in set-builder notation m4 
and graph the interval on a number line. 0 20 30 40 50 60 70 

Age 


65. (1, 6] 66. (—2, 4] 
Source: L. M. Williams, “The Mellow Years? Neural Basis for Improving 
67. | 2) 68. [-4, 3) Stability over Age.” THE JOURNAL OF NEUROSCIENCE, June 14, 2006 
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The data in the graph on the previous page can be modeled by 
the formula 


R = 46 — 0.02x, 


where R represents the average resistance to happiness, on a 
scale of 0 to 8, for a person who is x years old. Use this formula 
to solve Exercises 89-92. 


89. According to the formula, what is the average resistance 
to happiness at age 20? 


90. According to the formula, what is the average resistance 
to happiness at age 30? 


91. What is the difference between the average resistance to 
happiness at age 30 and at age 50? 


92. What is the difference between the average resistance to 
happiness at age 20 and at age 70? 


In 2009, U.S. colleges created 100 new majors, minors, and 
certificates in energy and sustainability-focused programs. The 
bar graph shows the number of new college programs in green 
studies from 2005 through 2009. 


Number of New Programs in 
Green Studies at U.S. Colleges 


120 
100 


80 


100 
66 
60 
40 os 
22 
20) 
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L___] 


2005 2006 2007 2008 2009 
‘Year 


Number of New Programs 


Source: Association for the Advancement of 
Sustainability in Higher Education 


The data in the graph can be modeled by the formula 
G= 46x" © 55x 5: 


where G represents the number of new college programs in 
green studies x years after 2005. Use this formula to solve 
Exercises 93-94. 


93. According to the formula, how many new college 
programs in green studies were created in 2009? Round 
to the nearest whole number. Does this rounded value 
underestimate or overestimate the actual number shown 
by the bar graph? By how much? 


94. According to the formula, how many new college 
programs in green studies were created in 2008? Round 
to the nearest whole number. Does this rounded value 
underestimate or overestimate the actual number shown 
by the bar graph? By how much? 


Algebra, Mathematical Models, and Problem Solving 


The formula 
C= 2 (F = 69) 


expresses the relationship between Fahrenheit temperature, 
F, and Celsius temperature, C. In Exercises 95-96, use the 
formula to convert the given Fahrenheit temperature to its 
equivalent temperature on the Celsius scale. 


95. 50°F 96. 86°F 
A football was kicked vertically upward from a height of 4 feet 
with an initial speed of 60 feet per second. The formula 
h = 4 + 60t — 161° 
describes the ball’s height above the ground, h, in feet, t seconds 
after it was kicked. Use this formula to solve Exercises 97-98. 
97. What was the ball’s height 2 seconds after it was kicked? 


98. What was the ball’s height 3 seconds after it was kicked? 


Writing in Mathematics 


Writing about mathematics will help you to learn 
mathematics. For all writing exercises in this book, use 
complete sentences to respond to the question. Some writing 
exercises can be answered in a sentence. Others require a 
paragraph or two. You can decide how much you need to 
write as long as your writing clearly and directly answers 
the question in the exercise. Standard references such as a 
dictionary and a thesaurus should be helpful. 


99. What is a variable? 


100. What is an algebraic expression? Give an example with 
your explanation. 


101. If 7 is a natural number, what does b” mean? Give an 
example with your explanation. 


102. What does it mean when we say that a formula models 
real-world phenomena? 


103. What is model breakdown? 

104. What is a set? 

105. Describe the roster method for representing a set. 
106. What are the natural numbers? 

107. What are the whole numbers? 

108. What are the integers? 

109. Describe the rational numbers. 


110. Describe the difference between a rational number and 
an irrational number. 


111. What are the real numbers? 
112. What is set-builder notation? 


113. Describe the meanings of the symbols € and €. Provide 
an example showing the correct use of each symbol. 


114. What is the real number line? 


115. If you are given two real numbers, explain how to 
determine which one is the lesser. 


116. In interval notation, what does a parenthesis signify? 
What does a bracket signify? 


SECTION 1.2 


Critical Thinking Exercises 


Make Sense? In Exercises 117-120, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


117. My mathematical model describes the data for the past 
ten years extremely well, so it will serve as an accurate 
prediction for what will occur in 2050. 

118. My calculator will not display the value of 13!%”°, so the 
algebraic expression 4x!°° — 3x + 7 cannot be evaluated 
for x = 13 even without a calculator. 

119. Regardless of what real numbers I substitute for 
x and y, I will always obtain zero when evaluating 
2x*y — 2yx?. 

120. A model that describes the number of smartphone users 
x years after 2007 cannot be used to estimate the number 
in 2007. 


In Exercises 121-124, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) to 
produce a true statement. 

121. Every rational number is an integer. 

122. Some whole numbers are not integers. 

123. Some rational numbers are not positive. 

124. Some irrational numbers are negative. 
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125. A bird lover visited a pet shop where there were twice 4 
and 20 parrots. The bird lover purchased 4 of the birds. 
English, of course, can be ambiguous and “twice 4 and 
20” can mean 2(4 + 20) or 2:4 + 20. Explain how the 
conditions of the situation determine if “twice 4 and 20” 
means 2(4 + 20) or 2-4 + 20. 


In Exercises 126-127, insert parentheses to make each 

statement true. 

126. 2-3 + 3:5 = 45 

12%. 10 2-43 — 0 

128. Between which two consecutive integers is —V 26? Do 
not use a calculator. 


Preview Exercises 


Exercises 129-131 will help you prepare for the material 
covered in the next section. 


129. There are two real numbers whose distance is five 
units from zero on a real number line. What are these 
numbers? 

(ior Sep OO 

. Simplify: 2-0-6" 
131. Evaluate 2(3x + 5) and 6x + 10 for x = 4. 


Objectives 


Operations with Real Numbers and 
Simplifying Algebraic Expressions 


College students have money to spend, often courtesy of Mom and (j 


Dad. The most sophisticated college marketers, from American 


a Find a number’s 
absolute value. 


Eagle to Apple to Red Bull, are increasingly turning to social 
media focused on students’ wants and needs. In 2011, there 


_| (3 


GB @ aa 3aGa 


Add real numbers. 
Find opposites. 


Subtract real numbers. 


Multiply real numbers. 
Evaluate exponential 
expressions. 

Divide real numbers. 


Use the order of 
operations. 


Use commutative, 
associative, and 
distributive properties. 
Simplify algebraic 
expressions. 


were nearly 10,000 student reps on U.S. campuses facebooking, | 
tweeting, and partying their way to selling things vital and 
specific to college students. Call it New World College 
Marketing 101. 

How much do college students have to spend? In this 
section’s Exercise Set (see Exercises 147-148), you'll be 
working with a model that addresses this question. In order 
to use the model, we need to review operations with real 
numbers, our focus of this section. Tube 


Absolute Value 


Absolute value is used to describe how to operate with positive 
and negative numbers. 


Geometric Meaning of Absolute Value 


sy 


iS 


The absolute value of a real number a, denoted by |a], is the distance from 0 to a 


on the number line. This distance is always taken to be nonnegative. 
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EERE Finding Absolute Value 


Find the absolute value: 


1 | Find a number’s 
absolute value. 


2 | Add real numbers. 


a. |—4| 


«S| c. [0]. 


Solution The solution is illustrated in Figure 1.8. 


a. |-4| =4 The absolute value of —4 is 4 because —4 is 4 units from O. 
3.5| = 3.5 The absolute value of 3.5 is 3.5 because 3.5 is 3.5 units from O. 
0| =0 The absolute value of O is O because O is O units from itself. 

|-4|=4 [3.5| = 3.5 
A A 


Cc NO 
+—#—+ + t + + + t + + 
5 4 32-1012 3 4 ~5 


Figure 1.8 | 


Can you see that the absolute value of a real number is either positive or zero? Zero 
is the only real number whose absolute value is 0: 


}o] =0. 


The absolute value of a real number is never negative. 


CHECK POINT 1 
a. |—6| b. |4.5| c. [0]. 


Find the absolute value: 


Adding Real Numbers 


Table 1.2 reviews how to add real numbers. 


NE1°) (Wa §=Adding Real Numbers 


Rule Example 
To add two real numbers with the same sign, (-7) + (4) =-(|-7| + |-4]) 
add their absolute values. Use the common sign -~-(744 
as the sign of the sum. Se ) 

=-11 
To add two real numbers with different signs, 7 + (-15) = -(|-15| - |7]) 
subtract the smaller absolute value from the =~ (15 —7 
greater absolute value. Use the sign of the = ) 
number with the greater absolute value as the =-8 


sign of the sum. 


| EXAMPLE 2 | Adding Real Numbers 


Add: 
a. —12 + (-14) b. —0.3 + 0.7 
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Solution 


a. -12 + ( 14) oe, Add absolute values: 12 + 14 = 26. 


Use the common sign. 


Subtract absolute values: 0.7 — 0.3 = 0.4. 
b. —0.3 + 0.7 = 0.4 


Use the sign of the number with the greater absolute 
value. The sign of the sum is assumed to be positive. 


3 1 1 Subtract absolute values: 3 - 


i= 8 
nao 


Use the sign of the number with the greater absolute value. 


\/| CHECK POINT2 Ada: 


3 
a. —10 + (—18) b. —0.2 + 0.9 Cc. "5 + 


If one of two numbers being added is zero, the sum is the other number. For example, 


—-3+0=-3 and 0+2=2. 
In general, 


a+0=a and O+a=a. 


We call 0 the identity element of addition or the additive identity. Thus, the additive 
identity can be deleted from a sum. 


3 | Find opposites. Numbers with different signs but the same absolute value are called opposites or 


additive inverses. For example, 3 and —3 are additive inverses. When additive inverses 
are added, their sum is 0. For example, 


34(-3)=0 and -3+3=0 


Inverse Property of Addition 
The sum of a real number and its additive inverse is 0, the additive identity. 


a+ (-a) =0 and (-a) +a=0 


The symbol “—” is used to name the opposite, or additive inverse, of a. When a is a 
negative number, —a, its opposite, is positive. For example, if a is —4, its opposite is 4. 
Thus, 

—(-4) =4. 


The opposite of —4 is 4. 


In general, if a is any real number, 


—(-a) =a. 
EeUSED Finding Opposites 
Find —x if 
1 
a x =-6 b x =n2 
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Solution 
a. Ifx = —6, then —x = —(—6) = 6. The opposite of 6 is 6. 
1 1 
b. Ifx = > then -—x = — 2 The opposite of 5 is “5 a 


¥| CHECK POINT3 Find —x if 


i 
.x=-8 b x =r, 
a. X Xx 3 


We can define the absolute value of the real number a using opposites, without 
referring to a number line. The algebraic definition of the absolute value of a is given 
as follows: 


Definition of Absolute Value 


If a is nonnegative (that is, a = 0), the absolute value of a is the number itself: |a| = a. 
For example, 


1 1 Zero is the only number 
= = = = whose absolute value is 0. 
S}=5 |xl=a | 3 | 3 |0| = 0 


If a is a negative number (that is, a < 0), the absolute value of a is the opposite of a: 
|a| = —a. This makes the absolute value positive. For example, 


1 1 1 
|-3]} = -(-3) =3.  [-n| = -(-w) = a7 - | = - =. 
This middle step is usually omitted. 


©3 subtract real numbers. Subtracting Real Numbers 


Subtraction of real numbers is defined in terms of addition. 


Definition of Subtraction 


If a and b are real numbers, 
a— b— a+ (Eb): 


To subtract a real number, add its opposite or additive inverse. 


Thus, to subtract real numbers, 


1. Change the subtraction to addition. 
2. Change the sign of the number being subtracted. 
3. Add, using one of the rules for adding numbers with the same sign or different signs. 


| EXAMPLE 44 | Subtracting Real Numbers 


Subtract: 
11 4 
a. 6— 13 b. 5.1 — (—4.2) c= = (-4). 


5 | Multiply real numbers. 
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Solution 
a. 6-13 = 6+ (-13) =—7 


Change the Replace 13 with 
subtraction to addition. its opposite. 


b. 5.1 — (-42) =514+42=93 


Change the Replace —4.2 
subtraction to addition. with its opposite. 


3 3 3 3 3 
Change the Replace -} 
subtraction to addition. with its opposite. < 
|\“| CHECK POINT 4 = Subtract: 
4 1 
. 7-10 b. 4.3 — (-6.2 6 SS ek 
a (-62) e. -£-(-5) 


Multiplying Real Numbers 


You can think of multiplication as repeated addition or subtraction that starts at 0. For 
example, 


3(—4) = 0 + (-4) + (-4) + (-4) = -12 


The numbers have different signs and the product is negative. 


and 
(-3)(-4) = 0 — (-4) - (-4) - (-4) =0+44+4+4=12 


The numbers have the same sign and the product is positive. 
Table 1.3 reviews how to multiply real numbers. 


s))(eeee Multiplying Real Numbers 


Rule Example 


The product of two real numbers with 7(-5) = -35 
different signs is found by multiplying their 
absolute values. The product is negative. 


The product of two real numbers with the (—6)(-11) = 66 
same sign is found by multiplying their 
absolute values. The product is positive. 


The product of 0 and any real number is 0: —17(0) = 0 
a:0 = Oand0-a = 0. 


If no number is 0, a product with an odd 2(-3)(-5) = -30 
number of negative factors is found by 
multiplying absolute values. The product is 


: Three (odd) negative factors 
negative. 


If no number is 0, a product with an even —2(3)(-5) = 30 
number of negative factors is found by 
multiplying absolute values. The product is 


ae Two (even) negative factors 
positive. 
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6 | Evaluate exponential 
expressions. 


Divide real numbers. 


Because exponents indicate repeated multiplication, rules for multiplying real 
numbers can be used to evaluate exponential expressions. 


| EXAMPLE 5 | Evaluating Exponential Expressions 


Evaluate: ; 
2 
a. (-6) b. —6° ce. (-5)° d. (-2) ‘ 


Solution 
a. (-6)* = (-6)(-6) = 36 


Base is —6. Same signs give 
positive product. 


b. —62 = —(6-6) = —36 


Base is 6. The negative is not inside parentheses 
and is not taken to the second power. 


c. (-5)? = (—5)(-5)(—5) = -125 


An odd number of negative 
factors gives a negative product. 


#3) -GIGIGIG)-a 


Fee fo =. An even number of negative 
5 factors gives a positive product. - 
¥| CHECK POINT5 Evaluate: ; 
3 
a. (-5)" b. —5? c. (—4) d. (- 2) , 


Dividing Real Numbers 


If a and 5 are real numbers and b is not 0, then the quotient of a and b is defined as 
follows: 
1 a 
a~+b=a: b Or b . S 
Thus, to find the quotient of a and b, we can divide by b or multiply by ;. The nonzero 
real numbers b and ‘ are called reciprocals, or multiplicative inverses, of one another. 
When reciprocals are multiplied, their product is 1: 
1 
b-—=1. 
b 


Because division is defined in terms of multiplication, the sign rules for dividing 
numbers are the same as the sign rules for multiplying them. 


Dividing Real Numbers 


The quotient of two numbers with different signs is negative. The quotient of two 
numbers with the same sign is positive. The quotient is found by dividing absolute 


values. 


8 | Use the order of 
operations. 
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| EXAMPLE 6 | Dividing Real Numbers 


Divide: 
a 20 b a3 = (- a) 
. —5 . 4 ry 9 é 
Solution 
es = 5.5) Divide absolute values: 2 =4, 


Different signs: 
negative quotient 


" 3 ( *) 7 7 Divide absolute values: 3 + 3 = 4's = 
: , 20 


Same sign: positive quotient 


\/| CHECK POINT6 Divide: 


We must be careful with division when 0 is involved. Zero divided by any nonzero 
real number is 0. For example, 


Oo _ 
= 


0 
Can you see why 5 must be 0? The definition of division tells us that 


0. 


and the product of 0 and any real number is 0. By contrast, what happens if we 
divide —5 by 0. The answer must be a number that, when multiplied by 0, gives —5S. 
However, any number multiplied by 0 is 0. Thus, we cannot divide —5, or any other 
real number, by 0. 


Division by Zero 


Division by zero is not allowed; it is undefined. A real number can never have a 
denominator of 0. 


Order of Operations 


The rules for order of operations can be applied to positive and negative real numbers. 
Recall that if no grouping symbols are present, we 


e Evaluate exponential expressions. 
e Multiply and divide, from left to right. 
e Add and subtract, from left to right. 


Using the Order of Operations 


Simplify: 4 — 7? + 8 + 2(-3)7. 
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9 | Use commutative, 
associative, and 
distributive properties. 


Solution 
4-7 +8 + 2(-3) 
=4-49+ 8+ 2(9) Evaluate exponential expressions: 
7 =7+7=49 and (-3)? = (-3)(-3) =9. 


= 4-49 + 4(9) Divide: 8+ 2=4, 

=4-— 49 + 36 Multiply: 4(9) = 36. 

= —45 + 36 Subtract: 4-—49=4+ (-49) =—45. 
=-9 Add. 


¥|| CHECK POINT 7 Simplify: 3 — 5* + 12 + 2(-4)?. 


If an expression contains grouping symbols, we perform operations within these 
symbols first. Common grouping symbols are parentheses, brackets, and braces. Other 
grouping symbols include fraction bars, absolute value symbols, and radical symbols, 
such as square root signs (V ). 


Using the Order of Operations 


13 = 3(-2)4 
Simplify: 526 = 10) 


Solution Simplify the numerator and the denominator separately. Then divide. 
13 — 3(-2)* 
3 — (6 — 10) Evaluate the exponential expression in the 
13 — 3(16) numerator: (—2)* = (-2)(-2)(—2)(-2) = 16. 


3_(-4 Subtract inside parentheses in the denominator: 
( ) 6—-10=6+ (10) =-4. 


13 — 48 Multiply in the numerator: 3(16) = 48. 
= 7 Subtract in the denominator: 3 — (—-4) =3+4=7. 
—35 
= — Subtract in the numerator: 
7 13 — 48 =13 + (48) =—35. 
=-—5 Divide. Wi 
4 + 3(-2)° 


/| CHECK POINT 8 implify: ; 
SDE BG =o) 


The Commutative, Associative, and Distributive Properties 


Basic algebraic properties enable us to write equivalent algebraic expressions. Two 
algebraic expressions that have the same value for all replacements are called equivalent 
algebraic expressions. In Section 1.4, you will use such expressions to solve equations. 

In arithmetic, when two numbers are added or multiplied, the order in which the 
numbers are written does not affect the answer. These facts are called commutative 
properties. 


The Commutative Properties 


Let a and b represent real numbers, variables, or algebraic expressions. 
Addition: a+b=b+a 
Multiplication: ab = ba 


Changing order when adding or multiplying does not affect a sum or product. 


Blitzer Bonus 


The Associative Property 
and the English Language 


In the English language, 
phrases can take on different 
meanings depending on the 
way the words are associated 
with commas. Here are three 
examples. 


¢ Woman, without her man, 
is nothing. 
Woman, without her, man 
is nothing. 

e What’s the latest dope? 
What’s the latest, dope? 


e Population of Amsterdam 
broken down by age and 
sex 
Population of Amsterdam, 
broken down by age and 
Sex 
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| EXAMPLE 9 | Using the Commutative Properties 


Write an algebraic expression equivalent to 3x + 7 using each of the commutative 
properties. 


Solution 
Commutative of Addition Commutative of Multiplication 


3x +7=7+4 3x 3x +7 =x-°-3+7 


Change the order Change the order of 
of the addition. the multiplication. 


\“| CHECK POINT9 Write an algebraic expression equivalent to 4x + 9 using each 
of the commutative properties. 


The associative properties enable us to form equivalent expressions by regrouping. 


The Associative Properties 


Let a, b, and c represent real numbers, variables, or algebraic expressions. 
Addition: (a+ b)+c=a+(b+c) 
Multiplication: (ab)c = a(bc) 


Changing grouping when adding or multiplying does not affect a sum or product. 


[EXAMPLE 10 | Using the Associative Properties 


Use an associative property to write an equivalent expression and simplify: 
a. 7+ (3 + x) b. —6(5x). 
Solution 


a 7+ (3+x)=(7+3)+x=104+x 
b. —6(5x) = (-6-5)x = —30x 


\/| CHECK POINT10 Use anassociative property to write an equivalent expression 
and simplify: 


a. 6+ (12 + x) b. —7(4x). 


The distributive property allows us to rewrite the product of a number and a sum 
as the sum of two products. 


The Distributive Property 
Let a, b, and c represent real numbers, variables, or algebraic expressions. 


a(b + c) = ab + ac 


Multiplication distributes over addition. 
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Great Question! 


What’s the most important 
thing | should keep in 
mind when using the 
distributive property? 
When using a distributive 
property to remove 
parentheses, be sure to 
multiply each term inside the 
parentheses by the factor 
outside. 
Incorrect 
5) = SP a 
= ii 
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Using the Distributive Property 


Use the distributive property to write an equivalent expression: 
—2(3x + 5). 
Solution 


A ™ 
—2(3x + 5) = —-2-3x + (-2):5= 


6x + (-10)=-6x-10 


'/| CHECK POINT 11 
expression: —4(7x + 2). 


Use the distributive property to write an equivalent 


Table 1.4 shows a number of other forms of the distributive property. 


4F:\°)( Other Forms of the Distributive Property 


Property Meaning Example 
AN AN 
a(b — c) = ab — ac Multiplication distributes 5(4x — 3) =5-4x —5:-3 
over subtraction. = 20x — 15 


Multiplication distributes over 


4(x + 10 + 3y) 


three or more terms in 


= 4x+4-10+ 4-3y 
parentheses. 


= 4x + 40 + 12y 


(b + c)a = ba+ ca 


Multiplication on the right (K+ 7)9=— x99 + 799 
distributes over addition = 9x + 63 
(or subtraction). 


10 | Simplify algebraic 
expressions. 


Combining Like Terms and Simplifying 
Algebraic Expressions 
The terms of an algebraic expression are those parts that are separated by addition. For 
example, consider the algebraic expression 
Tx — 9y + z - 3, 
which can be expressed as 
7x + (-9y) + z + (-3). 


This expression contains four terms, namely 7x, —9y, z, and —3. 

The numerical part of a term is called its coefficient. In the term 7x, the 7 is the 
coefficient. If a term containing one or more variables is written without a coefficient, 
the coefficient is understood to be 1. Thus, z means 1z. If a term is a constant, its 
coefficient is that constant. Thus, the coefficient of the constant term —3 is —3. 


7x + (-9y) + z+ (-3) 


Coefficient Coefficient Coefficient Coefficient 
is 7. is —9. is 1; Z is -3. 
means 1z. 


Great Question! 


What is the bottom line for 
combining like terms? 


To combine like terms 
mentally, add or subtract the 
coefficients of the terms. Use 
this result as the coefficient 
of the terms’ variable 
factor(s). 
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The parts of each term that are multiplied are called the factors of the term. The 
factors of the term 7x are 7 and x. 

Like terms are terms that have exactly the same variable factors. For example, 3x 
and 7x are like terms. The distributive property in the form 


ba + ca = (b+ c)a 
enables us to add or subtract like terms. For example, 
3x + 7x = (3 + 7)x = 10x 
Qo = ae ge a= yr 


This process is called combining like terms. 
An algebraic expression is simplified when grouping symbols have been removed 
and like terms have been combined. 


[EXAMPLE 12, Simplifying an Algebraic Expression 
Simplify: 7x + 12x? + 3x + x’. 


Solution 


Tx + 12x? + 3x + x? 
Rearrange terms and group like terms 
_ 2 2 
7 (7x + 3x) + (12x +x ) using commutative and associative 
properties. This step is often done 


‘ mentally. 


eae 


= (7 + 3)x + (12 + 1)x? Apply the distributive property. 


= 10x + 13x? Simplify. Because 10x and 13x° are not 
like terms, this is the final answer. 


Using the commutative property of addition, we can write this simplified expression as 
13x + 10x. om 


CHECK POINT 12 Simplify: 3x + 14x7 + 11x + x”. 


Simplifying an Algebraic Expression 
Simplify: 4(7x — 3) — 10x. 


Solution 


a 
4(7x — 3) — 10x 


= 4-7x —4+*3 — 10x Use the distributive property to 
remove the parentheses. 


= 28x — 12 — 10x Multiply. 

= (28x — 10x) — 12 — Group like terms. 

= (28 — 10)x — 12 Apply the distributive property. 
= 18x -— 12 Simplify. i 


CHECK POINT 13 Simplify: 8(2x — 5) — 4x. 
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It is not uncommon to see algebraic expressions with parentheses preceded by a negative 
sign or subtraction. An expression of the form —(b + c) can be simplified as follows: 


A™ 
—(b+c) =—l(b+c) = (-1)b + (-l)e = -b + (-c) =—-b- cc. 


Do you see a fast way to obtain the simplified expression on the right? If a negative 
sign or a subtraction symbol appears outside parentheses, drop the parentheses and 
change the sign of every term within the parentheses. For example, 


(3x2 — 7x — 4) = —3x2 + 7x + 4. 


[EXAMPLE 14 | Simplifying an Algebraic Expression 


Simplify: 8x + 2[5 — (x — 3)]. 
Solution 
8x + 2[5 — (x — 3)] 


= 8x + 2[5 — x +3] Drop parentheses and change the 
sign of each term in parentheses: 


~(x 3) =-x +3, 
= 8x + 2[8 — x] Simplify inside brackets: 5 + 3 = 8. 
= 8x + 16 — 2x Apply the distributive property: 


AN 
2[8 — x] =2 + 8 —2x=16 — 2x, 


= (8x — 2x) + 16 Group like terms. 
= (8 — 2)x + 16 Apply the distributive property. 
= 6x + 16 Simplify. 


/) CHECK POINT 14 Simplify: 6 + 4[7 — (x — 2)]. 


CONCEPT AND VOCABULARY CHECK 


In items 1-7, state whether each result is a positive number, a negative number, or 0. Do not actually perform the computation. 
1. —16 + (—30) 2. —16 + 16 
3. —(—16) 4. |—16| 
5. —16— (—30) 6. (—16)° 
7. (—16)(—30) 


In items 8-9, use the choices below to fill in each blank: 
add subtract multiply divide. 
8. To simplify 4 — 49 + 8 = 4-2, first 
9. To simplify 15 — [3 — (-1)] + 12 = 2:3, first 


In the remaining items, fill in each blank so that the resulting statement is true. 


10. |a|, called the of a, represents the distance from to on the number line. 
11. Ifa = 0, then |a| = .Ifa <0, then |a| = 
12. a+ (-a) = : The sum of a real number and its additive is , the additive 


13. Ifaand b are real numbers, the commutative property of addition states that a + b = . 
14. Ifa, b, and c are real numbers, the associative property of multiplication states that =a(be). 
15. Ifa, b,andc are real numbers, the distributive property states that a(b + c) = 


16. An algebraic expression is when parentheses have been removed and like terms have been combined. 


MyMathLab 


Practice Exercises 


SECTION 1.2 


In Exercises 1-12, find each absolute value. 


ie =z 2. |-10| 
3. |4| 4. |13| 
5. |—7.6| 6. |—8.3| 
7. g 8. Iz 
2 3 
9. |-V2| 10. |-V3| 
an -4 nee 
5 10 
In Exercises 13-28, add as indicated. 
He = 6)ae (Ee) 14. —5 + (—10) 
15. —14+ 10 16.) 152-110 
nltes (yey ae PAS) 18; —7.9-- 2.4 
. x +(-2) vo. 1 +(-2) 
ils) 5 10 5 
ae es 
9 4 > 7 
23. —37) 4 (—45) 24. —6.2 + (—5.9) 
25. 0 + (-12.4) 26; 0) (15:3) 
27. 12.4 + (-12.4) 28:0 1 o.3) (lS) 
In Exercises 29-34, find —x for the given value of x. 
29. x = 11 30. x = 13 
31. x =—5 325 4 —"—9 
33. x = 0 34. x =-V2 
In Exercises 35—46, subtract as indicated. 
35, 3 —il5 36. 4 — 20 
KYA) == (E10) 382) 7 = (13) 
coh = AN) = (5) 40. —30 — (-10) 
diy ae goatee 
4 2 105 
43:23 = (=7.8) 44. —4.3 — (-8.7) 
45. 0 — (-V2) 46. 0 — (-V3) 
In Exercises 47-58, multiply as indicated. 
47. 9(-10) 48. 8(—10) 
49. (—3)(-11) 50e (7 )(S il) 
1S) 11 
51. BoD 52. Be) 
53. —V2-0 54. —V/3-0 
85. (—4)(-2)(-1) 56. (—5)(-3)(-2) 
87. 2(-3)(-1)(-2)(-4) 88. 3(-2)(-1)(-5)(-3) 
In Exercises 59-70, evaluate each exponential expression. 
59. (—10)° 60. (—8)° 
et. —10" 62. —3 
63. (-2)° 64. (-3)° 


Watch the videos 
in MyMathLab 
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Download the 
MyDashBoard App 


66. (—4)* 
68. (—1)* 


> (3) 


In Exercises 71-82, divide as indicated or state that the division 
is undefined. 


71. 


73. 


75. 


77. 


79. 


2 2 2 
aa 8 
=90 4 75 
=) =; 
a5 ee 
—4.6 “ -53 
4.6 5.3 
7a 78. = ap 


+) 8) 


ee 


In Exercises 83-100, use the order of operations to simplify each 


expression. 
83. 4(—5) — 6(-3) 84. 8(—3) — 5(-6) 
85. 3(—2)* — 4(-3)" 86. 5(—3)? — 2(-2)7 
87. 8 — 16 + 2?-4-3 88. 107 — 100 + 57-2 —- 3 
Be 5D 22 oa ie ee 
[32 — C27 (12 — 3-2) 
91. 8 — 3[-2(2 — 5) — 4(8 — 6)] 
92. 8 — 3[-2(5 — 7) — 5(4 — 2)] 

2(-2) — 4(-3) 6(—4) — 5(-3) 
aa Sag 
ae (5 — 6)? — 2|3 -7| 

89 — 3-5° 
12 + 3-5|2? + 37| 
96. 
74+3-6 
97. 15 — V3 — (-1) + 12 + 2:3 
98. 17 — |5 — (-2)| +12 + 2-3 
99. 20 + 1 — V10" — (5 + 1)°(-2) 
100. 24 + V3-(5 — 2) + [-1 - (3) 


In Exercises 101-104, write an algebraic expression equivalent to 
the given expression using each of the commutative properties. 


101. 


102. 


103. 


104. 


4x + 10 
5x + 30 
(he) 
Se 7) 
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In Exercises 105-110, use an associative property to write an 
algebraic expression equivalent to each expression and simplify. 


105. 
106. 
107. 
108. 


109. 


110 


Aea(Os eX) 
(2G 4x) 
—7(3x) 
—10(5x) 


. = 5-39) 


- 7-4) 


In Exercises 111-116, use the distributive property to write an 


equ 


114. 3(2x + 5) 


113 
115. 


ivalent expression. 
112. 5(4x + 7) 


114. —9(3x + 2) 
116. —(6x — 3) 


ee 5) 
(St 0) 


In Exercises 117-130, simplify each algebraic expression. 


117. 
119. 
121. 
122. 
123. 
124. 
125. 
126. 
127. 
128. 
129. 
130. 


(bea aus 118. 8x + 10x 
6x? — x7 120. 9x7 — x? 
6x + 10x? + 4x + 2x? 

Ox + 5x? + 3x + 4x? 

8Gx— 5) = 6x 

7(4x — 5) — 8x 

Sy — 2) — (Ty + 2) 

Ay = 3) = (Oy 3) 

7 Als — (ay = 5) 

6-318 = 2y —4)] 

ley A= [o —2) | 

Maree oo ee 2] 


Practice PLUS 
In Exercises 131-138, write each English phrase as an algebraic 


expression. Then simplify the expression. Let x represent the 

number. 

131. A number decreased by the sum of the number and four 

132. A number decreased by the difference between eight and 
the number 

133. Six times the product of negative five and a 
number 

134. Ten times the product of negative four and a 
number 

135. The difference between the product of five and a number 
and twice the number 

136. The difference between the product of six and a number 
and negative two times the number 

137. The difference between eight times a number and six 
more than three times the number 

138. Eight decreased by three times the sum of a number 


and six 
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Application Exercises 


The number line shows the approval ratings by Americans of five 
selected countries. Use this information to solve Exercises 139-146. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


Approval Ratings by Americans of 
Selected Countries 


50: Very Favorable 
0: Neutral 
—50: Very Unfavorable 


Iran China | | France | | Israel | UK 
=29 —-10 —3 4 2 
4 
1e } + o_o 4 1° — 
—30 —20 -10 0 10 20 30 


Source: www.thechicagocouncil.org 

What is the combined approval rating of the UK and 
Tran? 

What is the combined approval rating of Israel and 
China? 

What is the difference between the approval rating of the 
UK and the approval rating of Iran? 


What is the difference between the approval rating of 
Israel and the approval rating of China? 

By how much does the approval rating of France exceed 
the approval rating of China? 

By how much does the approval rating of France exceed 
the approval rating of Iran? 

What is the average of the approval ratings for China, 
France, and Israel? 


What is the average of the approval ratings for Iran, 
China, and the UK? 


We opened the section by noting that college students have money 
to spend, often courtesy of Mom and Dad. The bar graph shows 
discretionary spending by full- and part-time college students in 
the United States from 2006 through 2010. 


Discretionary Spending 
among U.S. College Students 


76 
70 74 
| | . | | 
2006 2007 2008 2009 2010 
Year 


$90 - 
$75- 
$60 - 
$45 


$30 


Discretionary Spending 
(billions of dollars) 


$15 


Source: Alloy Media + Marketing 


The data in the graph can be modeled by the formula 


D =—0.2x* + 5(x + 12), 


where D represents discretionary spending among U.S. college 
students, in billions of dollars, x years after 2006. Use this 
formula to solve Exercises 147-148. 


147. 


148. 


149. 


150. 


SECTION 1.2 


According to the formula on the previous page, how 
much money did college students spend in 2010? Does 
the model underestimate or overestimate the amount of 
discretionary spending displayed by the bar graph? By 
how much? 

According to the formula on the previous page, how 
much money did college students spend in 2009? Does 
the model underestimate or overestimate the amount of 
discretionary spending displayed by the bar graph? By 
how much? 

You had $10,000 to invest. You put x dollars in a safe, 
government-insured certificate of deposit paying 5% 
per year. You invested the remainder of the money in 
noninsured corporate bonds paying 12% per year. Your 
total interest earned at the end of the year is given by the 
algebraic expression 


0.05x + 0.12(10,000 — x). 
a. Simplify the algebraic expression. 


b. Use each form of the algebraic expression to determine 
your total interest earned at the end of the year if 
you invested $6000 in the safe, government-insured 
certificate of deposit. 


It takes you 50 minutes to get to campus. You spend 
t minutes walking to the bus stop and the rest of the time 
riding the bus. Your walking rate is 0.06 mile per minute 
and the bus travels at a rate of 0.5 mile per minute. 
The total distance walking and traveling by bus is given by 
the algebraic expression 


0.06t + 0.5(50 — f). 
a. Simplify the algebraic expression. 


b. Use each form of the algebraic expression to determine 
the total distance that you travel if you spend 20 minutes 
walking to the bus stop. 


Writing in Mathematics 


151. 
152. 


153. 


154. 


155. 
156. 


157. 


158. 


159. 


160. 


161. 
162. 


What is the meaning of |a| in terms of a number line? 


Explain how to add two numbers with the same sign. Give 
an example with your explanation. 


Explain how to add two numbers with different signs. 
Give an example with your explanation. 


What are opposites, or additive inverses? What happens 
when finding the sum of a number and its opposite? 


Explain how to subtract real numbers. 


Explain how to multiply two numbers with different signs. 
Give an example with your explanation. 


Explain how to multiply two numbers with the same sign. 
Give an example with your explanation. 


Explain how to determine the sign of a product that 
involves more than two numbers. 


Explain how to divide real numbers. 
0 4 
Why is 1 0, although 0 is undefined? 


What are equivalent algebraic expressions? 


State a commutative property and give an example of how 
it is used to write equivalent algebraic expressions. 


163. 


164. 


165. 


166. 
167. 
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State an associative property and give an example of how 
it is used to write equivalent algebraic expressions. 


State a distributive property and give an example of how 
it is used to write equivalent algebraic expressions. 


What are the terms of an algebraic expression? How can 
you tell if terms are like terms? 


What does it mean to simplify an algebraic expression? 


If a negative sign appears outside parentheses, explain 
how to simplify the expression. Give an example. 


Critical Thinking Exercises 


Make Sense? In Exercises 168-171, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


168. 


169. 


170. 


171. 


My mathematical model, although it contains an algebraic 
expression that is not simplified, describes the data 
perfectly well, so it will describe the data equally well 
when simplified. 


Subtraction actually means the addition of an additive 
inverse. 

The terms 13x? and 10x both contain the variable x, so I 
can combine them to obtain 23x°. 


There is no number in front of the term x, so this means 
that the term has no coefficient. 


In Exercises 172-176, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


172. 16+ 4:2=16+8=2 
173. 6 — 2(4 + 3) = 4(4 + 3) = 4(7) = 28 
174. 5 + 3(x — 4) = 8(x — 4) = 8x — 32 
175; =X x = — et (=X) —"0 
176. x — 0.02(x + 200) = 0.98x — 4 
In Exercises 177-178, insert parentheses to make each statement 
true. 
177. 8-2:3-4=14 
Uh os; = 510-9 = 45 
9[4- (1 +6 3 = 9)? 
179. Simplify: ( I ¢ ) ; 
12 
5) ar 
5 — 6 
2a 


Review Exercises 


From here on, each exercise set will contain three review 


exercises. It is important to review previously covered topics to 
improve your understanding of the topics and to help maintain 
your mastery of the material. If you are not certain how to 
solve a review exercise, turn to the section and the worked-out 
example given in parentheses at the end of each exercise. 


180. 


Write the following English phrase as an algebraic 
expression: “The quotient of ten and a number, decreased 
by four times the number.” Let x represent the number. 
(Section 1.1, Example 1) 
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181. Evaluate 10 + 2(x — 5)‘ forx = 7. 
(Section 1.1, Example 3) 

182. Graph (—5,~) on a number line. 
(Section 1.1, Example 7) 


Preview Exercises 


Exercises 183-185 will help you prepare for the material covered 
in the next section. 
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184. If y = 1— x’, find the value of y that corresponds to 
values of x for each integer starting with —3 and ending 
with 3. 


185. If y = |x + 1], find the value of y that corresponds to 
values of x for each integer starting with —4 and ending 
with 2. 


183. If y = 4 — x’, find the value of y that corresponds to 
values of x for each integer starting with —3 and ending 
with 3. 


Objectives 


Plot points in the 
rectangular coordinate 
system. 


Graph equations in the 
rectangular coordinate 
system. 


Use the rectangular 
coordinate system to 
visualize relationships 
between variables. 


Interpret information 
about a graphing 
utility’s viewing 
rectangle or table. 


1 | Plot points in the 


rectangular coordinate 
system. 


Graphing Equations 


The beginning of the seventeenth century was a time of 
innovative ideas and enormous intellectual progress in 
Europe. English theatergoers enjoyed a succession of 
exciting new plays by Shakespeare. William Harvey 
proposed the radical notion that the heart was a pump 
for blood rather than the center of emotion. 
Galileo, with his new-fangled invention called 
the telescope, supported the theory of @ 
Polish astronomer Copernicus that the sun, 
not the Earth, was the center of the solar 
system. Monteverdi was writing the world’s 
first grand operas. French mathematicians 
Pascal and Fermat invented a new field of 
mathematics called probability theory. 

Into this arena of intellectual electricity 
stepped French aristocrat René Descartes 
(1596-1650). Descartes (pronounced 
“day cart”), propelled by the creativity 
surrounding him, developed a new branch 
of mathematics that brought together algebra 
and geometry in a unified way—a way that visualized 
numbers as points on a graph, equations as geometric figures, and geometric figures 
as equations. This new branch of mathematics, called analytic geometry, established 
Descartes as one of the founders of modern thought 


and among the most original mathematicians and :. 

philosophers of any age. We begin this section by 5+ 

looking at Descartes’s deceptively simple idea, called mi 4y I 

the rectangular coordinate system or (in his honor) — 2nd quadrant mal Ist quadrant 

the Cartesian coordinate system. 1-4 SO Figin (0)10) 

PEEEREET EES 

‘ ee 0ti‘“‘i‘is™s~s~C~C*CS SH 144 

Points and Ordered Pairs mm -2 Iv 

Descartes used two number lines that intersect atright = 3rd quadrant’ | 4th quadrant 


. ; wane 44 
angles at their zero points, as shown in Figure 1.9. 5 


The horizontal number line is the x-axis. The vertical 
number line is the y-axis. The point of intersection 
of these axes is their zero points, called the origin. 


Figure 1.9 The rectangular 
coordinate system 


Great Question! 


What's the significance of 
the word “ordered” when 
describing a pair of real 
numbers? 


The phrase ordered pair 
is used because order is 
important. The order in 
which coordinates appear 
makes a difference in a 
point’s location. This is 
illustrated in Figure 1.10. 


Great Question! 


Isn’t it easy to confuse the 
notation for an ordered 
pair and the notation for 
an open interval? For 
example, how do | know if 
(4, 5) represents a point in 
the rectangular coordinate 
system or the set of 
numbers between, but not 
including, —4 and 5? 


The only way to tell the 
difference between ordered- 
pair notation and open- 
interval notation involves 
the situation in which the 
notation is used. If the 
situation involves plotting 
points, (—4, 5) is an ordered 
pair. If the situation involves 
a set of numbers along a 
number line, (—4, 5) is an 
open interval of numbers. 


2 | Graph equations in the 
rectangular coordinate 
system. 
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Positive numbers are shown to the right and above the origin. Negative numbers are 
shown to the left and below the origin. The axes divide the plane into four quarters, 
called quadrants. The points located on the axes are not in any quadrant. 

Each point in the rectangular coordinate system corresponds to an ordered pair of real 
numbers, (x, y). Examples of such pairs are (—5, 3) and (3, —5). The first number in each 
pair, called the x-coordinate, denotes the distance and 
direction from the origin along the x-axis. The second 
number, called the y-coordinate, denotes vertical 
distance and direction along a line parallel to the y-axis 
or along the y-axis itself. 

Figure 1.10 shows how we plot, or locate, the 
points corresponding to the ordered pairs (—5, 3) and 
(3, -5). We plot (—5, 3) by going 5 units from 0 to the 


left along the x-axis. Then we go 3 units up parallel 2+ 
to the y-axis. We plot (3, —5) by going 3 units from 0 3+ 
to the right along the x-axis and 5 units down parallel al 


to the y-axis. The phrase “the points corresponding | (3,-5) 


to the ordered pairs (—5,3) and (3,—5)” is often _. 
. —5, 3) and 
abbreviated as “the points (—5, 3) and (3, —5).” figs eee 


| EXAMPLE 1 | Plotting Points in the Rectangular Coordinate System 
Plot the points: A(—4,5), B(3, —4), C(-5, 0), D(-4, —2), E(0, 3.5), and F(0, 0). 


Solution See Figure 1.11. We move from the origin and plot the points in the 
following way: 


A(-4, 5): 4 units left, 5 units up . 
A 
B(3, —4): 3 units right, 4 units down ee. ST E(0, 3.5) 
4+ 
C(—5S, 0): 5 units left, 0 units up or down uad 39.....Q 
D(-4, —2): 4 units left, 2 units down CLs, 0) ail Flo, 0) 


E(0, 3.5): 0 units right or left, 3.5 units up 


$—_$—_+—__+>_ + >—_+—_ +—_+—_ ++ > © 
x F —5-4-3-2-1 12.3.4 5 
F(0, 0): 0 units right or left, ees : ib 
, eo 29.4. 
0 units up or down ! 234 ¢ 
Notice that the origin “ | * 
is represented by (0, 0). ail B(3, —4) 


Figure 1.11 Plotting points 


CHECK POINT1 Plot the points: 
A(2, 5), B(-1, 3), C(-1.5, —4.5), and D(0, —2). 


Graphs of Equations 


A relationship between two quantities can be expressed as an equation in two variables, 
such as 


y=4-. 


A solution of an equation in two variables, x and y, is an ordered pair of real 
numbers with the following property: When the x-coordinate is substituted for x and 
the y-coordinate is substituted for y in the equation, we obtain a true statement. For 
example, consider the equation y = 4 — x’ and the ordered pair (3, —5). When 3 is 
substituted for x and —5 is substituted for y, we obtain the statement —5 = 4 — 37, or 

5 = 4 — 9, or—5 = —S. Because this statement is true, the ordered pair (3, —5) is a 
solution of the equation y = 4 — x”. We also say that (3, —5) satisfies the equation. 
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Figure 1.12 The graph of 


y=4-%? 


We can generate as many ordered-pair solutions as desired to y = 4 — x by 
substituting numbers for x and then finding the corresponding values for y. For 
example, suppose we let x = 3: 


Form the ordered 


Start with x. 


Compute y. pair (x, y). 
x y=4- x? Ordered Pair (x, y) 
3 | y=4-3=4-9=-5 (3, -5) 
Let x = 3. (3, —5) is a solution 
of y=4—x7, 


The graph of an equation in two variables is the set of all points whose coordinates 
satisfy the equation. One method for graphing such equations is the point-plotting 
method. First, we find several ordered pairs that are solutions of the equation. Next, 
we plot these ordered pairs as points in the rectangular coordinate system. Finally, 
we connect the points with a smooth curve or line. This often gives us a picture of all 
ordered pairs that satisfy the equation. 


Graph y = 4 — x”. Select integers for x, starting with —3 and ending with 3. 


Graphing an Equation Using 
the Point-Plotting Method 


Solution For each value of x, we find the corresponding value for y. 


Form the ordered 
Start with x. 


Compute y. pair (x, y). 

x y=4-x? Ordered Pair (x, y) 
We selected integers _ 2_ _ 2 
from —3 to 3, inclusive, a ie eet a ae 2 (=3, -5) 
to include three negative 2 | y=4-(-2) =4-4=0 (-2, 0) 
numbers, 0, and three _ 2 = = 
positive numbers. We AD oss | le Baa (=1, 3) 
also wanted to keep the 0| y=4-0=4-0=4 (0, 4) 
resulting computations _ 2 _ _ 
for y relatively simple. I es 1 eal ke (1, 3) 

2) y=4-2=4-4=0 (2, 0) 

3) y=4-3=4-9=-5 (3, -5) 


Now we plot the seven points and join them with a smooth curve, as shown in 
Figure 1.12. The graph of y = 4 — x? is acurve where the part of the graph to the right 
of the y-axis is a reflection of the part to the left of it and vice versa. The arrows on the 
left and the right of the curve indicate that it extends indefinitely in both directions. m 


'/| CHECK POINT 2 


Graph y = 1 — x’. Select integers for x, starting with —3 
and ending with 3. 


Graphing an Equation Using 
the Point-Plotting Method 


Graph y = |x|. Select integers for x, starting with —3 and ending with 3. 


S4r3.-22141..1..2..3.4..3 


Figure 1.13 The graph of y = |x| 


3 | Use the rectangular 
coordinate system to 
visualize relationships 
between variables. 


SECTION 1.3 Graphing Equations 33 


Solution For each value of x, we find the corresponding value for y. 


x y= |x| Ordered Pair (x, y) 
—3 y = |-3| =3 (-3, 3) 
=2 y = |-2| = (—2, 2) 
= i= PS C1) 

0 y= 0) =0 (0, 0) 

1 j= =i (1,1) 

2 y =(|2| = (2,2) 

3 y= |3| = (3, 3) 


We plot the points and connect them, resulting in the graph shown in Figure 1.13. 
The graph is V-shaped and centered at the origin. For every point (x, y) on the graph, 
the point (—x, y) is also on the graph. This shows that the absolute value of a positive 
number is the same as the absolute value of its opposite. & 


|\“| CHECK POINT3 Graph y = |x + 1]. Select integers for x, starting with —4 
and ending with 2. 


Applications 


The rectangular coordinate system allows us to visualize relationships between two 
variables by associating any equation in two variables with a graph. Graphs in the 
rectangular coordinate system can also be used to tell a story. 


| EXAMPLE 44 | Telling a Story with a Graph 


Too late for that flu shot now! It’s only 8 A.M. and you're feeling lousy. Fascinated by the 
way that algebra models the world (your author is projecting a bit here), you construct 
a graph showing your body temperature from 8 a.m. through 3 p.m. You decide to let 
x represent the number of hours after 8 A.M. and y your body temperature at time x. 
The graph is shown in Figure 1.14. The symbol + 

on the y-axis shows that there is a break in values y 

between 0 and 98. Thus, the first tick mark on the 4 
y-axis represents a temperature of 98°F. 


a. What is your temperature at 8 A.M.? 


b. During which period of time is your 


Temperature (°F) 
S 
o 
T 


temperature decreasing? 98 
: pea ; a ee ee >x 
c. Estimate your minimum temperature during 0123 4 5 67 
the time period shown. How many hours Hours after 8 A.M. 


after 8 A.m. does this occur? At what time 


does this occur? Figure 1.14 Body temperature from 


8 a.m. through 3 P.M. 
d. During which period of time is your 
temperature increasing? 


e. Part of the graph is shown as a horizontal line segment. What does this mean about 
your temperature and when does this occur? 
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Solution 


a. 


v 


Because x is the number of hours 
after 8 A.M., your temperature at 8 A.M. 
corresponds to x = 0. Locate 0 on the 
horizontal axis and look at the point on the 
graph above 0. Figure 1.15 shows that your 
temperature at 8 A.M. is 101°F. 


Your temperature is decreasing when the 
graph falls from left to right. This occurs 
between x =0 and x = 3, also shown 
in Figure 1.15. Because x represents 
the number of hours after 8 A.M., your 
temperature is decreasing between 8 A.M. 
and 11 A.M. 


Your minimum temperature can be found 
by locating the lowest point on the graph. 
This point lies above 3 on the horizontal 
axis, shown in Figure 1.16. The y-coordinate 
of this point falls more than midway 
between 98 and 99, at approximately 98.6. 
The lowest point on the graph, (3, 98.6), 
shows that your minimum temperature, 
98.6°F, occurs 3 hours after 8 A.M., at 11 A.M. 


Your temperature is increasing when 
the graph rises from left to right. This 
occurs between x = 3 and x = 5, shown 
in Figure 1.16. Because x represents 
the number of hours after 8 A.M., your 
temperature is increasing between 11 A.M. 
and 1 p.m. 


The horizontal line segment shown in 
Figure 1.17 indicates that your temperature 
is neither increasing nor decreasing. Your 
temperature remains the same, 100°F, 
between x =5 and x = 7. Thus, your 
temperature is at a constant 100°F between 
1pmM.and3p.mM. 


CHECK POINT 4 


y 
A 
& 1027 (0, 101) 
‘> 101 
3 
3 100 F Decreasing temperature 
B99 
& 98h 
— 
poi ji j ij ji ivy, 
0 12 3 4 5 6 7 
Hours after 8 A.M. 
Figure 1.15 
y 
rN 
3 
2 
5 
a 
o 
a. 
5 
F 98 Increasing temperature 
ce ea >x 
0 12 3 4 5 6 7 
Hours after 8 A.M. 
Figure 1.16 
y 
A 
im 102 - 
‘101 
i) 
5 
cs 100 
a) 
a 99F 
5 Constant temperature: 
e 98F 100°F 
fe af ah 
0 12 3 4 5 6 7 
Hours after 8 A.M. 
Figure 1.17 


When a physician injects a drug into a patient’s muscle, 


the concentration of the drug in the body, measured in milligrams per 100 milliliters, 
depends on the time elapsed after the 
injection, measured in hours. Figure 1.18 
shows the graph of drug concentration 
over time, where x represents hours after 
the injection and y represents the drug 
concentration at time x. 


a. 


During which period of time is the drug 
concentration increasing? 


During which period of time is the drug 
concentration decreasing? 


What is the drug’s maximum concentration 
and when does this occur? 


What happens by the end of 13 hours? 


Drug Concentration in the Blood 
(milligrams per 100 milliliters) 


0.03 


0.02 


0.01 


pictitiid — 
4 6 8 10 12 


Time (hours) 


So 
Ne 


Figure 1.18 


4 | Interpret information 
about a graphing 
utility’s viewing 
rectangle or table. 


Great Question! 


I’m not using a graphing 
calculator, so should | 
just skip to the end of this 
section? 


Even if you are not using a 
graphing utility in the course, 
read this part of the section. 
Knowing about viewing 
rectangles will enable you to 
understand the graphs that 
we display in the technology 
boxes throughout the book. 


By Ul is 2 Bis) 3 


Figure 1.20 A [—2, 3, 0.5] by 
[-10, 20, 5] viewing rectangle 
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Graphing Equations and Creating Tables Using 
a Graphing Utility 


Graphing calculators and graphing software packages for computers are referred to 
as graphing utilities or graphers. A graphing utility is a powerful tool that quickly 
generates the graph of an equation in two variables. Figures 1.19(a) and 1.19(b) show 
two such graphs for the equations in Examples 2 and 3. 


Figure 1.19(a) The graph of Figure 1.19(b) The graph of 
y=4- x? y = |x| 


What differences do you notice between these graphs and the graphs that we drew 
by hand? They do seem a bit “jittery.” Arrows do not appear on the left and right ends 
of the graphs. Furthermore, numbers are not given along the axes. For both graphs in 
Figure 1.19, the x-axis extends from —10 to 10 and the y-axis also extends from —10 to 
10. The distance represented by each consecutive tick mark is one unit. We say that the 
viewing rectangle, or the viewing window, is [—10, 10, 1] by [-10, 10, 1]. 


[-10, 10, 1] by [-10, 10, 1] 


The minimum The maximum Distance between The minimum The maximum Distance between 

X-value along = x-value along consecutive tick y-value along —y-value along consecutive tick 

the x-axis is the x-axis is marks on the the y-axis is the y-axis is marks on the 
—10. 10. X-axis is one unit. =10. 10. y-axis is one unit. 


To graph an equation in x and y using a graphing utility, enter the equation and 
specify the size of the viewing rectangle. The size of the viewing rectangle sets minimum 
and maximum values for both the x- and y-axes. Enter these values, as well as the values 
between consecutive tick marks, on the respective axes. The [—10, 10, 1] by [—10, 10, 1] 
viewing rectangle used in Figure 1.19 is called the standard viewing rectangle. 


| EXAMPLE 5 | Understanding the Viewing Rectangle 


What is the meaning of a [—2, 3, 0.5] by [—10, 20, 5] viewing rectangle? 


Solution We begin with [—2,3,0.5], which describes the x-axis. The minimum 
x-value is —2 and the maximum x-value is 3. The distance between consecutive tick 
marks is 0.5. 

Next, consider [—10, 20, 5], which describes the y-axis. The minimum y-value is —10 
and the maximum y-value is 20. The distance between consecutive tick marks is 5. 

Figure 1.20 illustrates a [—2, 3, 0.5] by [-10, 20, 5] viewing rectangle. To make things 
clearer, we’ve placed numbers by each tick mark. These numbers do not appear on the 
axes when you use a graphing utility to graph an equation. & 


|\“| CHECK POINT5 What is the meaning of a [—100, 100, 50] by [—100, 100, 10] 
viewing rectangle? Create a figure like the one in Figure 1.20 that illustrates this 
viewing rectangle. 
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Figure 1.21 Creating a table for 
yi = 4 — x? and yo = |x| 


On most graphing utilities, the display screen is two-thirds as high as it is wide. By 
using a square setting, you can equally space the x and y tick marks. (This does not 
occur in the standard viewing rectangle.) Graphing utilities can also zoom in and zoom 
out. When you zoom in, you see a smaller portion of the graph, but you do so in greater 
detail. When you zoom out, you see a larger portion of the graph. Thus, zooming out 
may help you to develop a better understanding of the overall character of the graph. 
With practice, you will become more comfortable with graphing equations in two 
variables using your graphing utility. You will also develop a better sense of the size 
of the viewing rectangle that will reveal needed information about a particular graph. 

Graphing utilities can also be used to create tables showing solutions of equations 
in two variables. Use the Table Setup function to choose the starting value of x and to 
input the increment, or change, between the consecutive x-values. The corresponding 


y-values are calculated based on the equation(s) in two variables in the | Y= | screen. 
In Figure 1.21, we used a TI-84 Plus to create a table for y = 4 — x? and yy = |x|, the 


equations in Examples 2 and 3. 
We entered two equations: 
y,=4—x* and yg = |x|. 


We entered —3 for the starting 
x-value and 1 as the increment 
between x-values. 


Flake FIoks 


The x-values are in the first column and 
the corresponding values of yy = 4 —x? and 
yq = |x| are in the second and third 
columns, respectively. Arrow keys permit 
scrolling through the table to find other 
X-values and corresponding y-values. 


Achieving Success 
Check! Check! Check! 


After completing each Check Point or odd-numbered exercise, compare your answer with 
the one given in the answer section at the back of the book. To make this process more 
convenient, place a Post-it® or some other marker at the appropriate page of the answer 
section. If your answer is different from the one given in the answer section, try to figure 
out your mistake. Then correct the error. If you cannot determine what went wrong, show 
your work to your professor. By recording each step neatly and using as much paper as 
you need, your professor will find it easier to determine where you had trouble. 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 
2. 
3. 


In the rectangular coordinate system, the horizontal number line is called the 


In the rectangular coordinate system, the vertical number line is called the 


In the rectangular coordinate system, the point of intersection of the horizontal axis and the vertical axis is called the 


these regions. 


. The axes of the rectangular coordinate system divide the plane into regions, called . There are of 


The first number in an ordered pair such as (8, 3) is called the . The second number in such an ordered pair is 
called the 
The ordered pair (4, 19) is a/an of the equation y = x? + 3 because when 4 is substituted for x and 19 is 


substituted for y, we obtain a true statement. We also say that (4, 19) the equation. 


1.3 EXERCISE SET BMW AMEtaal Eley 
Practice Exercises 


In Exercises 1-10, plot the given point in a rectangular 
coordinate system. 


4. (1,4) 2. (2,5) 

S:(23) ree 
5. (3)=5) 64>) 
TAG 6G) 
9. (—4,0) 10. (0,—3) 


Graph each equation in Exercises 11-26. Let x = —3,—2,-—1, 0, 
I2eands: 


ihe yaa 12 y=x -9 
13. y=x-2 14. y=x+2 
15. y= 2x +1 16. y=2x-4 
17 : 18 : ar 
y= : =—<—x 
Gare ~ 3 
19. y= |x| +1 20. y= |x| -1 
21 envy — 2 bx 22, y= —2\|50| 
1 
233 — ? 24. y= —5* 
25. y=x 2. y=xr-1 


In Exercises 27-30, match the viewing rectangle with the correct 
figure. Then label the tick marks in the figure to illustrate this 
viewing rectangle. 


27. [—5,5,1] by [-5, 5, 1] 

28. [-10, 10,2] by [-4, 4, 2] 

29. [-20, 80, 10] by [-30, 70, 10] 

30. [—40, 40, 20] by [-1000, 1000, 100] 


a. 


The table of values was generated by a graphing utility with a 
TABLE feature. Use the table to solve Exercises 31-38. 
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A 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


31. Which equation corresponds to Y> in the table? 


a yo =x+8 bb. yo = x4 — 2 


CG yy =2-x d. yo =1- 2x 

32. Which equation corresponds to Yj in the table? 
ayy = —3x bs yj =x 
c. y, = —x? d. yy =2-x 


33. Does the graph of Y> pass through the origin? 

34. Does the graph of Y, pass through the origin? 

35. At which point does the graph of Y> cross the x-axis? 

36. At which point does the graph of Y> cross the y-axis? 

37. At which points do the graphs of Y, and Y, intersect? 


38. For which values of x is Y; = Y>? 


Practice PLUS 


In Exercises 39-42, write each English sentence as an equation 
in two variables. Then graph the equation. 


39. The y-value is four more than twice the x-value. 


40. The y-value is the difference between four and twice the 
x-value. 

41. The y-value is three decreased by the square of the x-value. 

42. The y-value is two more than the square of the x-value. 


In Exercises 43-46, graph each equation. 


43, y= 5 (Lets = —3,—2 1,0 1, 2, anda) 


44. y =—1 (Letx = —3,—2,-1, 0,1, 2, and 3.) 
1 i ie sl 
45. y= eta — 2a 1, and 2. 
5. oy ~ (Let x 1-37 Gag ban ) 
1 iE al ali 
46. y= —— (lets = — 21 1, and 2. 
Be EE a ee co 


Application Exercises 


The line graph below shows the top marginal income tax rates 
in the United States from 1925 through 2010. Use the graph to 
solve Exercises 47-52. 


Top United States Marginal Tax Rates, 1925-2010 


100% - 
90% 
80% 
70% 
60% 
50% 
40% 
30% 
20% F- 
10% F 


Top Marginal Tax Rate 
(percentage of income) 


1 ! 1 ! 1 ! 1 ! 1 ! 1 ! 1 ! 1 | 
1930 1940 1950 1960 1970 1980 1990 2000 2010 
Year 


Source: National Taxpayers Union 
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(In Exercises 47-52, be sure to refer to the graph at the bottom of 


the previous page.) 

47. Estimate the top marginal tax rate in 2010. 

48. Estimate the top marginal tax rate in 1925. 

49. For the period shown, during which year did the United States 
have the highest marginal tax rate? Estimate, to the nearest 
percent, the tax rate for that year. 

50. For the period from 1950 through 2010, during which year did 
the United States have the lowest marginal tax rate? Estimate, 
to the nearest percent, the tax rate for that year. 

51. For the period shown, during which ten-year period did 
the top marginal tax rate remain constant? Estimate, to the 
nearest percent, the tax rate for that period. 

52. For the period shown, during which five-year period did 


the top marginal tax rate increase most rapidly? Estimate, 
to the nearest percent, the increase in the top tax rate for 
that period. 


Contrary to popular belief, older people do not need less sleep than 
younger adults. However, the line graphs show that they awaken more 
often during the night. The numerous awakenings are one reason why 
some elderly individuals report that sleep is less restful than it had been 
in the past. Use the line graphs to solve Exercises 53-50. 


53. 


54. 


55. 


56. 


Average Number of Awakenings 
During the Night, 
by Age and Gender 


Number of Awakenings 
During the Night 
BP NWAUNUANID LO 


10 20 30 40 50 60 70 80 
Age (5 through 75) 

Source: Stephen Davis and Joseph Palladino, Psychology, 

5th Edition, Prentice Hall, 2007 
At which age, estimated to the nearest year, do women 
have the least number of awakenings during the night? 
What is the average number of awakenings at that age? 
At which age do men have the greatest number of 
awakenings during the night? What is the average number 
of awakenings at that age? 
Estimate, to the nearest tenth, the difference between the 
average number of awakenings during the night between 
25-year-old men and 25-year-old women. 
Estimate, to the nearest tenth, the difference between the 
average number of awakenings during the night between 
18-year-old men and 18-year-old women. 


In Exercises 57-60, match the story with the correct figure. The 
figures are labeled (a), (b), (c), and (d). 


a. b. 


Amount of 
Snowfall 
Amount of 
Snowfall 


Time Time 
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Amount of 
Snowfall 
Amount of 
Snowfall 


Time Time 


57. As the blizzard got worse, the snow fell harder and harder. 
58. The snow fell more and more softly. 


59. It snowed hard, but then it stopped. After a short time, the 
snow started falling softly. 


60. It snowed softly, and then it stopped. After a short time, 
the snow started falling hard. 

In Exercises 61-64, select the graph that best illustrates each story. 

61. An airplane flew from Miami to San Francisco. 


A b. 


a + = A 

ie) Sp 

o 
rm im 
aa) a 
o o 
s E 
a a 

Seconds after Seconds after 
Takeoff Takeoff 
(hee A d. = A 

ie = 

o 
rm rm 
ae a 
o o 
a, E 
a a 

———————e 
Seconds after Seconds after 
Takeoff Takeoff 


62. At noon, you begin to breathe in. 


a. an A b. Se ak 
oe 3 
eA a4 
25 Zs 
i) 3 
>a >a 
-?oO = > 
Time after Time after 
Noon Noon 
c > A d _% A 
32 og 
oF o 
eH eo 
= gs Hey as | 
Oo. -—- Ou 
Pa >a 
_| a . 
Time after Time after 
Noon Noon 


63. Measurements are taken of a person’s height from birth to 
age 100. 


a. b. 
oO 
= =x 
Age Age 


Height 
Height 


Age Age 


64. You begin your bike ride by riding down a hill. Then you 


ride up another hill. Finally, you ride along a level surface 
before coming to a stop. 


a. b. A 


Speed 
Speed 


Time Time 


Speed 
Speed 


Time Time 


Writing in Mathematics 


65. 
66. 


What is the rectangular coordinate system? 


Explain how to plot a point in the rectangular coordinate 
system. Give an example with your explanation. 


Explain why (5, —2) and (—2, 5) do not represent the same 
point. 


67. 


68. Explain how to graph an equation in the rectangular 


coordinate system. 
What does a [—20, 2,1] by [-4,5,0.5] viewing rectangle 
mean? 


69. 


In Exercises 70-71, write a story, or description, to match each 
title and graph. 


70. 


Checking Account 71. Hair Length 
Balance 
3 c= 
a eh 
4 a 
a 4 
Ti : 
iw Time 


Technology Exercise 


72. Use a graphing utility to verify each of your hand-drawn graphs 
in Exercises 11-26. Experiment with the viewing rectangle to 
make the graph displayed by the graphing utility resemble your 
hand-drawn graph as much as possible. 


Critical Thinking Exercises 


Make Sense? In Exercises 73-76, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 
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73. The rectangular coordinate system provides a geometric picture 


of what an equation in two variables looks like. 


74. There is something wrong with my graphing utility because 


it is not displaying numbers along the x- and y-axes. 


75. A horizontal line is not a graph that tells the story of the 


number of calories that I burn throughout the day. 


76. I told my story with a graph, so I can be confident that 
there is a mathematical model that perfectly describes the 


graph’s data. 


In Exercises 77-80, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


77. Ifthe product of a point’s coordinates is positive, the point 


must be in quadrant I. 
78. If a point is on the x-axis, it is neither up nor down, so 
x=0. 
If a point is on the y-axis, its x-coordinate must be 0. 


The ordered pair (2, 5) satisfies 3y — 2x = —4. 


79. 
80. 


The graph shows the costs at a parking garage that allows 
cars to be parked for up to ten hours per day. Closed dots 
indicate that points belong to the graph and open dots indicate 
that points are not part of the graph. Use the graph to solve 
Exercises 81-82. 


i‘ Parking Garage Costs 

15+ Cece 
@ 12+ (Cnc 
isc} 
Oo 9fF —— 
z 
% 6 Cummmaenomecnnore ft 
O) 


1 D 3 4 5) 6 q 8 9 10 
Time (hours) 


81. You park your car at the garage for four hours on Tuesday 
and five hours on Wednesday. What are the total parking 
garage costs for the two days? 


82. On Thursday, you paid $12 for parking at the garage. 


Describe how long your car was parked. 


Review Exercises 


83. Find the absolute value: |— 14.3]. (Section 1.2, Example 1) 

84. Simplify: [12 — (13 — 17)] — [9 — (6 — 10)] 
(Section 1.2, Examples 7 and 8) 

85. Simplify: 6x — 5(4x + 3)— 10. 


(Section 1.2, Example 13) 
Preview Exercises 


Exercises 86-88 will help you prepare for the material covered 
in the next section. 


86. If—9 is substituted for x in the equation 4x — 3 = 5x + 6, 
is the resulting statement true or false? 


87. Simplify: 13 — 3(x + 2). 


3x +1 
88. Simplify: i0( =a 
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Objectives 


1 | Solve linear 
equations. 


2 | Recognize 
identities, 
conditional 
equations, and 
inconsistent 
equations. 

3 | Solve applied 
problems using 
mathematical 
models. 
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Solving Linear Equations 


Average Cost of Tuition and Fees at Public 
Four-Year United States Colleges 


$7400 - 


7020 


Tuition and Fees 


2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 
Ending Year in the School Year 


Figure 1.22 
Source: The College Board 


“Questions have intensified about whether going to college is worthwhile,” says 
Education Pays, released by the College Board Advocacy & Policy Center. “For the 
typical student, the investment pays off very well over the course of a lifetime, even 
considering the expense.” 

Among the findings in Education Pays: 


¢ Median full-time earnings with a bachelor’s degree in 2008 were $55,700, which is 
$21,900 more than high school graduates. 


¢ Compared with a high school graduate, a four-year college graduate who enrolled in 
a public university at age 18 will break even by age 33. The college graduate will have 
earned enough by then to compensate for being out of the labor force for four years 
and for borrowing enough to pay tuition and fees, shown in Figure 1.22, adjusted for 
inflation. 


The rising college costs from 2000 through 2010 can be modeled by the formula 
T = 385x + 3129, 


where T represents the average cost of tuition and fees at public four-year colleges for 
the school year ending x years after 2000. So, when will tuition and fees top $10,000 and 
reach $10,059? Substitute 10,059 for Tin the formula T = 385x + 3129: 


10,059 = 385x + 3129. 


Our goal is to determine the value of x, the number of years after 2000, when tuition 
and fees will reach $10,059. Notice that the exponent on the variable in this equation 
is 1. In this section, we will study how to determine the value of x in such equations. 
With this skill, you will be able to use certain mathematical models, such as the model 
for tuition and fees at public colleges, to project what might occur in the future. 


SECTION 1.4 Solving Linear Equations 41 


EB solve linear equations. Solving Linear Equations in One Variable 


We begin with a general definition of a linear equation in one variable. 


Definition of a Linear Equation 


A linear equation in one variable x is an equation that can be written in the form 
ax b= 0: 


where a and b are real numbers, and a # 0 (ais not equal to 0). 


An example of a linear equation in one variable is 
4x+12=0. 


Solving an equation in x involves determining all values of x that result in a true 
statement when substituted into the equation. Such values are solutions, or roots, of 
the equation. For example, substitute —3 for x in 4x + 12 = 0. We obtain 


4(-3) + 12 = 0, or —12+12=0. 


This simplifies to the true statement 0 = 0. Thus, —3 is a solution of the equation 
4x + 12 = 0. We also say that —3 satisfies the equation 4x + 12 = 0, because when 
we substitute —3 for x, a true statement results. The set of all such solutions is called 
the equation’s solution set. For example, the solution set of the equation 4x + 12 = 0 
is {3}. 

Two or more equations that have the same solution set are called equivalent 
equations. For example, the equations 


4x +12=0 and 4x =-12 and x =-3 


are equivalent equations because the solution set for each is {—3}. To solve a linear 
equation in x, we transform the equation into an equivalent equation one or more 
times. Our final equivalent equation should be of the form 

x = anumber. 


The solution set of this equation is the set consisting of the number. 
To generate equivalent equations, we will use the following properties: 


The Addition and Multiplication Properties of Equality 
The Addition Property of Equality 
The same real number or algebraic expression may be added to both sides of an 


equation without changing the equation’s solution set. 


a= banda+c= b+ care equivalent equations. 


The Multiplication Property of Equality 


The same nonzero real number may multiply both sides of an equation without 
changing the equation’s solution set. 


a = band ac = bc are equivalent equations as long asc # 0. 


Because subtraction is defined in terms of addition, the addition property also lets 
us subtract the same number from both sides of an equation without changing the 
equation’s solution set. Similarly, because division is defined in terms of multiplication, 
the multiplication property of equality can be used to divide both sides of an equation 
by the same nonzero number to obtain an equivalent equation. 
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Great Question! 


Have | solved an equation 
if | obtain something like 
—x = 3? 


No. Your final equivalent 


equation should not be of the 


form 


—x = anumber. 


We're not finished. 
A negative sign should 
not precede the variable. 


Isolate x by multiplying or 
dividing both sides of this 
equation by —1. 
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Table 1.5 illustrates how these properties are used to isolate x to obtain an equation 
of the form x = a number. 


HE}+)(- RS Using Properties of Equality to Solve Linear Equations 


The Equation’s 
These equations Equation How to Isolate x Solving the Equation Solution Set 
aie x-3=8 Add 3 to both sides. x—-3+3=84+3 
Addition x=11 {11} 
Property 
of Equality. x + 7 =—15 | Subtract 7 from both ge TH Pas =F 
sides. x = —22 {-22} 
6x = 30 Divide both sides by 6 6x — 30 
These equations (or multiply both sides 6 6 
are solved by 3). x=5 {5} 
using the 
Neal x Lg Multiply both sides 5-% =5.9 
of Equality. 5 by 5. 5 
x = 45 {45} 


| EXAMPLE 1 | Solving a Linear Equation 


Solve and check: 2x + 3 = 17. 
Solution Our goal is to obtain an equivalent equation with x isolated on one side and 


a number on the other side. 


2x+3=17 


This is the given equation. 


2x +3—3=17-—3 Subtract 3 from both sides. 


2x = 14 Simplify. 
ee Divide both sides by 2. 
-° o ivide both sides by 2. 
x=7 Simplify. 


Now we check the proposed solution, 7, by replacing x with 7 in the original equation. 


24+3 = 17 This is the original equation. 
2°74+3 £17 Substitute 7 for x. The question mark indicates 
that we do not yet know if the two sides are equal. 
14+3 217 Multiply: 2°7 = 14. 
This statement is true. w= 17 Ata +o = oe 


Because the check results in a true statement, we conclude that the solution of the 
given equation is 7, or the solution set is {7}. ™ 


CHECK POINT 1 = Solve andcheck: 4x + 5 = 29. 


Discover for Yourself 


Solve the equation in 
Example 2 by collecting terms 
with the variable on the right 
and constant terms on the left. 
What do you observe? 
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Great Question! 
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What are the differences between what I’m supposed to do with algebraic 


expressions and algebraic equations? 


We simplify algebraic expressions. We solve algebraic equations. Notice the differences 


between the procedures: 
Simplifying an Algebraic Expression 


Sriaay hing See = 7) = (Say = iil), 


This is not an equation. 


There is no equal sign. 


Srolhves Siar = 7) = (Gee 


Solving an Algebraic Equation 


11) = 14. 


This is an equation. 


There is an equal sign. 


Saltiton Be — 7) = Gz = iil) Solution 3(x — 7) — (5x — 11) = 14 
See Sil oye sp IL Sh3 = All ape ap il es 


(She = She) ae (zl se 1) rien —2x — 10 = 14 

0 

= —2x + (-10) Leis tbo. Dee-—= NO) se 0) = ie se 110) 
39 = 

Divide both L_ —2* — 24 

sides by —2. 2 2 

53 =| IL 


=—2x— 10 
A 
The solution set is {—12}. 


Stop! Further simplification is not 
possible. Avoid the common error of 
setting —2x — 10 equal to 0. 


Here is a step-by-step procedure for solving a linear equation in one variable. Not 
all of these steps are necessary to solve every equation. 


Solving a Linear Equation 


1. Simplify the algebraic expression on each side by removing grouping symbols 
and combining like terms. 


2. Collect all the variable terms on one side and all the numbers, or constant 
terms, on the other side. 


3. Isolate the variable and solve. 


4. Check the proposed solution in the original equation. 


| EXAMPLE 2 | Solving a Linear Equation 


Solve andcheck: 2x —-7+x=3x+1 +4 2x. 
Solution 
Step 1. Simplify the algebraic expression on each side. 


2x -7+x=3x+1+2x 
3x —-7=5x+1 


This is the given equation. 


Combine like terms: 
2x + x = 3x and 3x + 2x = 5x. 


Step 2. Collect variable terms on one side and constant terms on the other side. We 
will collect variable terms on the left by subtracting 5x from both sides. We will collect 
the numbers on the right by adding 7 to both sides. 


3x = 58 = 7 = 5x — Se + 1 


—2x -7=1 
—2x —-7+7=1+7 
—2x = 8 


Subtract 5x from both sides. 
Simplify. 

Add 7 to both sides. 
Simplify. 
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Step 3. Isolate the variable and solve. We isolate x in —2x = 8 by dividing both sides 


by —2. 
— oa Divide both sides by —2 
3 ivide both sides by —2. 
x=-4 Simplify. 


Step 4. Check the proposed solution in the original equation. Substitute —4 for x in the 
original equation. 


2x -7+x=3x+1+4+ 2x This is the original equation. 
2(—-4) — 7 + (-4) = 3(-4) + 1+ 2(-4) — Substitute —4 for x. 
8—7+ (4) = -12 +1 + (-8) Multiply: 2(-4) = —8, 3(-4) = —-12, 
and 2(-4) = -8. 

15 + (-4) = -11 + (8) Add or subtract from left to right: 

o=—7==Pand—e41=— =i, 
—19 = -19 Add. 
The true statement —19 = —19 verifies that —4 is the solution, or the solution set is {—4}. 


/| CHECK POINT 2 Solve andcheck: 2x — 12 + x = 6x—4 + 5x. 


| EXAMPLE 3 | Solving a Linear Equation 


Solve and check: 4(2x + 1) — 29 = 3(2x — 5). 


Solution 
Step 1. Simplify the algebraic expression on each side. 


4(2x + 1) — 29 = 3(2x — 5) This is the given equation. 
8x + 4— 29 = 6x — 15 Use the distributive property. 
8x — 25 = 6x — 15 Simplify. 


Step 2. Collect variable terms on one side and constant terms on the other side. We 
will collect the variable terms on the left by subtracting 6x from both sides. We will 
collect the numbers on the right by adding 25 to both sides. 


8x — 6x — 25 = 6x — 6x — 15 Subtract Gx from both sides. 


2x — 25 = —-15 Simplify. 
2x 29 *F 23 = —15. 25 Add 25 to both sides. 
2x = 10 Simplify. 
Step 3. Isolate the variable and solve. We isolate x by dividing both sides by 2. 
2x 10 
r3 -_ e% Divide both sides by 2. 
x=5 Simplify. 


Step 4. Check the proposed solution in the original equation. Substitute 5 for x in the 
original equation. 


4(2x + 1) — 29 = 3(2x — 5) This is the original equation. 
4(2-5 + 1) — 29 4 3(2-5 — 5) Substitute 5 for x. 
4(11) — 29 + 3(5) Simplify inside parentheses: 
2°56 + 1=10+1= tland 
23-5 =O =) — 5, 
44-29 2 15 Multiply: 4(11) = 44 and 3(5) = 15. 
15 = 15 Subtract. 


The true statement 15 = 15 verifies that 5 is the solution, or the solution set is {5}. ™ 


Using Technology 
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[\Y| CHECK POINT 3 Solve and check:2(x — 3) — 17 = 13 — 3(x + 2). 


Numeric and Graphic Connections 


In many algebraic situations, technology provides numeric and visual insights into problem solving. For example, you can use a 
graphing utility to check the solution of a linear equation, giving numeric and geometric meaning to the solution. Enter each side 
of the equation separately under y, and y,. Then use the table or the graphs to locate the x-value for which the y-values are the 


same. This x-value is the solution. 


Let’s verify our work in Example 3 and show that 5 is the solution of 


Numeric Check 
Display a table for y, and yo. 


A(2x + 1) = 29 = 3(2x — 5). 


Enter VY, = 4(2x + 1) -—29 Enter y, = 3(2x — 5) 
in the [y=] screen. in the [y=]screen. 


Graphic Check 


Display graphs for y, and y> and use the intersection feature. 


[ y,=4(2x +1)—29 | | yg=3(2x-5) | 


The solution is the x-coordinate of the intersection point. 


When x = 5, yy and yo have 
the same value, namely 15. 
This verifies 5 is the solution of 
4(2x + 1) — 29 = 3(2x —5). 


Graphs intersect at (5, 15). 
When x = 5, yy and yo have 
the same value, namely, 15. 
This graphically verifies 5 is the 
solution of 
4(2x + 1) — 29 = 3(2x — 5). 


[0, 7, 1] by [-1, 20, 1] 


Choose a large enough viewing rectangle 
so that you can see the intersection point. 


Linear Equations with Fractions 


Equations are easier to solve when they do not contain fractions. How do we remove 
fractions from an equation? We begin by multiplying both sides of the equation by the 
least common denominator (LCD) of any fractions in the equation. The least common 
denominator is the smallest number that all denominators will divide into. Multiplying 
every term on both sides of the equation by the least common denominator will 
eliminate the fractions in the equation. Example 4 shows how we “clear an equation 
of fractions.” 


| EXAMPLE 4 | Solving a Linear Equation Involving Fractions 


axe 3 tT _ Se 
5 2 2 - 


Solve: 


Solution The denominators are 5, 2, and 2. The smallest number that is divisible by 
5, 2, and 2 is 10. We begin by multiplying both sides of the equation by 10, the least 
common denominator. 
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2 | Recognize identities, 
conditional equations, 
and inconsistent 
equations. 


This is the given equation. 


Multiply both sides by 10. 


Use the distributive property and 
multiply each term by 10. 


Divide out common factors in 
each multiplication. 


The fractions are now cleared. 
At this point, we have an equation similar to those we have previously solved. Use the 
distributive property to begin simplifying each side. 
4x + 10+ 5x — 35 = 15x + 5 
9x — 25 = 15x + 5 


Use the distributive property. 
Combine like terms on the left side: 
4° Ox = Ox. andi0'— 25 = —25. 
For variety, let’s collect variable terms on the right and constant terms on the left. 


9x — Ox — 25 = 15x — 9x + 5 Subtract 9x from both sides. 


—25 = 6x +5 Simplify. 
—2) == 64 +55 Subtract 5 from both sides. 
—30 = 6x Simplify. 
Isolate x on the right side by dividing both sides by 6. 
ae Divide both sides by 6 
6 6 ivide both sides by 6. 
-5=x Simplify. 


Check the proposed solution in the original equation. Substitute —5 for x in the original 
equation. You should obtain —7 = —7. This true statement verifies that —5 is the 
solution, or the solution set is {-5}. m 


CHECK POINT4 Solve: 


Types of Equations 


Equations can be placed into categories that depend on their solution sets. 
An equation that is true for all real numbers for which both sides are defined is 
called an identity. An example of an identity is 


x+3=x4+24+1. 


Every number plus 3 is equal to that number plus 2 plus 1. Therefore, the solution set 
to this equation is the set of all real numbers. This set is written either as 


{x|xisarealnumber} or (—~,~) or R. 
An equation that is not an identity, but that is true for at least one real number, is 


called a conditional equation. The equation 2x + 3 = 17is an example of a conditional 
equation. The equation is not an identity and is true only if x is 7. 


Great Question! 


What’s the bottom line 
on all the vocabulary 
associated with types of 
equations? 

If you are concerned by 
the vocabulary of equation 
types, keep in mind that 
there are three possible 
situations. We can state 
these situations informally as 
follows: 


1. x = areal number 
Conditional equation 
2. x = all real numbers 
Identity 


3. x = no real numbers. 
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An inconsistent equation is an equation that is not true for even one real number. 
An example of an inconsistent equation is 


x=x+7. 
There is no number that is equal to itself plus 7. The equation x = x + 7 has no 


solution. Its solution set is written either as 


{ } or ©. 


These symbols stand for the empty 
set, a set with no elements. 


If you attempt to solve an identity or an inconsistent equation, you will eliminate 
the variable. A true statement such as 6 = 6 or a false statement such as 2 = 3 will be 
the result. If a true statement results, the equation is an identity that is true for all real 
numbers. If a false statement results, the equation is an inconsistent equation with no 
solution. 


| EXAMPLE 5 | Categorizing an Equation 


Solve and determine whether the equation 
2(x + 1) = 2x +3 
is an identity, a conditional equation, or an inconsistent equation. 


Solution Begin by applying the distributive property on the left side. We obtain 
2x +2 = 2x + 3. 


Does something look strange about 2x + 2 = 2x + 3? Can doubling a number and 
increasing the product by 2 give the same result as doubling the same number and 
increasing the product by 3? No. Let’s continue solving the equation by subtracting 2x 
from both sides of 2x + 2 = 2x + 3. 


2x — 2x +2=2x —2x4+3 


Keep reading. 2 = 3 
is not the solution. 2=3 


The original equation is equivalent to the statement 2 = 3, which is false for every 
value of x. The equation is inconsistent and has no solution. You can express this by 
writing “no solution” or using one of the symbols for the empty set, { }or@. 


Using Technology 
Graphic Connections 


How can technology visually reinforce the fact that the 
equation 


2 1 — 2 8 


has no solution? Enter y; = 2(x + 1) andy. = 2x + 3. 
The graphs of y, and y, appear to be parallel lines with 
no intersection point. This supports our conclusion that 
2(x + 1) = 2x + 3 isan inconsistent equation with no 
solution. 


[-5, 2, 1] by [-5, 5, 1] 


[\¥| CHECK POINT5 Solve and determine whether the equation 
4x-—7=4(x-1)+3 


is an identity, a conditional equation, or an inconsistent equation. 
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| EXAMPLE 6 | Categorizing an Equation 
Solve and determine whether the equation 
4x + 6 = 6(x + 1) — 2x 
is an identity, a conditional equation, or an inconsistent equation. 
Solution 


4x + 6 = 6(x + 1) — 2x This is the given equation. 
4x +6 = 6x +6- 2x Apply the distributive property on the 


right side. 
4x +6=4x + 6 Combine like terms on the right side: 
6x — 2x = 4x, 


Can you see that the equation 4x + 6 = 4x + 6 is true for every value of x? Let’s 
continue solving the equation by subtracting 4x from both sides. 
4x —4x + 6= 4x —- 4x + 6 
Keep reading. 6=6 
is not the solution. 6=6 


The original equation is equivalent to the statement 6 = 6, which is true for every 
value of x. The equation is an identity, and all real numbers are solutions. You can 
express this by writing “all real numbers” or using one of the following notations: 


{x|xisareal number} or (—~,©) or R. @ 


Using Technology 


Numeric Connections 


A graphing utility’s |TABLE | feature can be used to numerically verify that the solution 
set of 


4x + 6 = 6(« + 1) — 2x 


is the set of all real numbers. 


Floke Floks 


No matter how far up or down you 
scroll, y, and y2 have the same 
corresponding value for each 
X-value. The expressions 4x + 6 
and 6(x + 1) — 2x are always equal. 


[\“| CHECK POINT6 Solve and determine whether the equation 
7x +9 = 9(x + 1) — 2x 


is an identity, a conditional equation, or an inconsistent equation. 


E} Solve applied problems Applications 
using mathematical 


= acai We opened both the chapter and this section with a discussion of skyrocketing college 


costs. In our next example, we use a formula that models these costs. The example 
shows how the procedure for solving linear equations can be used to find the value of 
a variable in a mathematical model. 
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The Cost of Attending a Public College 


The formula 
T = 385x + 3129 


models the average cost of tuition and fees, 7, at public four-year colleges for the school 
year ending x years after 2000. When will tuition and fees reach $10,059? 


Solution Weare interested in when tuition and fees will reach $10,059. We substitute 
10,059 for Tin the formula and solve for x, the number of years after 2000. 


T = 385x + 3129 This is the given formula. 
10,059 = 385x + 3129 Replace T with 10,059. 
10,059 — 3129 = 385x + 3129 — 3129 Subtract 3129 from both sides. 
6930 = 385x Simplify. 
a = sii Divide both sides by 385. 
385. 385 


18 =x Simplify. 


The model indicates that for the school year ending 18 years after 2000, or the school 
year ending 2018, tuition and fees will reach $10,059. = 


|\“| CHECK POINT7 Use the formula in Example 7 to find when tuition and fees 
will reach $8904. 


Achieving Success 


Because concepts in mathematics build on each other, it is extremely important that you 
complete all homework assignments. This requires more than attempting a few of the 
assigned exercises. When it comes to assigned homework, you need to do four things and 
to do these things consistently throughout any math course: 


1. Attempt to work every assigned problem. 

2. Check your answers. 

3. Correct your errors. 

4. Ask for help with the problems you have attempted, but do not understand. 

Having said this, don’t panic at the length of the Exercise Sets. You are not expected to 
work all, or even most, of the problems. Your professor will provide guidance on which 


exercises to work by assigning those problems that are consistent with the goals and 
objectives of your course. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


A: 


2 
3. 
4 
5. 


An equation in the form ax + b = 0,a # 0, such as 3x + 17 = 0, is called a/an equation in one variable. 


. Two or more equations that have the same solution set are called equations. 


The addition property of equality states that ifa = b, thena + c = 


. The multiplication property of equality states that ifa = b andc # 0, then ac = 


. The first step in solving 7 + 3(x — 2) = 2x + 10is to 
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6. The equation 


a a 3 
4 3 
can be solved by multiplying both sides by the of 4 and 3, which is 


7. In solving an equation, if you eliminate the variable and obtain a false statement such as 2 = 3, the equation is a/an 
equation. The solution set can be expressed using the symbol 


8. In solving an equation, if you eliminate the variable and obtain a true statement such as 6 = 6, the equation is a/an 
. The solution set can be expressed using interval notation as 


1.4 EXERCISE SET MyMathLab* As eae a 


Practice Exercises a7, O92 Se 
In Exercises 1-24, solve and check each linear equation. a 
th a 
1. 5x +3=18 Cr ae aa 
g oF 2) 16 
2. 3x + 8 = 50 
oH, 
3. 6x — 3 = 63 8 5 3 
4.5% = 8 — 72 x 3% 
30: — oa 
5. 14 —- 5x = —41 Deal 
6. 25 — 6x = -83 st. y= 5-3 
7. 11x — (6x — 5) = 40 
32) 2% — ase ar all 
835, — (2% = 8) — 35 . 7° 32°92 
Or 2 Oe es a5 Avie Oh a 2 he O 
10. 3x +5 = 2x + 13 “~ 3 A 
11. 7x+4=x+ 16 sa, “Tt = 2 42 
12. 8&& +1=x+ 43 
= 
13. 8y-3 = lly +9 ee 
14. Sy = 2 = 9y + 2 a6 Peete a 
15: 367 = 2) 7 — 25) ; a 
: = ar il a 
Gry 2) ae See Gell) a =5_* 
17. 3(x — 4) — 4(«@ - 3) =x +3-(x-2) 3 7 
Oe ee ae 
18. 2 7x +5) = 13 - 3x 3 = 
( ) 38. ~ 5 - 
19: 6° — 30 1) 7) 
208 2% = (20 te 2) (GX =D) In Exercises 39-50, solve each equation. Then state whether 
, _ the equation is an identity, a conditional equation, or an 
21. 7 +) = 4[e-G- x) inconsistent equation. 
22. 2[3x — (4x — 6)] = S(x — 6) 39. Sx +9 = (x + 1) — 4x 
1 2 
23. 5 (az + 8)—- 16 = 3 0% 12) 40. 4x + 7 = 7(x + 1) — 3x 
2 D 41. 3(y + 2) =7+ 3y 
24. 424 8z) — 16 = (6z — 9) 
? 42, A(y +5) =21 + dy 


43. 10x + 3'= 8% ++ 3 


oo 
oe hae} 44. 5x +7=2x +7 
x Xx 1 
eee 45. 6z + 20 8 =2(z -4 
26 at aN ) ( ) 


46. (62 + 12) = 5 (202 + 30) — 8 

Ai Ax 32 2) Peete 

48. 3x — 3(2 — x) — 6(% — 1) 

49. y+ 3(44y + 2) = 6(v +1) +5 

50. 9y — 3(6 — S5y) = y — 2(3y + 9) 

In Exercises 51-54, use the | Y=| screen to write the equation 


being solved. Then use the table to solve the equation. 


51. 


52. 


53. 


54. [Ploti Flot Flot 
Yi B2e—5 
wuz assaty i 2 


Practice PLUS 


55. Evaluate x” — x for the value of x satisfying 
4(x — 2) + 2 = 4x — 2(2 — x). 
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56. Evaluate x” — x for the value of x satisfying 
2(X% = 6) = 3x cp 226 = 1): 


BGs 
57. Evaluate x” — (xy — y) forx satisfying "> > = 2x +6 


and y satisfying —2y — 10 = Sy + 18. 


13 
58. Evaluate x? — (xy — y) forx satisfying a = 5x +2 
and y satisfying 5 — y = 7(y + 4) + 1. 


In Exercises 59-66, solve each equation. 

59. [(3 + 6)? = 3]-4 = —S4x 

60. 2? — [4(5 — 3))] = -8x 

61. 5— 12x =8 — 7x — [6 + 3(2 + 5°) + 5x] 
62. 2(5x + 58) = 10x + 4(21 + 3.5 — 11) 
63. 0.7x + 0.4(20) = 0.5(x + 20) 

64. 0.5(x + 2) = 0.1 + 3(0.1x 4 
65: 4% 13 (2x — (4 = 3) 


0.3) 
5} = 2(¢ — 6) 


3]} = 10 


66. —2{7 


[420 [Ax 266 3))| 


Application Exercises 
The bar graph shows the average cost of tuition and fees at private 


four-year colleges in the United States. 


Average Cost of Tuition and Fees at Private 
Four-Year United States Colleges 


26,273 


25,143 


Tuition and Fees 
(in thousands of dollars) 


23,712 
22,218 

22 - 21,235 
Pa 
Sale 19.710 203082 
19 18,273 
18 17,272 
cg al 
16 + 15,518 
15 

Sf 


2000 2001 U 2003 2004 2005 2006 2007 2008 2009 2010 
Ending Year in the School Year 


Source: The College Board 


Here are two mathematical models for the data shown in the graph. 
In each formula, T represents the average cost of tuition and fees at 
private U.S. colleges for the school year ending x years after 2000. 


T = 1074x + 15,145 
T = 255x2 4 


Use this information to solve Exercises 67-68. 


819x 4 
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67. a. Use each model to find the average cost of tuition and 
fees at private U.S. colleges for the school year ending 
in 2010. By how much does each model underestimate 
or overestimate the actual cost shown for the school 
year ending in 2010? 


b. Use model 1 to determine when tuition and fees at 
private four-year colleges will average $33,403. 
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68. a. Use each model at the bottom of the previous page to 
find the average cost of tuition and fees at private U.S. 
colleges for the school year ending in 2008. By how 
much does each model underestimate or overestimate 
the actual cost shown for the school year ending in 
2008? 


b. Use model 1 to determine when tuition and fees at 
private four-year colleges will average $32,329. 


The line graph shows the cost of inflation. What cost $10,000 in 1967 
would cost the amount shown by the graph in subsequent years. 


The Cost of Inflation 
What cost you $10,000 : 


70 - 
60 - 
50 - 
40 - 
30 


20 
fae ($24,900) 


— | | ! | = 
1980 1985 1990 1995 2000 2005 
2008 


1967 would cost you this 
much in subsequent years. 


\ 


Cost (thousands of dollars) 


Year 
Source: U.S. Bureau of Labor Statistics 


Here are two mathematical models for the data shown by the 
graph. In each formula, C represents the cost x years after 1980 
of what cost $10,000 in 1967. 


Model 1 ~ C = 13885 + 24,963 
C = 3x? + 1308x + 25,268 


Use these models to solve Exercises 69-74. 


69. a. Use the graph to estimate the cost in 2000, to the nearest 
thousand dollars, of what cost $10,000 in 1967. 


b. Use model 1 to determine the cost in 2000. How well 
does this describe your estimate from part (a)? 


c. Use model 2 to determine the cost in 2000. How well 
does this describe your estimate from part (a)? 


70. a. Use the graph to estimate the cost in 1990, to the nearest 


thousand dollars, of what cost $10,000 in 1967. 


b. Use model 1 to determine the cost in 1990. How well 
does this describe your estimate from part (a)? 


c. Use model 2 to determine the cost in 1990. How well 
does this describe your estimate from part (a)? 


71. Which model is a better description for the cost in 1980 of 
what cost $10,000 in 1967? Does this model underestimate 
or overestimate the cost shown by the graph? By how 
much? 

72. Which model is a better description for the cost in 2008 of 
what cost $10,000 in 1967? Does this model underestimate 
or overestimate the cost shown by the graph? By how 
much? 
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73. Use model 1 to determine in which year the cost will be 
$77,707 for what cost $10,000 in 1975. 


74. Use model 1 to determine in which year the cost will be 
$80,483 for what cost $10,000 in 1975. 


Writing in Mathematics 


75. What is a linear equation in one variable? Give an example 
of this type of equation. 


76. What does it mean to solve an equation? 

77. How do you determine if a number is a solution of an 
equation? 

78. What are equivalent equations? Give an example. 

79. What is the addition property of equality? 

80. What is the multiplication property of equality? 

81. Explain how to clear an equation of fractions. 

82. What is an identity? Give an example. 

83. What is a conditional equation? Give an example. 

84. What is an inconsistent equation? Give an example. 


85. Despite low rates of inflation, the cost of a college education 
continues to skyrocket. This is a departure from the trend 
during the 1970s: In constant dollars (which negate the 
effect of inflation), the cost of college actually decreased 
several times. What explanations can you offer for the 
increasing cost of a college education? 


Technology Exercises 


In Exercises 86-89, use your graphing utility to enter each side of 
the equation separately under y, and y. Then use the utility’s 


TABLE | or |GRAPH | feature to solve the equation. 
86rd 200 = ee lO) 
87. 2x + 3(x — 4) = 4x —7 


Et Cee ar U0) = siGrar 33) 
2 Mee Maes 
3 6 4 


89. 


Critical Thinking Exercises 

Make Sense? In Exercises 90-93, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


90. Because x = x + 5 is an inconsistent equation, the graphs 
of y = x and y = x + 5 should not intersect. 

91. Because subtraction is defined in terms of addition, it’s 
not necessary to state a separate subtraction property of 
equality to generate equivalent equations. 

92. The number 3 satisfies the equation 7x + 9 = 9(x +1) — 2x, 
so {3} is the equation’s solution set. 

93. I can solve —2x = 10 using the addition property of 
equality. 


In Exercises 94-97, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


94. The equation —7x = x has no solution. 


95. The equations = and x=4 = are 
: 56 Al Se 
equivalent. 
96. The equations 3y—1=11 and 3y—7=5 are 


equivalent. 


97. Ifa and b are any real numbers, then ax + b = 0 always 
has only one number in its solution set. 


98. Solve for x:ax + b=. 


99. Write 
x=5. 


three equations that are equivalent to 


100. If x represents a number, write an English sentence 
about the number that results in an inconsistent 
equation. 


The se 


101. Find b such that + 13 = x will have a solution 


set given by {—6}. 


Review Exercises 


In Exercises 102-104, perform the indicated operations. 


il 1 
102: — 5 (- +) (Section 1.2, Example 4) 


103. 4(—3)(—1)(—5) (Section 1.2, Examples in Table 1.3) 


What You Know: We reviewed a number of topics 
JS from introductory algebra, including the real numbers 

and their representations on number lines. We used 

interval notation to represent sets of real numbers, 
where parentheses indicate endpoints that are not included and 
square brackets indicate endpoints that are included. We 
performed operations with real numbers and applied the 
order-of-operations agreement to expressions containing more 
than one operation. We used commutative, associative, and 
distributive properties to simplify algebraic expressions. We used 
the rectangular coordinate system to represent ordered pairs of 
real numbers and graph equations in two variables. Finally, we 
solved linear equations, including equations with fractions. We 
saw that some equations have no solution, whereas others have 
all real numbers as solutions. 


In Exercises 1-14, simplify the expression or solve the equation, 
whichever is appropriate. 


1. —5 + 3(x + 5) 


2. —5 + 3(x + 5) = 2(3x — 4) 
3. 3[7 — 4(5 — 2)] 
re oe 3 =D 
5 4 

—24 + (-2/ 
* == 9 
6. 7x — [8 — 3(2x — 5)] 
7. 3(2x — 5) — 2(4x + 1) = —-S(x + 3) — 2 


8. 3(2x — 5) 


2(4x + 1) — 5(% + 3) - 2 
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104. Graph y = x? — 4. Let x = —3,-2,-1, 0, 1, 2, and 3. 
(Section 1.3, Example 2) 


Preview Exercises 


Exercises 105-107 will help you prepare for the material 
covered in the next section. 


105. Let x represent a number. 


a. Write an equation in x that describes the following 
conditions: 


Four less than three times the number is 32. 


b. Solve the equation and determine the number. 


106. Let x represent the number of countries in the world 
that are not free. The number of free countries exceeds 
the number of not-free countries by 44. Write an 
algebraic expression that represents the number of free 
countries. 


107. You purchase a new car for $20,000. Each year the 
value of the car decreases by $2500. Write an algebraic 
expression that represents the car’s value, in dollars, after 
Xx years. 


| MID-CHAPTER CHECK POINT Section 1.1—Section 1.4 


9. —47 + 2 + (-3)(-5) 


10. 3x + 1—(x-—5)=2x-4 
44 3x x, 1 4x 3 
7 4030 5 20 
y Pas? 
12. (6 — 9\(8 — 12 
( ui ) VF +8 
13. 4x — 2(1 — x) = 3(2x + 1) —-5 
3/4 — 3(-2)° 
i [ (-2)"] 
2? — 24 


In Exercises 15-16, express each interval in set-builder notation 
and graph. 

15. [-2,0) 16. (—~, 0] 

In Exercises 17-19, graph each equation in a rectangular 
coordinate system. 
17, y=2x-1 18. y=1-— |x| 19 y=x74+2 
In Exercises 20-23, determine whether each statement is true or 

false. 


20. 
0. | : 


21. {x|x is a negative integer greater than —4} = 
4-33.11 

22. —17 € {x|x is a rational number} 

23. —128 = (2-4) > (-128 + 2)-4 
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Problem Solving and Using Formulas 


Objectives 


1 | Solve algebraic word 
problems using linear 


equations. 
2 | Solve a formula for a 
variable. , ial ‘ 
1969 2009 
Many changes occurred from 1969 to 2009, including the shifting goals of college 
students. Compared to 1969, college freshmen in 2009 had making money on their 
minds. In this section, you will learn a problem-solving strategy that uses linear 
equations to model the changing attitudes of college freshmen. 
EB solve algebraic word Problem Solving with Linear Equations 
eas Being ina We have seen that a model is a mathematical representation of a real-world situation. 
equations. 


In this section, we will be solving problems that are presented in English. This means 
that we must obtain models by translating from the ordinary language of English into 
the language of algebraic equations. To translate, however, we must understand the 
English prose and be familiar with the forms of algebraic language. Here are some 
general steps we will follow in solving word problems: 


Strategy for Solving Word Problems 


Step 1. Read the problem carefully several times until you can state in your own 
words what is given and what the problem is looking for. Let x (or any variable) 
represent one of the unknown quantities in the problem. 


Step 2. If necessary, write expressions for any other unknown quantities in the 
problem in terms of x. 


Step 3. Write an equation in x that models the verbal conditions of the problem. 
Step 4. Solve the equation and answer the problem’s question. 


Step 5. Check the solution in the original wording of the problem, not in the 
equation obtained from the words. 


Great Question! 
Why are word problems important? 


There is great value in reasoning through the steps for solving a word problem. This value 
comes from the problem-solving skills that you will attain and is often more important than 
the specific problem or its solution. 


| EXAMPLE 1 | Education Pays Off 


The graph in Figure 1.23 shows average yearly earnings in the United States by highest 
educational attainment. 


Great Question! 


Example 1 involves using 
the word “exceeds” to 
represent two of the 
unknown quantities. Can 
you help me write algebraic 
expressions for quantities 
described using “exceeds”? 


Modeling with the word 
exceeds can be a bit tricky. 
It’s helpful to identify the 
smaller quantity. Then add to 
this quantity to represent the 
larger quantity. For example, 
suppose that Tim’s height 
exceeds Tom’s height by 

a inches. Tom is the shorter 
person. If Tom’s height is 
represented by x, then Tim’s 
height is represented by x + a. 
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Average Earnings of Full-Time Workers 
in the United States, by Highest Educational Attainment 


al Bachelor's degree 
$80 li Female ured 
i Male 
$70 | 
High Some sei 
ei Ae college egree } 
$50 ‘ f 


$40 


$30 


Average Yearly Earnings 
(thousands of dollars) 


$20 


$10 


Figure 1.23 


Source: U.S. Census Bureau 


The average yearly salary of a man with an associate degree exceeds that of a man with 
some college by $4 thousand. The average yearly salary of a man with a bachelor’s 
degree or more exceeds that of a man with some college by $40 thousand. Combined, 
three men with each of these educational attainments earn $191 thousand. Find the 
average yearly salary of men with each of these levels of education. 


Solution 


Step 1. Let x represent one of the unknown quantities. We know something about 
salaries of men with associate degrees and bachelor’s degrees or more: They exceed 
the salary of a man with some college by $4 thousand and $40 thousand, respectively. 
We will let 


x = the average yearly salary of a man with some college 
(in thousands of dollars). 


Step 2. Represent other unknown quantities in terms of x. Because a man with an 
associate degree earns $4 thousand more than a man with some college, let 


x + 4 = the average yearly salary of a man with an associate degree. 


Because a man with a bachelor’s degree or more earns $40 thousand more than a man 
with some college, let 


x + 40 = the average yearly salary of a man with a bachelor’s degree or more. 


Step 3. Write an equation in x that models the conditions. Combined, three men with 
each of these educational attainments earn $191 thousand. 


salary: bachelor’s equal = $191 thousand. 


degree or more 


Salary: some plus ~—salary: associate —plus 
college degree 


x + (x + 4) + (x+40) = = 191 


Step 4. Solve the equation and answer the question. 


x + (x + 4) + (x + 40) = 191 This is the equation that models 


the problem’s conditions. 


3x + 44 = 191 Remove parentheses, regroup, 
and combine like terms. 
3x = 147 = Subtract 44 from both sides. 
x = 49 Divide both sides by 3. 
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Because we isolated the variable in the model and obtained x = 49, 


average salary with some college = x = 49 
average salary with an associate degree = x + 4 = 49 + 4 = 53 
average salary with a bachelor’s degree or more = x + 40 = 49 + 40 = 89. 


Men with some college average $49 thousand per year, men with associate degrees 
average $53 thousand per year, and men with bachelor’s degrees or more average 
$89 thousand per year. 


Step 5. Check the proposed solution in the original wording of the problem. The 
problem states that combined, three men with each of these educational attainments 
earn $191 thousand. Using the salaries we determined in step 4, the sum is 


$49 thousand + $53 thousand + $89 thousand, or $191 thousand, 


which satisfies the problem’s conditions. & 


CHECK POINT 1 ‘Theaverage yearly salary of awoman with an associate degree 
exceeds that of a woman with some college by $4 thousand. The average yearly salary of 
a woman with a bachelor’s degree or more exceeds that of a woman with some college 
by $21 thousand. Combined, three women with each of these educational attainments 
earn $136 thousand. Find the average yearly salary of women with each of these levels of 
education. (These salaries are illustrated by the bar graph on the previous page.) 


| EXAMPLE 2 | Modeling Attitudes of College Freshmen 


Researchers have surveyed college freshmen every year since 1969. Figure 1.24 shows that 
attitudes about some life goals have changed dramatically over the years. In particular, the 
freshmen class of 2009 was more interested in making money than the freshmen of 1969 
had been. In 1969, 42% of first-year college students considered “being well-off financially” 
essential or very important. For the period from 1969 through 2009, this percentage 
increased by approximately 0.9 each year. If this trend continues, by which year will all 
college freshmen consider “being well-off financially” essential or very important? 


Life Objectives of College Freshmen, 1969-2009 


, 100% 
SE 9%- 85% 
A BE 80%+ 18% 
BE 70% + 
Your author teaching math in 1969 OF ° 
op e 60% - 
a7 50%- 
[ 5 40%F 
ODs 
Es 30%F 
ao 
25 20%, 
Ag 10%P 
1969 2009 1969 2009 
“Being well- “Developing a meaningful 
off financially” philosophy of life” 
Life Objective 
Figure 1.24 


Source: Higher Education Research Institute 
Solution 
Step 1. Let x represent one of the unknown quantities. We are interested in the year 
when all college freshmen, or 100% of the freshmen, will consider this life objective 
essential or very important. Let 


x = the number of years after 1969 when all freshmen will consider “being well-off 
financially” essential or very important. 
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Step 2. Represent other unknown quantities in terms of x. There are no other unknown 
quantities to find, so we can skip this step. 


Step 3. Write an equation in x that models the conditions. 


The 1969 increased 0.9 each year 100% of the 
percentage by for x years equals freshmen. 


42 +f 0.9x = 100 


Step 4. Solve the equation and answer the question. 


42 + 0.9x = 100 This is the equation that models 
the problem’s conditions. 


42 — 42 + 0.9x = 100 — 42 Subtract 42 from both sides. 


0.9x = 58 Simplify. 
0.9x 58 
09 = 0.9 Divide both sides by 0.9. 
x = 64.4 ~ 64 Simplify and round to the nearest 


whole number. 
Using current trends, by approximately 64 years after 1969, or in 2033, all freshmen will 
consider “being well-off financially” essential or very important. 


Step 5. Check the proposed solution in the original wording of the problem. The problem 
states that all freshmen (100%, represented by 100 using the model) will consider the 
objective essential or very important. Does this approximately occur if we increase the 
1969 percentage, 42%, by 0.9 each year for 64 years, our proposed solution? 


42 + 0.9(64) = 42 + 57.6 = 99.6 ~ 100 


This verifies that using trends shown in Figure 1.24, all first-year college students will 
consider the objective essential or very important approximately 64 years after 1969. 


Great Question! 


I notice that the equation in Example 2, 42 + 0.9x = 100, contains a decimal. Can | 
clear an equation of decimals much like | cleared equations of fractions? 


e You can clear an equation of decimals by multiplying each side by a power of 10. The 
exponent on 10 will be equal to the greatest number of digits to the right of any decimal 
point in the equation. 


e Multiplying a decimal number by 10” has the effect of moving the decimal point 
n places to the right. 


Example 
42 + 0.9x = 100 


The greatest number of digits to the right of any decimal point in the equation is 1. 
Multiply each side by 10!, or 10. 
10(42 + 0.9x) = 10(100) 
10(42) + 10(0.9x) = 10(100) 
420 + 9x = 1000 
420 — 420 + 9x = 1000 — 420 


9x = 580 
9x _ 580 
Oe sce 
x = 64.4 = 64 


It is not a requirement to clear decimals before solving an equation. Compare this solution 
to the one in step 4 of Example 2. Which method do you prefer? 
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/| CHECK POINT 2 Figure 1.24 on page 56 shows that the freshmen class of 
2009 was less interested in developing a philosophy of life than the freshmen of 1969 
had been. In 1969, 85% of the freshmen considered this objective essential or very 
important. Since then, this percentage has decreased by approximately 0.9 each year. 
If this trend continues, by which year will only 25% of college freshmen consider 
“developing a meaningful philosophy of life” essential or very important? 


| EXAMPLE 3 | Selecting a Monthly Text Message Plan 


You are choosing between two texting plans. Plan A has a monthly fee of $20 with a 
charge of $0.05 per text. Plan B has a monthly fee of $5 with a charge of $0.10 per text. 
Both plans include photo and video texts. For how many text messages will the costs 
for the two plans be the same? 


Solution 
Step 1. Let x represent one of the unknown quantities. Let 
x = the number of text messages for which the two plans cost the same. 


Step 2. Represent other unknown quantities in terms of x. There are no other unknown 
quantities, so we can skip this step. 


Step 3. Write an equation in x that models the conditions. The monthly cost for plan A 
is the monthly fee, $20, plus the per-text charge, $0.05, times the number of text 
messages, x. The monthly cost for plan B is the monthly fee, $5, plus the per-text 
charge, $0.10, times the number of text messages, x. 


The monthly must the monthly 
cost for plan A equal cost for plan B. 


20 + 0.05x = 5 + 0.10x 


Step 4. Solve the equation and answer the question. 


20 + 0.05x = 5 + 0.10x This is the equation that models the 
problem’s conditions. 


20 =5+0.05x Subtract 0.05x from both sides. 


15 = 0.05x Subtract 5 from both sides. 
pe ee: Divide both sides by 0.05 
0.05 0.05 Ivideé DO Slides yu. le 


300 = x Simplify. 


Because x represents the number of text messages for which the two plans cost the 
same, the costs will be the same for 300 texts per month. 


Step 5. Check the proposed solution in the original wording of the problem. The 
problem states that the costs for the two plans should be the same. Let’s see if they are 
with 300 text messages: 


Cost for plan A = $20 + $0.05(300) = $20 + $15 = $35 
Monthly fee Per-text charge 


Cost for plan B = $5 + $0.10(300) = $5 + $30 = $35. 


With 300 text messages, both plans cost $35 for the month. Thus, the proposed solution, 
300 minutes, satisfies the problem’s conditions. & 


Using Technology 
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Numeric and Graphic Connections 


We can use a graphing utility to numerically or graphically verify our work in Example 3. 


Numeric Check 


Display a table for y,; and yp. 


When x = 300, y, and yo have 
the same value, 35. With 300 
text messages, costs are the 
same, $35, for both plans. 


Great Question! 


Why is the 40% reduction 
written as 0.4x in 
Example 4? 


e 40% is written 0.40 or 0.4. 


e “Of” represents 
multiplication, so 40% of 
the original price is 0.4x. 


Notice that the original 
price, x, reduced by 40% is 
x — 0.4x and not x — 0.4. 


The monthly must the monthly 
cost for plan A || equal || cost for plan B. 
20 + 0.05x = ay ae OOK 
| Enter y,=20+ .05x. | | Entery,= 5+.10x. | 
Graphic Check 


Display graphs for y; and y>. Use the intersection feature. 


¥y = 20 + 0.05x 


Graphs intersect at (300, 35). 
With 300 text messages, 
costs are the same, $35, for 
both plans. 


Wp = 5 + 0.10x 


Intersection 


n= —_ 135 


[0, 500, 100] by [0, 50, 5] 


|\“| CHECK POINT3 You are choosing between two texting plans. Plan A has a 
monthly fee of $15 with a charge of $0.08 per text. Plan B has a monthly fee of $3 with 
a charge of $0.12 per text. For how many text messages will the costs for the two plans 
be the same? 


| EXAMPLE 44 | A Price Reduction on a Digital Camera 


Your local computer store is having a terrific sale on digital cameras. After a 40% price 
reduction, you purchase a digital camera for $276. What was the camera’s price before 
the reduction? 


Solution 
Step 1. Let x represent one of the unknown quantities. We will let 


x = the original price of the digital camera prior to the reduction. 


Step 2. Represent other unknown quantities in terms of x. There are no other unknown 
quantities to find, so we can skip this step. 


Step 3. Write an equation in x that models the conditions. The camera’s original price 
minus the 40% reduction is the reduced price, $276. 


the reduction 
Original (40% of the 
price minus original price) is 


the reduced 
price, $276. 


% — 0.4x a 276 
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Step 4. Solve the equation and answer the question. 
x — 0.4x = 276 This is the equation that models 
the problem’s conditions. 


0.6x = 276 Combine like terms: 
x — OAx = 1x — O.4x = (1 — O4)x = 0.6x. 


—— = — _ Divide both sides by 0.6. 


460. 
x = 460 Simplify: 0.6) 276.0, 
The digital camera’s price before the reduction was $460. 


Step 5. Check the proposed solution in the original wording of the problem. The price 
before the reduction, $460, minus the 40% reduction should equal the reduced price 
given in the original wording, $276: 


460 — 40% of 460 = 460 — 0.4(460) = 460 — 184 = 276. 


This verifies that the digital camera’s price before the reduction was $460. m™ 


CHECK POINT 4 = After a 30% price reduction, you purchase a new computer 
for $840. What was the computer’s price before the reduction? 


Solving geometry problems usually requires a knowledge of basic geometric ideas 
and formulas. Formulas for area, perimeter, and volume are given in Table 1.6. 


wFle)(“om ~Common Formulas for Area, Perimeter, and Volume 


Square Rectangle Circle Triangle Trapezoid 
A=s? A=lw Aaa =tbh =th(a+b) 
P=4s P=21+2w C=2rr 

if 7 nasal 

i 
— SS 


Rectangular Circular 
Cube Solid Cylinder Sphere Cone 
V=s3 V=lwh V=arh Vetar3 Vetarh 


= el 


Gs 


We will be using the formula for the perimeter of a rectangle, P = 2/ + 2w, in our 
next example. The formula states that a rectangle’s perimeter is the sum of twice its 
length and twice its width. 


Width 


Figure 1.25 An American football 
field 


Great Question! 


Should | draw pictures like 
Figure 1.25 when solving 
geometry problems? 


When solving word problems, 
particularly problems involving 
geometric figures, drawing 

a picture of the situation is 
often helpful. Label x on 

your drawing and, where 
appropriate, label other parts 
of the drawing in terms of x. 


2 | Solve a formula for a 
variable. 
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| EXAMPLE 5 Finding the Dimensions of an American 
Football Field 


The length of an American football field is 200 feet more than the width. If the 
perimeter of the field is 1040 feet, what are its dimensions? 


Solution 


Step 1. Let x represent one of the unknown quantities. We know something about the 
length; the length is 200 feet more than the width. We will let 


x = the width. 


Step 2. Represent other unknown quantities in terms of x. Because the length is 
200 feet more than the width, let 


x + 200 = the length. 


Figure 1.25 illustrates an American football field and its dimensions. 


Step 3. Write an equation in x that models the conditions. Because the perimeter of the 
field is 1040 feet, 


Twice the twice the the 
length plus width is perimeter. 


2(x +200) + 2x = 1040. 


Step 4. Solve the equation and answer the question. 


2(x + 200) + 2x = 1040 This is the equation that models the 
problem’s conditions. 


2x + 400 + 2x = 1040 Apply the distributive property. 
4x + 400 = 1040 = Combine like terms: 2x + 2x = 4x. 
4x = 640 Subtract 400 from both sides. 
x = 160 Divide both sides by 4. 
Thus, 
width = x = 160. 
length = x + 200 = 160 + 200 = 360. 


The dimensions of an American football field are 160 feet by 360 feet. (The 360-foot 
length is usually described as 120 yards.) 
Step 5. Check the proposed solution in the original wording of the problem. The 
perimeter of the football field using the dimensions that we found is 

2(360 feet) + 2(160 feet) = 720 feet + 320 feet = 1040 feet. 


Because the problem’s wording tells us that the perimeter is 1040 feet, our dimensions 
are correct. & 


CHECK POINT 5 ‘The length of a rectangular basketball court is 44 feet 
more than the width. If the perimeter of the basketball court is 288 feet, what are its 
dimensions? 


Solving a Formula for One of Its Variables 


We know that solving an equation is the process of finding the number (or numbers) 
that make the equation a true statement. All of the equations we have solved contained 
only one letter, x. 
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Circular 
Cylinder 


Verh 


Ee | 


By contrast, formulas contain two or more letters, representing two or more 
variables. An example is the formula for the perimeter of a rectangle: 


21+ 2w = P. 


We say that this formula is solved for the variable P because P is alone on one side of 
the equation and the other side does not contain a P. 

Solving a formula for a variable means using the addition and multiplication 
properties of equality to rewrite the formula so that the variable is isolated on one side 
of the equation. It does not mean obtaining a numerical value for that variable. 

To solve a formula for one of its variables, treat that variable as if it were the only 
variable in the equation. Think of the other variables as if they were numbers. Use the 
addition property of equality to isolate all terms with the specified variable on one side 
of the equation and all terms without the specified variable on the other side. Then 
use the multiplication property of equality to get the specified variable alone. The next 
example shows how to do this. 


| EXAMPLE 6 | Solving a Formula for a Variable 


Solve the formula 2/7 + 2w = P for l. 


Solution First, isolate 2/ on the left by subtracting 2w from both sides. Then solve for 
[ by dividing both sides by 2. 


We need to isolate /. 
21+2w=P This is the given formula. 
21+ 2w — 2w = P—2w Isolate 2! by subtracting 2w from both sides. 
21= P—2w — Simplify. 


2l P—2w 
 {~ =. _ Solve for | by dividing both sides by 2. 


2w 
| = —— Simplify. @ 


| CHECK POINT 6 Solve the formula 2/ + 2w = P for w. 


> ON 8a §=Solving a Formula for a Variable 


Table 1.6 on page 60 shows that the volume of a circular cylinder is given by the 
formula 
V = ar’h, 


where r is the radius of the circle at either end and h is the height. Solve this formula 
for h. 


Solution Our goal is to get h by itself on one side of the formula. There is only one 
term with h, 7r7h, and it is already isolated on the right side. We isolate h on the right 
by dividing both sides by ar’. 


We need to isolate 1. 


V=arh This is the given formula. 
V arh 
—a > m1 Isolate h by dividing both sides by are. 
Tr Tr 
a5 Simplity: EY OT fe os igi 
+> = implify: = *h=1h=h. 
ar P ar? ar? 


The Celsius scale is 
on the left and the 
Fahrenheit scale is on 
the right. 
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Equivalently, 


[\/| CHECK POINT7 Thevolume ofa rectangular solid is the product of its length, 
width, and height: 


V = lwh. 


Solve this formula for h. 


You'll be leaving the cold of winter for a vacation to Hawaii. CNN International 
reports a temperature in Hawaii of 30°C. Should you pack a winter coat? You can 
convert from Celsius temperature, C, to Fahrenheit temperature, F, using the formula 

9 


F=—C + 32. 
5c 


A temperature of 30°C corresponds to a Fahrenheit temperature of 


6 
432 = 54 +32 = 86, 


F = 2-30 +32 = 


ai | \O 


or a balmy 86°F. (Don’t pack the coat.) 

Visitors to the United States are more likely to be familiar with the Celsius 
temperature scale. For them, a useful formula is one that can be used to convert from 
Fahrenheit to Celsius. In Example 8, you will see how to obtain such a formula. 


> ON 8 -e:me =Solving a Formula for a Variable 


Solve the formula 


for C. 


Solution We begin by multiplying both sides of the formula by 5 to clear the fraction. 
Then we isolate the variable C. 


9 


Fe= rad + 32 This is the given formula. 
9 
SF =5 5° + 32 Multiply both sides by 5. 


9 
SF =5: 5° + 5+32 Apply the distributive property. 


We need to isolate C. 


5F = 9C + 160 Simplify, 
5F — 160 = 9C + 160 — 160 = Subtract 160 from both sides. 
S5F — 160 = 9C Simplify. 
5F-160 9C 
9 = 9 Divide both sides by 9. 


=C Simplify. 
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Using the distributive property, we can express 5F — 160 as 5(F — 32). Thus, 
_ SF= 160 — 3 = 32) 


Cc 
9 9 


This formula, used to convert from Fahrenheit to Celsius, is usually given as 


Ga >(F - 32). # 


/|} CHECK POINT 8 _ The formula 


W 
— — 3H = 53 
2 


models the recommended weight, W, in pounds, for a male, where H represents his 
height, in inches, over 5 feet. Solve this formula for W. 


| EXAMPLE 9 | Solving a Formula for a Variable That Occurs Twice 


The formula 
A=P+ Prt 
describes the amount, A, that a principal of P dollars is worth after t years when 
invested at a simple annual interest rate, r. Solve this formula for P. 
Solution Notice that all the terms with P already occur on the right side of the formula. 
We need to isolate P. 


A=P+4+ Prt 


We can use the distributive property in the form ab + ac = a(b + c) to convert the 
two occurrences of P into one. 
A=P+ Prt — Thisis the given formula. 


A= P(1 + rt) Use the distributive property to 
obtain a single occurrence of P. 


A _PO+*?r) 
1 +r da we 


Divide both sides by1 + rt. 


A _ og, POe+ FE) P 
ae ra P Simplify: |e] =2= Fe 
Equivalently, 
A 
P= a 
1+rt 


Great Question! 
Can! solve A = P + Prt for P by subtracting Prt from both sides and writing 
A — Prt = P? 


No. When a formula is solved for a specified variable, that variable must be isolated on one 
side. The variable P occurs on both sides of 


Al Prt — BP: 


/| CHECK POINT9 Solve the formula P = C + MC for C. 
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Blitzer Bonus 
Einstein’s Famous Formula: E = mc? 


One of the most famous formulas in the world is E = mc”, formulated by Albert Einstein. 
Einstein showed that any form of energy has mass and that mass itself has an associated 
energy that can be released if the matter is destroyed. In this formula, F represents energy, 
in ergs, m represents mass, in grams, and c represents the speed of light. Because light 
travels at 30 billion centimeters per second, the formula indicates that 1 gram of mass will 
produce 900 billion billion ergs of energy. 

Einstein’s formula implies that the mass of a golf ball could provide the daily energy 
needs of the metropolitan Boston area. Mass and energy are equivalent, and the 
transformation of even a tiny amount of mass releases an enormous amount of energy. 

If this energy is released suddenly, a destructive force is unleashed, as in an atom bomb. 
When the release is gradual and controlled, the energy can be used to generate power. 

The theoretical results implied by Einstein’s formula E = mc” have not been realized 
because scientists have not yet developed a way of converting a mass completely to energy. 
Japan’s devastating earthquake—tsunami crisis rekindled debate over safety problems 
associated with nuclear energy. 


Achieving Success 


Do not expect to solve every word problem immediately. As you read each problem, 
underline the important parts. It’s a good idea to read the problem at least twice. Be 
persistent, but use the ““Ten Minutes of Frustration” Rule. If you have exhausted every 
possible means for solving a problem and you are still bogged down, stop after ten 
minutes. Put a question mark by the exercise and move on. When you return to class, ask 
your professor for assistance. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. According to the U.S. Office of Management and Budget, the 2011 budget for defense exceeded the budget for education 
by $658.6 billion. If x represents the budget for education, in billions of dollars, the budget for defense can be represented by 


2. In 2000, 31% of U.S. adults viewed a college education as essential for success. For the period from 2000 through 2010, this 
percentage increased by approximately 2.4 each year. The percentage of U.S. adults who viewed a college education as essential 
for success x years after 2000 can be represented by 


3. A text message plan costs $4 per month plus $0.15 per text. The monthly cost for x text messages can be represented by 


4. I purchased a computer after a 15% price reduction. If x represents the computer’s original price, the reduced price can be 
represented by 


5. Solving a formula for a variable means rewriting the formula so that the variable is 


6. The first step in solving JR + Ir = E for Jis to obtain a single occurrence of J using the property. 
1.5 EXERCISE SET My “MiathLab termes: Cemeaats. 
Practice Exercises 3. When a number is decreased by 20% of itself, the result is 


Use the five-step strategy for solving word problems to find the 20. What is the number? 
number or numbers described in Exercises 1-10. 4. When a number is decreased by 30% of itself, the result is 


28. What is the number? 

5. When 60% of a number is added to the number, the result 
is 192. What is the number? 

2. When two times a number is decreased by 3, the result is 6. When 80% of a number is added to the number, the result 
11. What is the number? is 252. What is the number? 


1. When five times a number is decreased by 4, the result is 
26. What is the number? 
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70% of what number is 224? 
70% of what number is 252? 


One number exceeds another by 26. The sum of the 
numbers is 64. What are the numbers? 


10. One number exceeds another by 24. The sum of the 
numbers is 58. What are the numbers? 


Practice PLUS 


In Exercises 11-16, find all values of x satisfying the given 
conditions. 


11. y, = 13x — 4, y. = 5x + 10, and y, exceeds yp by 2. 

12. y,; = 10x + 6, yy = 12x — 7, and y, exceeds y, by 3. 

13. y,; = 10(2x — 1), y2 = 2x + 1, and y, is 14 more than 
8 times y>. 

14. y,; = 9(3x — 5),y2 = 3x —1, and y, is 51 less than 
12 times yp. 


15. y; =2x+6,y.=x + 8, y3 =x, and the difference between 
3 times y, and 5 times y, is 22 less than y3. 


16. y,; = 2.5, y, = 2x + 1,3 = x, and the difference between 
2 times y, and 3 times y is 8 less than 4 times y3. 


Application Exercises 


In Exercises 17-18, use the five-step strategy for solving word 
problems. 


17. What’s the last word in capital punishment? An analysis 
of the final statements of all men and women Texas has 
executed since the Supreme Court reinstated the death 
penalty in 1976 revealed that “love” is by far the most 
frequently uttered word. The bar graph shows the number 
of times various words were used in final statements by 
Texas death-row inmates. 


Frequently Uttered Words in Final Statements 
of Death-Row Inmates 


95 
| 


Love Thanks Sorry Peace Guilty 
Frequently Uttered Word 


700 - 
600 - 
500 
400 - 
300 - 


200 - 


Number of Times Used 


100 


Source: Texas Department of Criminal Justice 


The number of times “love” was used exceeded the 
number of times “sorry” was used by 419. The number of 
utterances of “thanks” exceeded the number of utterances 
of “sorry” by 32. Combined, these three words were used 
1084 times. Determine the number of times each of these 
words was used in final statements by Texas inmates. 
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18. How many words are there? The bar graph shows the 
number of words in English, in thousands, compared with 
four other languages. 


Number of Words in English 
and Other Major Languages 


450 - 
300 - 225 195 
ma Hens 


English Chinese Japanese Spanish Russian 
Language 


Number of Words 
(thousands) 
fon 
=) 
oO 
T 


Source: Global Language Monitor 


The number of words in English exceeds the number of words 
in Japanese by 767 thousand. The number of words in Chinese 
(various dialects) exceeds the number of words in Japanese 
by 268 thousand. Combined, these three languages contain 
1731 thousand words. Determine the number of words, in 
thousands, for each of these three languages. 


Solve Exercises 19-22 using the fact that the sum of the 
measures of the three angles of a triangle is 180°. 


19. In a triangle, the measure of the first angle is twice the 
measure of the second angle. The measure of the third 
angle is 8° less than the measure of the second angle. What 
is the measure of each angle? 

20. In a triangle, the measure of the first angle is three times 
the measure of the second angle. The measure of the third 
angle is 35° less than the measure of the second angle. What 
is the measure of each angle? 

21. Inatriangle, the measures of the three angles are consecutive 
integers. What is the measure of each angle? 

22. Ina triangle, the measures of the three angles are consecutive 
even integers. What is the measure of each angle? 


Even as Americans increasingly view a college education as 
essential for success, many believe that a college education is 
becoming less available to qualified students. Exercises 23-24 
are based on the data displayed by the graph. 


Changing Attitudes Toward 
College in the United States 


a 55% 
50% 
40% 
30% 


20% 


Percentage of U.S. Adults 
Agreeing with the Statement 


10% 


2000 2010 


A A 


2000 2010 


Most qualified 
students get to 
attend college. 


A college education 
is essential for 
success. 


Source: Public Agenda 


23. In 2000, 31% of U.S. adults viewed a college education as 
essential for success. For the period 2000 through 2010, the 
percentage viewing a college education as essential for success 
increased on average by approximately 2.4 each year. If this 
trend continues, by which year will 67% of all American adults 
view a college education as essential for success? 


In 2000, 45% of U.S. adults believed that most qualified 
students get to attend college. For the period from 2000 
through 2010, the percentage who believed that a college 
education is available to most qualified students decreased 
by approximately 1.7 each year. If this trend continues, by 
which year will only 11% of all American adults believe 
that most qualified students get to attend college? 


The line graph indicates that in 1960, 23% of U.S. taxes came from 
corporate income tax. For the period from 1960 through 2010, this 
percentage decreased by approximately 0.28 each year. Use this 
information to solve Exercises 25-26. 


24. 


Percentage of U.S. Taxes 
from Corporations 


12% 


Percentage of Taxes 
from Corporations 


| | 
2000 2010 


| 
1980 1990 
Year 


1960 1970 


Source: Office of Management and Budget 


25. If this trend continues, by which year will corporations pay 
zero taxes? Round to the nearest year. 
26. If this trend continues, by which year will the percentage of 


federal tax receipts coming from the corporate income tax 
drop to 5%? Round to the nearest year. 
On average, every minute of every day, 150 babies are born. 
The bar graph represents the results of a single day of births, 
deaths, and population increase worldwide. Exercises 27-28 are 
based on the information displayed by the graph. 


Daily Growth of World Population 


SS SS ees 
0 50 100 150 200 250 300 350 400 
Number of People (thousands) 


Source: James Henslin, Sociology, Ninth Edition, 
Pearson, 2008. 


27. Each day, the number of births in the world is 92 thousand 
less than three times the number of deaths. 


a. If the population increase in a single day is 214 thousand, 
determine the number of births and deaths per day. 


b. If the population increase in a single day is 214 thousand, 
by how many millions of people does the worldwide 
population increase each year? Round to the nearest 
million. 


28. 


29. 


30. 


31. 


32. 


33. 
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c. Based on your answer to part (b), approximately how 
many years does it take for the population of the 
world to increase by an amount greater than the entire 
USS. population (308 million)? 


Each day, the number of births in the world exceeds twice 
the number of deaths by 61 thousand. 


a. If the population increase in a single day is 214 thousand, 
determine the number of births and deaths per day. 


b. If the population increase in a single day is 214 thousand, 
by how many millions of people does the worldwide 
population increase each year? Round to the nearest 
million. 

c. Based on your answer to part (b), approximately how 
many years does it take for the population of the 
world to increase by an amount greater than the entire 
US. population (308 million)? 


You are choosing between two health clubs. Club A offers 
membership for a fee of $40 plus a monthly fee of $25. Club B 
offers membership for a fee of $15 plus a monthly fee of $30. 
After how many months will the total cost at each health club 
be the same? What will be the total cost for each club? 


Video Store A charges $9 to rent a video game for one week. 
Although only members can rent from the store, membership is 
free. Video Store B charges only $4 to rent a video game for one 
week. Only members can rent from the store and membership 
is $50 per year. After how many video-game rentals will the 
total amount spent at each store be the same? What will be the 
total amount spent at each store? 


The bus fare in a city is $1.25. People who use the bus have the 
option of purchasing a monthly discount pass for $15.00. With 
the discount pass, the fare is reduced to $0.75. Determine the 
number of times in a month the bus must be used so that the 
total monthly cost without the discount pass is the same as the 
total monthly cost with the discount pass. 


A discount pass for a bridge costs $30 per month. The toll for 
the bridge is normally $5.00, but it is reduced to $3.50 for people 
who have purchased the discount pass. Determine the number 
of times in a month the bridge must be crossed so that the total 
monthly cost without the discount pass is the same as the total 
monthly cost with the discount pass. 


In 2008, there were 13,300 students at college A, with a 
projected enrollment increase of 1000 students per year. In 
the same year, there were 26,800 students at college B, with 
a projected enrollment decline of 500 students per year. 


a. According to these projections, when will the colleges 
have the same enrollment? What will be the enrollment 
in each college at that time? 

b. Use the following table to numerically check your work 
in part (a). What equations were entered for y,; and y 
to obtain this table? 
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34. 


35. 


36. 


37. 


38. 


In 2000, the population of Greece was 10,600,000, with 
projections of a population decrease of 28,000 people per year. 
In the same year, the population of Belgium was 10,200,000, 
with projections of a population decrease of 12,000 people per 
year. (Source: United Nations) According to these projections, 
when will the two countries have the same population? What 
will be the population at that time? 


After a 20% reduction, you purchase a television for $336. 
What was the television’s price before the reduction? 


After a 30% reduction, you purchase a dictionary for $30.80. 
What was the dictionary’s price before the reduction? 


Including 8% sales tax, an inn charges $162 per night. Find 
the inn’s nightly cost before the tax is added. 


Including 5% sales tax, an inn charges $252 per night. Find 
the inn’s nightly cost before the tax is added. 


Exercises 39-40 involve markup, the amount added to the 
dealer’s cost of an item to arrive at the selling price of that item. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


The selling price of a refrigerator is $584. If the markup 
is 25% of the dealer’s cost, what is the dealer’s cost of the 
refrigerator? 


The selling price of a scientific calculator is $15. If the 
markup is 25% of the dealer’s cost, what is the dealer’s cost 
of the calculator? 


A rectangular soccer field is twice as long as it is wide. If 
the perimeter of the soccer field is 300 yards, what are its 
dimensions? 


A rectangular swimming pool is three times as long as it is 
wide. If the perimeter of the pool is 320 feet, what are its 
dimensions? 


The length of the rectangular tennis court at Wimbledon is 
6 feet longer than twice the width. If the court’s perimeter is 
228 feet, what are the court’s dimensions? 


The length of a rectangular pool is 6 meters less than twice 
the width. If the pool’s perimeter is 126 meters, what are its 
dimensions? 


The rectangular painting in the figure shown measures 
12 inches by 16 inches and contains a frame of uniform 
width around the four edges. The perimeter of the 
rectangle formed by the painting and its frame is 72 inches. 
Determine the width of the frame. 


46. 


47. 


48. 
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The rectangular 
swimming pool in 
the figure shown 40f 
measures 40 feet 
by 60 feet and 

contains a path 

of uniform width 
around the four edges. 
The perimeter of the rectangle 
formed by the pool and 

surrounding path is 248 feet Determine the 
width of the path. 


the 


For an international telephone call, a telephone company 
charges $0.43 for the first minute, $0.32 for each additional 
minute, and a $2.10 service charge. If the cost of a call is 
$5.73, how long did the person talk? 


A job pays an annual salary of $33,150, which includes 
a holiday bonus of $750. If paychecks are issued twice a 
month, what is the gross amount for each paycheck? 


In Exercises 49-74, solve each formula for the specified variable. 


49. 
51. 
53. 
55. 
56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


A = lw for! (geometry) 50. A = /w for w (geometry) 
A= xbh for b (geometry)52. A = xbh for h (geometry) 
I = Prtfor P (finance) 54. J = Prt for t (finance) 
T = D + pm for p (finance) 


P= C+ MC for M (finance) 
1 


A= hla + b) for a (geometry) 


1 
A= aha + b) for b (geometry) 


1 
V= gah for h (geometry) 


il 
V= gar for r° (geometry) 
y — yy = m(x — x;) for m (algebra) 


Y2 — Yi = M(x) — x) for m (algebra) 
d, — dy 


V= for d, (physics) 


X= iu 


for x (statistics) 


. Ax + By = C for x (algebra) 


. Ax + By = C for y (algebra) 


. s = <at’ + vt for v (physics) 


. s = xat? + vt for a (physics) 
. L =a+t (n — 1)d forn (algebra) 


L=a-+ (n — 1)d for d (algebra) 
2th 
A = 2lw + 2lh + 2wh for h (geometry) 
IR + Ir = E for I (physics) 


2wh for | (geometry) 


Xe Xo ae Xs cae 
A = ————— for n (statistics) 
n 


Writing in Mathematics 


75. In your own words, describe a step-by-step approach for 
solving algebraic word problems. 

76. Write an original word problem that can be solved using a 
linear equation. Then solve the problem. 

77. Explain what it means to solve a formula for a variable. 

78. Did you have difficulties solving some of the problems that 
were assigned in this Exercise Set? Discuss what you did if 
this happened to you. Did your course of action enhance 
your ability to solve algebraic word problems? 

79. The bar graph in Figure 1.23 on page 55 indicates a gender 
gap in pay at all levels of education. What explanations can 
you offer for this phenomenon? 


Technology Exercises 

80. Use a graphing utility to numerically or graphically verify 
your work in any one exercise from Exercises 29-32. For 
assistance on how to do this, refer to the Using Technology 
box on page 59. 

81. The formula y = 31 + 2.4x models the percentage of 
US. adults, y, viewing a college education as essential for 
success x years after 2000. Graph the formula in a [0, 20, 1] 

TRACE 


feature to verify your answer in Exercise 23. 


by [0, 100, 10] viewing rectangle. Then use the 
or |ZOOM 


82. In Exercises 25-26, we saw that in 1960, 23% of US. 
taxes came from corporate income tax, decreasing by 
approximately 0.28% per year. 


a. Write a formula that models the percentage of U.S. taxes 
from corporations, y, x years after 1960. 


b. Enter the formula from part (a) as y; in your graphing 
utility. Then use either a table for y; or a graph of y, 
to numerically or graphically verify your answer to 
Exercise 25 or Exercise 26. 


Critical Thinking Exercises 

Make Sense? In Exercises 83-86, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


83. I solved the formula for one of its variables, so now I have 
a numerical value for that variable. 

84. Reasoning through a word problem often increases 
problem-solving skills in general. 

85. The hardest part in solving a word problem is writing the 
equation that models the verbal conditions. 

86. When traveling in Europe, the most useful form of the two 
Celsius-Fahrenheit conversion formulas is the formula used 
to convert from Fahrenheit to Celsius. 


In Exercises 87-90, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 
87. If/ = prt, thent = I — pr. 

k. k. 
88. Ify = then z =~ 
z y 


89. It is not necessary to use the distributive property to solve 
P=C+ MC for C. 


1 1 
90. An item’s price, x, reduced by 3 is modeled by x — 3 
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91. The price of a dress is reduced by 40%. When the dress 
still does not sell, it is reduced by 40% of the reduced 
price. If the price of the dress after both reductions is $72, 
what was the original price? 


92. Suppose that we agree to pay you 8¢ for every problem 
in this chapter that you solve correctly and fine you 5¢ 
for every problem done incorrectly. If at the end of 
26 problems we do not owe each other any money, how 
many problems did you solve correctly? 


93. It was wartime when the Ricardos found out Mrs. Ricardo 
was pregnant. Ricky Ricardo was drafted and made out 
a will, deciding that $14,000 in a savings account was to 
be divided between his wife and his child-to-be. Rather 
strangely, and certainly with gender bias, Ricky stipulated 
that if the child were a boy, he would get twice the amount 
of the mother’s portion. If it were a girl, the mother would 
get twice the amount the girl was to receive. We’ll never 
know what Ricky was thinking, for (as fate would have 
it) he did not return from war. Mrs. Ricardo gave birth to 
twins—a boy anda girl. How was the money divided? 


94. A thief steals a number of rare plants from a nursery. On 
the way out, the thief meets three security guards, one 
after another. To each security guard, the thief is forced 
to give one-half the plants that he still has, plus 2 more. 
Finally, the thief leaves the nursery with 1 lone palm. How 
many plants were originally stolen? 


95. Solve for C: V = C — ae N. 


Review Exercises 
96. Express in set-builder notation and graph: (—4, 0]. (Section 
1.1, Example 7) 


Pe a) a 
97. Simplify: <a ens aay. (Section 1.2, Example 8) 


2. 8 
98. Solve: = Ta (Section 1.4, Example 4) 


Preview Exercises 
Exercises 99-101 will help you prepare for the material covered 
in the next section. 


99. In parts (a) and (b), complete each statement. 

a. b*-b? = (b+ b+ b+ b)(b- b+ b) = BD’ 

b. b> b> = (b-b: b+ b+ b)\(b- b+ b-b-b) = Bb’ 

c. Generalizing from parts (a) and (b), what should be 
done with the exponents when multiplying exponential 
expressions with the same base? 

100. In parts (a) and (b), complete each statement. 
b’ BBB bebe beb | 


: b? 
og BBB 
ie ae ee 
b= = 
be BB 


c. Generalizing from parts (a) and (b), what should be 
done with the exponents when dividing exponential 
expressions with the same base? 


101. Simplify: —=—, 
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Objectives 


Use the product rule. 
Use the quotient rule. 


Use the zero-exponent 
rule. 


Use the negative- 
exponent rule. 


Use the power rule. 


Find the power 
of a product. 


Find the power 
of a quotient. 


8 | Simplify exponential 
expressions. 


1 | Use the product rule. 


Properties of Integral Exponents 


Our opening photo shows the head of a fly as seen under an electronic microscope. 
Some electronic microscopes can view objects that are less than 10‘ meter, or 0.0001 
meter, in size. In this section, we’ll make sense of the negative exponent in 10“, as we 
turn to integral exponents and their properties. 


The Product and Quotient Rules 


We have seen that exponents are used to indicate repeated multiplication. Now consider 
the multiplication of two exponential expressions, such as b*- b°. We are multiplying 
4 factors of b and 3 factors of b. We have a total of 7 factors of b: 


4 factors 3 factors 
of b of b 


bt b3 = (b+ b+ b+b)(b+ b+ b) =D". 
Total: 7 factors of b 


The product is exactly the same if we add the exponents: 
bt. b3 = ptt3 = b’. 


This suggests the following rule: 


The Product Rule 
b™-p" = pmtn 


When multiplying exponential expressions with the same base, add the exponents. 
Use this sum as the exponent of the common base. 


| EXAMPLE 1 | Using the Product Rule 


Multiply each expression using the product rule: 
a. b°= 5” b. (6x*y)(5x’y’). 


Solution 
a. bs. p10 = p8+10 = p's 


2 | Use the quotient rule. 


3 | Use the zero-exponent 
rule. 
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4,3 vee 
b. (6x*y?)(Sx-y’) 
= 65+ x4+x?- y3 ¥ y! Use the associative and commutative properties. 
This step can be done mentally. 


= 30x77? y4 +7 


= 30x°y!? om 


'/| CHECK POINT 1 Multiply each expression using the product rule: 
a. b°+b° b. (4x°y*)(10x7y°). 


Now, consider the division of two exponential expressions, such as the quotient of 
b’ and b°. We are dividing 7 factors of b by 3 factors of b. 


b’ b+ b- b+ b+ b-b-b _ [b-b-b _ ere 
3 ar a b- b+ b+ b=1-b- bb: b=b 


This factor is equal to 1. 


The quotient is exactly the same if we subtract the exponents: 


ee =) Se 
b> 
This suggests the following rule: 
The Quotient Rule 
b™ 
ee SO a) 
be 


When dividing exponential expressions with the same nonzero base, subtract 
the exponent in the denominator from the exponent in the numerator. Use this 
difference as the exponent of the common base. 


| EXAMPLE 2 | Using the Quotient Rule 


Divide each expression using the quotient rule: 


2) 30x!?y? 
a. (-2)4 is 5x3y! 
Solution 

—2)7 (-2)? = (-2)(-2)(-2) =-8 
a y= (24 = (2) ot 8 


“Ce 


30x"?y? 30 x? y? 
; 


_ ae Pr a43y w 
Sey? ] 2 y “_ ay 


|\/| CHECK POINT 2 Divide each expression using the quotient rule: 
: (-3)° Iie ty? 
* (-3) a 


Zero as an Exponent 


A nonzero base can be raised to the 0 power. The quotient rule can be used to help 
determine what zero as an exponent should mean. Consider the quotient of b* and b4, 
where b is not zero. We can determine this quotient in two ways. 
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b* DY ph 70 
io =| - = pt 4+=b5 
Any nonzero expression Use the quotient rule 
divided by itself is 1. and subtract exponents. 
This means that b° must equal 1. 
The Zero-Exponent Rule 
If b is any real number other than 0, 
b° = 1. 


| EXAMPLE 3 | Using the Zero-Exponent Rule 


Use the zero-exponent rule to simplify each expression: 


a. 8” b. (—6)° c. —6° d. ox” e. (5x)°. 
Solution 

a. = 1 Any nonzero number raised to the O power is 1. 

b. (-6)° = 1 


c. —69 = —(6°) = -1 


Only 6 is raised to the O power. 


45 =51=5 Only x is raised to the O power. 


e. (5x)° =1 The entire expression, 5x, is raised to the O power. Ml 


¥| CHECK POINT 3 Use the zero-exponent rule to simplify each expression: 


a7 b. (—5)° c. —5° d. 10x? e. (10x)°. 
©3 Use the negative- Negative Integers as Exponents 
Sa paneme ale: A nonzero base can be raised to a negative power. The quotient rule can be used to 


help determine what a negative integer as an exponent should mean. Consider the 
quotient of b? and b°, where b is not zero. We can determine this quotient in two ways. 


DP bbe ee BP _ B35 = p2 
b> bb b+ b+b be b> 


After dividing common factors, we have Use the quotient rule and 
two factors of b in the denominator. subtract exponents. 


; i 1 
Notice that —~ equals both b and —5- This means that b* must equal —. This example 
7 b b2 


is a special case of the negative-exponent rule. 


The Negative-Exponent Rule 
If b is any real number other than 0 and nv is a natural number, then 


= uy 
a 
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| EXAMPLE 44 | Using the Negative-Exponent Rule 


Use the negative-exponent rule to write each expression with a positive exponent. 
Simplify, if possible: 


1 
a. 9? b. (—2)° Cc. 62 d. Tx y*. 
Solution 
1 1 
2 — 
a. 9 9 81 
b(ays- -L - 1 -1 1 
(-2) (—2)(—2)(-2)(-2)(-2) _ —32 32 
Only the sign of the exponent, —5, changes. 
The base, —2, does not change sign. 
11 —_— 
o2- —e — 
6 


\/| CHECK POINT4 Use the negative-exponent rule to write each expression 
with a positive exponent. Simplify, if possible: 


a. 5? b. (-3)? CG: d. 3x *y*, 


ee 


In Example 4 and Check Point 4, did you notice that 
1 1 
gare and ga 
In general, if a negative exponent appears in a denominator, an expression can be 
written with a positive exponent using 


1 
— = b". 
b” 


Negative Exponents in Numerators and Denominators 
If b is any real number other than 0 and nv is a natural number, then 
1 1 
bv = ra and a be 
When a negative number appears as an exponent, switch the position of the base 
(from numerator to denominator or from denominator to numerator) and make 
the exponent positive. The sign of the base does not change. 


| EXAMPLE 5 | Using Negative Exponents 


Write each expression with positive exponents only. Then simplify, if possible: 


oe " 1 
a. —7> io. 4a 
a7 6x 4 
Solution 
53 _ 4? 4-4 16 Switch the position of each base to the other side of the 


ae 42 3 ~ 5*5+5 125. fraction bar and change the sign of the exponent. 
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1 x4 Switch the position of x to the other side of the fraction bar and 
b. ee ~ ra change —4 to 4. 
Don't switch the position of 6. 
It is not affected by a negative 
exponent. | 


CHECK POINT 5 Write each expression with positive exponents only. Then 
simplify, if possible: 


a ie b : 
"43 "5x2" 
© Use the power rule. The Power Rule for Exponents (Powers to Powers) 


The next property of exponents applies when an exponential expression is raised to a 
power. Here is an example: 


(b°)". 


The exponential expression b? 
is raised to the fourth power. 


There are 4 factors of b*. Thus, 
(b?)4 = Bb? b? +b? b = H2+24242 = pS 


Add exponents when multiplying 
with the same base. 


We can obtain the answer, b®, by multiplying the exponents: 
(b?)’ = B74 = BF. 


This suggests the following rule: 


The Power Rule (Powers to Powers) 
(By = pmn 


When an exponential expression is raised to a power, multiply the exponents. Place 
the product of the exponents on the base and remove the parentheses. 


| EXAMPLE 6 | Using the Power Rule (Powers to Powers) 


Simplify each expression using the power rule: 
4 = Ay ~ 

a. (x°) be @)" (by). 

Solution 


a. (x54 =," =z" 


b. Oy? = PO) = yy = =, 


ee (by? = por =p? g 


'/| CHECK POINT 6 Simplify each expression using the power rule: 
3 2 -3)— 
a. (x) b. (y’)? ee): 


6 | Find the power of a 
product. 
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The Products-to-Powers Rule for Exponents 


The next property of exponents applies when we are raising a product to a power. Here 
is an example: 


(2x)i. 


The product 2x is raised 
to the fourth power. 


There are four factors of 2x. Thus, 
(2e)* = 2e Des 26+ 2y = 292-2 +2<x yee = 24x", 


We can obtain the answer, 2*x*, by raising each factor within the parentheses to the 
fourth power: 


Xyra 2x, 
This suggests the following rule: 
Products to Powers 
(ab)” = a"b" 


When a product is raised to a power, raise each factor to that power. 


Using the Products-to-Powers Rule 


Simplify each expression using the products-to-powers rule: 
a. (6x)> b. (-2y?)" ce. (—-3x ly), 


Solution 
a. (6x)? = 6x Raise each factor to the third power. 
= 216x° Simplify: 6° = 6-6-6 = 216. 
b. (-2y?)" = (-2)*(y?)" Raise each factor to the fourth power. 
a (—2)*y"4 To raise an exponential expression to a power, 
multiply exponents: ey=e™. 
= 16y® Simplify: (-2)* = (—2)(—2)(-2)(—2) = 16. 


ce. (-3x ly)? = (-3) *(x7)*(y3)? Raise each factor to the —2 power. 


= (—3) 2x VO) y3™) Use (b”)” = b™”" on the second and third 


factors. 
= (=a) ey Simplify. 

: ore Apply b " | as ay ai d last fact 
_ rs = — irst an rs. 
(3) y? Pply be o the first and last facto’ 

x? " 
~ gy 6 Simplify: (-3)* = (-3)(-3) = 9. 
oy 


'/| CHECK POINT 7 Simplify each expression using the products-to-powers rule: 


a. (2x)4 b. (—3y?)° G. (—4x5y7)2, 
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Find the power of 
a quotient. 


Great Question! 


In Example 8, why didn’t 
you start by simplifying 
inside parentheses? 
When simplifying 
exponential expressions, 

the first step should be to 
simplify inside parentheses. 
In Example 8, the expressions 
inside parentheses have 
different bases and cannot 
be simplified. This is why we 
begin with the quotients-to- 
powers rule. 


The Quotients-to-Powers Rule for Exponents 


The following rule is used to raise a quotient to a power: 


Quotients to Powers 


If 5 is a nonzero real number, then 


(<)’ ate 
b De 


When a quotient is raised to a power, raise the numerator to that power and divide 
by the denominator to that power. 


Using the Quotients-to-Powers Rule 


Simplify each expression using the quotients-to-powers rule: 


a. — . or c. ary . 
4 y4 y 


Solution 
ey ( x) 23 x6 
a. ri = B = aa = 64 Cube the numerator and the denominator. 
2x3\ — (2x3)° 
b. —z/ = os Raise the numerator and the denominator to the fifth power. 
y y 
25(x3)° 
= ( “43 Raise each factor in the numerator to the fifth power. 
J. 
a3, 438 
= aH Multiply exponents in both powers-to-powers expressions: 
yO mate ym 
ay simplify 
San Implity. 
20 
y 
= a7 y Move y to the other side of the fraction bar and change —20 to 20: 
1 
br = b". 
x3\-4 (ea 
Cc. = = 7 ea Raise the numerator and the denominator to the —4 power. 
y (y’) 
B+) 
= 44 Multiply exponents in both powers-to-powers expressions: 
y ( ) (b")" i ie 
x2 
= so5. Simplify. 
y 
ys 
= Move each base to the other side of the fraction bar and 
x? make each exponent positive. lH 


Y| CHECK POINT 8 __ Simplify each expression using the quotients-to-powers rule: 


Gy) ®& Ge) ei 
a. =a . ——-z- Cc. — < 
4 y y4 


8 | Simplify exponential 
expressions. 
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Simplifying Exponential Expressions 


Properties of exponents are used to simplify exponential expressions. An exponential 
expression is simplified when 


e No parentheses appear. 
e No powers are raised to powers. 
e Each base occurs only once. 


¢ No negative or zero exponents appear. 


Simplifying Exponential Expressions 


1. Ifnecessary, remove parentheses by using Example 
(aby" = a"b" or (¢) = Cy) ey: 
2. Ifnecessary, simplify powers to powers by using 
(b™y" = pm, (x)? = x*3 = x2 


3. If necessary, be sure that each base appears only 
once by using 
Dis * 
pe De xx? = x 
4. If necessary, rewrite exponential expressions with 
zero powers as 1 (b° = 1). Furthermore, write the 
answer with positive exponents by using 


b™ + p” = pmtn or 


The following example shows how to simplify exponential expressions. Throughout 
the example, assume that no variable in a denominator is equal to zero. 


| EXAMPLE 9 | Simplifying Exponential Expressions 


Simplify: 
25x2y4 2 xty7\3 
» (—2xy 4) (-3x4y5)? . | —Y ; . 
a. (—2xy *)(-3x*y?) b 5x58 c 5 
Solution 


- 3 
a. (—2xy"4)(-3x4y°) 
= (—2xy4)(-3 3 (x4)*(y5)? Cube each factor in the second parentheses. 


= (-2xy \(-27)xy"9 


Multiply the exponents when raising a power to a power: 
(x*)? sy x5 = 2 and vy = yr? = y®. 


= (—2)(—27)xl*¥ Py Mths 


Mentally rearrange factors and multiply like bases by 
adding the exponents. 


= 54x4y Simplify. 
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Great Question! 


7] 


( 25x y" 
—5x%y8 


= (—5x2-Sy4-C8)? 
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The expression inside parentheses contains more than one occurrence 
of each base and can be simplified. Begin with this simplification. 


Simplify inside the parentheses. Subtract the exponents when 
dividing. 


= (—5x4y!2)? Simplify. 
4,2 2 
= (-5Y“*)(y")" Square each factor in parentheses. 
= 25x" Multiply the exponents when raising a power to a power: 
-4)2 _ \-4(2) 8 fO\2 22 Jee BF 
x =* =x” and = = Vs 
a5yi (x *) - a! silat 
= e Simplify x usingb" = ro 
xy? a) 
2 
(x tyy* 
a oe Raise the numerator and the denominator to the —5 power. 
2 
eres" 
=, __ Raise each factor in the numerator to the —5 power. 
2 
x20y-35 
= = Multiply the exponents when raising a power to a power: 
2 (x4) 8 = x45) = 29 and (yy ® = YO?) = y®, 
2920 
= 35 Move each base with a negative exponent to the other side of the 
yy fraction bar and make each negative exponent positive. 
Pe 
ae Simplify: 2° = 2+2:2:2-2=32. # 
y 


CHECK POINT 9 


a. (—3x*y)(—2x3 y4)’ 


Simplify: 


( 10x3y° 
5x y= 


Simplifying exponential expressions seems to involve lots of steps. Are there common errors | can avoid 


along the way? 


Yes. Here’s a list. The first column has the correct simplification. The second column contains common errors you 


should try to avoid. 


Correct Incorrect Description of Error 

b3-b4 = 5! Bot = ne The exponents should be added, not multiplied. 

aPogh == ai Ss = oF The common base should be retained, not multiplied. 
16 16 

= = 5" 2 = The exponents should be subtracted, not divided. 

(4a)? = 64a3 (4a)? = Aa Both factors should be cubed. 


Only the exponent should change sign. 


The exponent applies to the entire expression a + b. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The product rule for exponents states that b+ b" = 


base, the exponents. 
m 


2. The quotient rule for exponents states that ra 
nonzero base, 


Ifb # 0, then b° = 


the exponents. 


The negative-exponent rule states that b” = 


True or false: 5-7 = —5* 


oa a FF & 


1 2 
7. True or false: —, = 8 
8 


MyMachLab 


Practice Exercises 
In Exercises 1-14, multiply using the product rule. 


1. b+-b7 2. b>+b? 
coeds 4. x-x4 

5. 23-2? 6. 27-2? 

7. 3x4+2x? 8. 5x3 3x? 

9. (—2y'°)(—10y’) 10. (—4y*)(-8y*) 
14. (Sx y*)(20x7y8) 


12. (4x°y°)(20x7y*) 
13. (—3x4y°z)(—7xyz?) 
14. (—9x3yz4)(—S5xy°z’) 


In Exercises 15-24, divide using the quotient rule. 


p'2 b> 
15. re 16. be 
15x? 18x" 
fs Se 18. 7 
Be Bye 
Od OF 12 
x XG 
19. = = 20. 2 
xy xy 
50x7y" 36x! y4 
21. aa ODY, rae 
ay. xy 
—56a'!* 98 —66a°b’c® 
ee a eae 
Tab~c 6a’ bc 


In Exercises 25-34, use the zero-exponent rule to simplify each 
expression. 


25. 6° 26. 9° 
27. (—4)° 28. (-2)° 
29, —4° 30. —2° 
31. 13y° 32. 17y° 
33. (13y)? 34. (17y)° 


Negative exponents in denominators can be evaluated using 
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. When multiplying exponential expressions with the same 


,b # 0. When dividing exponential expressions with the same 


b” 


,b #0. 
= ,b #0. 
H__H 
HH 
Watch the videos Download the 
in MyMathLab MyDashBoard App 


In Exercises 35-52, write each expression with positive 
exponents only. Then simplify, if possible. 


sb Sa 36. 4° 
37. (-5)? 38. (-7)? 
38. —57 40. —7* 
41. ser 42. Sanam 
43. 8x 7y3 44. 9x *y4 
il 1 
45. go 46. 5 
eS es 
ea (aye 
2 3 
49. ~z 50. ~_ 
ey, y) 
a ‘bh! Geb 
51. 3 52. = 


In Exercises 53-58, simplify each expression using the power 
rule. 


53. (x°)'? 54. (x3) 
55. (b+) 3 56. (by 
ro ee Wise) Ws 58. (94) 5 


In Exercises 59-72, simplify each expression using the 
products-to-powers rule. 


59. (4x)? 60. (2x)° 
61. (—3x’)” 62. (—4x°) 
63. (2xy*)” 64. (3x’y)’ 
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65. (—3x2y5) 66. (— ayy 
67. (-3x 7)? 68. (-2x*)° 
69. (Sx°y 4)? 70. Gxy*)y* 
TAs (2a y ze 72. (-2x4y>z3)4 


In Exercises 73-84, simplify each expression using the 
quotients-to-powers rule. 


(mY 


x3 2 x4 2) 
75. ak 76. = 
5) 6 
3x \4 DN 
77. sates 18x. == 
Me yy 
e @ 
19.) \ = 8055 —— 
y? y° 
x3 3 x4 3 
81. ( S22 ea: 
BY My 


83. 


o 
a 
le 
2) ah 
a 
ik 

© 

> 
Cm 
Siale 
Bld 
Se er 
ik 


x x® 
85. 5 86. 0 
20x3 10x° 
87. r 88. - 
—5x —2x 
16x° 15x? 
89. Rx 10 90. aul 
es 20a*b® an Dap 
* 2ab}8 ~ Gab? 
Ce peng 94. x4-x 2 
95. (2a°)(—3a ’) 96. (4a”)(—2a*) 


il 
97. (- ee ) (—12x3y"1z4) 


1 
98. (- pr tyteh Simcyeuze) 


99, bat 100. 12x" 
| ee © 3,10 
wel senile 
101° —.- 102. —— 
x x4 
30x7y> 24x? y3 
103. eee 104. a 5.2 
y xy 
Nae —24a3 bc? ane —24a7b*c8 
* 3g %p4e7 " =89°b te? 


107 (=) 108 (25) 
"5 om a 


a e) ere es) 
Sab * \10a!7b 
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a4 es) Ae (a5) 
\igaeb ~ \42a3b5 
Soe 6.7 \=3) 
xy xy 
113. 114. 


Dae bec? \e 
115. Sa amermon 
SO lay oe 


~Ia-4*b3e71\-4 
116. (2555) 
Practice PLUS 


In Exercises 117-124, simplify each exponential expression. 


Qy4 alee ay Fella 
117. a ae (5) 118. rary, ar (5) 
x ay yy ve 


21y2 =9) x -3\3 
wm (EV (2 
xy xy 


121. (—4x3y) 2(2x By) 


122. (—4x tp)? (-2x5y) 
(2x7y*) *(4xy*y? 
yyy)" 
(3x*y?)"(2x*yy? 
(ey?) (xy) 
Application Exercises 
The formula 


123. 


124. 


A = 1000-2' 
models the population, A, of aphids in a field of potato plants 
after t weeks. Use this formula to solve Exercises 125-126. 
125. a. What is the present aphid population? 

b. What will the aphid population be in 4 weeks? 
What was the aphid population 3 weeks ago? 
126. What is the present aphid population? 


What will the aphid population be in 3 weeks? 


9 5p Oo 


What was the aphid population 2 weeks ago? 


A rumor about algebra CDs that you can listen to as you sleep, 
allowing you to awaken refreshed and algebraically empowered, 
is spreading among the students in your math class. The formula 


25 
Near 
models the number of people in the class, N, who have heard 


the rumor after t minutes. Use this formula to solve 
Exercises 127-128. 


127. a. How many people in the class started the rumor? 


b. How many people in the class have heard the rumor 


after 4 minutes? 


128. a. How many people in the class started the rumor? 


b. How many people in the class, rounded to the nearest 


whole number, have heard the rumor after 6 minutes? 


Use the graph of the rumor model to solve Exercises 129-132. 


Modeling a Spreading Rumor 


Number of Students 
Who Have Heard the Rumor 


Time (minutes) 


129. Identify your answers to Exercise 127, parts (a) and (b), as 


points on the graph. 


130. Identify your answers to Exercise 128, parts (a) and (b), as 


points on the graph. 


131. Which one of the following best describes the rate of 
growth of the rumor as shown by the graph? 


a. The number of people in the class who heard the 
rumor grew steadily over time. 


b. The number of people in the class who heard the 
rumor remained constant over time. 


c. The number of people in the class who heard the 
rumor increased slowly at the beginning, but this rate 
of increase continued to escalate over time. 


d. The number of people in the class who heard the rumor 
increased quite rapidly at the beginning, but this rate 
of increase eventually slowed down, ultimately limited 
by the number of students in the class. 


132. Use the graph to determine how many people in the class 


eventually heard the rumor. 


The astronomical unit (AU) is often used to measure distances 
within the solar system. One AU is equal to the average distance 
between Earth and the sun, or 92,955,630 miles. The distance, d, 
of the nth planet from the sun is modeled by the formula 

Oe Vasear 
- 10 
where d is measured in astronomical units. Use this formula to 
solve Exercises 133-136. 


d 


Relative Distances of Planets 
from the Sun 


Neptune 


¢ ») Saturn 


Jupiter 


Mars 
Earth 
o Venus Mercury 
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133. Substitute 1 for n and find the distance between Mercury 


and the sun. 
Substitute 2 for n and find the distance between Venus 
and the sun. 


134. 


135. How much farther from the sun is Jupiter than Earth? 


136. How much farther from the sun is Uranus than Earth? 


Writing in Mathematics 


137. Explain the product rule for exponents. Use b*- b? in your 


explanation. 
bs 

Explain the quotient rule for exponents. Use —; in your 

explanation. b 


138. 


139. 
140. 


141. Explain the power rule for exponents. Use (b?)° in your 
explanation. 


Explain how to find any nonzero number to the 0 power. 


Explain the negative-exponent rule and give an example. 


142. Explain how to simplify an expression that involves a 


product raised to a power. Give an example. 


143. Explain how to simplify an expression that involves a 


quotient raised to a power. Give an example. 


144. How do you know if an exponential expression is 


simplified? 


Technology Exercise 
145. Enter the rumor formula 
2D 
ear 
in your graphing utility as 


yy = 25/+ |] Ci1] + [24] x J2]a 


ee EB 


Then use a table for y, to numerically verify your answers 
to Exercise 127 or 128. 


Critical Thinking Exercises 


Make Sense? In Exercises 146-149, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 

n n 


146. = aR are like 


: a 
The properties (ab)” = a"b” and (¢) = 
distributive properties of powers over multiplication and 
division. 
147. If 7° is raised to the third power, the result is a number 


between 0 and 1. 


148. There are many exponential expressions that are equal 


to 25x!?, such as (5x5)’, (5x3)(5x°), 25(x3), and 52(x2)°. 


n 


The expression —~ is undefined because division by 0 is 


149. 0 


undefined. 


In Exercises 150-157, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


150. 27-24 = 28 ‘bil, SoS = 5 
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1 


152. 27-37 = 6° 153. f= 2° 
8 @2) 
2 
154. —~ = 2° 155. 24+ 2°=2° 
2 
156. 2000.002 = (2 x 10°) + (2 x 10°) 
157. 40,000.04 = (4 x 10°) + (4 x 10°) 


In Exercises 158-161, simplify the expression. Assume that all 
variables used as exponents represent integers and that all other 
variables represent nonzero real numbers. 


158. 
1595 (coe ee 


yo 2 
(=) 
x” 3n+1\3 
161. ( a 
Je 


Review Exercises 
162. Graph y=2x-1 in a 


x?! a nt 


160. 


rectangular coordinate 


system. Let x = —3,—2,-—1, 0, 1, 2, and 3. (Section 1.3, 
Example 2) 
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163. Solve Ax + By = C for y. (Section 1.5, Example 6) 


164. The length of a rectangular playing field is 5 meters 
less than twice its width. If 230 meters of fencing 
enclose the field, what are its dimensions? (Section 1.5, 
Example 5) 


Preview Exercises 


Exercises 165-167 will help you prepare for the material covered 
in the next section. 


165. If 6.2 is multiplied by 10°, what does this multiplication do 


to the decimal point in 6.2? 
166. If 8.5 is multiplied by 10-7, what does this multiplication 
do to the decimal point in 8.5? 
167. Write each computation as a single power of 10. Then 
evaluate this exponential expression. 
10* 


a. 10° x 10% Eee 
10 


Objectives 


ea Convert from scientific 
to decimal notation. 


2 | Convert from decimal 


to scientific notation. 2009. 


3 | Perform computations 
with scientific notation. 


4 | Use scientific notation 
to solve problems. 


Scientific Notation 


People who complain about paying their 
income tax can be divided into two types: 
men and women. Perhaps we can quantify 
the complaining by examining the data 
in Figure 1.26. The bar graphs show the 
U.S. population, in millions, and the total 
amount we paid in federal taxes, in 
trillions of dollars, from 2001 through 
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United States Population Total Tax Collections in the United States 
2.75 
320 2.75 2.69 
303 306 308 : 2.52 
305+ 599 295 298 301 $2.50 2.35 
299 L286. 288 3B $2.25+--2.13 
a3) 2.02 4 95 2.02 

a 21S 2 —~ $2.00 : 
Cc =n 
° ow 
= 260F OS $1.75 
= gS 
E 245+ 2S $1.50 
s ae) 
g 230 - = 4 $1.25 
S oS 
Ss 215-7 3 $1.00 
o cs 
a 2007 =~ $0.75 

185+ = $0.50 

170 $0.25 

<- 
2001 2002 2003 2004 2005 2006 2007 2008 2009 2001 2002 2003 2004 2005 2006 2007 2008 2009 
Year Year 
Source: U.S. Census Bureau Source: Internal Revenue Service 


Figure 1.26 Population and total tax collections in the United States 


The bar graph on the right shows that in 2009 total tax collections were $2.35 trillion. 
How can we place this amount in the proper perspective? If the total tax collections 
were evenly divided among all Americans, how much would each citizen pay in taxes? 

In this section, you will learn to use exponents to provide a way of putting large and 
small numbers in perspective. Using this skill, we will explore the per capita tax for 
some of the years shown in Figure 1.26. 


EB Convert from scientific Scientific Notation 


to decimal notation. We have seen that in 2009 total tax collections were $2.35 trillion. Because a trillion is 


10'? (see Table 1.7), this amount can be expressed as 


235% 10", 
Table 1.7 Names of Large 
Numbers ae eee 
The number 2.35 X 10™ is written in a form called scientific notation. 


102 hundred 
10° thousand Scientific Notation 
10° million A number is written in scientific notation when it is expressed in the form 
7 billi 
a a (Oe NOK 
107 trillion 
is ae where the absolute value of a is greater than or equal to 1 and less than 10 
10" quadrillion ; : 
(1 = |a| < 10), and nis an integer. 
1018 quintillion 
107! sextillion 
1024 septillion It is customary to use the multiplication symbol, X, rather than a dot, when writing 
_ a number in scientific notation. 
1077 octillion 
10°° nonillion : Fi aes F ‘ 
im i Converting from Scientific to Decimal Notation 
googo 


Here are two examples of numbers in scientific notation: 


6.4.x 10° means 640,000. 
2.17 X10 means 0.00217. 


Do you see that the number with the positive exponent is relatively large and the 
number with the negative exponent is relatively small? 
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2 | Convert from decimal 
to scientific notation. 


We can use n, the exponent on the 10 in a X 10”, to change a number in scientific 
notation to decimal notation. If n is positive, move the decimal point in a to the right 
n places. If n is negative, move the decimal point in a to the left || places. 


| EXAMPLE 1 | Converting from Scientific to Decimal Notation 


Write each number in decimal notation: 

a. 6.2 x 10’ b. —6.2 X 10’ 

ce. 2.019X 10% = d. —2.019 x 10%. 

Solution In each case, we use the exponent on the 10 to move the decimal point. 
In parts (a) and (b), the exponent is positive, so we move the decimal point to the 


right. In parts (c) and (d), the exponent is negative, so we move the decimal point 
to the left. 


a. 6.2 < 10’ = 62,000,000 b. —6.2 x 10’ = —62,000,000 
Lt LF 
pay Move the decimal point =U Move the decimal point 
7 places to the right. 7 places to the right. 
c. 2.019 x 10-7 = 0.002019 d. —2.019 x 10°? = —0,002019 
ar t_ 
n=-3 Move the decimal point n=-3 Move the decimal point 


|-3| places, or 3 places, |-3| places, or 3 places, 
to the left. to the left. 


“| CHECK POINT 1 Write each number in decimal notation: 
a. —2.6 X 10° b. 3.017 x 10°. 


Converting from Decimal to Scientific Notation 


To convert from decimal notation to scientific notation, we reverse the procedure of 
Example 1. 


Converting from Decimal to Scientific Notation 

Write the number in the form a X 10”. 

e Determine a, the numerical factor. Move the decimal point in the given number 
to obtain a number whose absolute value is between 1 and 10, including 1. 


e Determine n, the exponent on 10”. The absolute value of 1 is the number of 
places the decimal point was moved. The exponent n is positive if the decimal 
point was moved to the left, negative if the decimal point was moved to the right, 
and 0 if the decimal point was not moved. 


| EXAMPLE 2. Converting from Decimal Notation 
to Scientific Notation 
Write each number in scientific notation: 


a. 34,970,000,000,000 b. —34,970,000,000,000 
c. 0.0000000000802 d. —0.0000000000802. 
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Using Technology Solution Great Question! 

You can use your calculator’s a. 34,970,000,000,000 = 3.497 x 10" In scientific notation, which 
EE| (enter exponent) or numbers have positive 
EXP! key to convert from Move the decimal point to get The decimal point was Seo and wnt Hen 

decimal to scientific notation. a number whose absolute value moved 13 places to the negative exponents? 

Here is how it’s done for is between 1 and 10. left, som = 13. If the absolute value of a 

0.0000000000802. - number is greater than 10, it 

eee b. —34,970,000,000,000 = —3.497 x 10> will have a positive exponent 

Many Scientific Calculators * Pease Ane rep ; 

in scientific notation. If the 


Keystrokes 
.0000000000802 | EE || = 


c. 0.0000000000802 = 8.02 x 10"! aia Caton oircsutiod 
LE 


is less than 1, it will have a 
negative exponent in scientific 


Display Move the decimal point to get The decimal point was notation. 
a number whose absolute value moved 11 places to the 
8:02 = 11 is between { and 10. right, som =—I1. 


Many Graphing Calculators 
d. —0.0000000000802 = —8.02 x 107! a 
ta 8 


Use the mode setting for 
scientific notation. 


CHECK POINT 2. Write each number in scientific notation: 


Keystrokes 
.0000000000802 | ENTER a. 5,210,000,000 b. —0.00000006893. 
Display 
ia ie | EXAMPLE 3 | What a Difference a Day Makes 
in Scientific Notation 


What’s happening to the planet’s 6.9 billion people today? A very partial answer is 
provided by the bar graph in Figure 1.27. 


The World in One Day 


People Not 
Getting 
an Enough Food 
Oranges 
Eaten 1020 
1000 + 
a 800 
5 800+ 
FS 
5 600 - People 
Taf People Named 
I 400 Doctors ~ Having a Chang 
Zz at Work — Birthday 
200 100 
8.8 18 Zz 
Figure 1.27 


Source: Fullman et al., Look Now, DK Publishing, 2010 
Express the number of oranges eaten in the world in one day in scientific notation. 


Solution Because a million is 10°, the number of oranges eaten in a day can be 
expressed as 


800 x 10°. 


This factor is not between 1 and 10, so 
the number is not in scientific notation. 


The voice balloon indicates that we need to convert 800 to scientific notation. 
S00 * 10° = (8 107) kK 10° = 8 Rie x 10) = 8 xe 1 = 8 x 108 


There are 8 X 10° oranges eaten in the world in one day. = 


Number (millions) 
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The World in One Day Z 
sie Great Question! 
hea 1020 Is there more than one way to describe a large number, such as the number of 
1000 F ate oranges eaten in a day? 
eon 800 Yes. Many of the large numbers you encounter in newspapers, magazines, and online 
are expressed in millions (10°), billions (10°), and trillions (10'). We can use exponential 
600 People properties to describe these large numbers, such as the number of oranges eaten in a day. 
Named 6 8 9 
400F- Doctors Chang 800 x 10° = 8 xX 10° = 08 x 10 
at Work A \ \ 
200 F i100 There are 800 This expresses the There are 4 (0.8) of a 
gg 18 million oranges eaten. number of oranges of a billion oranges eaten. 
: == fi in scientific notation. 
People People Not 
Having a Getting 
Birthday Enough Food 
Figure 1.27 (repeated) ¥| CHECK POINT 3 Use Figure 1.27 to express the number of people in the 
world who have a birthday today in scientific notation. 
E} Perform computations Computations with Scientific Notation 


WIT SCIe Mec: METAHON: Properties of exponents are used to perform computations with numbers that are 


expressed in scientific notation. 


Computations with Numbers in Scientific Notation 
Multiplication 


gx 10 Vb x 10") — (ab) x 10 
A 
Add the exponents on 10 and 
multiply the other parts of the 
numbers separately. 


Division 


(HS ANCE a 
<-~——_ = |—}x 10" 
pee (¢) 7 


Subtract the exponents on 10 | 


and divide the other parts of 
the numbers separately. 


After the computation is completed, the answer may require an adjustment before 
it is back in scientific notation. 


| EXAMPLE 44 | Computations with Scientific Notation 


Perform the indicated computations, writing the answers in scientific notation: 


1.8 x 104 


a. (6.1 x 10°)(4 x 10°’) : 3x 102” 


4 | Use scientific notation 
to solve problems. 
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Solution 
a. (6.1 x 10°)(4 x 10°’) 


= (6.1 x 4) x (10° X 10°?) Regroup factors. 


= 944 10°C) Add the exponents on 10 and multiply the other parts. 
= 24.4 x 10+ Simplify. 
= (2.44 x 10') x 1074 Convert 24.4 to scientific notation: 
24.4 = 2.44 x 10". 
= 244% 10°? ix wt S10" => 
1.8 x 10° _ (38) 7 ( ~) iestnpeecek 
3 x 107 3 107 
= 0.6 x 10) Subtract the exponents on 10 and divide the other parts. 
= 06 * 10° Simplify: 4 — (-2) =4+2=6. 


= (6 X 1071) X 10° Convert 0.6 to scientific notation: 0.6 = 6 X 10" 


=6x10 10° 2 10" = 10 ** =10° o 


Using Technology 


(6.1 x 10°)(4 x 107°) 
on a Calculator: 


Many Scientific Calculators Many Graphing Calculators 
6.1| EE |5|x/4| EE }9| +4 |/= 6.1| EE | 5 | x |4| EE | | (-) |9| ENTER 
Display Display (in scientific notation mode) 

2.44 — 03 2.44— — 3 


¥| CHECK POINT 4 Perform the indicated computations, writing the answers in 
scientific notation: 
1.2 x 10° 


a. (7.1 x 10°)(5 x 107”) : 3x 102° 


Applications: Putting Numbers in Perspective 


In the section opener, we saw that in 2009 the U.S. government collected $2.35 trillion 
in taxes. Example 5 shows how we can use scientific notation to comprehend the 
meaning of a number such as 2.35 trillion. 


GSAT tax por capita 


In 2009, the U.S. government collected 2.35 x 10!” dollars in taxes. At that time, the 
U.S. population was approximately 308 million, or 3.08 x 10°. If the total tax collections 
were evenly divided among all Americans, how much would each citizen pay? Express 
the answer in decimal notation, rounded to the nearest dollar. 
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Solution The amount that we would each pay, or the tax per capita, is the total 
amount collected, 2.35 x 10!”, divided by the number of Americans, 3.08 x 10°. 


2.35 x 10!2 _ (225) . (2 


5 =| ~ 0.7630 X 10!2-§ = 0.7630 x 10* = 7630 
3.08 x 10 3.08 10 | + 


To obtain an answer in decimal Move the decimal 
notation, it is not necessary to point 4 places to 
express this number in scientific notation. the right. 


If total tax collections were evenly divided, we would each pay approximately $7630 
in taxes. © 


Y| CHECK POINT5 In 2008, the U.S. government collected 2.75 x 10!” dollars 
in taxes. At that time, the U.S. population was approximately 306 million or 3.06 x 10°. 
Find the per capita tax, rounded to the nearest dollar, in 2008. 


Many problems in algebra involve motion. Suppose that you ride your bike at an 
average speed of 12 miles per hour. What distance do you cover in 2 hours? Your 
distance is the product of your speed and the time that you travel: 


12 miles 


heur 


Your distance is 24 miles. Notice how the hour units cancel. The distance is expressed 
in miles. 

In general, the distance covered by any moving body is the product of its average 
speed, or rate, and its time in motion. 


xX 2 hours = 24 miles. 


A Formula for Motion 


Distance equals rate times time. 


| EXAMPLE 6 | Using the Motion Formula 


Light travels at a rate of approximately 1.86 x 10° miles per second. It takes light 
5 X 10’seconds to travel from the sun to Earth. What is the distance between Earth 
and the sun? 


Solution 


d=rt Use the motion formula. 

d = (1.86 Xx 10°) x (5 X 107) — Substitute the given values. 

d = (1.86 X 5) X (10° X 10”) Rearrange factors. 

d=93 x 10’ Add the exponents on 10 and multiply 
the other parts. 


The distance between Earth and the sun is approximately 9.3 x 10’ miles, 
or 93 million miles. & 


/| CHECK POINT6 A futuristic spacecraft traveling at 1.55 x 10° miles per 
hour takes 20,000 hours (about 833 days) to travel from Venus to Mercury. What is the 
distance from Venus to Mercury? 


1. A positive number is written in scientific notation when it is expressed in the forma X 10”, where a is 
and nis a/an 


2. True or false: 7 X 10* is written in scientific notation. 


3. True or false: 70 X 10° is written in scientific notation. 


Viz exercise ser na 


Achieving Success 


Do not wait until the last minute to study for an exam. Cramming is a high-stress activity 
that forces your brain to make a lot of weak connections. No wonder crammers tend to 


forget everything they learned minutes after taking a test. 
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Preparing for Tests Using the Book 
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e Study the appropriate sections from the review chart in the Chapter Summary. The 
chart contains definitions, concepts, procedures, and examples. Review this chart and 
you'll know the most important material in each section! 


e Work the assigned exercises from the Review Exercises. The Review Exercises contain 
the most significant problems for each of the chapter’s sections. 


e Find a quiet place to take the Chapter Test. Do not use notes, index cards, or any other 
resources. Check your answers and ask your professor to review any exercises you missed. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


Practice Exercises 


In Exercises 1-14, write each number in decimal notation 
without the use of exponents. 


14. 


In Exercises 15-30, write each number in scientific notation. 
15. 
17. 
18. 
19. 
21. 
23. 
25. 
26. 
aT. 
29. 
In Exercises 31-50, perform the indicated computations. Write 


the answers in scientific notation. If necessary, round the decimal 
factor in your scientific notation answer to two decimal places. 


31. 


. 3.8 X 107 


6 x 10+ 

—7.16 x 10° 

1.4 x 10° 

79 10m 
—415 x 10% 
—6.00001 x 10!° 
—7.00001 x 10'° 


32,000 
638,000,000,000,000,000 
579,000,000,000,000,000 
=3iy) 

= Sills) 

0.0027 

—0.00000000504 
—0.00000000405 

0.007 

3.14159 


(3 x 10*)(2.1 x 10%) 


16. 


20. 
22. 
24. 


28. 
30. 


On) 3 10 
7x 10° 
—8.17 x 10° 
24 ~< 10° 
6.8 x 107! 
—3.14 x 10° 


64,000 


—326 
=i) 
0.0083 


0.005 
2.71828 


Ai 


Watch the videos 
in MyMathLab 


32. 
33. 
34. 
35. 
36. 
37. 
38. 


39. 
41. 
43. 
45. 
47. 


49. 


Download the 
MyDashBoard App 


(2 x 10*)(4.1 x 10%) 

(1.6 x 10%)(4 x 107!) 

(1.4 x 10%)(3 x 107!) 

(6.1 x 10-*)(2 x 10-4) 

(5.1 x 10°*)(3 x 1074) 

(4.3 x 10°)(6.2 x 104) 

(8.2 x 10°)(4.6 x 10%) 

8.4 x 108 

4x 10° 

3.6 X 104 

9 x 10° 

48 x 10? 

2.4 x 10° 

2A x 0s 

48 x 10° 

480,000,000,000 
0.00012 

0.00072 x 0.003 
0.00024 


Practice PLUS 


In Exercises 51-58, solve each equation. Express the solution in 
scientific notation. 


Bin @ <0) — 1 102 
52 Ge 10m) — ex 100 


53. 


= 
DSenlor 


=-3.1 x 10° 


6.9 x 108 


3 x 10° 


1.2 < 10° 


2x 10° 


WS Ore 


2.5 x 10° 


IS) S< lor 


3x 10° 


282,000,000,000 


0.00141 


66,000 x 0.001 


0.003 x 0.002 
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54. 


55. 
56. 
57. 
58. 


Xx 
52< 10u 
x (7.2.x 108) — on x 10® 
x — (5.3 x 107!) = 8.4 x 10°16 
(-1.2 x 10°)x = (1.8 x 1074)(2.4 x 10°) 
(-7.8 X 10)x = (3.9 x 10°’)(6.8 x 10°) 


=-2.9 x 10% 


Application Exercises 
The graph shows the net worth, in billions of dollars, of the five 


richest Americans in 2011. Each bar also indicates the source of 


each person’s wealth. Use 10° for one billion and the figures shown 
to solve Exercises 59-62. Express all answers in scientific notation. 


Net Worth (billions of dollars) 


Net Worth of the Five Richest Americans 


$60- 56.0 
50.0 
$50 
$40 39.5 
$30 26.5 
235 
$20 
$10 
Bill Warren Larry Christy Sheldon 
Gates Buffett Ellison Walton Adelson 


Source: Forbes Billionaires List, 2011 
59. 
60. 
61. 


62. 


How much is Bill Gates worth? 
How much is Warren Buffet worth? 


Although he is not among the top five, Mark Zuckerberg, 
Facebook CEO, was worth $13.5 billion in 2011, up 
238% from the previous year. By how much does Christy 
Walton’s worth exceed that of Zuckerberg? 


By how much does Larry Ellison’s worth exceed that of 
Sheldon Adelson? 


Our ancient ancestors hunted for their meat and expended a 
great deal of energy chasing it down. Today, our animal protein 
is raised in cages and on feedlots, delivered in great abundance 
nearly to our door. Use the numbers shown below to solve 
Exercises 63-66. Use 10° for one million and 10° for one billion. 


_ uf’ 


Overproteined \\= 
NS 


8 127 
billion 
Chickens 
raised for 
food each 
year in the 
WES, D 


Chickens 
eaten per 
second in 
America 


Source: TIME Magazine 
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In Exercises 63-64, use 300 million, or 3 X 10°, for the U.S. 
population. Express answers in decimal notation, rounded, if 
necessary, to the nearest whole number. 


63. 


64. 


Find the number of hot dogs consumed by each American 
in a year. 
If the consumption of Big Macs was divided evenly among 
all Americans, how many Big Macs would we each consume 
in a year? 


In Exercises 65-66, use the fact that there are approximately 
3.2 X 107 seconds in a year. 


65. 


66. 


How many chickens are raised for food each second in the 
United States? Express the answer in scientific and decimal 
notations. 


How many chickens are eaten per year in the United States? 
Express the answer in scientific notation. 


The graph shows the cost, in billions of dollars, and the enrollment, 
in millions of people, for various federal social programs for a 
recent year. Use the numbers shown to solve Exercises 67-09. 


Federal Cost (billions of dollars) 


Cost and Enrollment for Federal Social Programs 


Ml Federal Cost [) Enrollment 

600 - 0) 
o 
ios 
500 - 2D qlo0) <3 
ia & 
400 - 4 40 a 
Ss 
aS 
300 F 430 5 
= 
200 420 2 
o 
E 
100 - ee 410 3 
| z 
jaa 

Medicaid Social Medicare Child Food 

Security Nutrition Stamps 


Source: Office of Management and Budget 


67. 


69. 


70. 


a. What was the average per person benefit for Social 
Security? Express the answer in scientific notation 
and in decimal notation, rounded to the nearest dollar. 


. What was the average monthly per person benefit, 
rounded to the nearest dollar, for Social Security? 


. What was the average per person benefit for the food 
stamps program? Express the answer in scientific 
notation and in decimal notation, rounded to the nearest 
dollar. 


. What was the average monthly per person benefit, 
rounded to the nearest dollar, for the food stamps 
program? 

Medicaid provides health insurance for the poor. Medicare 

provides health insurance for people 65 and older, as well as 

younger people who are disabled. Which program provides 
the greater per person benefit? By how much, rounded to 
the nearest dollar? 


The area of Alaska is approximately 3.66 x 10° acres. The 
state was purchased in 1867 from Russia for $7.2 million. 
What price per acre, to the nearest cent, did the United 
States pay Russia? 


71. The mass of one oxygen molecule is 5.3 X 10 gram. 
Find the mass of 20,000 molecules of oxygen. Express the 
answer in scientific notation. 

72. The mass of one hydrogen atom is 1.67 X 10-74 gram. Find 
the mass of 80,000 hydrogen atoms. Express the answer in 
scientific notation. 

73. In Exercises 65-66, we used 3.2 X 10’ as an approximation 
for the number of seconds in a year. Convert 365 days 
(one year) to hours, to minutes, and, finally, to seconds, to 
determine precisely how many seconds there are in a year. 
Express the answer in scientific notation. 


Writing in Mathematics 

74. How do you know if a number is written in scientific 
notation? 

75. Explain how to convert from scientific to decimal notation 
and give an example. 

76. Explain how to convert from decimal to scientific notation 
and give an example. 


77. Describe one advantage of expressing a number in scientific 
notation over decimal notation. 


Technology Exercises 

78. Use a calculator to check any three of your answers in 
Exercises 1-14. 

79. Use a calculator to check any three of your answers in 
Exercises 15-30. 


80 Use a calculator with an | EE | or | EXP | key to check 
any four of your computations in Exercises 31-50. Display 
the result of the computation in scientific notation. 


Critical Thinking Exercises 


Make Sense? In Exercises 81-84, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


81. For a recent year, total tax collections in the United States 
were $2.02 x 10’. 

82. I just finished reading a book that contained approximately 
1.04 x 10° words. 

83. If numbers in the form a x 10” are listed from least 
to greatest, values of a need not appear from least to 
greatest. 

84. When expressed in scientific notation, 58 million and 
58 millionths have exponents on 10 with the same absolute 
value. 
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In Exercises 85-89, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 
85. 534.7 = 5.347 x 10° 
8 x 10° 
6. -— = = 2x 10? 
4 x 10 
87. 7 Xx 10°?) 2x 10 \— 9 X 107 
88. (4 x 10°) + (3 x 10’) = 43 x 10° 
89. The numbers 8.7 X 10°, 1.0 x 107°, 5.7 x 10°, and 
3.7 X 107’ are listed from least to greatest. 


In Exercises 90-91, perform the indicated additions. Write the 
answers in scientific notation. 


90. 5.6 x 10° + 3.1 x 108 
o1. 82 x 10-9 + 43 x 10;% 


92. Our hearts beat approximately 70 times per minute. Express 
in scientific notation how many times the heart beats over a 
lifetime of 80 years. Round the decimal factor in your scientific 
notation answer to two decimal places. 


93. Give an example of a number where there is no advantage 
in using scientific notation over decimal notation. 


Review Exercises 

94. Simplify: 9(10x — 4) — (5x — 10). 

(Section 1.2, Example 14) 

4x —1 Neate 2, 
10 §©4 


95. Solve: 4. (Section 1.4, Example 4) 


96. Simplify: Gry) (Section 1.6, Example 7) 


Preview Exercises 


Exercises 97-99 will help you prepare for the material covered 
in the first section of the next chapter. 


97. Here are two sets of ordered pairs: 
set Ie {(e5), (@2;.5)} 
set 2: {(5, 1), (5, 2)} 
In which set is each x-coordinate paired with only one 
y-coordinate? 
98. Evaluate ° — 27° + 5 forr =—S. 
99. Evaluate 5x + 7forx =a-th. 


GROUP PROJECT 


CHAPTER 


One of the best ways to learn how to solve a word problem in algebra is to design word 
problems of your own. Creating a word problem makes you very aware of precisely 
how much information is needed to solve the problem. You must also focus on the best 
way to present information to a reader and on how much information to give. As you 
write your problem, you gain skills that will help you solve problems created by others. 

The group should design five different word problems that can be solved using an 
algebraic equation. All of the problems should be on different topics. For example, the 


group should not have more than one problem on a price reduction. The group should 
turn in both the problems and their algebraic solutions. 
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Chapter 1 Summary 


Definitions and Concepts 


Algebra, Mathematical Models, and Problem Solving 


Examples 


Section 1.1 Algebraic Expressions, Real Numbers, and Interval Notation 


Letters that represent numbers are called variables. 


An algebraic expression is a combination of variables, 
numbers, and operation symbols. English phrases can be 
translated into algebraic expressions: 


e Addition: sum, plus, increased by, more than 

e Subtraction: difference, minus, decreased by, less than 
e Multiplication: product, times, of, twice 

e Division: quotient, divide, per, ratio 


Many algebraic expressions contain exponents. If b is a 
natural number, b”, the nth power of b, is the product of 
n factors of b. 


Furthermore, b! = b. 


Evaluating an algebraic expression means to find the value of 
the expression for a given value of the variable. 


An equation is a statement that two expressions are equal. 
Formulas are equations that express relationships among 

two or more variables. Mathematical modeling is the process 
of finding formulas to describe real-world phenomena. Such 
formulas, together with the meaning assigned to the variables, 
are called mathematical models. The formulas are said to 
model, or describe, the relationships among the variables. 


A set is a collection of objects, called elements, enclosed 

in braces. The roster method uses commas to separate the 
elements of the set. Set-builder notation describes the 
elements of a set, but does not list them. The symbol € means 
that a number or object is in a set; € means that a number or 
object is not in a set. The set of real numbers is the set of all 
numbers that can be represented by points on the number 
line. Sets that make up the real numbers include 


Natural numbers: {1, 2,3, 4,... } 
Whole numbers: {0, 1, 2,3, 4,... } 
WISE | ooo 9 Ah, =, = 1,0, 1,2, 34h 00 
Rational numbers: {tla and b are integers and b # o} 
Irrational numbers: 
{x|x is a real number and x is not a rational number}. 
In decimal form, rational numbers terminate or repeat. 
In decimal form, irrational numbers do neither. 


Translate: Six less than the product of a number and five. 


the product of 


6 less than a number and 5 


dae = 0) 


Evaluate 6 + 5(x — 10)? for x = 12. 
6 + 5(12 — 10)? 


Oro 
=6+5-8 
= 6 + 40 = 46 


The formula 
h =-160 + 200¢ + 4 


models the height, h, in feet, of fireworks t seconds after 
launch. What is the height after 2 seconds? 


h = -16(2)? + 200(2) + 4 
= —16(4) + 200(2) + 4 
= —64 + 400 + 4 = 340 
The height is 340 feet. 


e Use the roster method to list the elements of 


{x|x is a natural number less than 6}. 


Solution 
(il 2 Sh 
e True or false: 
V2 € {x|x is a rational number}. 
Solution 
The statement is true: 
V2 is not a rational number. 
The decimal form of V2 neither terminates nor repeats. 
Thus, V2 is an irrational number. 
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Section 1.1 Algebraic Expressions, Real Numbers, and Interval Notation (continued) 


For any two real numbers, a and 5, ais less than b if a is to 
the left of b on the number line. 

Inequality Symbols 

<: is less than 

>: 1s greater than 

=: is less than or equal to 

=: is greater than or equal to 


In interval notation, parentheses indicate endpoints that 
are not included in an interval. Square brackets indicate 
endpoints that are included in an interval. Parentheses are 
always used with © or —~. 


e —1 < 5,or-—1 is less than 5, is true because —1 is to the 
left of 5 on a number line. 


e —3 = 7,—3 is greater than or equal to 7, is false. Neither 
—3 > 7nor—3 = 7 is true. 


e (-2,1] = {x|-2<x <1} 
bp 


—4-3-2-10123 4 
© [-2,%) = ble = 2) 


> xX 


—4-3-2-10123 4 


Section 1.2 Operations with Real Numbers and Simplifying Algebraic Expressions 


Absolute Value 


l= { a if a=0 
eT len 4 eo 


The opposite, or additive inverse, of a is —a. When a is a 
negative number, —a is positive. 


Adding Real Numbers 


To add two numbers with the same sign, add their absolute 
values and use their common sign. To add two numbers with 
different signs, subtract the smaller absolute value from the 
greater absolute value and use the sign of the number with 
the greater absolute value. 


Subtracting Real Numbers 
a—b=a+t(~b) 


Multiplying and Dividing Real Numbers 


The product or quotient of two numbers with the same sign is 
positive and with different signs is negative. If no number is 0, 
a product with an even number of negative factors is positive 
and a product with an odd number of negative factors is 
negative. Division by 0 is undefined. 


e |6.03| = 6.03 
e |0| =0 
|-4.9| = —(—4.9) = 4.9 


4.1 + (-6.2) = -103 
=307325——5 
12 + (-8) =4 


° 2(-6)(—-1)(-5) = —60 
{_{ f A 


[ Three (odd) negative factors give a negative produc. | 


Gy ye) 


94 CHAPTER 1 Algebra, Mathematical Models, and Problem Solving 
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Section 1.2 Operations with Real Numbers and Simplifying Algebraic Expressions (continued) 
6(8 — 10)? + (—2) 


Order of Operations Simplify: 


=) 2 
1. Perform operations within grouping symbols, starting ( ) ( ) ' 
: : i : T6622) 2) G8) 2) 
with the innermost grouping symbols. Grouping symbols 5 
include parentheses, brackets, fraction bars, absolute (5):@2) 25(—2) 
value symbols, and square root signs. Se SS ; 
2. Evaluate exponential expressions. =all 0) 
3. Multiply and divide from left to right. 
4. Add and subtract from left to right. 
Basic Algebraic Properties e Commutative 
Commutative:a + b=b+a She ae) = 5) ar abe = S) ae geo 3} 
ab = ba e Associative 
Associative: (a + b) +c =a+ (b +c) 4(6x) = (-4:6)x = —24x 
(ab)c = a(be) e Distributive 
Distributive: a(b + c) = ab + ac bon SS 
a(b — c) = ab — ac ae ae i el Par (a aioe, 
(bec) al—sbar ca = 204 + (-12) 
= —36x — 12 
Simplifying Algebraic Expressions Simplify: 7(3x — 4) — (10x — 5). 
Terms are separated by addition. Like terms have the same = 21x — 28 — 10x + 5 
variable factors and are combined using the distributive = 
: Sa eoraenea ‘ Alle = Ose = Ds ae Si 
property. An algebraic expression is simplified when grouping 
symbols have been removed and like terms have been = Ilx — 23 
combined. 
Section 1.3 Graphing Equations 
The rectangular coordinate system consists of a horizontal Plot: (4, 2), (-3, 4), (-5, —4), and (4, —3). 
number line, the x-axis, and a vertical number line, the y-axis, Quadrant Quadrant 
intersecting at their zero points, the origin. Each point in the Aa Ley I 
system corresponds to an ordered pair of real numbers (x, y). C3 y Eee 
The first number in the pair is the x-coordinate; the second a eee _ 4 2) 
number is the y-coordinate. I | 
= SS ee 
Origin’+ 
Oo it 
Ge | (4,-3) 
Quadrant Quadrant 
Il IV 
An ordered pair is a solution of an equation in two variables Graph: y = x? - 1. 
if replacing the variables by the corresponding coordinates = =e 
results in a true statement. The ordered pair is said to satisfy a EN, 
the equation. The graph of the equation is the set of all points = (-2P -1= 
whose coordinates satisfy the equation. One method for = 2 = 
; se : F 1 Gls 0 
graphing an equation is to plot ordered-pair solutions and 
connect them with a smooth curve or line. 0 @-1=-1 44 
il ?r-1= ] 
2 ?-1=3 1 
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Section 1.4 Solving Linear Equations 


A linear equation in one variable can be written in the form Solve: 4(x — 5) = 2x — 14. 
ax + b =0,a # 0.A solution is a value of the variable ee = NS Oe = 11e 
that makes the equation a true statement. The set of all such 
é : eee : ’ ; Di 2x 2) x 2 14 
solutions is the equation’s solution set. Equivalent equations 
have the same solution set. To solve a linear equation, alee 
1. Simplify each side. Die 20 2 Ne 20) 
2. Collect variable terms on one side and constant terms on 2x = 6 
the other side. 26 
3. Isolate the variable and solve. 73 
4. Check the proposed solution in the original equation. = 8) 


Checking gives —-8 = —8, so 3 is the solution, or {3} is the 
solution set. 


Equations Containing Fractions ESD. gear gear a 
Multiply both sides (all terms) by the least common 5 2 3 


denominator. This clears the equation of fractions. es 
Ne Maat x+4 
30 (254 + £2) - 30(244) 
(G2 = Ay ae IS Gee 2) = Ceara) 
6x — 12 + 15x + 30 = 10x + 40 
21x + 18 = 10x + 40 
log — 22. 
x=2 


Checking gives 2 = 2, so 2 is the solution, or {2} is the 
solution set. 


Types of Equations 

An equation that is true for all real numbers, (— ~, ~), is Solve: oe =a 2) 
called an identity. When solving an identity, the variable is 4x+5=4x +8 
eliminated and a true statement, such as 3 = 3, results. An 5=8, false 


equation that is not true for even one real number is called 
an inconsistent equation. A false statement, such as 3 = 7, 
results when solving such an equation, whose solution set is Solve: sx — 4 — 54 7 1) — 9. 
©, the empty set. A conditional equation is not an identity, sxe = Ch = Shear o) = &) 
but is true for at least one real number. Cie fl = See = al 


—4=—4, true 


The inconsistent equation has no solution: ©. 


All real numbers satisfy the identity: (— %, %). 
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Definitions and Concepts Examples 


Section 1.5 Problem Solving and Using Formulas 


Strategy for Solving Algebraic Word Problems After a 60% reduction, a suit sold for $32. What was the 
1. Let x represent one of the unknown quantities. original price? 
2. Represent other unknown quantities in terms of x. Let x = the original price. 
3. Write an equation that models the conditions. Original ; 60% = reduced 
: : price minus | | reduction price 
4. Solve the equation and answer the question. \ | *) \ 
5. Check the proposed solution in the original wording of x e 0.6x = 32 
the problem. 
0.4x = 32 
O4x 32 
0.4 0.4 
x = 80 
The original price was $80. Check this amount using the first 
sentence in the problem’s conditions. 
To solve a formula for a variable, use the steps for solving a Solve for r: E=I1(R+r). 
linear equation and isolate that variable on one side of the 
equation. E=IR+Ir z 
E-IR=Ir 
J — UK 
T if 
Section 1.6 Properties of Integral Exponents 
The Product Rule (—3x!9) (5x2) = —3 + 510720 
b™ pr = pmtn = —15x39 
The Quotient Rule Sa 5_ | 20-10 cag 
p” 10x!® 10 2 
= Wb # O 
b 
e (3x) =1 
Zero and Negative Exponents 
@ Go oS gel = 
be =1,b 40 
2 ee 16 
1 1 0 SS eS SZ 
Ps oe Sut pe = 4 2 8 
Power Rule (x5) 4 = fe) = 0 = 1 
(b")" = pin 20 
eee 2 2 4.2 
Products to Powers Gets ys) 
— 5-2)-6,8 
(ab)" = a"b" =5 e 'y 
y i 
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Review Exercises 97 


Examples 


Section 1.6 Properties of Integral Exponents (continued) 


Quotients to Powers 


An exponential expression is simplified when 
e No parentheses appear. 

e No powers are raised to powers. 

e Each base occurs only once. 

e No negative or zero exponents appear. 


9) —4 Ome me 
(2 ) (3) 4 x 2 


See 
De 16 
—5x3y2 
Simplify: 202 y> 
= = 3-2, .2—(-6) 
Sed 
erty Ome 
oe 4x? 


Section 1.7 Scientific Notation 


A number in scientific notation is expressed in the form 
1 S< NO, 


where |a|is greater than or equal to 1 and less than 10, and n 
is an integer. 


Computations with Numbers in Scientific Notation 
(a X 10")(b X 10”) = (a X b) X 10"*™ 
a <0 (¢ 


ea x n—-m 
in WO” “) " 


CHAPTER 1 REVIEW EXERCISES 


1.1 In Exercises 1-3, write each English phrase as an 
algebraic expression. Let x represent the number. 


1. Ten less than twice a number 
2. Four more than the product of six and a number 


3. The quotient of nine and a number, increased by half of the 
number 


In Exercises 4-6, evaluate each algebraic expression for the 
given value or values of the variable. 


4. x* — 7x + 4,forx = 10 
5. 6 + 2(x — 8), forx = 11 


6. x‘ — (x — y), forx = 2andy =1 


Write in decimal notation: 3.8 X 107%. 


3.8 x 10-3 = .0038 = 0.0038 
RAN 
Write in scientific notation: 26,000. 


26,000 = 2.6 x 104 
RAN 


(8 x 10°)(5 x 10°) 

= fos) 3 lee) 

Ax 107 

1) 10 = 1 


In Exercises 7-8, use the roster method to list the elements in each set. 
7. {x|x is a natural number less than 3} 


8. {x|x is an integer greater than —4 and less than 2} 


In Exercises 9-11, determine whether each statement is true or false. 
9. 0 € {x|x is a natural number} 

10. —2 € {x|x is a rational number} 

11. } € {x|x is an irrational number} 

In Exercises 12-14, write out the meaning of each inequality. 

Then determine whether the inequality is true or false. 

1256 2 

ik =f = 9) 

145 SS] 
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15. The bar graph shows the percentage of U.S. adults who 
received a flu shot each year from 2005 through 2009. The 
data can be modeled by the formula 


F = 28 + 6x — 0.6x’, 
where F is the percentage of U.S. adults who got a flu 


shot x years after 2005. Does the model underestimate 
or overestimate the percentage shown for 2009? By how 


much? 
Percentage of U.S. Adults 
Getting a Flu Shot 
50% - 
io}) 9 42% 
iE 40% b Aaaieeages 40% 
or 
© 2 30%}. 27% 
Sb 
SE 20%- 
5 10% - 
Ay 


2005 2006 2007 
‘Year 


2008 2009 


Source: Harris Interactive 


In Exercises 16-18, express each interval in set-builder notation and 
graph the interval on a number line. 


16, (—2, 3] 
re. [S| 
18. (—1, ~) 
1.2 In Exercises 19-21, find each absolute value. 
19. |—9.7| 20. |5.003} 21. |0| 
In Exercises 22-33, perform the indicated operation. 
220 Ae (9-2) 23. —6.8 + 2.4 
24 (ae?) 25. (—3)(—20) 
3-6) (C8) 

5) 2 7 10 
28. 4(—3)(—2)(—10) 29. (—2)* 

2 8 

30. =2° Stee 
32. Ene) 33. pub 

=) =6 


34. Find—x ifx = —7. 
In Exercises 35-41, simplify each expression. 
1 3 
36) | ==) 2" 
(-3) 
38. 8? — 36 + 3°-4- (-7) 


C2 SG 
Ee 


eli ay a (8) 

37. —3[4 — (6 — 8)] 
Geka: 
eaeD 

44 —(3— 3) oo 

In Exercises 42-46, simplify each algebraic expression. 

42. 5(2x — 3) + 7x 43. 5x + 7x? — 4x + 2x? 

44.3(4y —5) =(7y 2) 4528 — 2|[8' = (Gr — 1] 

46. 6(2x — 3) — 5(3x — 2) 
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1.3 In Exercises 47-49, plot the given point in a rectangular 
coordinate system. 


a3) 48. (2,—5) 49. (0, —6) 


In Exercises 50-53, graph each equation. Let, 
ee lO Deandos 
50. y= 2x —2 

D2 ey 26 


51. y=x? -3 

53. y = |x| —2 

54. What does a [—20, 40, 10] by [—5,5, 1] viewing rectangle 
mean? Draw axes with tick marks and label the tick marks 
to illustrate this viewing rectangle. 


The caseload of Alzheimer’s disease in the United States is 
expected to explode as baby boomers head into their later years. 
The graph shows the percentage of Americans with the disease, 
by age. Use the graph to solve Exercises 55-57. 


Alzheimer’s Prevalence in the United States, by Age 
70% (- 
60% 
50% 
40% 
30% 


20% 


Percentage with Alzheimer’s 


10% 


35) 4555) 1095 Wan S59 895 


Source: U.S. Centers for Disease Control 


55. What percentage of Americans who are 75 have 
Alzheimer’s disease? 


56. What age represents 50% prevalence of Alzheimer’s 
disease? 


57. Describe the trend shown by the graph. 


58. Select the graph that best illustrates the following 
description: A train pulls into a station and lets off its 
passengers. 


a. b. A 


Train’s Speed 
Train’s Speed 


Time Time 


Train’s Speed 
Train’s Speed 


Time Time 


1.4 In Exercises 59-64, solve and check each linear equation. 


59. 
60. 
61. 
62. 
63. 
64. 


65. 


66. 


67. 


68. 


69. 


2k 5. =F 
5x + 20 = 3x 
Ta-4=x+2 
1 A) Sea 
266 — 4) Sea) 2 
eA Grese Ieper Ili 
In Exercises 65-69, solve each equation. 
2% x 
=> | 
3 6 
fo! 2%4! 
2 1 3 8 
2x x 
pameaes =6§6---— 
3 4 
ae CS 
—=2+ 
4 3 
3% steal 13 ieee 
3 a 


In Exercises 70-74, solve each equation. Then state whether 
the equation is an identity, a conditional equation, or an 


inconsistent equation. 

10. 7x 5 — Se Sich 2x 

te eo Se — 4 NO Sx 23 

(2e be be 3 NOE Det 23 

(3A Ce 23) Oe a i 2) 

(An (2x, 3) 2 = 3 (xe) = 2) 4 Be 5) 

75. In 2010, the average U.S. household had approximately 


2.9 television sets. The bar graph shows the percentage of 
households with three or more TVs for selected years from 
1985 through 2010. 


Percentage of U.S. Households 


with Three or More TVs 
a 60% - 55% 
om} 
SE 50%t 46% 
9 wo 
S32 40% 9 
iS) S 35% 
te 
SB 30% PF 
oo 6 
Ee 3 eee 
qs 
3S any Lb 
53 10% i 
1985 1995 2005 2010 


Year 


Source: The Nielsen Company 


The data can be modeled by the formula 
T = 14x + 20, 


where T represents the percentage of U.S. households with 
three or more TVs x years after 1985. 


Review Exercises 99 


a. Does the model underestimate or overestimate the 
percentage of households with three or more TVs in 
2005? By how much? 

b. According to the model, when will 62% of US. 
households have at least three TVs? 


1.5 In Exercises 76-82, use the five-step strategy for solving 
word problems. 


76. Although you want to choose a career that fits your interests 


Average Yearly Earnings 


and abilities, it is good to have an idea of what jobs pay when 
looking at career options. The bar graph shows the average 
yearly earnings of full-time employed college graduates with 
only a bachelor’s degree based on their college major. 


Average Earnings, by College Major 


=: at 
| | 


$80 - 
$70 - 
$60 + 
$50 + 
$40 + 
$30 + 
$20 + 
$10- 


op 
¢ 
| 
= 
o 
o 
fs 
| 
oD 
S| 
jaa 


(thousands of dollars) 


Social Work 


Source: Arthur J. Keown, Personal Finance, Fourth Edition, Pearson, 2007. 


77. 


78. 


The average yearly earnings of engineering majors exceeds the 
earnings of marketing majors by $19 thousand. The average 
yearly earnings of accounting majors exceeds the earnings of 
marketing majors by $6 thousand. Combined, the average 
yearly earnings for these three college majors is $196 thousand. 
Determine the average yearly earnings, in thousands of dollars, 
for each of these three college majors. 


One angle of a triangle measures 10° more than the second 
angle. The measure of the third angle is twice the sum of the 
measures of the first two angles. Determine the measure of 
each angle. 


Without changes, the graphs show projections for the 
amount being paid in Social Security benefits and the 
amount going into the system. All data are expressed in 
billions of dollars. 


Social Insecurity: Projected Income and 
Outflow of the Social Security System 


$2000 
zZ@ $1600 
Oo 8 
aoe 
33 $1200 
O% 
Og 
Es $800 
8s 
== $400 
| | | iT | | | | | 
2004 2008 2012 2016 2020 2024 
Year 


Source: 2004 Social Security Trustees Report 
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(Be sure to refer to the information at the bottom of the previous 
page.) 


79. 


80. 


81. 


82. 


a. In 2004, the Social Security system’s income was 
$575 billion, projected to increase at an average rate 
of $43 billion per year. In which year will the system’s 
income be $1177 billion? 

b. The data for the Social Security system’s outflow can be 
modeled by the formula 


B = 0.07x? 4 


47.4x + 500, 


where B represents the amount paid in benefits, in 
billions of dollars, x years after 2004. According to this 
model, what will be the amount paid in benefits for the 
year you determined in part (a)? Round to the nearest 
billion dollars. 


c. How are your answers to parts (a) and (b) shown by the 
graphs at the bottom of the previous page? 


You are choosing between two texting plans. One plan has 
a monthly fee of $15 with a charge of $0.05 per text. The 
other plan has a monthly fee of $5 with a charge of $0.07 
per text. For how many text messages will the costs for the 
two plans be the same? 


After a 20% price reduction, a cordless phone sold for $48. 
What was the phone’s price before the reduction? 


A salesperson earns $300 per week plus 5% commission 
of sales. How much must be sold to earn $800 in a 
week? 


The length of a rectangular field is 6 yards less than triple 
the width. If the perimeter of the field is 340 yards, what 
are its dimensions? 


In 2005, there were 14,100 students at college A, with a 
projected enrollment increase of 1500 students per year. In 
the same year, there were 41,700 students at college B, with a 
projected enrollment decline of 800 students per year. 


a. Let x represent the number of years after 2005. Write, 
but do not solve, an equation that can be used to find 
how many years after 2005 the colleges will have the 
same enrollment. 


b. The following table is based on your equation in part (a). 
YY, represents one side of the equation and Y> represents 
the other side of the equation. Use the table to answer 
these questions: In which year will the colleges have the 
same enrollment? What will be the enrollment in each 
college at that time? 


In Exercises 84-89, solve each formula for the specified 
variable. 


84. 


V == Bhiorh 


85. 


86. 


87. 


88. 


89. 
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y— yy = m(x — x) for x 
E=1(R+r)forR 
p= ee 

9 
s=vt+ gf forg 


T = gr + gvt for g 


1.6 In Exercises 90-104, simplify each exponential 


exp 


90. 


92. 


9 


pS 


9 


o 


98. 


100. 


102. 


103. 


104. 


ression. Assume that no denominators are 0. 


(—3x’)(—5x°) a sa 
32 4 
= 93. (x3) 
MV 
l6y? 

(iy 95. —ayH0 

12x’ 

» (3x4) (4x! 97. 
3x4") Le 
—10a>b*® 3 
30n36™ 99. (—3xy*)(2x’) 

il 
. 27+ ral 1012. (5x77 “)? 


GLY Gary”) 
ee! 

BC Scayae 
(= y 


10x°y~ 


1.7 In Exercises 105-106, write each number in decimal 
notation. 


105. 


. 7.16 X 10° 106. 1.07 x 107% 


In Exercises 107-108, write each number in scientific notation. 


107 
108. 


- —41,000,000,000,000 
. 0.00809 


In Exercises 109-110, perform the indicated computations. 
Write the answers in scientific notation. 


109. 


111 


(4.2 * 10° \3 x 10°) 


5x 10° 
* 20 x 10°8 


. The human body contains approximately 3.2 x 10* 
microliters of blood for every pound of body weight. Each 
microliter of blood contains approximately 5 x 10° red 
blood cells. Express in scientific notation the approximate 
number of red blood cells in the body of a 180-pound 
person. 


CHAPTER 1 TEST ? 0 Test Prep 


1. Write the following English phrase as an algebraic 
expression: 


Five less than the product of a number and four. 
Let x represent the number. 
2. Evaluate 8 + 2(x — 7)*, for x = 10. 
3. Use the roster method to list the elements in the set: 


{x|x is a negative integer greater than —5}. 


4. Determine whether the following statement is true or false: 


1 

4 & {x|x is a natural number}. 

5. Write out the meaning of the inequality —3 > —1. Then 
determine whether the inequality is true or false. 


In Exercises 6-7, express each interval in set-builder notation and 
graph the interval on a number line. 
6: [=3;2) Us ee — ill] 
8. Hello, officer! The bar graph shows the percentage of 
Americans in various age groups who had contact with 
a police officer, for anything from an arrest to asking 
directions, in a recent year. 


Percentage of Americans Having Contact 


oe a Police Officer 

28% - 
2 
es 24% 
oe = 
5 20% > 
Bal 
28 t6%b ie Group 6 
Ivo 
o AY ‘ 
ss 12% + 10 
ax 
3 = 8% 
a 

4% F 

16-19 20-29 30-39 40-49 50-59 60+ 
Age Range 


Source: U.S. Bureau of Justice Statistics 


The mathematical model 


0.5x? 4 


P= Ol 269 


describes the percentage of Americans, P, in age group x 
who had contact with a police officer. Does the model 
underestimate or overestimate the percentage of Americans 
between the ages of 20 and 29, inclusive, who had contact 
with a police officer? By how much? 


9. Find the absolute value: |—17.9]. 


In Exercises 10-14, perform the indicated operation. 
10 10:32 32 


Test 101 


Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on Youf{J} (search “BlitzerlnterAlg” and click 
on “Channels”). 


412. 2(—3)(-1)(-10) 


13. -i(- 3) 14. a 
4\ 2 ae) 
In Exercises 15-20, simplify each expression. 
15. 24 — 36+ 4-3 
16. (5? — 24) + [9 + (-3)] 
(8 — 10)? - -4y? 
282) 4 
ih. Tbe = 2\(sbe ae 2) = 10) 
19. 5(2y — 6) — (4y — 3) 
20. 9x — [10 — 4(2x — 3)] 


adhe 


21. Plot (—2, —4) in a rectangular coordinate system. 


22. Graph y = x? — 4 in a rectangular coordinate system. 


In Exercises 23-25, solve each equation. If the solution set is © 
or (~%, %), classify the equation as an inconsistent equation or 
an identity. 
23) 8@x = 4) — 9 3 (ea) 
Pe 3) Mia 4 OG ceil 

fe 4 
25. 34 = 4) bx — 2-5 2x) 


24. 


In Exercises 26-30, use the five-step strategy for solving word 

problems. 

26. Find two numbers such that the second number is 3 more 
than twice the first number and the sum of the two numbers 
1s 72. 

27. You bought a new car for $13,805. Its value is decreasing 
by $1820 per year. After how many years will its value be 
$4705? 

28. Photo Shop A charges $1.60 to develop a roll of film plus 
$0.11 for each print. Photo Shop B charges $1.20 to develop 
a roll of film plus $0.13 per print. For how many prints will 
the amount spent at each photo shop be the same? What 
will be that amount? 

29. After a 60% reduction, a jacket sold for $20. What was the 
jacket’s price before the reduction? 

30. The length of a rectangular field exceeds the width by 
260 yards. If the perimeter of the field is 1000 yards, what 
are its dimensions? 


In Exercises 31-32, solve each formula for the specified variable. 


31. V= : lwh for h 


32. Ax + By = Cfory 
In Exercises 33-37, simplify each exponential expression. 


33. (—2x°)(7x7!) 
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34, 


39. 


Cir y jes) 
—10x+y3 
—40x~y° 


» (4x %y’y? 


—6x>y \-2 


Write in decimal notation: 3.8 X 10°. 
Write in scientific notation: 407,000,000,000. 
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40. Divide and write the answer in scientific notation: 


4% 10° 
Sx 10" 
41. In2010, world population was approximately 6.9 x 10°. By 
some projections, world population will double by 2080. 
Express the population at that time in scientific notation. 


CHAPTER 


vast expanse of open water at the top of our world was once covered with ice. The melting of 
mis the Arctic ice caps has forced polar bears to swim as far as 40 miles, causing them to drown in 
significant numbers. Such deaths were rare in the past. 

There is strong scientific consensus that human activities are changing the Earth’s climate. Scientists 
now believe that there is a striking correlation between atmospheric carbon dioxide concentration and 
global temperature. As both of these variables increase at significant rates, there are warnings of a planetary 
emergency that threatens to condemn coming generations to a catastrophically diminished future.* 

In this chapter, you'll learn to approach our climate crisis mathematically by creating formulas, called 
functions, that model data for average global temperature and carbon dioxide concentration over time. 
Understanding the concept of a function will give you a new perspective on many situations, ranging 


from global warming to using mathematics in a way that is similar to making a movie. 
*Sources: Al Gore, An Inconvenient Truth, Rodale, 2006; Time, April.3, 2006 _ ——— > ee ‘= - 


——— = S———— — = = ——— - 


= = —- = 


Mathematical models involving global 
warming are developed in Example 10 


and Check Point 10 in Section 2.4. 2» 

Using mathematics in a way that is =< 
similar to making a movie is discussed : ——— 
in the Blitzer Bonus on page 147. - ————_ = 
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Introduction to Functions 


Top U.S. Last Names 


Objectives Name % of All Names 
F . Smith 1.006% 
Oo Find the domain and F 
range of a relation. Johnson 0.810% 
. Williams 0.699% 
2 | Determine whether a 
; ; : Brown 0.621% 
relation is a function. 
Jones 0.621% 


3 | Evaluate a function. 
Source: Russell Ash, The Top 10 of Everything 


The top five U.S. last names shown above 
account for nearly 4% of the entire population. 
The table indicates a correspondence between a last 
name and the percentage of Americans who share that 
name. We can write this correspondence using a set of Venus and Serena Williams 
ordered pairs: 


{(Smith, 1.006% ), (Johnson, 0.810% ), (Williams, 0.699% ), 
(Brown, 0.621%), (Jones, 0.621%) }. 


These braces indicate we are representing a set. 


The mathematical term for a set of ordered pairs is a relation. 


Definition of a Relation 


A relation is any set of ordered pairs. The set of all first components of the ordered 
pairs is called the domain of the relation and the set of all second components is 
called the range of the relation. 


@ Find the domain and > 7 NS §=Finding the Domain and Range of a Relation 
range of a relation. 
Find the domain and range of the relation: 


{(Smith, 1.006%), (Johnson, 0.810%), (Williams, 0.699%), (Brown, 0.621%), (Jones, 0.621 %)}. 


Solution The domain is the set of all first components. Thus, the domain is 
{Smith, Johnson, Williams, Brown, Jones}. 
The range is the set of all second components. Thus, the range is 


{1.006%, 0.810%, 0.699%, 0.621% }. 


Although Brown and Jones are both shared 
by 0.621% of the U.S. population, it is not 


necessary to list 0.621% twice. a 


CHECK POINT 1 Find the domain and the range of the relation: 
{(0, 9.1), (10, 6.7), (20, 10.7), (30, 13.2), (38, 19.6)}. 


SECTION 2.1 Introduction to Functions 105 


As you worked Check Point 1, did you wonder if there was a rule that assigned the 
“inputs” in the domain to the “outputs” in the range? For example, for the ordered 
pair (30, 13.2), how does the output 13.2 depend on the input 30? The ordered pair 
is based on the data in Figure 2.1(a), which shows the percentage of first-year U.S. 
college students claiming no religious affiliation. 


Percentage of First-Year United States College Percentage of First-Year United 
Students Claiming No Religious Affiliation y States College Women Claiming 
HI Women HI Men h No Religious Affiliation 
24% - 23.2 Wm% L (38, 19.6) 
Ze 21% 19.6 Z = 2% 
Pe 18%- 16.9 2S 18% + 
2s ae is (30, 13.2) 
aig DT O92 Ee 15% 
O< 10% oH 10.7 OS 12% +0, 9-1) : 
¥9g "| 91 9.7 2 3 ° 
#2 9% 67 go I%e 
£ Sp : sg 
ie 6% ae 6% b e (20, 10.7) 
2 3% 2 3%E (10, 6.7) 
| I | | i | | [> yx 
1970 1980 1990 2000 2008 5 10 15 20 25 30 35 = 40 
Year Years after 1970 
Figure 2.1(a) Data for women and men Figure 2.1(b) Visually representing the relation for women’s data 


Source: John Macionis, Sociology, 13th Edition, Prentice Hall, 2010. 
In Figure 2.1(b), we used the data for college women to create the following ordered 
pairs: 
percentage of first-year college 
years after 1970, women claiming no religious 
affiliation 
Consider, for example, the ordered pair (30, 13.2). 


(30, 13.2) 


30 years after 1970, 13.2% of first-year college women 
or in 2000, claimed no religious affiliation. 


The five points in Figure 2.1(b) visually represent the relation formed from the 
women’s data. Another way to visually represent the relation is as follows: 


Domain Range 


2 | Determine whether a Functions 


relation is a function. Shown, again, in the margin are the top five U.S. last names and the percentage of 
Americans who share those names. We’ ve used this information to define two relations. 
Figure 2.2(a) shows a correspondence between last names and percents sharing those 
names. Figure 2.2(b) shows a correspondence between percents sharing last names and 
those last names. 


Top U.S. Last Names 


Name % of All Names 

Smith 1.006% 

Johnson 0.810% 

Williams 0.699% Domain Range Domain Range 
Brown 0.621% Figure 2.2 (a) Names correspond Figure 2.2 (b) Percents correspond 
Jones 0.621% to percents. to names. 
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Domain Range 


Figure 2.2(a) (repeated) 


Domain Range 


Figure 2.2(b) (repeated) 


Domain Range 


Figure 2.3(a) 


A relation in which each member of the domain corresponds to exactly one member 
of the range is a function. Can you see that the relation in Figure 2.2(a) is a function? 
Each last name in the domain corresponds to exactly one percent in the range. If we 
know the last name, we can be sure of the percentage of Americans sharing that name. 
Notice that more than one element in the domain can correspond to the same element 
in the range: Brown and Jones are both shared by 0.621% of Americans. 

Is the relation in Figure 2.2(b) a function? Does each member of the domain 
correspond to precisely one member of the range? This relation is not a function 
because there is a member of the domain that corresponds to two different members 
of the range: 


(0.621%, Brown) (0.621%, Jones). 


The member of the domain, 0.621%, corresponds to both Brown and Jones in the 
range. If we know the percentage of Americans sharing a last name, 0.621%, we cannot 
be sure of that last name. Because a function is a relation in which no two ordered pairs 
have the same first component and different second components, the ordered pairs 
(0.621%, Brown) and (0.621%, Jones) are not ordered pairs of a function. 


Same first component 


(0.621%, Brown) (0.621%, Jones) 


Different second components 


Definition of a Function 


A function is a correspondence from a first set, called the domain, to a second set, 
called the range, such that each element in the domain corresponds to exactly one 
element in the range. 


In Check Point 1, we considered a relation that gave a correspondence between 
years after 1970 and the percentage of first-year college women claiming no religious 
affiliation. Can you see that this relation is a function? 


Each element in the domain 
{(0, 9.1), (10, 6.7), (20, 10.7), (30, 13.2), (38, 19.6)} 
corresponds to exactly one element in the range. 


However, Example 2 illustrates that not every correspondence between sets is a 
function. 


> ON 8 ee §=Determining Whether a Relation Is a Function 
Determine whether each relation is a function: 


a. {(1,5), (2,5), (3, 7), (4, 8)} b. {(5, 1), (5, 2), (7, 3), (8, 4)}. 


Solution We begin by making a figure for each relation that shows the domain and 
the range (Figure 2.3). 


a. Figure 2.3(a) shows that every element in the domain corresponds to exactly one 
element in the range. The element 1 in the domain corresponds to the element 5 in 
the range. Furthermore, 2 corresponds to 5, 3 corresponds to 7, and 4 corresponds 
to 8. No two ordered pairs in the given relation have the same first component and 
different second components. Thus, the relation is a function. 


Domain 


Figure 2.3(b) 


Great Question! 


If | reverse a function’s 
components, will this new 
relation be a function? 


If a relation is a function, 
reversing the components in 
each of its ordered pairs may 
result in a relation that is not 
a function. 


3 | Evaluate a function. 


Input x 


Figure 2.4 A “function machine” 
with inputs and outputs 
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b. Figure 2.3(b) shows that 5 corresponds to both 1 and 2. If any element in the 
domain corresponds to more than one element in the range, the relation is not a 
function. This relation is not a function because two ordered pairs have the same 
first component and different second components. 


Same first component 


(5, 1) (5, 2) 


Different second components a 


Look at Figure 2.3(a) again. The fact that 1 and 2 in the domain correspond to the 
same number, 5, in the range does not violate the definition of a function. A function 
can have two different first components with the same second component. By contrast, 
a relation is not a function when two different ordered pairs have the same first 
component and different second components. Thus, the relation in Example 2(b) is 
not a function. 


'/| CHECK POINT 2 Determine whether each relation is a function: 
a. {(1, 2),(3, 4),(5, 6),(5, 7)} 
b. {(1, 2),(3, 4),(6, 5),(7, 5)}. 


Functions as Equations and Function Notation 


Functions are usually given in terms of equations rather than as sets of ordered pairs. 
For example, here is an equation that models the percentage of first-year college 
women claiming no religious affiliation as a function of time: 


y = 0.014x? — 0.24x + 8.8. 


The variable x represents the number of years after 1970. The variable y represents the 
percentage of first-year college women claiming no religious affiliation. The variable 
y is a function of the variable x. For each value of x, there is one and only one value 
of y. The variable x is called the independent variable because it can be assigned any 
value from the domain. Thus, x can be assigned any nonnegative integer representing 
the number of years after 1970. The variable y is called the dependent variable because 
its value depends on x. The percentage claiming no religious affiliation depends on the 
number of years after 1970. The value of the dependent variable, y, is calculated after 
selecting a value for the independent variable, x. 

If an equation in x and y gives one and only one value of y for each value of x, then 
the variable y is a function of the variable x. When an equation represents a function, 
the function is often named by a letter such as f, g, h, F, G, or H. Any letter can be used 
to name a function. Suppose that f names a function. Think of the domain as the set 
of the function’s inputs and the range as the set of the function’s outputs. As shown in 
Figure 2.4, the input is represented by x and the output by f(x). The special notation 
f(x), read “f of x” or “fat x,” represents the value of the function at the number x. 

Let’s make this clearer by considering a specific example. We know that the equation 


y = 0.014x” — 0.24x + 8.8 


defines y as a function of x. We’ll name the function f. Now, we can apply our new 


function notation. Great Question! 


Doesn’t f(x) indicate that | 
need to multiply f and x? 


The notation f(x) does 

not mean “f times x.” The 
notation describes the value 
of the function at x. 


We read this equation 
as "f of x equals 


0.014x* — 0.24x + 8.8." 
Input Output 


x f(x) 


Equation 


f(x) = 0.014x? — 0.24x + 8.8 
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f(x) = 0.014x? — 0.24x + 8.8 


Input 
x = 30 


Functions and Linear Functions 


Suppose we are interested in finding (30), the function’s output when the input is 30. 
To find the value of the function at 30, we substitute 30 for x. We are evaluating the 
function at 30. 
f(x) = 0.014x? — 0.24x + 8.8 
f(30) = 0.014(30)? — 0.24(30) + 8.8 
= 0.014(900) — 0.24(30) + 8.8 


This is the given function. 
Replace each occurrence of x with 30. 


Evaluate the exponential expression: 
30" = 30-30 = 900. 


ey 
COMO? — a z4 ay . = 126 —-7.2+ 88 Perform the multiplications. 
oe 
f(30) = 14.2 Subtract and add from left to right. 
Output 
f(30) = 14.2 The statement f(30) = 14.2, read “f of 30 equals 14.2,” tells us that the value of the 
Figure 2.5 A function machine function at 30 is 14.2. When the function’s input is 30, its output is 14.2. Figure 2.5 
BLwatke illustrates the input and output in terms of a function machine. 
f(30) = 14.2 
30 years after 14.2% of first-year college women 
1970, or in 2000, claimed no religious affiliation. 
We have seen that in 2000, 13.2% actually claimed nonaffiliation, so our function 
that models the data overestimates the data value for 2000 by 1%. 
Using Technology 


Graphing utilities can be used 
to evaluate functions. The 
screens on the right show the 
evaluation of 


f(x) = 0.014x” — 0.24x + 8.8 


at 30 on a TI-84 Plus graphing 


#= Ploti Flake  Flok= 


M1 C382 
14.2 


calculator. The function f is 
named Y;. 


We used f(x) = 0.014x? — 0.24x + 8.8 to find f(30). To find other function values, 
such as f(40) or f(55), substitute the specified input value, 40 or 55, for x in the function’s 
equation. 

If a function is named f and x represents the independent variable, the notation f(x) 
corresponds to the y-value for a given x. Thus, 


f(x) = 0.014x? — 0.24x + 8.8 and y = 0.014x? — 0.24x + 8.8 
define the same function. This function may be written as 


y = fix) = 0.014x? — 0.24x + 8.8. 


| EXAMPLE 3 | Using Function Notation 


Find the indicated function value: 


a. f(4) for f(x) = 2x + 3 
ce. h(—5) for h(r) = 73 — 2r? +5 


b. g(—2) for g(x) = 2x? - 1 
d. F(a + h) for F(x) = 5x + 7. 


Solution 
a. f(x) = 2x + 3 This is the given function. 
f(4) = 2:4+4+3 To find f of 4, replace x with 4. 
=8+3 Multiply: 2°4 = 8. 
f(4) = .~gaee Add. 
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b. g(x) = 2x? -1 This is the given function. 
g(—2) = 2-2)? - 1 To find g of —2, replace x with —2. 
= 2(4) -1 Evaluate the exponential expression: (—2)* = 4. 
=8-1 Multiply: 2(4) = 8. 
8(-2) = 1~S Subtract. 
e h(r) =r —2r7+5 The function’s name is h and r represents 


the independent variable. 
h(-5) = (—5) — 2(-5)* + 5 To find h of —5, replace each occurrence of r with —5. 


= —125 — 2(25) + 5 Evaluate exponential expressions. 
= —-125 -—50+5 Multiply. 
h(—5) = -170 py of -5 ig -170. 125 — 50 = —-175 and—175 + 5 = -170. 
d. F(x) =5x +7 This is the given function. 
Fiat+ h) =S5(a+h)+7 Replace x with a + h. 
F(a+h) =5a+5h+7 Apply the distributive property. Ml 


Fofathis5sa+5h+7. 


'/| CHECK POINT 3 __ Find the indicated function value: 
a. f(6) for f(x) = 4x + 5 
b. g(—5) for g(x) = 3x” — 10 
ce. h(—4) for h(r) = r? — 7r + 2 
d. F(a + h) for F(x) = 6x + 9. 


Great Question! 
In Example 3 and Check Point 3, finding some of the function values involved 
evaluating exponential expressions. Can’t this be a bit tricky when such functions 
are evaluated at negative numbers? 
Yes. Be particularly careful if there is a term with a coefficient of —1. Notice the following 
differences: 


ay = Sa ga) = (=x) 
f(-4) = -(-4? a(-4) = (4) 
= -16 == 16 


Functions Represented by Tables and Function Notation 


Function notation can be applied to functions that are represented by tables. 


| EXAMPLE 4 | Using Function Notation 


Function fis defined by the following table: 


x f(x) a. Explain why the table defines a function. 
—2 5 b. Find the domain and the range of the function. 
= 0 Find the indicated function value: 
0 3 
oe ce. f-1) 
d. f(0) 
2 E e. Find x such that f(x) = 4. 
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x F(x) Solution 
—2 5 a. Values in the first column of the table make up the domain, or input values. Values 
4 0 in the second column of the table make up the range, or output values. We see 
0 3 that every element in the domain corresponds to exactly one element in the range, 
shown in Figure 2.6. Therefore, the relation given by the table is a function. 
1 1 : ‘ys ; : . 
The voice balloons pointing to appropriate parts of the table illustrate the solution to 
2 4 parts (b)-(e). 


The table defining f (repeated) 


x f(x) 
—2. 5 
-1 0 c. f(—1) = 0: When the input is —1, the output is 0. 
0 3 d. f(0) = 3: When the input is 0, the output is 3. 
: 1 1 
Domain Range > | 4 e. f(x) = 4 when x = 2: The output, f(x), is 4 when the input, x, is 2. 
Figure 2.6 ae 
b. The domain is the b. The range is the 
set of inputs: set of outputs: 
(a= O, th Be {5, 0, 3, 1, 4}. 


[/| CHECK POINT4 Function gis defined by the following table: 


x g(x) a. Explain why the table defines a function. 
0 3 b. Find the domain and the range of the function. 
1 0 Find the indicated function value: 
2 1 
; ; c. g(1) 
d. g(3) 
4 3 


e. Find x such that g(x) = 3. 


Achieving Success 


Check out Professor Dan Miller’s Learning Guide that accompanies this textbook. 
Benefits of using the Learning Guide include: 


e It will help you become better organized. This includes organizing your class notes, 
assigned homework, quizzes, and tests. 

e It will enable you to use your textbook more efficiently. 

e It will bring together the learning tools for this course, including the textbook, the 
Video Lecture Series, and the PowerPoint Presentation. 

e It will help increase your study skills. 

e It will help you prepare for the chapter tests. 


Ask your professor about the availability of this textbook supplement. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. Any set of ordered pairs is called a/an . The set of all first components of the ordered pairs is called the 
. The set of all second components of the ordered pairs is called the 


2. A set of ordered pairs in which each member of the set of first components corresponds to exactly one member of the set of 
second components is called a/an 


3. The notation f(x) describes the value of at 


4. Ifh(r) = —r? + 4r — 7, we can find h(—2) by replacing each occurrence of by 


MyMachLab’ 


Practice Exercises 


In Exercises 1-8, determine whether each relation is a function. 


Give the domain and range for each relation. 


1. 
2. 
3. 


4. 


5. 


6. 


7. 
8. 


(1, 2), 3, 4), 6, 5)} 
((4, 5), (6, 7), (8, 8)} 
{(3, 4), (3,5), (4, 4), (4, 5)} 


{(5, 6), (5, 7), (6, 6), (6, 7)} 


{(—3, ~3),(-2, -2),(-1, -1),(0, 0)} 


{(-7, -7); (-5, 5), (3, ~3), (0, 0)} 


{(, 4), (1, 5), CL, 6)} 
{(4, 1), (5; 1), (6, D} 


In Exercises 9-24, find the indicated function values. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


f(x) =x+1 

a. (0) b. f(5) c. f(-8) 
d. f(2a) e. f(a + 2) 

f(x) =x +3 

a. (0) b. f(5) c. f(-8) 
d. f(2a) e. f(a + 2) 

g(x) = 3x -2 

a. g(0) b. g(—5) C: (3) 
d. g(4b) e. g(b + 4) 

g(x) = 4x — 3 ? 
a. 9(0) b. g(—5) CG. (3) 
d. g(5b) e. g(b + 5) 

h(x) = 3x? + 5 

a. h(0) b. h(-1) c. h(4) 
d. h(—3) e. h(4b) 

h(x) = 2x? - 4 

a. h(0) b. h(-1) c. h(5) 
d. h(—3) e. h(5b) 

f(x) = 2x? + 3x -1 

a. f(0) b. f(3) c. f(—4) 
d. f(b) 

e. f(5a) 

f(x) = 3x? + 4x - 2 

a. f(0) b. 3) ce. f-5) 
d. f(b) 

e. f(5a) 

fix) = (xP - x? -— x +7 

a. f(0) b. f(2) 


c. f(-2) d. fll) + fl) 


Ai 


Watch the videos 
in MyMathLab 


18. 


19. 


20. 


21. 


(oP, 


23. 


24. 
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Download the 
MyDashBoard App 
fix) = (xP - x7 — x + 10 
a. f(0) b. f(2) 
c. f(-2) d. f(1) + f-1) 
De = 8) 
fe) = 
a. f(0) b. f(3) c. f(—4) 
d. f(-S5) e. f(a +h) 
f. Why must 4 be excluded from the domain of f? 
ape I 
fe) = 
a. f(0) b. f(3) c. f(-3) 
d. f(10) e. f(a +h) 
f. Why must 5 be excluded from the domain of f? 
x f(x) a. f(-—2) 
—4 2) b. f(2) 
~2 6 c. For what value of x is 
0 9 f(x) = 9? 
2 12 
4 15 
x f(x) a. f(-3) 
5) 4 b. f(3) 
=o 8 c. For what value of x is 
0 12 f(x) = 12? 
3 16 
5 20 
x h(x) a. h(—2) 
72 2 b. A(1) 
Ss ! c. For what values of x is 
0 0 h(x) = 1? 
1 1 
2 2 
x h(x) a. h(—2) 
=) =9) b. A(1) 
a a c. For what values of x is 
0 0 h(x) =-1? 
1 =1l 
2 2 


Practice PLUS 
In Exercises 25-26, let f(x) = x? — x + 4and g(x) = 3x — 5. 


25. 
26. 


Find g(1) and f(g(1)). 
Find g(—1) and f(g(-1)). 
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In Exercises 27-28, let f and g be defined by the following table: 


x f(x) g(x) 

=2 6 

el 3 
0 = 1 
1 —4 =o) 
2 0 —6 


27. Find Vf(-1) — f(0) 
28. Find |f(1) — f(0)| — [g(DP + g(1) + A-1)-8(2). 

In Exercises 29-30, find f(—x) — f(x) for the given function f. 
Then simplify the expression. 

29. f(x) =x t+x-5 

30. f(x) =x? -3x+7 


In Exercises 31-32, each function is defined by two equations. 
The equation in the first row gives the output for negative 
numbers in the domain. The equation in the second row gives 
the output for nonnegative numbers in the domain. Find the 
indicated function values. 


3x+5 ifx <0 
ee ee a7 ee 
a. f(—2) b. f(0) 

c. f(3) d. f(—100) + f(100) 
6x-—1 ifx <0 
ae fo) = ifx =0 
a. f(-3) b. f(0) 

c. f(4) d. f(—100) + f(100) 


Application Exercises 


The Corruption Perceptions Index uses perceptions of the 
general public, business people, and risk analysts to rate 
countries by how likely they are to accept bribes. The ratings 

are on ascale from 0 to 10, where higher scores represent less 
corruption. The graph shows the corruption ratings for the 
world’s least corrupt and most corrupt countries. (The rating for 
the United States is 7.6.) Use the graph to solve Exercises 33-34. 


Top Four Least Corrupt and Most Corrupt Countries 


9.7...9.6..9.6...9.5 
Least corrupt 
countries 


Country 
Source: Transparency International, Corruption Perceptions Index 


me 
Ss 
1 


Most corrupt 


countries 
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Iceland 
Finland 
Denmark 


New Zealand 


[s(2)P + f(-2) + 9(2)-g(-1). 


33. a. Write a set of four ordered pairs in which each of the 
least corrupt countries corresponds to a corruption 


rating. Each ordered pair should be in the form 


(country, corruption rating). 


b. Is the relation in part (a) a function? Explain your 
answer. 


c. Write a set of four ordered pairs in which 
corruption ratings for the least corrupt countries 
correspond to countries. Each ordered pair should 
be in the form 


(corruption rating, country). 


d. Is the relation in part (c) a function? Explain your 
answer. 
34. a. Write a set of four ordered pairs in which each of the 
most corrupt countries corresponds to a corruption 
rating. Each ordered pair should be in the form 


(country, corruption rating). 


b. Is the relation in part (a) a function? Explain your 
answer. 


c. Write a set of four ordered pairs in which corruption 
ratings for the least corrupt countries correspond to 
countries. Each ordered pair should be in the form 


(corruption rating, country). 


d. Is the relation in part (c) a function? Explain your 
answer. 


Writing in Mathematics 


35. What is a relation? Describe what is meant by its domain 
and its range. 


36. Explain how to determine whether a relation is a function. 
What is a function? 


37. Does f(x) mean f times x when referring to function f? If 
not, what does f(x) mean? Provide an example with your 
explanation. 


38. For people filing a single return, federal income tax is a 
function of adjusted gross income because for each value 
of adjusted gross income there is a specific tax to be paid. 
By contrast, the price of a house is not a function of the lot 
size on which the house sits because houses on same-sized 
lots can sell for many different prices. 


a. Describe an everyday situation between variables that 
is a function. 


b. Describe an everyday situation between variables that 
is not a function. 


Critical Thinking Exercises 


Make Sense? In Exercises 39-42, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


39. Today’s temperature is a function of the time of day. 


40. My height is a function of my age. 


41. Although I presented my function as a set of ordered 
pairs, I could have shown the correspondences using a 
table or using points plotted in a rectangular coordinate 
system. 


42. My function models how the chance of divorce depends 


on the number of years of marriage, so the range is 
{x|x is the number of years of marriage}. 


In Exercises 43-48, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

43. All relations are functions. 

44. No two ordered pairs of a function can have the same 
second components and different first components. 


Using the tables that define f and g, determine whether each 
statement in Exercises 45—48 is true or false. 


45. The domain of f = the range of f 
46. The range of f = the domain of g 
47. f(—4) — f(-2) =2 
48. 9(—4) + f(-4) =0 
p= 
49. If f(x) = 3x + 7, find © - Ka) 


50. Give an example of a relation with the following 
characteristics: The relation is a function containing two 
ordered pairs. Reversing the components in each ordered 
pair results in a relation that is not a function. 
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51. If f(x + y) = f(x) + fly) and f(1) = 3, find f(2), fG), 
and f(4). Is f(x + y) = f(x) + f(y) for all functions? 


Review Exercises 


52. Simplify: 24 + 4[2 — (5 — 2)) - 6. 
(Section 1.2, Example 7) 
2,,-2 


=) 
53. Simplify: ( ) . (Section 1.6, Example 9) 


y? 


Bho 


54. Solve: = = + 4. (Section 1.4, Example 4) 


Preview Exercises 


Exercises 55-57 will help you prepare for the material covered 
in the next section. 


55. Graph y = 2x. Select integers for x, starting with —2 and 
ending with 2. 


56. Graph y = 2x + 4. Select integers for x, starting with —2 
and ending with 2. 


57. Use the following graph to solve this exercise. 


yy, 


> X 


Ree re 


a. What is the y-coordinate when the x-coordinate is 
22 


b. What are the x-coordinates when the y-coordinate is 4? 


c. Use interval notation to describe the x-coordinates of 
all points on the graph. 


d. Use interval notation to describe the y-coordinates of 
all points on the graph. 
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Functions and Linear Functions 


Objectives 


@ Graph functions by 
plotting points. 

2 | Use the vertical 
line test to identify 
functions. 

3 | Obtain information 
about a function from 
its graph. 

4 | Identify the domain 
and range of a function 
from its graph. 


1 | Graph functions by 
plotting points. 


fe 


> 


4 units 
up 


glx) =x +4 
flx) = 2x 


Figure 2.7 


+ t—+—_+—+—++ > X 
‘1123.45 


Graphs of Functions 


Magnified 6000 times, this color-scanned image shows a 
T-lymphocyte blood cell (green) infected with the HIV 
virus (red). Depletion of the number of T cells causes 
destruction of the immune system. 


The number of T cells in a person 
with HIV is a function of time after 
infection. In this section, we’ll 
analyze the graph of this function, 
using the rectangular coordinate 
system to visualize what functions 
look like. 


Graphs of Functions 


The graph of a function is the graph of its 

ordered pairs. For example, the graph of f(x) = 2x is the set 

of points (x, y) in the rectangular coordinate system satisfying y = 2x. Similarly, 
the graph of g(x) = 2x + 4 is the set of points (x, y) in the rectangular coordinate 
system satisfying the equation y = 2x + 4. In the next example, we graph both of 
these functions in the same rectangular coordinate system. 


Graphing Functions 


Graph the functions f(x) = 2x and g(x) = 2x + 4 in the same rectangular coordinate 
system. Select integers for x, starting with —2 and ending with 2. 


Solution We begin by setting up a partial table of coordinates for each function. 
Then, we plot the five points in each table and connect them, as shown in Figure 2.7. 
The graph of each function is a straight line. Do you see a relationship between the two 
graphs? The graph of g is the graph of f shifted vertically up by 4 units. 


(x, y) (x, y) 
ix f(x) = 2x or (x, f(x)) Xx g(x) =2x+4 or (x, g(x)) 
2 | f(-2) = 2(-2) 4 | (-2,-4) 2 | g(-2) =2(-2) +4=0 (—2, 0) 
1 | f(-1) = 2(-1) 2 | (=1,—2) 1 | g(-1) =2(-1) +4=2 (-1, 2) 
0 f(0) =2-0= (0, 0) 0 g(0)=2:0+4= (0, 4) 
1 f() =2-1= (1, 2) 1 g(1)=2-:1+4= (1, 6) 
2 f(2) =2:2= (2, 4) 2 g(2)=2:2+4= (2, 8) 


Choose x. Compute f(x) by 
evaluating f at x. 


Form the ordered pair. Choose x. Compute g(x) by Form the ordered pair. 


evaluating g at x. 
Bo 


The graphs in Example 1 are straight lines. All functions with equations of the form 
f(x) = mx + b graph as straight lines. Such functions, called linear functions, will be 
discussed in detail in Sections 2.42.5. 


2 | Use the vertical 
line test to identify 
functions. 


Figure 2.8 y is not a function of 
X because 0 is paired with three 
values of y, namely, 1, 0, and —1. 
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Using Technology 


We can use a graphing utility to check the tables and the graphs in Example 1 for the 
functions 


Wie) Se and g(x) = 2x + 4. 


Enter y, = 2x Enter yp = 2x +4 


screen. in the [y=] screen. 


Checking Tables Checking Graphs 


We entered —2 
for the starting 
x-value and 1 as 

an increment 
between x-values 
to check our tables 

in Example 1. 


» 


[jt res 


[-6, 6, 1] by [-6, Y), 1] 


Use the first five Use the first five A A 
ordered pairs ordered pairs ee 
(x, y,) to check the || (x, ya) to check the We selected this viewing rectangle, 


first table. second table. or window, to match Figure 2.7. 


'“| CHECK POINT1 Graph the functions f(x) = 2x and g(x) = 2x — 3 in the 
same rectangular coordinate system. Select integers for x, starting with —2 and ending 


with 2. How is the graph of g related to the graph of f? 


The Vertical Line Test 


Not every graph in the rectangular coordinate system is the graph of a function. The 
definition of a function specifies that no value of x can be paired with two or more 
different values of y. Consequently, if a graph contains two or more different points 
with the same first coordinate, the graph cannot represent a function. This is illustrated 
in Figure 2.8. Observe that points sharing a common first coordinate are vertically 
above or below each other. 

This observation is the basis of a useful test for determining whether a graph defines 
y as a function of x. The test is called the vertical line test. 


The Vertical Line Test for Functions 


If any vertical line intersects a graph in more than one point, the graph does not 
define y as a function of x. 


Using the Vertical Line Test 


Use the vertical line test to identify graphs in which y is a function of x. 


a. y b. y c. y d. y 
> x ~s x a x > x 
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3 | Obtain information 


about a function from 


its graph. 


ne is a function of x for the a in (b) and ar 


y is not a function of x. 
Two values of y corre- 
spond to one x-value. 


y is a function of x. y is a function of x. y is not a function of x. 
Two values of y corre- 


spond toonex-value. 


'/| CHECK POINT 2 Use the vertical line test to identify graphs in which y is a 


function of x. 
a. b c. 
y y y 
wre 6 P . 


Obtaining Information from Graphs 


You can obtain information about a function from its graph. At the right or left of a 
graph, you will often find closed dots, open dots, or arrows. 


e Aclosed dot indicates that the graph does not extend beyond this point and the 
point belongs to the graph. 


e An open dot indicates that the graph does not extend beyond this point and the 
point does not belong to the graph. 


e An arrow indicates that the graph extends indefinitely in the direction in which 
the arrow points. 


Analyzing the Graph of a Function 


The human immunodeficiency virus, or HIV, infects and kills helper T cells. Because 
T cells stimulate the immune system to produce antibodies, their destruction disables 
the body’s defenses 
against other pathogens. 
By counting the number 
of T cells that remain 
active in the body, the 
progression of HIV can 
be monitored. The fewer 
helper T cells, the more 
advanced the disease. 
Figure 2.9 shows a graph 
that is used to monitor 


y T Cell Count and HIV Infection 


1200 


Asymptomatic Stage 


1000 
Few or no symptoms present. 


800 Symptomatic Stage 
Symptoms begin or 


600 get worse. 


T Cell Count 
(per milliliter of blood) 


400 AIDS Clinical 


Diagnosis 


the average progression 200 

of the disease. The ar 
number of T cells, f(x), 12 3 4 5 6 7 8 9 10 11 

is a function of time after Time after Infection (years) 


infection, x. Figure 2.9 
Source: HUMAN SEXUALITY by B. Pruitt, et al. © 1997 Prentice Hall 
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a. Explain why f represents the graph of a function. 
b. Use the graph to find (8). 
c. For what value of x is f(x) = 350? 


d. Describe the general trend shown by the graph. 


Solution 


a. No vertical line can be drawn that intersects the graph of fin Figure 2.9 more than 
once. By the vertical line test, frepresents the graph of a function. 


b. To find f(8), or fof 8, we locate 8 on the x-axis. Figure 2.10 shows the point on the 
graph of f for which 8 is the first coordinate. From this point, we look to the y-axis 
to find the corresponding y-coordinate. We see that the y-coordinate is 200. Thus, 


f(8) = 200. 


>< 


1200 


The output 
is 200. 


8 is the input. 


Figure 2.10 Finding 7(8) 


When the time after infection is 8 years, the T cell count is 200 cells per milliliter of 
blood. (AIDS clinical diagnosis is given at a T cell count of 200 or below.) 


c. To find the value of x for which f(x) = 350, we approximately locate 350 on the 
y-axis. Figure 2.11 shows that there is one point on the graph of ffor which 350 is the 
second coordinate. From this point, we look to the x-axis to find the corresponding 
x-coordinate. We see that the x-coordinate is 6. Thus, 


f(x) = 350 for x = 6. 


1200 F 
1000 


y=flx) 


The output is 
approximately 350. ane 


> xX 


| 
| 
| 
popop py oy Y jojo. it 
123 4 5 67 8 9 10 11 
The corresponding value of x is 6. 


Figure 2.11 Finding x for which f(x) = 350 


A T cell count of 350 occurs 6 years after infection. 
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4 | Identify the domain 
and range of a function 
from its graph. 


y Range: Outputs 
on y-axis extend 
ile) 5+ from 1 to 4, inclusive. 


> 


Domain: Inputs on 
—3+. x-axis extend from 
41. —4 to 2, inclusive. 


Figure 2.14 Domain and range of f 


d. Figure 2.12 uses voice balloons to describe the general trend shown by the graph. 


y 
A 
1200 L. Teel count declines rapidly in 
the first 6 months after infection, 
S 1000 
g tises somewhat in the second six months, 
25 300 
= 
8 2 and then shows a 
=2 600 steady, continuous 
oi decline for many years. 
HE 400+ 
baal 
o 
a 
— 200 
| | i ! 1 ! L i 


12 3 4 353 6 7 8 9 10 ff 


Time after Infection (years) 


Figure 2.12 Describing changing T cell count over time in a person infected with HIV 


/| CHECK POINT 3 


a. Use the graph of fin Figure 2.9 on page 116 to find f(5). 


b. For what value of x is f(x) = 100? 


c. Estimate the minimum T cell count during the asymptomatic stage. 


Identifying Domain and Range from a Function’s Graph 


Figure 2.13 illustrates how the graph of a 
function is used to determine the function’s 
domain and its range. 


Domain: set of inputs 
Range 


Found on the x-axis 


Range: set of outputs 


Found on the y-axis 


Let’s apply these ideas to the graph of the Figure 2.13 Domain and range of f 


function shown in Figure 2.14. To find the 
domain, look for all the inputs on the x-axis that 


Domain 


> X 


correspond to points on the graph. Can you see that they extend from —4 to 2, inclusive? 


Using interval notation, the function’s domain can be represented as follows: 


[-4, 2]. 


The square brackets indicate —4 
and 2 are included. Note the square 
brackets on the x-axis in Figure 2.14. 


To find the range, look for all the outputs on the y-axis that correspond to points on 
the graph. They extend from 1 to 4, inclusive. Using interval notation, the function’s 


range can be represented as follows: 
[1, 4]. 
The square brackets indicate 1 


and 4 are included. Note the square 
brackets on the y-axis in Figure 2.14. 


EXAMPLE 4 


SECTION 2.2 


Graphs 


Use the graph of each function to identify its domain and its range. 
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Identifying the Domain and Range of a Function 
from Its Graph 


$— tt 1 x 
g14.2..3.4. 5 


Solution For the graph of each function, the domain is highlighted in purple on the 
x-axis and the range is highlighted in green on the y-axis. 


a. b. 
; 4 Range: Outputs on 
5+ 5+ y-axis extend from 
, ca 4+ 4+ 1, excluding 1, to 2, 
ange: Outputs on a including 2. 
y-axis extend from cal y=flx) 3 § 
0 to 3, inclusive. 27 y =f (x) Le: nme! 
I“ 
+—+t 1 p+} 1 > x f = ! i p++ > x 
~5-4-3-2-1,1M 2.3.4.5 4433-14 |\ 2.348 
2 pomains Inputs on 27 Domain: Inputs on 
37 x-axis extend from 31 x-axis extend from 
4+ _9 to 1, inclusive. +4 ae excluding —3, 
—5+ —5+ to 2, including 2. 


Domain = [—2, 1]; Range = [0, 3] Domain = (—3, 2]; 
d. Range: Outputs on 
y-axis include real 
numbers greater 
than or equal to 0. 


Range = (1, 2] 


+> X 
ial Domain: Inputs on 
"7 x-axis include real 
Ay numbers less than 
5+ or equal to 4. 


Domain = (—~, 4]; Range = [0, ~) 


Cc. y 
A 
Sr Range: Outputs on 
4+ y-axis extend from 
3+ 1 to 5, inclusive. 
y=flr) >4 
1+ i f—+—++ > X 
$4335 {itd 
27 Domain: Inputs on 
—37 x-axis extend from 
4, a including —2, 
—S+ tot, excluding 1. 


Domain = [-2, 1); Range = [1,5] 


e. y 
A 
51 yale 
Range: Outputs 4+ 
on y-axis "step" 34 o_o 
from to2to3. 94 _ 
1 @=—0 
+—t—}——++ f {—+—} +» x 
75 -4-3-2-1,1 2B. AS 
—2+~ Domain: Inputs on 
—3+ x-axis extend from 
—4+-- 1, including 1, to 
51. 4, excluding 4. 
Domain = [1, 4); Range = {1, 2, 3} 
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Great Question! 


The range in Example 4(e) was identified as {1, 2, 3}. Why didn’t you use interval 
notation like you did in the other parts of Example 4? 

Interval notation is not appropriate for describing a set of distinct numbers such as {1, 2, 3}. 
Interval notation, [1, 3], would mean that numbers such as 1.5 and 2.99 are in the range, but 
they are not. That’s why we used the roster method. 


/| CHECK POINT 4 


Use the graph of each function to identify its domain and its 


range. 
y b y c y 

4 4 4 
4+ 41 4+ 
2+ 


2+ 2+ eo + 
eo 4 

44 

T y=flx) 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The graph of a function is the graph of its 


2. If any vertical line intersects a graph 
The shaded set of numbers shown on the x-axis can be expressed in interval notation as 


3. 
function’s 


4. The shaded set of numbers shown on the y-axis can be expressed in interval notation as 


function’s 


, the graph does not define y as a/an of x. 


. This set represents the 


- y=flx) 


. This set represents the 
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ese MyMathLab® waren: comeing 


Practice Exercises 17. y Ue y 
In Exercises 1-10, graph the given functions, f and g, in the 
same rectangular coordinate system. Select integers for x, 
starting with —2 and ending with 2. Once you have obtained 
your graphs, describe how the graph of g is related to the graph 
of f 

1. f(x) =x, g(x) =x +3 


2. fix) =x, g(x) =x-4 
In Exercises 19-24, use the graph of f to find each indicated 


3. fx) = —2%, 20) =—=2e = 1 function value. 
19. f(—2) 

4. f(x) = —2x, g(x) = —2x + 3 20. f(2) 

By oe eg) 21. f(4) 

Eh. Hi62) g(x) =x + 1 ae 

6. f@) — x7, ea) =x? —2 23. {(—3) 
24. f(-1 

1. fis) = |sl.e(e) = |x] 2 

8. f(x) = |x|, 8%) = |x| +1 


9. f(x) = x3, g(x) =2x° +2 Use the graph of g to solve Exercises 25-30. 
25. Find g(—4). y 
26. Find g(2). folk 
27. Find g(—10). Sp 
In Exercises 11-18, use the vertical line test to identify graphs in 28. Find g(10). al 
which y is a function of x. 


10. fo) =< eG) =e 1 


29. For what value of x is ++ | 


11. y 12. : =e 4 14 
30. For what value of x is Fl 
Ea) ==? ee ulk 
x x 


In Exercises 31-40, use the graph of each function to identify 
its domain and its range. 


31. 
13. y 14. y 


32. 
15. y 16. y 
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33. 39. y 
f 


34, 40. y 


a i ! T z i 
® e240 e 
y=flx) 


Practice PLUS 


41. Use the graph of f to determine each of the following. 
Where applicable, use interval notation. 


35. 


36. 


the domain of f 


the range of f 
f-3) 
the values of x for which f(x) = —2 


the points where the graph of f crosses the x-axis 


37. 


9 aor » 


f. the point where the graph of f crosses the y-axis 
g. values of x for which f(x) < 0 
h. Is f(—8) positive or negative? 


42. Use the graph of f to determine each of the following. 
Where applicable, use interval notation. 


38. y 


NwWBWN 
eee ee, 
tio 


SECTION 2.2 


the domain of f e. the points where the graph of f crosses the x-axis 


the range of f 
4) 
the values of x for which f(x) = —3 


f. the point where the graph of f crosses the y-axis 
g. values of x for which f(x) > 0 


aos p 


h. Is f(—2) positive or negative? 
Application Exercises 


The wage gap is used to compare the status of women’s earnings relative to men’s. The wage gap is expressed as a percent and is 
calculated by dividing the median, or middlemost, annual earnings for women by the median annual earnings for men. The bar 
graph shows the wage gap for selected years from 1980 through 2010. 


Median Women’s Earnings as a Percentage of y The Graph of a Function 
Median Men’s Earnings in the United States ic Modeling the Data 
~~ Sr 83% pa) 853i 
Ee L S 
: 80 460%, Z 80 
3 WH a1 of 3 75 
a 70F a 70 \. 
cS] i) 
bs meni 2 65 ( G(x) =0.01x? + x + 60 
2 60% % 
Ss 60 Ss 60 
Sie 55) 
1 Ei L | | | | | ee 
1980 1990 2000 2010 5 10) 15 20) 25° 30 
Year 


Years after 1980 


Source: U.S. Bureau of Labor Statistics 


The function G(x) = —0.01x” + x + 60 models the wage gap, as a percent, x years after 1980. The graph of function G is shown to 
the right of the actual data. Use this information to solve Exercises 43-44. 
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43. a. Find and interpret G(30). Identify this information as 44. a. Find and interpret G(10). Identify this information as 
a point on the graph of the function. a point on the graph of the function. 
b. Does G(30) overestimate or underestimate the b. Does G(10) overestimate or underestimate the 


actual data shown by the bar graph? By how 
much? 


actual data shown by the bar graph? By how 
much? 


The function f(x) = 0.4x? — 36x + 1000 models the number of accidents, f(x), per 50 million miles driven as a function of a 


driver’s age, x, in years, for drivers from ages 16 through 74, inclusive. The graph of f is shown. Use the equation for f to solve 
Exercises 45-48. 


y 46. Find and interpret f(50). Identify this information as a 
A 


oint on the graph of f. 
iio Pp graph of f. 


wm 
u 


s ¢ 
s ¢ 


*S. (Fle) = 0.4x7 - 36x + 1000) 7” 


47. For what value of x does the graph reach its lowest point? 
Use the equation for f to find the minimum value of y. 


Describe the practical significance of this minimum value. 


Il | | 
16 45 74 


Age of Driver 


Number of Accidents 
(per 50 million miles) 


48. Use the graph to identify two different ages for which drivers 
have the same number of accidents. Use the equation for f 
to find the number of accidents for drivers at each of these 


ages. 


45. Find and interpret f(20). Identify this information as a 
point on the graph of f. 


The figure shows the cost of mailing a first-class letter, f(x), as a function of its weight, x, in ounces, for weights not exceeding 
3.5 ounces. Use the graph to solve Exercises 49-52. 


y 49. Find (3). What does this mean in terms of the variables in 
+ this situation? 
@ 0.957 ae 50. Find f(3.5). What does this mean in terms of the variables 
= 0.784 ————. in this situation? 
= 0.61 —— 51. What is the cost of mailing a letter that weighs 
9° 1.5 ounces? 
UO 0.44 ; oF ; 
oleae cee ae 52. What is the cost of mailing a letter that weighs 
1 2 3 ie 1.8 ounces? 


Weight (ounces) 
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Writing in Mathematics 
53. What is the graph of a function? 


54. Explain how the vertical line test is used to determine 
whether a graph represents a function. 


55. Explain how to identify the domain and range of a function 
from its graph. 


Technology Exercises 


56. Use a graphing utility to verify the pairs of graphs that you 
drew by hand in Exercises 1-10. 


57. The function 
f(x) = —0.00002x? + 0.008x? — 0.3x + 6.95 


models the number of annual physician visits, f(x), by 
a person of age x. Graph the function in a [0, 100, 5] by 
[0, 40, 2] viewing rectangle. What does the shape of the 
graph indicate about the relationship between one’s age and 
the number of annual physician visits? Use the | TRACE 
or minimum function capability to find the coordinates of 
the minimum point on the graph of the function. What does 
this mean? 


Critical Thinking Exercises 


Make Sense? In Exercises 58-61, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


58. I knew how to use point plotting to graph the equation 
y =x? — 1, so there was really nothing new to learn 
when I used the same technique to graph the function 


fx) =x? - 1. 


59. The graph of my function revealed aspects of its behavior 
that were not obvious by just looking at its equation. 


60. I graphed a function showing how paid vacation days 
depend on the number of years a person works for a 
company. The domain was the number of paid vacation 
days. 


61. I graphed a function showing how the number of annual 
physician visits depends on a person’s age. The domain 
was the number of annual physician visits. 


In Exercises 62-67, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


62. The graph of every line is a function. 


63. A horizontal line can intersect the graph of a function in 
more than one point. 


Use the graph of f to determine whether each statement in 
Exercises 64-67 is true or false. 


+ S344] } 


agit 
Graph of f 


4d 


64. The domain of fis [—4, 4]. 
65. The range of f is [—2, 2]. 
66. f(-1) — fl4) = 2 

67. f(0) = 2.1 


In Exercises 68-69, let f be defined by the following graph: 


++ +—+—+—+ + > X 
Bee eres 


68. Find 


VAEIS) + fO09) = lr + A-3) = RD fea). 


69. Find 


VICI) Ai) = eal #h-2) = hia: 


Review Exercises 


70. Is {(1, 1), (2, 2), (3, 3), (4, 4)} a function? 
(Section 2.1, Example 2) 


71. Solve: 12 — 2(3x + 1) = 4x — 5. 
(Section 1.4, Example 3) 


72. The length of a rectangle exceeds 3 times the width by 
8 yards. If the perimeter of the rectangle is 624 yards, what 
are its dimensions? (Section 1.5, Example 5) 


Preview Exercises 

Exercises 73-75 will help you prepare for the material covered 

in the next section. 

73. If f(x) = — why must 3 be excluded from the domain 
of f? 

74. If f(x) = x? + x and g(x) = x — 5, find f(4) + g(4). 

75. Simplify: —2.6x? + 49x + 3994 — (—0.6x7 + 7x + 2412). 
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Objectives 


GB Find the domain of a 
function. 


| 2 | Use the algebra of 
functions to combine 
functions and 
determine domains. 


GB Find the domain of a 
function. 


The Algebra of Functions 


We’re born. We die. Figure 2.15 quantifies 
these statements by showing the number of 
births and deaths in the United States from 
2000 through 2009. 


Number of Births and Deaths in the United States 


M@ Births © Deaths 
4400 - quiz 4298 4315-4947 
ato 4059........4026.......4022...... 4090. 4112 


4136 


Number (thousands) 


2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 
Year 


Figure 2.15 


Source: U.S. Department of Health and Human Services 


In this section, we look at these data from the perspective of functions. By considering 
the yearly change in the U.S. population, you will see that functions can be subtracted 
using procedures that will remind you of combining algebraic expressions. 


The Domain of a Function 
We begin with two functions that model the data in Figure 2.15. 


B(x) = —2.6x? + 49x + 3994. = D(x) = —0.6x* + 7x + 2412 


Number of births, B(x), in Number of deaths, D(x), in 
thousands, x years after 2000 thousands, x years after 2000 


The years in Figure 2.15 extend from 2000 through 2009. Because x represents the 
number of years after 2000, 


Domain of B = {0,1, 2,3, ... , 9} 
and 
Domain of D = {0,1, 2,3, ... , 9}. 
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Using Technology 
Graphic Connections 


You can graph a function 
and visually determine its 
domain. Look for inputs on 
the x-axis that correspond 
to points on the graph. For 
example, consider 


eX) = Va ony — 4, 


Domain: Inputs on x-axis include real 
numbers greater than or equal to 0. 


[-10, 10, 1] by [-4, 4, 1] 


This verifies that [0, 2) is 
the domain. 


Functions that model data often have their domains explicitly given with the function’s 
equation. However, for most functions, only an equation is given and the domain is not 
specified. In cases like this, the domain of a function f is the largest set of real numbers 
for which the value of f(x) is a real number. For example, consider the function 


1 
x-3 


fx) = 


Because division by 0 is undefined (and not a real number), the denominator, x — 3, 
cannot be 0. Thus, x cannot equal 3. The domain of the function consists of all real 
numbers other than 3, represented by 


Domain of f = (—~, 3) or (3, ©). 


Great Question! 
Can you explain how (— ©, 3) or (3, ~) represents all real numbers other than 3? 
The following voice balloons should help: 
(—%, 3) or (3, ©). 
\\ A 


| This consists of all This consists of all 


real numbers less real numbers greater 
than 3, excluding 3. than 3, excluding 3. 


In Chapter 7, we will be studying square root functions such as 
g(x) = Vx. 


The equation tells us to take the square root of x. Because only nonnegative numbers 
have square roots that are real numbers, the expression under the square root sign, x, 
must be nonnegative. Thus, 


Domain of g = [0, ~). 


Finding a Function’s Domain 


If a function f does not model data or verbal conditions, its domain is the largest 
set of real numbers for which the value of f(x) is a real number. Exclude from a 
function’s domain real numbers that cause division by zero and real numbers that 
result in a square root of a negative number. 


| EXAMPLE 1 | Finding the Domain of a Function 


Find the domain of each function: 


a. f(x) = 3x +2 b. iQ 


x+10 


Solution 


a. The function f(x) = 3x + 2 contains neither division nor a square root. For every 
real number, x, the algebraic expression 3x + 2 is areal number. Thus, the domain 
of fis the set of all real numbers. 


Domain of f = (—~, ~). 


3x +2 
b. The function g(x) = . a4 contains division. Because division by 0 is undefined, 
x 


we must exclude from the domain the value of x that causes x + 1 to be 0. Thus, x 
cannot equal —1. 


Domain of g = (-~,—-1)or(-1, ©). @ 
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'\/| CHECK POINT1 Find the domain of each function: 


a. f(x) = x +3 


be) 7x + 4 

. g(x) = ‘ 

° x+5 

© Use the algebra of The Algebra of Functions 
functions to combine We can combine functions using addition, subtraction, multiplication, and division by 
functions and ; performing operations with the algebraic expressions that appear on the right side of 
determine domains. the equations. For example, the functions f(x) = 2x and g(x) = x — 1can be combined 


to form the sum, difference, product, and quotient of fand g. Here’s how it’s done: 


Sum: f+ g (f + g)(x) = F(x) + a(x) 
=2x+(x-1)=3x-1 


ee mae (f — g)(x) = f(x) - g(x) 
ee =2x—(x-1)=2x-x+1=x+1 
gates frets (fF g)(x) = f(x) > g(x) 


= 2x(¢ = 1) = 2x7 = 2% 


Quotient: f f _ f(x) _ 2x 
8 (L)en en x-1" 1. 


The domain for each of these functions consists of all real numbers that are common 
x 

to the domains of f and g. In the case of the quotient function aa we must remember 
g(x 


not to divide by 0, so we add the further restriction that g(x) # 0. 


The Algebra of Functions: Sum, Difference, Product, and Quotient 
of Functions 


Let f and g be two functions. The sum f + g, the difference f — g, the product fg, 


and the quotient f are functions whose domains are the set of all real numbers 


common to the domains of f and g, defined as follows: 


1. Sum: (f + g)(x) = f(x) + g(x) 
2. Difference: (f — g)(x) = f(x) — g(x) 
3. Product: (fg)(x) = f(x): g(x) 

f(x) 


ae es _ fix) 
4. Quotient: (E)co =a Gy, Dee g(x) ~ 0. 


Using the Algebra of Functions 


Let f(x) = x? — 3 and g(x) = 4x + 5. Find each of the following: 


a. (f + g)(x) b. (f + g)(3). 

Solution 

a. (f + g(x) =flx) + o(x) = (02-3) + 4 45) HP +40 +2 
Thus, 


(f + g)(x) = x7 + 4x + 2. 
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b. 


v 


We find (f + g)(3) by substituting 3 for x in the equation for f + g. 


(f + g)(x) = x+4x+2 This is the equation for f + g. 


Substitute 3 for x. 


(f + g)(3) =37+4-34+2=94+12+2=23 op 


CHECK POINT 2 Let f(x) = 3x? + 4x — 1 and g(x) = 2x + 7. Find each of 


the following: 


a. (f + g)(x) b. (f + g)(4). 


Using the Algebra of Functions 


4 3 
Let f(x) = - and g(x) = =), Find each of the following: 


a. 


b. 


(f — g)(x) 


the domain of f — g. 


Solution 


a. 


4 3 
(f - g(x) =f) - @@) = 2-5 
(In Chapter 6, we will discuss how to perform the subtraction with these algebraic 
fractions. Perhaps you remember how to do so from your work in introductory 
algebra. For now, we will leave these fractions in the form shown.) 


. The domain of f — gis the set of all real numbers that are common to the domain 


of fand the domain of g. Thus, we must find the domains of f and g. We will do so 
for f first. 


Note that f(x) = 7 isa function involving division. Because division by 0 is 


undefined, x cannot equal 0. 


The function g(x) = is also a function involving division. Because division 


x +2 
by 0 is undefined, x cannot equal —2. 

To be in the domain of f — g, x must be in both the domain of f and the domain 
of g. This means that x # 0 and x # —2. Figure 2.16 shows these excluded values 
on a number line. 


-5 -4 3 2 -1 OX 1 2 3 4 5 
—2 is excluded 0 is excluded 


from the domain from the domain 
of f—g. of f—g. 


Figure 2.16 


The number line in Figure 2.16 is helpful in writing each of the three intervals that 
describe the domain of f— g. 


Domain of f — g = (-*, -2) or (—2, 0) or (0, °°) 


All real numbers less All real numbers All real numbers greater 
than —2, excluding —2 between —2 and 0, than 0, excluding 0 
excluding —2 and 
excluding 0 a 
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Great Question! 


| find the interval notation in Example 3(b), where you excluded -2 and 0 from the 
domain of f — g, somewhat confusing. Is there another way to describe such a 
domain? 


You could use set-builder notation: 
Domain of f — g = {x|x isa real number andx # —2andx # O}. 


Ask your professor if set-builder notation is an acceptable alternative for describing 
domains that exclude two or more numbers. The downside: We’ll be using interval 
notation throughout the book to indicate both domains and ranges. 


5 7 
[“| CHECK POINT3 Let f(x) = " and g(x) = 4 Find each of the following: 
x 


a. (f — g)(x) 
b. the domain of f — g. 


Using the Algebra of Functions 


Let f(x) = x? + x and g(x) = x — 5. Find each of the following: 

a. (f + g)(4) b. (f — g)(x) and (f — g)(—3) 
f f 

C: (Z)oo and (Z)m d. (fg)(-2). 


Solution 
a. We can find (f + g)(4) using f(4) and g(4). 
fx) =x? +x g(x) =x—-5 
f4 =" +4=20 (4) =4-5=-1 
Thus, 


(f + g)(4) = f(4) + (4) = 20 + (-1) = 19. 
We can also find (f + g)(4) by first finding (f + g)(x) and then substituting 4 for x: 


(f + g)(x) = f(x) + g(x) This is the definition of the sum f + g. 
= (x? + x) +(x —5) Substitute the given functions. 
=x? + Ix - 5, Simplify. 


Using (f + g)(x) = x? + 2x — 5, we have 
(f+ g)(4) =44+2-4-5=164+8-5=19. 


b. (f — g)(x) = f(x) — g(x) This is the definition of the difference f — g. 
= (x? + x) — (x —5) Substitute the given functions. 
=x7>+x—-x+5 Remove parentheses and change the sign of each 
term in the second set of parentheses. 
=x? +5 Simplify. 


Using (f — g)(x) = x” + 5, we have 
(f — g)(-3) = (3 +5=94+5=14. 


fx ; 
Cc. (2) (x) = Ae) This is the definition of the quotient —. 
g g(x) g 
r+x 
= Substitute the given functions. 


x= 5 


130 CHAPTER 2 


Functions and Linear Functions 


: | xvr+x 
= = h 
Using ( (x) , we have 


5 
f oe ee 
(Dy - P42 8 2p 


d. We can find (fg)(—2) using the fact that 
(fg)(-2) = f(-2) + g(-2). 
fx) =x? +x g(x) =x-5 
f(-2) = (-2) + (-2) =4-2=2 = g(-2)=-2-5=-7 


Thus, 


(fe)(-2) = f(-2)-g(-2) = 2-7) = -14. 


We could also have found (fg)(—2) by multiplying f(x) « g(x) and then substituting —2 
into the product. We will discuss how to multiply expressions such as x” + x andx — 5 
in Chapter 5. 


CHECK POINT 4 Let f(x) = x* — 2x and g(x) = x + 3. Find each of the 
following: 


a. (f + g)(5) b. (f — g)(x) and (f — g)C1) 
c. (Zoo and (Z)m d. (fg)(—4). 


Applying the Algebra of Functions 


We opened the section with functions that model the number of births and deaths in 
the United States from 2000 through 2009: 


B(x) = -2.6x? + 49x + 3994 D(x) = -0.6x* + 7x + 2412. 


Number of births, B(x), in Number of deaths, D(x), in 
thousands, x years after 2000 thousands, x years after 2000 


a. Write a function that models the change in U.S. population for the years from 2000 
through 2009. 


b. Use the function from part (a) to find the change in U.S. population in 2008. 


c. Does the result in part (b) overestimate or underestimate the actual population 
change in 2008 obtained from the data in Figure 2.15 on page 125? By how much? 


Solution 


a. The change in population is the number of births minus the number of deaths. 
Thus, we will find the difference function, B — D. 


(B — D)(x) 

= B(x) — D(x) 

= (—2.6x? + 49x + 3994) — (—0.6x” + 7x + 2412) Substitute the given functions. 
= —2.6x* + 49x + 3994 + 0.6x* — 7x — 2412 Remove parentheses and 


change the sign of each term in 
the second set of parentheses. 


a (—2.6x” + 0.6x?) + (49x — 7x) + (3994 — 2412) Group like terms. 
= —2x? + 42x + 1582 Combine like terms. 
The function 


(B — D)(x) = —2x2 + 42x + 1582 


models the change in U.S. population, in thousands, x years after 2000. 
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b. Because 2008 is 8 years after 2000, we substitute 8 for x in the difference function 
(B — D)(x). 
(B — D)(x) = —2x* + 42x + 1582 Use the difference function B — D. 
(B — D)(8) = —2(8)” + 42(8) + 1582 Substitute 8 for x. 
= —2(64) + 42(8) + 1582 Evaluate the exponential expression: 8° = 64. 
= —128 + 336 + 1582 Perform the multiplications. 
= 1790 Add from left to right. 
We see that (B — D)(8) = 1790. The model indicates that there was a population 
increase of 1790 thousand, or approximately 1,790,000 people, in 2008. 


c. The data for 2008 in Figure 2.15 on page 125 show 4247 thousand births and 
2453 thousand deaths. 


population change = births — deaths 
= 4247 — 2453 = 1794 


The actual population increase was 1794 thousand, or 1,794,000. Our model gave us 
an increase of 1790 thousand. Thus, the model underestimates the actual increase 
by 1794 — 1790, or 4 thousand people. & 


\/| CHECK POINT5 Use the birth and death models from Example S. 

a. Write a function that models the total number of births and deaths in the United 
States for the years from 2000 through 2009. 

b. Use the function from part (a) to find the total number of births and deaths in the 
United States in 2003. 


c. Does the result in part (b) overestimate or underestimate the actual number of 
total births and deaths in 2003 obtained from the data in Figure 2.15 on page 125? 
By how much? 


Achieving Success 
Ask! Ask! Ask! 


Do not be afraid to ask questions in class. Your professor may not realize that a concept is 
unclear until you raise your hand and ask a question. Other students who have problems 
asking questions in class will be appreciative that you have spoken up. Be polite and 
professional, but ask as many questions as required. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. We exclude from a function’s domain real numbers that cause division by 


2. We exclude from a function’s domain real numbers that result in a square root of a/an number. 
3. (f+ g)@) = 

4 (f— g)Q@) = 

5. (fg)(x) = 

6. Fe) = , provided #0 


7. The domain of f(x) = 5x + 7 consists of all real numbers, represented in interval notation as 


3 : a : 
5 consists of all real numbers except 2, represented in interval notation as (—~, 2) or 


8. The domain of g(x) = 
= 


1 7 
9. The domain of h(x) = — + 3 consists of all real numbers except 0 and 3, represented in interval notation as (—~, 0) 
x x= 


or or 
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MyMathLab’ i 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


Eee: Exercises | 93. f(x) = L so 2 : 
In Exercises 1-10, find the domain of each function. ee - 
4. f(x) = 3x45 a ae 
2 a= ax iy 7 a) oa 26 
a ae +4 25. fx) = 5, 8s) = — : 
4. g(x) = 5 
a = 2 26. fx) = Tae) = 
4x 
6. f(x) = aaah 27a ho) — ae g(x) = =e 
7. g(x) =x 5 = - 
: 28. fix) = 7, a(x) = 
8. g(x) =x ae mo 
= 3 29. fix) = x7, ¢(x) =x? 
oF ee) = 
ee Sige 30. f(x) =x? + 1,e(x) =x3-1 
1 3 In Exercises 31-50, let 
10. f(x 
? eae on el) f(x) =x? + 4x and g(x) =2-x. 
Find each of the following. 
In Exercises 11-16, find (f + g)(x) and (f + g)(5). 31. (f + g)(x) and (f + g)(3) 
11. f(x) = 3x + 1, g(x) = 2x — 6 
32. (f + g)(x) and (f + g)(4) 
12. f(x) = 4x + 2, g(x) = 2x —-9 pene ; 
SAS ae CSE) ae 4) 34. f(—3) + g(-3) 
be eee 35. (f — g)(x) and (f — 8)(5) 
14. f(x) =x — 6,2(x) = 2x? 
a ete 36. (f~ g)(x) and (f~ 9)(6) 
15. f(x) = 2x? 3, g(x) =x +1 
ks 87. f{-2) ~ g(-2) 38. f(-3) - g(-3) 
16. f(x) = 4x? — x -3,9(x) =x+1 39. (fg)(—2) 40. (fg)(—3) 
41. (fg)(5) 42. (fg)(6) 
17. Let f(x) =5x and g(x) =—2x — 3. Find (f + g)(x), f f 
(f= 2). (890), and (F Yon, ws (Feed ana(F)o0 
44. (Ze and eo 
18. Let f(x) =—4x and g(x) i + 5. Find (f + g)(x), ; . 
(f— g)(x), (fg)(x), and Ne. ae: (Z)en aa (Zo 


47. The domain of f + g 


48. The domain of f — g 
In Exercises 19-30, for each pair of functions, f and g, 


determine the domain of f + g. 49. 
19. f(x) = 3x + 7, g(x) = 9x + 10 


20. f(x) = 7x 


The domain of ; 


50. The domain of fg 


4, g(x) = 5x — 2 
Practice PLUS 


2 
21. f(x) = 3x + 7, g(x) = —— 5 Use the graphs of f and g at the top of the next page to solve 
Exercises 51-58. 
A) . 
22. f(x) = 7x + 4, g(x) = = 51. Find (f + g)(~3). 


52. Find (g — f)(—2). 


53. Find (fg)(2). 


: & 
Find (£) (3). 
i 
55. Find the domain of f + g. 


54. 


ay 


56. Find the domain of L 


57. Graph f+ g. JE 


58. Graph f — g. 


Use the table defining f and g to solve Exercises 59-62. 


x f(x) g(x) 
=P) 5 0 
il 3 = 2) 

0 os 4 

= 0) =8) 
2D 0 fl 


59. Find (f + g)(1) — (g — f)C 1). 
60. Find (f + g)(-1) — (g — f)(). 


Find (fe)(-2) - [(Z)o} 


61. 


— 


62. 


i) 


Find (fg)(2) - (Z)oJ. 


Application Exercises 


The bar graph shows the population of the United States, in 
millions, for six selected years. 


Population of the United States 


i Male 


lM Female 


Population (millions) 


156 
ve 15 etSil 
150) 143 
138 

140+ 134 
130 VT 

122) 401 
120-116 
110 
100 

ue 


1985 1990 1995 2000 2005 2009 
Year 


Source: U.S. Census Bureau 


Here are two functions that model the data: 


Male U.S. population, 


M(x), in millions, 


M(x) = 154x + 114.6 X years after 1985 


Female U.S. population, 


F(x), in millions, 
X years after 1985 


F(x) = 1.48x + 120.6. 
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Use the functions in the previous column to solve Exercises 63-65. 


63. 


64. 


65. 


66. 


a. Write a function that models the total US. 
population for the years shown in the bar graph. 


b. Use the function from part (a) to find the total U.S. 
population in 2005. 


c. Does the result in part (b) overestimate or 
underestimate the actual total U.S. population in 2005 
shown by the bar graph? By how much? 


a. Write a function that models the difference between 


the female U.S. population and the male USS. 
population for the years shown in the bar graph. 


b. Use the function from part (a) to find how many more 
women than men there were in the U.S. population in 
2005. 


c. Does the result in part (b) overestimate or 
underestimate the actual difference between the 
female and male population in 2005 shown by the bar 
graph? By how much? 


a. Write a function that models the ratio of men to 


women in the U.S. population for the years shown in 


the bar graph. 


b. Use the function from part (a) to find the ratio of 
men to women, correct to three decimal places, in 
2000. 


c. Does the result in part (b) overestimate or 
underestimate the actual ratio of men to women in 2000 
shown by the bar graph? By how much? 


A company that sells radios has yearly fixed costs of 
$600,000. It costs the company $45 to produce each radio. 
Each radio will sell for $65. The company’s costs and 
revenue are modeled by the following functions: 


C(x) = 600,000 + 45x This function models the 


company’s costs. 


This function models the 
company’s revenue. 

Find and interpret (R — C)(20,000), (R — C)(30,000), and 
(R — C)(40,000). 


R(x) = 65x 


Writing in Mathematics 


67. 


68. 


69. 


70. 


If a function is defined by an equation, explain how to find 
its domain. 


If equations for functions fand g are given, explain how to 
find f + g. 

If the equations of two functions are given, explain how to 
obtain the quotient function and its domain. 


If equations for functions f and g are given, describe two 
ways to find (f — g)(3). 
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Technology Exercises 
In Exercises 71-74, graph each of the three functions in the 
same [—10, 10, 1] by [-10, 10, 1] viewing rectangle. 


71. yy = 2x +3 72. yy=x-4 


yy = 2 — 2x y2 = 2x 
y3 = yy + yo 5 clara) ila eli) 
73. yy =X 74. yy =x? — 2x 
es y2 =x 
Voie Yilhe 2 we YL 
y2 
75. In Exercise 74, use the | TRACE | feature to trace along 


y3. What happens at x = 0? Explain why this occurs. 


Critical Thinking Exercises 


Make Sense? In Exercises 76-79, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


76. There is an endless list of real numbers that cannot be 
included in the domain of f(x) = Vx. 


77. I used a function to model data from 1980 through 2005. 
The independent variable in my model represented the 
number of years after 1980, so the function’s domain was 
{Ol We 2GSts eno} 

78. If I have equations for functions f and g, and 3 is in both 
domains, then there are always two ways to determine 
(f + g)(3). 

79. I have two functions. Function f models total world 
population x years after 2000 and function g models 
population of the world’s more-developed regions x years 
after 2000. I can use f — g to determine the population of 
the world’s less-developed regions for the years in both 
function’s domains. 


In Exercises 80-83, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


80. If(f + g)(a) = 0, then f(a) and g(a) must be opposites, or 
additive inverses. 


81. If(f— g)(a) = 0, then f(a) and g(a) must be equal. 


82. If (E)o = 0, then f(a) must be 0. 


83. If (fg)(a) = 0, then f(a) must be 0. 


Review Exercises 
84. Solve for b: R = 3(a + b). (Section 1.5, Example 6) 


85. Solve: 3(6 — x) = 3 — 2(x — 4). (Section 1.4, Example 3) 


86. If f(x) = 6x — 4, find f(b + 2). (Section 2.1, Example 3) 


Preview Exercises 


Exercises 87-89 will help you prepare for the material covered 
in the next section. 


87. Consider 4x — 3y = 6. 
a. What is the value of x when y = 0? 
b. What is the value of y when x = 0? 


Graph y = 2x + 4. Select integers for x from —3 to 1, 
inclusive. 


b. At what point does the graph cross the x-axis? 
c. At what point does the graph cross the y-axis? 
89. Solve for y:5x + 3y = —12. 


[ MID-CHAPTER CHECK POINT | _ Section 2.1-Section 2.3 


What You Know: We learned that a function is a 
J relation in which no two ordered pairs have the same 
first component and different second components. We 
represented functions as equations and used function notation. We 


graphed functions and applied the vertical line test to identify graphs 


of functions. We determined the domain and range of a function 


from its graph, using inputs on the x-axis for the domain and outputs 


on the y-axis for the range. Finally, we developed an algebra of 
functions to combine functions and determine their domains. 


In Exercises 1-6, determine whether each relation is a function. 
Give the domain and range for each relation. 


1. {(2, 6), (1, 4), (2, -6)} 


2. {(0, 1), (2, 1), GB, 4)} 


3 y 4 y 
A 4 
4+ 4 
4 aes p> x t+<A4+-+ 54 +> X 
Sur eee ee eee) 4 
~24 2 
44 -4 


Use the graph of f to solve Exercises 7-12. 


7. Explain why f represents the graph of a function. 
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9. For what value or values of x is f(x) = 4? 
10. For what value or values of x is f(x) = 0? 
11. Find the domain of f. 

12. Find the range of f. 


+—+++> xX 
4 In Exercises 13-14, find the domain of each function. 
13. f(x) = (x + 2)(x — 2) 
14, = ———_— 
8) = GF DE -2 


In Exercises 15-22, let 

f(x) = x? — 3x + 8 and g(x) = —2x — S. 
Find each of the following. 
15. (0) + g(—10) 
17. f(a) + g(a + 3) 
18. (f + g)(x) and (f + g)(-2) 


16. f(-1) — g(3) 


8. Use the graph to find f(—4). 


19. (f — g)(x) and (f — g)(5) 
20. (fg)(-1) 


21. (Jeo and (Aes 


22. The domain of : 


Objectives 


Saqansc sas 


Use intercepts to graph 
a linear function in 
standard form. 
Compute a line’s slope. 
Find a line’s slope and 
y-intercept from its 
equation. 

Graph linear functions 
in slope-intercept form. 
Graph horizontal or 
vertical lines. 

Interpret slope as rate 
of change. 

Find a function’s 
average rate of change. 
Use slope and y-intercept 
to model data. 


Linear Functions and Slope 


Is there a relationship between literacy and child 
mortality? As the percentage of adult females who are 
literate increases, does the mortality of children 
under age five decrease? Figure 2.17, shown 
on the next page, is based on data from the 
United Nations and indicates that this is, 
indeed, the case. Each point in the figure 
represents one country. 
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Under-Five Mortality 
(per thousand) 


Figure 2.17 


Source: United Nations Development Programme 


1 | Use intercepts to graph 
a linear function in 
standard form. 


y 
A 


+ The x-intercept is 4. 


5 4 
4+ 
3 ob 
2 
The y-intercept is —2. 4 


=$.A=3-2 | 


731. C2] 
4+ 
be) 


Figure 2.18 The graph of 2x — 4y = 8 


Functions and Linear Functions 


y Literacy and Child Mortality Data presented in a visual 
form as a set of points is called 
a scatter plot. Also shown in 
Figure 2.17 is a line that passes 
through or near the points. A line 
that best fits the data points in a 
scatter plot is called a regression 
line. By writing the equation of 
this line, we can obtain a model 
of the data and make predictions 
about child mortality based on 
the percentage of literate adult 
females in a country. 

Data often fall on or near a line. In the remainder of this chapter, we will use 
equations to model such data and make predictions. We begin with a discussion of 


graphing linear functions using intercepts. 


| | | 1 iL, y 


| 
0 10 20 30 40 50 60 70 80 90 100 
Percentage of Adult Females Who Are Literate 


Graphing Using Intercepts 


The equation of the regression line in Figure 2.17 is 
y = —2.39x + 254.47. 


The variable x represents the percentage of adult females in a country who are literate. 
The variable y represents child mortality, per thousand, for children under five in that 
country. Using function notation, we can rewrite the equation as 


fx) = -2.39x + 254.47. 


A function such as this, whose graph is a straight line, is called a linear function. There 
is another way that we can write the function’s equation 


y = —2.39x + 254.47. 


We will collect the x- and y-terms on the left side. This is done by adding 2.39x to both 
sides: 


2.39x + y = 254.47. 
The form of this equation is Ax + By = C. 
2.39x + y= 254.47 


C, the constant on the 
right, is 254.47. 


A, the coefficient 
of x, is 2.39. 


B, the coefficient 
of y, is t. 


All equations of the form Ax + By = C are straight lines when graphed, as long 
as A and B are not both zero. Such an equation is called the standard form of the 
equation of a line. To graph equations of this form, we will use two important points: 
the intercepts. 

An x-intercept of a graph is the x-coordinate of a point where the graph intersects 
the x-axis. For example, look at the graph of 2x — 4y = 8 in Figure 2.18. The graph 
crosses the x-axis at (4, 0). Thus, the x-intercept is 4. The y-coordinate corresponding 
to an x-intercept is always zero. 

A y-intercept of a graph is the y-coordinate of a point where the graph intersects the 
y-axis. The graph of 2x — 4y = 8 in Figure 2.18 shows that the graph crosses the y-axis 
at (0, —2). Thus, the y-intercept is —2. The x-coordinate corresponding to a y-intercept 
is always zero. 
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Great Question! 


Are single numbers the only way to represent intercepts? Can ordered pairs also 
be used? 

Mathematicians tend to use two ways to describe intercepts. Did you notice that we are 
using single numbers? If a graph’s x-intercept is a, it passes through the point (a, 0). Ifa 
graph’s y-intercept is b, it passes through the point (0, b). 

Some books state that the x-intercept is the point (a, 0) and the x-intercept is at a on the 
x-axis. Similarly, the y-intercept is the point (0, b) and the y-intercept is at b on the y-axis. 
In these descriptions, the intercepts are the actual points where a graph crosses the axes. 

Although we’ll describe intercepts as single numbers, we’ll immediately state the point on 
the x- or y-axis that the graph passes through. Here’s the important thing to keep in mind: 

x-intercept: The corresponding y-coordinate is 0. 

y-intercept: The corresponding x-coordinate is 0. 


When graphing using intercepts, it is a good idea to use a third point, a checkpoint, 
before drawing the line. A checkpoint can be obtained by selecting a value for either 
variable, other than 0, and finding the corresponding value for the other variable. The 
checkpoint should lie on the same line as the x- and y-intercepts. If it does not, recheck 
your work and find the error. 


Using Intercepts to Graph Ax + By = C 
1. Find the x-intercept. Let y = 0 and solve for x. 
2. Find the y-intercept. Let x = 0 and solve for y. 
3. Find a checkpoint, a third ordered-pair solution. 
4. Graph the equation by drawing a line through the three points. 


| EXAMPLE 1 | Using Intercepts to Graph a Linear Equation 


Graph: 4x — 3y = 6. 


Solution 
Step 1. Find the x-intercept. Let y = 0 and solve for x. 
4x —-3:0=6 Replace y with O in 4x — 3y = 6. 
4x = 6 Simplify. 
6 3 
Ee 4 = > Divide both sides by 4. 


The x-intercept is 5, so the line passes through G, 0) or (1.5, 0). 
Step 2. Find the y-intercept. Let x = 0 and solve for y. 
4-0 — 3y = 6 Replace x with O in 4x — 3y = 6. 
—3y = 6 Simplify. 
y=-2 Divide both sides by —3. 
The y-intercept is —2, so the line passes through (0, —2). 
Step 3. Find a checkpoint, a third ordered-pair solution. For our checkpoint, we will let 


y 
E i x = 1 and find the corresponding value for y. 
at 4x — 3y = This is the given equation. 
37 4-1—-3y=6 Substitute 1 for x. 
2+ ; ae 
x-intercept: $ 4-—3y=6 Simplify. 
x —3y =2 Subtract 4 from both sides. 
23.4 5 2 
Checkpoint: (1, —5) y=r-s Divide both sides by —3. 
y-intercept: —2 Ss . 2 
The checkpoint is the ordered pair | 1, — 3): 


Step 4. Graph the equation by drawing a line through the three points. The three points 
Figure 2.19 The graph of in Figure 2.19 lie along the same line. Drawing a line through the three points results in 
aX 8y = 6 the graphof4x -3y=6. & 
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2 | Compute a line’s slope. 


Run: 2 units 


(=3, —4) 54 


Figure 2.20 Visualizing a slope of 5 


Using Technology 
You can use a graphing utility to graph equations of the form Ax + By = C. Begin by 
solving the equation for y. For example, to graph 4x — 3y = 6, solve the equation for y. 

4x —3y = 6 This is the equation to be 
graphed. 
4x — 4x — 3y = —4x + 6 Add —4x to both sides. 
—3y = —4x + 6 Simplify. 


—3y  —4x +6 
= = ae Divide both sides by —3. 
4 Peete 
v= 37 -—2 Simplify. 


This is the equation to enter in your graphing utility. The graph of y = $x — 2, or, 
equivalently, 4x — 3y = 6 is shown above in a [—6, 6, 1] by [—6, 6, 1] viewing rectangle. 


[7] CHECK POINT1 Graph: 3x — 2y = 6. 


The Slope of a Line 


Mathematicians have developed a useful measure of the steepness of a line, called the 
slope of the line. Slope compares the vertical change (the rise) to the horizontal change (the 
run) when moving from one fixed point to another along the line. To calculate the slope of 
a line, we use a ratio that compares the change in y (the rise) to the change in x (the run). 


Definition of Slope 


The slope of the line through the distinct points 
(x1, y1) and (x2, y2) 1s 


Changeiny _ Rise 
Change in x Run — Hovtntal shang) 


oma 


>< 


> 


Xy ~ X 


where x» — x, # 0. 


It is common notation to let the letter m represent the slope of a line. The letter 7m is used 
because it is the first letter of the French verb monter, meaning “to rise,” or “to ascend.” 


Using the Definition of Slope 


Find the slope of the line passing through each pair of points: 
a. (—3, —4) and (—1, 6) b. (—1,3) and (—4, 5). 


Solution 
a. Let (x1, 91) = (—3,—-4) and (x2, y2) = (-1, 6). The slope is obtained as follows: 
Changeiny y.— yy, 6 — (-4) 6+4 10 

A) = — = — = 
Change inx 4%. —- x; 1 — (-3) 1+3 2 


The situation is illustrated in Figure 2.20. The slope of the line is 5, or ” For every 
vertical change, or rise, of 10 units, there is a corresponding horizontal change, or 
run, of 2 units. The slope is positive and the line rises from left to right. 


= 5. 


SECTION 2.4 — Linear Functions and Slope 139 


Great Question! 


When using the definition of slope, how do I know which point to call (x;, y;) and 
which point to call (x, y2)? 


When computing slope, it makes no difference which point you call (x;, y,) and which point 
you call (x, y2). If we let (x;, y;) = (—1, 6) and (x2, y2) = (—3, —4), the slope is still 5: 


Wer = il ah = (5) —10 
x2 x1 3 ( 1) 2 


However, you should not subtract in one order in the numerator (y2 — y,) and then ina 
different order in the denominator (x; — x9). 


=): 


m= 


—4 > — 
= 


=-—5. Incorrect! The slope is not —5. 


b. To find the slope of the line passing through (—1,3) and (—4,5), we can let 
(x1, ¥1) = (1,3) and (x2, y2) = (—4, 5). The slope is computed as follows: 


_ Changeny  yyo-y, 5-3 2 2 


Change inx x9 x, —4-( lL a 2 
The situation is illustrated in Figure 2.21. The slope of the line is —. For every 
vertical change of —2 units (2 units down), there is a corresponding horizontal 
change of 3 units. The slope is negative and the line falls from left to right. 


y 
(-4, 5) 
5+ 


Rise: —2 units 
Run: 3 units 27] 


13 — t t> Xx 
-§-4-3-2-1, | 

i324 
23+ 
—4t 
54 


Figure 2.21 Visualizing a slope of -* Hi 


CHECK POINT 2__ Find the slope of the line passing through each pair of points: 
a. (—3, 4) and (—4, —2) b. (4,—2) and (-1, 5). 


Example 2 illustrates that a line with a positive slope is rising from left to right and 
a line with a negative slope is falling from left to right. By contrast, a horizontal line 
neither rises nor falls and has a slope of zero. A vertical line has no horizontal change, 
SO X2 — x; = Oin the formula for slope. Because we cannot divide by zero, the slope of 
a vertical line is undefined. This discussion is summarized in Table 2.1. 


IE\a(A Possibilities for a Line’s Slope 


Positive Slope Negative Slope Zero Slope Undefined Slope 
y y y y 
m=0 
mis 
m>o Ee) undefined. 
x x Xx x 


Line rises from left to right. Line falls from left to right. Line is horizontal. Line is vertical. 
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(0, 4) 


The x-intercept is —2. 


The y-intercept is 4. 


5-4-3 


}—+}—+ + + > 
| 1.203.405 


x 


Figure 2.22 The graph of y = 2x + 4 


y-intercept is b. 


Slope is 7. 


This point 
is arbitrary. 


Figure 2.23 A line with slope m 


and y-intercept b 


Functions and Linear Functions 


Great Question! 
Is it OK to say that a vertical line has no slope? 
Always be clear in the way you use language, especially in mathematics. For example, it’s 


not a good idea to say that a line has “no slope.” This could mean that the slope is zero or 
that the slope is undefined. 


The Slope-Intercept Form of the Equation of a Line 


We opened this section with a linear function that modeled child mortality as a function 
of literacy. The function’s equation can be expressed as 


y = —2.39x + 254.47 or f(x) = —2.39x + 254.47. 


What is the significance of —2.39, the x-coefficient, or of 254.47, the constant term? 
To answer this question, let’s look at an equation in the same form with simpler 
numbers. In particular, consider the equation y = 2x + 4. 

Figure 2.22 shows the graph of y = 2x + 4. Verify that the x-intercept is —2 by 
setting y equal to 0 and solving for x. Similarly, verify that the y-intercept is 4 by setting 
x equal to 0 and solving for y. 

Now that we have two points on the line, we can calculate the slope of the graph of 
y=2x+ 4. 

SI _ Change in y 
— Change in x 
_ 4-0 4 
0O-(-2) 2 
We see that the slope of the line is 2, the same as the coefficient of x in the equation 
y = 2x + 4. The y-intercept is 4, the same as the constant in the equation y = 2x + 4. 


=2 


y=2x+4 


The slope is 2. The y-intercept is 4. 

It is not merely a coincidence that the x-coefficient is the line’s slope and the constant 
term is the y-intercept. Let’s find the equation of any nonvertical line with slope m 
and y-intercept b. Because the y-intercept is b, the point (0, b) lies on the line. Now, 
let (x, y) represent any other point on the line, shown in Figure 2.23. Keep in mind that 
the point (x, y) is arbitrary and is not in one fixed position. By contrast, the point (0, b) 
is fixed. 

Regardless of where the point (x, y) is located, the steepness of the line in Figure 2.23 
remains the same. Thus, the ratio for slope stays a constant m. This means that for all 
points along the line, 


_ Changeiny y-—b_y-—b 
Changeinx x-—0O x 


We can clear the fraction by multiplying both sides by x, the least common denominator. 


—b 
m= sd a This is the slope of the line in Figure 2.23. 
y—b 
mx = " oe Multiply both sides by x. 
=D 
mx=y—b Simplify: +x = y— b 


m+b=y-b+b 
mx+b=y 


Add b to both sides and solve for y. 

Simplify. 

Now, if we reverse the two sides, we obtain the slope-intercept form of the equation 
of a line. 


3 | Find a line’s slope and 
y-intercept from its 
equation. 


Great Question! 


Which are the variables 
and which are the 
constants in the slope- 
intercept equation 
y=mx +b? 


The variables in y = mx + b 


vary in different ways. The 
values for slope, m, and 


y-intercept, b, vary from one 


line’s equation to another. 
However, they remain 


constant in the equation of a 


single line. By contrast, the 
variables x and y represent 
the infinitely many points, 
(x, y), on a single line. Thus, 
these variables vary in both 
the equation of a single line, 


as well as from one equation 


to another. 
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Slope-Intercept Form of the Equation of a Line 


The slope-intercept form of the equation of a nonvertical line with slope m and 
y-intercept b is 


y=mx + bd. 


The slope-intercept form of a line’s equation, y = mx + b, can be expressed in 
function notation by replacing y with f(x): 


f(x) = mx + b. 


We have seen that functions in this form are called linear functions. Thus, in the 
equation of a linear function, the x-coefficient is the line’s slope and the constant term 
is the y-intercept. Here are two examples: 


f(x) = ag +2. 


y=2x-4 5) 


The slope is 2. The y-intercept is —4. The y-intercept is 2. 


The slope is }. 


If a linear function’s equation is in standard form, Ax + By = C, do you see how 
we can identify the line’s slope and y-intercept? Solve the equation for y and convert 
to slope-intercept form. 


Converting from Standard Form to 
Slope-Intercept Form 


Give the slope and the y-intercept for the line whose equation is 


5x + 3y = -12. 


Solution Weconvert 5x + 3y = —12 toslope-intercept form by solving the equation 
for y. In this form, the coefficient of x is the line’s slope and the constant term is the 
y-intercept. 

5x + 3y = —-12 This is the given equation in standard 
form, Ax + By = C. 


Our goal is 
to isolate y. 


5x — 5x + 3y = —5x — 12 Add —5x to both sides. 


3y = —5x - 12 Simplify. 
3y —5x — 12 
= Divide both sides by 3. 
3 3 
5 ind : 
ya ae —4 Divide each term in the numerator by 3. 


The slope is -3. The y-intercept is—4. ws 


'/| CHECK POINT 3 
equation is 8x — 4y = 20. 


Give the slope and the y-intercept for the line whose 
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4 | Graph linear functions If a linear function’s equation is in slope-intercept form, we can use the y-intercept 


in slope-intercept form. and the slope to obtain its graph. 


Graphing y = mx + b Using the Slope and y-Intercept 
1. Plot the point containing the y-intercept on the y-axis. This is the point (0, b). 


2. Obtain a second point using the slope, m. Write m as a fraction, and use rise 
over run, starting at the point on the y-axis, to plot this point. 


3. Use a straightedge to draw a line through the two points. Draw arrowheads at 
the ends of the line to show that the line continues indefinitely in both directions. 


Graphing by Using the Slope and y-Intercept 


Graph the line whose equation is y = 3x — 4. 


Solution The equation y = 3x — 4 isin the form y = mx + b. The slope, m, is the 
coefficient of x. The y-intercept, b, is the constant term. 


y = 3x + (-4) 
The slope is 3. The y-intercept is —4. 


Now that we have identified the slope and the y-intercept, we use the three-step 
procedure to graph the equation. 


Step 1. Plot the point containing the y-intercept on the y-axis. The y-intercept is —4. We 
plot the point (0, —4), shown in Figure 2.24(a). 


Great Question! Step 2. Obtain a second point using the slope, m. Write m as a fraction, and use rise 
If the slope is an integer, over run, starting at the point on the y-axis, to plot this point. We express the slope, 3, 
such as 3, why should as a fraction. 
| express it as — for oe 2 = Rise 
graphing purposes? 1 Run 
Writing the slope, m, We plot the second point on the line by starting at (0, —4), the first point. Based on the 
as a fraction allows you slope, we move 3 units up (the rise) and 1 unit to the right (the run). This puts us at a 
to identify the rise (the second point on the line, (1, —1), shown in Figure 2.24(b). 


fraction’s numerator) and 
the run (the fraction’s 
denominator). 


Step 3. Use a straightedge to draw a line through the two points. The graph of 
y = 3x — 4is shown in Figure 2.24(c). 


y y 

5 5 

4 4 

3 3 

2 2 

1 Run =1 1 
t +—+—}—+ + > X : t > Xx 

wir403.-201,4.1..2..3.4.5 ~5-4-3-2-1, 2.3.4 5 

2 —2 
23 Rise = =3 
4 y-intercept: —4 4 y-intercept: —4 
=) =) 


Figure 2.24 Graphing y = 3x — 4 using the y-intercept and slope ™ 


/| CHECK POINT 4 _ Graph the line whose equation is y = 4x — 3. 


Figure 2.25 The graph of 
f(x) = Sx +2 


5 | Graph horizontal or 
vertical lines. 


+} +—+—+—+—+ > X 
wi7403-20141.1..2..3.4.5 


—2+. y-intercept is —4. 
(2-4) "Tey 

L5 10, -4) 

6+ 


Figure 2.26 The graph of y = —4 
or f(x) = —4 
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Graphing by Using the Slope and y-Intercept 


3 
Graph the linear function: f(x) = 5% + 2. 
Solution The equation of the line is in the form f(x) = mx + b. We can find the 
slope, m, by identifying the coefficient of x. We can find the y-intercept, b, by identifying 
the constant term. 


f(x) = -3x +2 


The slope is -3, The y-intercept is 2. 


Now that we have identified the slope, — 3, and the y-intercept, 2, we use the three-step 
procedure to graph the equation. 
Step 1. Plot the point containing the y-intercept on the y-axis. The y-intercept is 2. We 
plot (0, 2), shown in Figure 2.25. 
Step 2. Obtain a second point using the slope, m. Write m as a fraction, and use rise 
over run, starting at the point on the y-axis, to plot this point. The slope, — 3, is already 
written as a fraction. 

3-3 _ Rise 

2 2 Run 
We plot the second point on the line by starting at (0, 2), the first point. Based on the 
slope, we move 3 units down (the rise) and 2 units to the right (the run). This puts us at 
a second point on the line, (2, —1), shown in Figure 2.25. 


m= 


Step 3. Use a straightedge to draw a line through the two points. The graph of the 
linear function f(x) = —3x + 2 is shown as a blue line in Figure 2.25. a 


Discover for Yourself 


Obtain a second point in Example 5 by writing the slope as follows: 


3} Rise -3 can be expressed 


— : Ss 
—2 Run WB ep Us sey 


i 


Obtain a second point in Figure 2.25 by moving up 3 units and to the /eft 2 units, starting at 
(0, 2). What do you observe once you draw the line? 


2 
\/| CHECK POINT5 Graph the linear function: f(x) = — 3 


Equations of Horizontal and Vertical Lines 


If a line is horizontal, its slope is zero: m = 0. Thus, the equation y = mx + b becomes 
y = b, where bis the y-intercept. All horizontal lines have equations of the form y = b. 


Graphing a Horizontal Line 


Graph y = —4 in the rectangular coordinate system. 

Solution All ordered pairs that are solutions of x | y=-4 (x, y) 
y = —4 have a value of y that is always —4. Any value 5) 4 (2, -4) 
can be used for x. In the table on the right, we have i = (0 a 
selected three of the possible values for x: —2, 0, and : 

3. The table shows that three ordered pairs that are 3 “4 (3, -4) 


solutions of y = —4 are (—2, —4), (0, —4), and (3, —4). 
Drawing a line that passes through the three points For all yisa 
gives the horizontal line shown in Figure 2.26. eholoecoltis, (Hannan: 
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'/| CHECK POINT6 Graph y = 3 in the rectangular coordinate system. 


Equation of a Horizontal Line 


A horizontal line is given by an equation of the form 


=i 


where b is the y-intercept. 


x 


Because any vertical line can intersect the graph of a horizontal line y = 5 only 
once, a horizontal line is the graph of a function. Thus, we can express the equation 
y = bas f(x) = b. This linear function is often called a constant function. 

Next, let’s see what we can discover about the graph of an equation of the form 
x = a by looking at an example. 


Graphing a Vertical Line 


Graph the linear equation: x = 2. 


Solution All ordered pairs that are solutions of 


° For all choices of y, 
x = 2 have a value of x that is always 2. Any value 


can be used for y. In the table on the right, we have x=2 1] y | (xy) 
selected three of the possible values for y: —2, 0, 5 2 | (2,2) 
and 3. The table shows that three ordered pairs that x is - 
are solutions of x = 2 are (2,—2), (2,0), and (2,3). always 2. ss 0 | 29) 
Drawing a line that passes through the three points 2 (2, 3) 


gives the vertical line shown in Figure 2.27. & 


Figure 2.27 The graph of x = 2 


Equation of a Vertical Line 


A vertical line is given by an equation of the form 


x =a, 


where a is the x-intercept. 


Does a vertical line represent the graph ofa linear function? No. Look at the graph of 
x = 2 in Figure 2.27. A vertical line drawn through (2, 0) intersects the graph infinitely 
many times. This shows that infinitely many outputs are associated with the input 2. 
No vertical line is a linear function. 


'\/| CHECK POINT7 Graph the linear equation: x = —3. 


Great Question! 


How can equations of horizontal and vertical lines fit into the standard form of a 
line’s equation, Ax + By = C, which contains two variables? 


The linear equations in Examples 6 and 7, y = —4 and x = 2, each show only one variable 


e y=—4means 0x + ly = —4. 
° = 2 means 1x + Oy = 2. 


6 | Interpret slope as rate 
of change. 


Average Fuel Efficiency 


(miles per gallon) 
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Slope as Rate of Change 


Slope is defined as the ratio of a change in y to a corresponding change in x. It describes 
how fast y is changing with respect to x. For a linear function, slope may be interpreted 
as the rate of change of the dependent variable per unit change in the independent 
variable. 

Our next example shows how slope can be interpreted as a rate of change in an 
applied situation. When calculating slope in applied problems, keep track of the units 
in the numerator and the denominator. 


Slope as a Rate of Change 


The line graph in Figure 2.28 shows the average fuel efficiency, in miles per gallon, of 
new U.S. passenger cars for selected years from 1955 through 2009. Find the slope of 
the steepest line segment. Describe what this slope represents. 


Average Fuel Efficiency of New U.S. Passenger Cars 


357. 
L (1980, 22.6) 
™ Minimum fuel 
25-- Re Maximum fuel 
1970, 14.1 ici 
20 Steepest line segment: ree 


Fuel efficiency increased 
at the greatest rate from 
10F (1965, 15.4) (1975, 15.1} 1975 through 1980. 


15 


| | | | | | | | | | | 
1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 ’09 


‘Year 


Figure 2.28 


Source: U.S. Department of Transportation 


Solution We will let x represent a year and y the average fuel efficiency for that year. 
The two points shown on the steepest line segment have the following coordinates: 


(1975,15.1) and — (1980, 22.6). 


In 1975, average fuel In 1980, average fuel 
efficiency was 15.1 mpg. efficiency was 22.6 mpg. 


Now we compute the slope. 


The unit in the numerator 
_ Changeiny = 22.6 — 15.1 is miles per gallon. 


Change in x 1980 — 1975 The unit in the denominator 


75 is year. 
=— =15 
5 


The slope indicates that from 1975 through 1980, fuel efficiency increased by 1.5 miles 
per gallon each year. The rate of change is an increase of 1.5 miles per gallon 
per year. & 


'\/| CHECK POINT 8 Use the graph in Figure 2.28 to find the slope of the line 
segment for the period from 1965 through 1970. Describe what this slope represents. 
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Find a function’s 
average rate of change. 


Functions and Linear Functions 


The Average Rate of Change of a Function 


If the graph of a function is not a straight line, the average rate of change between any 
two points is the slope of the line containing the two points. For example, Figure 2.29 
shows the graph of a particular man’s height, in inches, as a function of his age, in years. 
Two points on the graph are labeled (13, 57) and (18, 76). At age 13, this man was 
57 inches tall, and at age 18, he was 76 inches tall. 


(18, 76) 


(13, 57) 


Height (inches) 


> X 


lf 
ee ee aa 


Age (years) 
Figure 2.29 Height as a function of age 


The man’s average growth rate between ages 13 and 18 is the slope of the line 
containing (13, 57) and (18, 76): 
_ Changeiny 76-57 19 4 


1-3 5 5° 


an Change inx — 
This man’s average rate of change, or average growth rate, from age 13 to age 18 was 
3%, or 3.8, inches per year. 

For any function, y = f(x), the slope of the line between any two points is the 
average change in y per unit change in x. 


| EXAMPLE 9 | Finding the Average Rate of Change 


When a person receives a drug injected 
into a muscle, the concentration of the 
drug in the body, measured in milligrams 
per 100 milliliters, is a function of the time 
elapsed after the injection, measured in hours. 
Figure 2.30 shows the graph of such a function, 


S 
S 
rox 


0.05 


S 
> 
a4 


where x represents hours after the injection 
and f(x) is the drug’s concentration at time x. 
Find the average rate of change in the drug’s 
concentration between 3 and 7 hours. 


Solution At3 hours, the drug’s concentration 
is 0.05 and at 7 hours, the concentration is 0.02. 
The average rate of change in its concentration 
between 3 and 7 hours is the slope of the line 
connecting the points (3, 0.05) and (7, 0.02). 


_ Changeiny — 0.02 — 0.05 _ —0.03 _ 


S 
S 
S 


oO 
fo) 
pt 


(milligrams per 100 milliliters) 
j=) 
j=) 
Ww 


Drug Concentration in the Blood 


| 
0 2 4 6 8 10 12 
Time (hours) 


Figure 2.30 Concentration of a drug asa 
function of time 


0.0075 


Change in x L=3 


4 


The average rate of change is —0.0075. This means that the drug’s concentration is 
decreasing at an average rate of 0.0075 milligram per 100 milliliters per hour. & 
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Great Question! 


Can you clarify how you determine the units that you use when describing slope 
as a rate of change? 


Units used to describe x and y tend to “pile up” when expressing the rate of change of y 
with respect to x. The unit used to express the rate of change of y with respect to x is 


the unit used the unit used 
to describe y per to describe x. 


A A 


In Figure 2.30, y, or In Figure 2.30, x, or 

drug concentration, is time, is described in hours. 
described in milligrams 
per 100 milliliters. 


In Example 9, the rate of change is described in terms of milligrams per 100 milliliters 
per hour. 


'\/| CHECK POINT9 Use Figure 2.30 to find the average rate of change in the 
drug’s concentration between 1 hour and 3 hours. 


Blitzer Bonus 
How Calculus Studies Change 


Take a rapid sequence of still photographs of a moving scene and project them onto a screen 
at thirty shots a second or faster. Our eyes see the results as continuous motion. The small 
difference between one frame and the next cannot be detected by the human visual system. 
The idea of calculus likewise regards continuous motion as made up of a sequence of still 
configurations. Calculus masters the mystery of movement by “freezing the frame” of a 
continuous changing process, instant by instant. For example, Figure 2.31 shows a male’s 
changing height over intervals of time. Over the period of time from P to D, his average rate 
of growth is his change in height —that is, his height at time D minus his height at time P— 
divided by the change in time from P to D. This is the slope of line PD. 

The lines PD, PC, PB, and PA shown in Figure 2.31 have slopes that show average 
growth rates for successively shorter periods of time. Calculus makes these time frames 
so small that they approach a single point—that is, a single instant in time. This point is 
shown as point P in Figure 2.31. The slope of the line that touches the graph at P gives the 
male’s growth rate at one instant in time, P. 


Figure 2.31 Analyzing continuous growth over intervals of time and at an instant in time 
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8 | Use slope and 
y-intercept to model 
data. 


Functions and Linear Functions 


Modeling Data with the Slope-Intercept Form 
of the Equation of a Line 


Our planet has been heating up for more than a century. Many experts have concluded 


that the increase in the amount of carbon dioxide in the atmosphere has been at 


Average Global Temperature 
(degrees Fahrenheit) 


1900 1940 1980 2009 


Year 


Figure 2.32(a) 


Source: National Oceanic and Atmospheric Administration 


. Use the scatter plot in Figure 2.32(b) to find a function in the form T(x) = mx + b 


Years after 1900 


Figure 2.32(b) 


least partly responsible for 
the increase in global surface 
temperature. The bar graph in 
Figure 2.32(a) shows the average 
global temperature for selected 
years from 1900 through 2009. 
The data are displayed as a set 
of four points in the scatter plot 
in Figure 2.32(b). 

Also shown on the scatter 
plot in Figure 2.32(b) is a line 
that passes through or near the 
four points. Linear functions are 
useful for modeling data that 
fall on or near a line. Example 
10 illustrates how we can use 
the equation y= mx +b to 
obtain a model for the data and 
make predictions about global 
warming in the future. 


Modeling with the Slope-Intercept Form 
of the Equation 


that models average global temperature, T(x), in degrees Fahrenheit, x years after 


1900. 


global temperature in 2050. 


Solution 


a. 


. If the trend shown by the data continues, use the model to project the average 


We will use the line passing through the points (0, 56.58) and (109, 57.99) to obtain 
a model. We need values for m, the slope, and b, the y-intercept. 


T(x) = mx + b 


_ Change in y 
ee Change in x 


ae 57.99 — 56.58 mor 


109-0 


The point (0, 56.58) lies on 
the line, so the y-intercept 
is 56.58: b = 56.58. 


Average global temperature, 7(x), in degrees Fahrenheit (°F), x years after 1900 
can be modeled by the linear function 


T(x) = 0.01x + 56.58. 


The slope, approximately 0.01, indicates an increase in average global temperature 
of 0.01° Fahrenheit per year from 1900 through 2009. 
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b. Now let’s use this function to project average global temperature in 2050. Because 
2050 is 150 years after 1900, substitute 150 for x in T(x) = 0.01x + 56.58 and 
evaluate the function at 150. 


T(150) = 0.01(150) + 56.58 = 1.5 + 56.58 = 58.08 
Our model projects an average global temperature of 58.08°F in 2050. & 


CHECK POINT 10 In our chapter opener, we noted that some scientists 
believe that there is a strong correlation between carbon dioxide concentration and 
global temperature. The amount of carbon dioxide in the atmosphere, measured 
in parts per million, has been increasing as a result of the burning of oil and coal. 
The buildup of gases and particles is believed to trap heat and raise the planet’s 
temperature. The pre-industrial concentration of atmospheric carbon dioxide was 
280 parts per million. The bar graph in Figure 2.33(a) shows the average atmospheric 
concentration of carbon dioxide, in parts per million, for selected years from 1950 
through 2009. The data are displayed as a set of four points in the scatter plot in 
Figure 2.33(b). 


Average Atmospheric Concentration of Carbon Dioxide 
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Source: National Oceanic and Atmospheric Administration 


a. Use the line in the scatter plot in Figure 2.33(b) to find a function in the form 
C(x) = mx + b that models average atmospheric concentration of carbon 
dioxide, C(x), in parts per million, x years after 1950. Round m to two decimal 
places. 

b. If the trend shown by the data continues, use your model from part (a) to project 
the average atmospheric concentration of carbon dioxide in 2050. 
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CONCEPT AND VOCABULARY CHECK 


Filli 
1. 


es enon 


11. 


12. 
13. 
14. 


n each blank so that the resulting statement is true. 

Data presented in a visual form as a set of points is called a/an . A line that best fits this set of points is called a/an 
line. 

The equation Ax + By = C, where A and B are not both zero, is called the form of the equation of a line. 

The x-coordinate of a point where a graph crosses the x-axis is called a/an . The y-coordinate of such a point is 

always 

The y-coordinate of a point where a graph crosses the y-axis is called a/an . The x-coordinate of such a point is 

always 

The slope, m, of a line through the distinct points (x,, y,) and (x9, y2) is given by the formula m = 

If a line rises from left to right, the line has slope. 

If a line falls from left to right, the line has slope. 

The slope of a horizontal line is 

The slope of a vertical line is 


The slope-intercept form of the equation of a line is , where m represents the and b represents 

the 

In order to graph the line whose equation is y = 5* + 3, begin by plotting the point . From this point, we move 
units up (the rise) and units to the right (the run). 

The graph of the equation y = 3 is a/an line. 

The graph of the equation x = —2 is a/an line. 

The slope of the line through the distinct points (x;, y,) and (x, y2) can be interpreted as the rate of change in 


with respect to 


EB @& 
2.4 EXERCISE SET [MM)’M Eten) il tt nee 


Practice Exercises 16. (3, 1) and (5, 4) 
In Exercises 1-1 4, use intercepts and a checkpoint to graph 47. (-1,4) and (2, 5) 
each linear function. 
ee Vat 2a 2 18. (—3,—2) and (2,5) 
3. x 4 oy — 6 4. 2x+y=4 19. (2,5) and (-1, 5) 
5. 6x — 2y = 12 6. 6x — 9y = 18 20. (—6,—3) and (4, —3) 
t. 34 = y—"6 8 x—-4y=8 
pegs aes 21. (-7, 1) and (—4,-3) 
9. x-3y=9 105 24 — y—5 
11. 2x =3y-- 6 12) 3% — Sy = 15 22. (2,—1) and (—6, 3) 
13: 6% — 3y — 15 14. 8& — 2y = 12 23. (—7,—4) and (-3, 6) 
In Exercises 15-26, find the slope of the line passing through 24. (—3, —4) and (—1, 6) 
each pair of points or state that the slope is undefined. Then a a fi 
indicate whether the line through the points rises, falls, 25. (Z. -2) and (Z. 1) 


is horizontal, or is vertical. 


15 


. (2,4) and (3, 8) (3.-6) and (3.2) 
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In Exercises 27-28, find the slope of each line. 48. 7x + 2y = 14 

aa In Exercises 49-62, graph each equation in a rectangular 
coordinate system. 
49. y=3 50. y=5 51. f(x) = —-2 
52. f(x) =—4 53. 3y = 18 54. Sy = —30 
55. f(x) =2 56. f(x) =1 57. x =5 
58. x = 4 59. 3x = —-12 60. 4x = —-12 
61. x =0 62. y=0 


28. Practice PLUS 


In Exercises 63-66, find the slope of the line passing through 
each pair of points or state that the slope is undefined. Assume 
that all variables represent positive real numbers. Then indicate 
whether the line through the points rises, falls, is horizontal, or 
is vertical. 


63. (0, a) and (b, 0) 
64. (—a, 0) and (0,—b) 
65. (a,b) and (a,b + c) 


In Exercises 29-40, give the slope and y-intercept of each line 66. (a — b,c) and (a,a + c) 
whose equation is given. Then graph the linear function. 


In Exercises 67-68, give the slope and y-intercept of each line 
295 y= 2x = Ml whose equation is given. Assume that B # 0. 


30. y= 3x +2 67. Ax + By=C 
31. y——2x 7 1 
32. y=-3x +2 


68. Ax = By —C 


In Exercises 69-70, find the value of y if the line through the 


3 
33. f(x) = Fa 2 two given points is to have the indicated slope. 

3 69. (3, y) and (1,4),m = —3 
34. f(x) =—x — 3 iL 

4 ? 70. (—2, y) and (4,—4),m = 3 
sr iy oa a v In Exercises 71-72, graph each linear function. 

2 es 

36. f(x) = 3x + 6 71. 3x — 4f(x) = 6 

i 1 72. 6x — 5f(x) = 20 
ry oo ae 73. If one point on a line is (3,—1) and the line’s slope is —2, 

find the y-intercept. 
4 1 3 

2 je ae 74. If one point on a line is (2,—6) and the line’s slope is — = 


find the y-intercept. 
In Exercises 41-48, 
a. Rewrite the given equation in slope-intercept form by 
solving for y. y 


Use the figure to make the lists in Exercises 75-76. 


b. Give the slope and y-intercept. y=mxtb, 


c. Use the slope and y-intercept to graph the linear 
function. y= myx + by 


41. 2x +y =0 me 
y=m3x + b3 

42, 36 y — 0 

43. Sy = 4x y=myxtby 


44. 4y = 3x 

75. List the slopes m1, m2, m3, and mz, in order of decreasing 
45. 3x +y=2 Sie: 
46. 2x+y=4 76. List the y-intercepts b,,b,,b3, and b, in order of 
47. 5x + 3y = 15 decreasing size. 
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Application Exercises 


In Exercises 77-80, a linear function that models data is 
described. Find the slope of each model. Then describe what 
this means in terms of the rate of change of the dependent 
variable per unit change in the independent variable. 


77. The linear function f(x) = 55.7x + 60.1 models the 
number of smartphones sold in the United States, f(x), 
in millions, x years after 2006. (Source: Newsweek, April 11, 
2011) 


78. The linear function f(x) = 2x + 10 models the amount, 
f(x), in billions of dollars, that the drug industry spent 
on marketing information about drugs to doctors x years 
after 2000. (Source: IMS Health) 


79. The linear function f(x) = —0.52x + 24.7 models the 
percentage of U.S. adults who smoked cigarettes, f(x), 
x years after 1997. (Source: National Center for Health Statistics) 


80. The linear function f(x) = —0.28x + 1.7 models the 
percentage of U.S. taxpayers who were audited by the 
IRS, f(x), x years after 1996. (Source: IRS) 


Divorce rates are typically higher for couples who marry 
in their teens. The graph shows the percentage of marriages 
ending in divorce by wife’s age at marriage. Use the 
information shown to solve Exercises 81-82. 


Percentage of Marriages Ending in 
Divorce by Wife’s Age at Marriage 


60% - 
n 
&b » 00% Under age 18 
oO 
8 40% F 
eye) 
Se 30% 
ae 
a 20%> | Over age 25 
3 
2 10% 


0 5) 10 15 
Years after Marriage 


Source: National Center for Health Statistics 


81. a. What percentage of marriages in which the wife is 
under 18 when she marries end in divorce within the 
first five years? 


b. What percentage of marriages in which the wife is 
under 18 when she marries end in divorce within the 
first ten years? 


c. Find the average rate of change in the percentage of 
marriages ending in divorce between five and ten years 
of marriage in which the wife is under 18 when she 
marries. 


82. 


83. 


Under-Five Mortality 


(per thousand) 


a. What percentage of marriages in which the wife is over 
age 25 when she marries end in divorce within the first 
five years? 


b. What percentage of marriages in which the wife is over 
age 25 when she marries end in divorce within the first 
ten years? 


c. Find the average rate of change in the percentage of 
marriages ending in divorce between five and ten years 
of marriage in which the wife is over age 25 when she 
matries. 


Shown, again, is the scatter plot that indicates a relationship 
between the percentage of adult females in a country who 
are literate and the mortality of children under five. Also 
shown is a line that passes through or near the points. 


y Literacy and Child Mortality 


50 © jeo* 
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Percentage of Adult Females Who Are Literate 


Source: United Nations Development Programme 


84. 


a. According to the graph, what is the y-intercept 
of the line? Describe what this represents in this 
situation. 


b. Use the coordinates of the two points shown to compute 
the slope of the line. Describe what this means in terms 
of the rate of change. 


c. Use the y-intercept from part (a) and the slope from 
part (b) to write a linear function that models child 
mortality, f(x), per thousand, for children under five 
in a country where x% of adult women are literate. 


d. Use the function from part (c) to predict the mortality 
rate of children under five in a country where 50% of 
adult females are literate. 


On Super Bowl Sunday, viewers of the big game expect to 
be entertained by commercials that offer an upbeat mix 
of punch lines, animal tricks, humor, and special effects. 
The price tag for a 30-second ad slot also follows tradition, 
up to an average of $3 million in 2009 from $2.7 million in 
2008. The scatter plot shows the cost, in millions of dollars, 
of 30 seconds of ad time in the Super Bowl from 2003 
through 2009. Also shown is a line that passes through or 
near the seven data points. 


y Cost of 30 Seconds of 

4 Ad Time during the Super Bowl 
$3.2 
$3.0 F e 


Cost per 30 Seconds 
(millions of dollars) 


0 1 2 3 4 5 6 
Years after 2003 


Source: TNS Media Intelligence 


a. Use the coordinates of the two points shown to compute 
the slope of the line. Describe what this means in terms 
of the rate of change. 


b. Use the y-intercept shown and the slope from part (a) to 
write a linear function that models the cost of 30 seconds 
of ad time during the Super Bowl, C(x), in millions of 
dollars, x years after 2003. 


c. Use the function from part (b) to project the cost of 
30 seconds of ad time in the Super Bowl in 2013. 


Grade Inflation in U.S. High Schools 

In recent decades, high school teachers have given higher and 
higher grades to students. The bar graph shows the percentage 
of grades of A and C for high school students entering college. 


High School Grades 
of Students Entering College 
60% 
50% AT% len 
: a m 2008 


40% 


30% 
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Source: UCLA Higher Education Research Institute 


In Exercises 85-86, find a linear function in slope-intercept 
form that models the given description. Each function should 
model the percentage of the particular high school grade, P(x), 
of students entering college x years after 1968. 


85. In 1968, 18% of the grades for students entering college were 
A (A+, A, or A—). This has increased at an average rate 
of approximately 0.725% per year since then. 


86. In 1968, 23% of the grades for students entering college 
were C (C+, C, or C—). This has decreased at an 
average rate of approximately 0.45% per year since then. 
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Writing in Mathematics 
87. What is a scatter plot? 
88. What is a regression line? 
89. What is the standard form of the equation of a line? 
90. What is an x-intercept of a graph? 
91. What is a y-intercept of a graph? 
92. If you are given the standard form of the equation of a 
line, explain how to find the x-intercept. 
93. If you are given the standard form of the equation of a 
line, explain how to find the y-intercept. 
94. What is the slope of a line? 
95. Describe how to calculate the slope of a line passing 
through two points. 
96. What does it mean if the slope of a line is zero? 
97. What does it mean if the slope of a line is undefined? 
98. Describe how to find the slope of a line whose equation 
is given. 
99. Describe how to grapha line using the slope and y-intercept. 
Provide an original example with your description. 
100. Describe the graph of y = b. 
101. Describe the graph of x = a. 
102. Ifthe graph ofa function is not a straight line, explain how 
to find the average rate of change between two points. 


103. Take another look at the scatter plot in Exercise 83. 
Although there is a relationship between literacy and 
child mortality, we cannot conclude that increased 
literacy causes child mortality to decrease. Offer two or 
more possible explanations for the data in the scatter plot. 


Technology Exercises 


104. Use a graphing utility to verify any three of your hand- 
drawn graphs in Exercises 1-14. Solve the equation for y 
before entering it. 


In Exercises 105-108, use a graphing utility to graph each 


linear function. Then use the | TRACE | feature to trace along 
the line and find the coordinates of two points. Use these points 
to compute the line’s slope. Check your result by using the 
coefficient of x in the line’s equation. 


105. y=2x+4 106. y = —3x + 6 


107. f(x) = ~ 3x = 5) 
108. f(x) = ox =) 


Critical Thinking Exercises 


Make Sense? In Exercises 109-112, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


109. The graph of my linear function at first rose from left to 
right, reached a maximum point, and then fell from left 
to right. 
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110. 


111. 


112. 


A linear function that models tuition and fees at public 
four-year colleges from 2000 through 2010 has negative 
slope. 

The function S(x) = 49,100x + 1700 models the 
average salary for a college professor, S(x), x years after 
2000. 

The federal minimum wage was $5.15 per hour 
from 1997 through 2006, so f(x) =5.15 models 
the minimum wage, f(x), in dollars, for the domain 
(1997, 1998; 1999. 3.42006}. 


In Exercises 113-116, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


113. 


114. 


115. 


116. 


A linear function with nonnegative slope has a graph that 
rises from left to right. 


Every line in the rectangular coordinate system has 
an equation that can be expressed in slope-intercept 
form. 


The graph of the linear function 5x + 6y = 30 is a line 
5 
passing through the point (6, 0) with slope — 6 


The graph of x = 7 in the rectangular coordinate system 
is the single point (7, 0). 


In Exercises 117-118, find the coefficients that must be placed 
in each shaded area so that the function’s graph will be a line 
satisfying the specified conditions. 


119. For the linear function 
f(x) = mx + b, 
a. Find f(x, + x2). 
b. Find f(x,) + f(x). 
c. Is f(xy + x2) = flrs) + fla)? 


Review Exercises 
4 2 
120. Simplify: (= 
y 


2 
>) . (Section 1.6, Example 9) 


121. Multiply and write the answer in scientific notation: 
(8 x 10°7)(4 x 10°). 
(Section 1.7, Example 4) 
122. Simplify: 5 — [3(x — 4) — 6x]. 
(Section 1.2, Example 14) 


Preview Exercises 


Exercises 123-125 will help you prepare for the material 
covered in the next section. 


123. Write the equation y — 5 = 7(x + 4) in slope-intercept 
form. 


124. Write the equation y+3= Fo — 1) in slope- 


intercept form. 


125. The equation of a line isx + 4y — 8 = 0. 


117. x+ = 12; x-intercept = —2; y-intercept = 4 a. Write the equation in slope-intercept form and 
determine the slope. 
118. coe y = 12; y-intercept = —6; slope = iu b. The product of the line’s slope in part (a) and the 
2 slope of a second line is —1. What is the slope of the 
second line? 
The Point-Slope Form of the Equation 
of a Line 
Objectives 


@ Use the point-slope 
form to write equations 
of a line. 

2 | Model data with linear 
functions and make 
predictions. 

3 | Find slopes and 
equations of parallel 
and perpendicular lines. 


If present trends continue, is it possible that our descendants could live to be 200 
years of age? To answer this question, we need to develop a function that models life 
expectancy by birth year. In this section, you will learn to use another form of a line’s 
equation to obtain functions that model data. 


>< 


This point is arbitrary. 


Slope is 7. (xy) 


(1, ¥1) 


This point is fixed. 


> X 


Figure 2.34 A line passing through 
(x1, ¥1) with slope m 


Great Question! 


When using 

y —Y1 =m(x — x,), for 
which variables do | 
substitute numbers? 
When writing the point-slope 
form of a line’s equation, 
you will never substitute 
numbers for x and y. You 
will substitute values for 
X1,y,, and m. 


1 | Use the point-slope 
form to write equations 
of a line. 
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Point-Slope Form 


We can use the slope of a line to obtain another useful form of the line’s equation. 
Consider a nonvertical line that has slope m and contains the point (x,, y,). Now, let 
(x, y) represent any other point on the line, shown in Figure 2.34. Keep in mind that the 
point (x, y) is arbitrary and is not in one fixed position. By contrast, the point (x;, y1) 
is fixed. 

Regardless of where the point (x, y) is located, the steepness of the line in Figure 2.34 
remains the same. Thus, the ratio for slope stays a constant m. This means that for all 
points (x, y) along the line 


_ Changeiny yy, 


Changeinx x - Xx, 


We can clear the fraction by multiplying both sides by x — x,, the least common 
denominator, where x — x, # 0. 


ee ae A 


m >= ene This is the slope of the line in Figure 2.34. 
~ Aq 
_ yy : ; 
mx — x1) = =a (= ey) Multiply both sides by x — x. 
~ AY 
mx -—x)=y-y Simplify: a. (x-%) =y— M- 
—% 


Now, if we reverse the two sides, we obtain the point-slope form of the equation of a 
line. 


Point-Slope Form of the Equation of a Line 


The point-slope form of the equation of a nonvertical line with slope m that passes 
through the point (x,, y;) is 


y= Ve Ia = 4). 


For example, the point-slope form of the equation of the line passing through (1, 5) 
with slope 2 (m = 2) is 


y-—5=2(x - 1). 


Using the Point-Slope Form to Write a Line’s Equation 


If we know the slope of a line and a point not containing the y-intercept through which 
the line passes, the point-slope form is the equation that we should use. Once we 
have obtained this equation, it is customary to solve for y and write the equation in 
slope-intercept form. Examples 1 and 2 illustrate these ideas. 


Write the point-slope form and the slope-intercept form of the equation of the line with 
slope 7 that passes through the point (—4, 5). 


Writing the Point-Slope Form and the 
Slope-Intercept Form 


Solution We begin with the point-slope form of the equation of a line with 
m = 7,x,; = —4,and y; = S. 
y— yr = m(x — x4) 
y-5= 7x - C4) 
y-5=7(x + 4) 


This is the point-slope form of the equation. 
Substitute the given values. 


We now have the point-slope form of the 
equation of the given line. 
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Figure 2.35 Line passing through 
(1, -3) and (-2, 4) 


Functions and Linear Functions 


Now we solve y — 5 = 7(x + 4), the point-slope form, for y and write an equivalent 
equation in slope-intercept form (y = mx + b). 


We need 
to isolate y. 


y-—5=7(x + 4) 


This is the point-slope form of the equation. 


y-—5=7x + 28 
y = 7x + 33 


Use the distributive property. 
Add 5 to both sides. 


The slope-intercept form of the line’s equation is y = 7x + 33. Using function notation, 
the equation is f(x) = 7x + 33. 


/| CHECK POINT1 Write the point-slope form and the slope-intercept form 
of the equation of the line with slope —2 that passes through the point (4, —3). 


| EXAMPLE 2 Writing the Point-Slope Form and the 
Slope-Intercept Form 


A line passes through the points (1, —3) and (—2, 4). (See Figure 2.35.) Find an equation 
of the line 


a. in point-slope form. b. in slope-intercept form. 


Solution 


a. To use the point-slope form, we need to find the slope. The slope is the change in 
the y-coordinates divided by the corresponding change in the x-coordinates. 


—4-(C3) 7. 7 


2S —3 3 


This is the definition of slope using (1,—3) 
and (—2, 4). 

We can take either point on the line to be (x1, y,). Let’s use (x, y;) = (1, —-3). 
Now, we are ready to write the point-slope form of the equation. 


y— yr = m(x — x1) 


y-€3)=-2@-1) 


This is the point-slope form of the equation. 


v4 
Substitute: (x, y,) = (1,-3) and m = — x 


yt3= Lox - 1) Simplify. 


This equation is the point-slope form of the equation of the line shown in Figure 2.35. 


b. Now, we solve this equation for y and write an equivalent equation in 
slope-intercept form (y = mx + b). 


We need a % 


7 a po 
he yt3=- = (x _ 1) This is the point-slope form of the equation. 
7 7 
yt3= 3 oF 3 Use the distributive property. 
aol. & Subtract 3 from both sides: 
ae a ae 
3 os 398 5 

This equation is the slope-intercept form of the equation of the line shown in Figure 2.35. 
Using function notation, the equation is f(x) = —4x — 3. = 


Discover for Yourself 


If you are given two points on a line, you can use either point for (x;, y;) when you write 
the point-slope form of its equation. Rework Example 2 using (—2, 4) for (x;, y,). Once 
you solve for y, you should obtain the same slope-intercept form of the equation as the one 
shown in the last line of the solution to Example 2. 


2 | Model data with linear 
functions and make 
predictions. 


SECTION 2.5 The Point-Slope Form of the Equation of aLine 157 


'/| CHECK POINT 2 _ A line passes through the points (6, —3) and (2, 5). Find an 
equation of the line 


a. in point-slope form. 
b. in slope-intercept form. 


Here is a summary of the various forms for equations of lines: 


Equations of Lines 

1. Standard form: Ax + By = C 

Slope-intercept form: y = mx + b or f(x) = mx + b 
Horizontal line: y = b 

Vertical line: x = a 


OF peor 


Point-slope form: y — y; = m(x — x) 


In Examples 1 and 2, we eventually wrote a line’s equation in slope-intercept form, 
or in function notation. But where do we start our work? 


Starting with y = mx + b Starting with y — y,; = m(x — x,) 

Begin with the slope-intercept form if you Begin with the point-slope form if you know 

iam e The slope of the line and a point on the 

e The slope of the line and the y-intercept line not containing the y-intercept 

or or 

e Two points on the line, one of which e Two points on the line, neither of which 

contains the y-intercept. contains the y-intercept. 

Applications 


We have seen that linear functions are useful for modeling data that fall on or near a 
line. For example, the bar graph in Figure 2.36(a) gives the life expectancy for American 
men and women born in the indicated year. The data for the men are displayed as a set 
of six points in the scatter plot in Figure 2.36(b). 


Life Expectancy in the United States, Life Expectancy for United States 
by Year of Birth y Males, by Year of Birth 
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Birth Year Birth Years after 1960 
Figure 2.36(a) Data for men and women Figure 2.36(b) A scatter plot for the men’s data 


Source: National Center for Health Statistics 


Also shown on the scatter plot in Figure 2.36(b) is a line that passes through or 
near the six points. By writing the equation of this line, we can obtain a model for life 
expectancy and make predictions about how long American men will live in the future. 
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Life Expectancy for United States 
Males, by Year of Birth 


90 
80 F 
70 ere on cenit 
60} (20, 70.0) °° (40, 74.3) 
SOF 
40 - 
30¢ 
20- 
10> 


Life Expectancy 


Birth Years after 1960 


Figure 2.36(b) (repeated) 


Using Technology 


You can use a graphing 
utility to obtain a model for 
a scatter plot in which the 
data points fall on or near a 
straight line. After entering 
the data for men in Figure 
2.36(a), a graphing utility 
displays a scatter plot of the 
data and the regression line, 
that is, the line that best fits 
the data. 


[0, 50, 10] by [0, 90, 10] 


Also displayed is the 
regression line’s equation. 


> xX 


Functions and Linear Functions 


Modeling Life Expectancy 


Write the slope-intercept form of the equation of the line shown in Figure 2.36(b). Use 
the equation to predict the life expectancy of an American man born in 2020. 


Solution The line in Figure 2.36(b) passes through (20, 70.0) and (40, 74.3). We start 
by finding its slope. 

_ Changeiny 743-700 43 
40 — 20 20 
The slope indicates that for each subsequent birth year, a man’s life expectancy is 


increasing by 0.215 year. 
Now we write the line’s equation in slope-intercept form. 


; = 0.215 
Change in x 


y— yy = mx — x) 
y — 70.0 = 0.215(x — 20) 


Begin with the point-slope form. 


Either ordered pair can be (x,, yy). Let 
(x, ¥:) = (20, 70.0). From above, m = 0.215. 


Apply the distributive property: 0.215(20) = 4.3. 
Add 70 to both sides and solve for y. 


y — 70.0 = 0.215x — 4.3 
y = 0.215x + 65.7 


A linear function that models life expectancy, f(x), for American men born x years 
after 1960 is 


f(x) = 0.215x + 65.7. 


Now let’s use this function to predict the life expectancy of an American man born in 
2020. Because 2020 is 60 years after 1960, substitute 60 for x and evaluate the function 
at 60. 


f(60) = 0.215(60) + 65.7 = 78.6 


Our model predicts that American men born in 2020 will have a life expectancy 
of 78.6 years. 


Life Expectancy for United States 


/| CHECK POINT 3 The data for Ferwales, by Year of Birth 


the life expectancy for American women 


are displayed as a set of six points in the 90 L 
scatter plot in Figure 2.37. Also shown 80 L 
is a line that passes through or near the ee aa 
six points. Use the data points labeled 3 (. (10, 74.7] eeu 
by the voice balloons to write the slope-  § 
és . . oO 50 [— 
intercept form of the equation of this © is 
line. Round the slope to two decimal © 
: : — 307 
places. Then use the linear function 3 
to predict the life expectancy of an coal 
American woman born in 2020. al 
| | L 1 [| yy 
0 10 20 30 40 50 
Birth Years after 1960 
Figure 2.37 


Blitzer Bonus 
Predicting Your Own Life Expectancy 


The models in Example 3 and Check Point 3 do not take into account your current health, 
lifestyle, and family history, all of which could increase or decrease your life expectancy. 
Thomas Perls at Boston University Medical School, who studies centenarians, developed 

a much more detailed model for life expectancy at livingtol100.com. The model takes into 
account everything from your stress level to your sleep habits and gives you the exact age it 
predicts you will live to. 


3 | Find slopes and 
equations of parallel 
and perpendicular lines. 


The equation of this line is given: y = 2x +1. 


We must write the equation of this line. 


Figure 2.38 
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Parallel and Perpendicular Lines 


Two nonintersecting lines that lie in the same plane are parallel. If two lines do not 
intersect, the ratio of the vertical change to the horizontal change is the same for each 
line. Because two parallel lines have the same “steepness,” they must have the same 
slope. 


Slope and Parallel Lines 
1. If two nonvertical lines are parallel, then they have the same slope. 
2. If two distinct nonvertical lines have the same slope, then they are parallel. 
3. Two distinct vertical lines, both with undefined slopes, are parallel. 


| EXAMPLE 4 | Writing Equations of a Line Parallel to a Given Line 


Write an equation of the line passing through (—3, 1) and parallel to the line whose 
equation is y = 2x + 1. Express the equation in point-slope form and slope-intercept 
form. 


Solution The situation is illustrated in Figure 2.38. We are looking for the equation 
of the red line shown on the left. How do we obtain this equation? Notice that the line 
passes through the point (—3, 1). Using the point-slope form of the line’s equation, we 
have x, = —3 and y; = 1. 


y— VM = m(x — x) 
y,=1 x,=-3 
Now the only thing missing from the equation of the red line is m, the slope. Do we 


know anything about the slope of either line in Figure 2.38? The answer is yes; we 
know the slope of the blue line on the right, whose equation is given. 


y=2x+1 


The slope of the blue line on 
the right in Figure 2.38 is 2. 


Parallel lines have the same slope. Because the slope of the blue line is 2, the slope of 
the red line, the line whose equation we must write, is also 2: m = 2. We now have 
values for x,, y;, and m for the red line. 


Y= y= as = 24) 


y=1 m=2 x,=-3 


The point-slope form of the red line’s equation is 
y — 1 = 2[x — (-3)] or 
y-—1=2( + 3). 

Solving for y, we obtain the slope-intercept form of the equation. 
y-1=2x+6 Apply the distributive property. 


y=2x+7 Add 1 to both sides. This is the 


slope-intercept form, y = mx + b, of the 
equation. Using function notation, the 


equation is f(x) = 2x + 7. Hf 


'\/| CHECK POINT 4 Write an equation of the line passing through (—2, 5) and 
parallel to the line whose equation is y = 3x + 1. Express the equation in point-slope 
form and slope-intercept form. 
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Functions and Linear Functions 


Figure 2.39 Slopes of 
perpendicular lines 


> xX 


Two lines that intersect at a right angle (90°) are said to be perpendicular, shown 
in Figure 2.39. The relationship between the slopes of perpendicular lines is not as 
obvious as the relationship between parallel lines. Figure 2.39 shows line AB, with slope 
S. Rotate line AB through 90° counterclockwise to obtain line A’B’, perpendicular to 
line AB. The figure indicates that the rise and the run of the new line are reversed from 
the original line, but the run is now negative. This means that the slope of the new line 
is —¢. Notice that the product of the slopes of the two perpendicular lines is —1: 


(4) 


This relationship holds for all nonvertical perpendicular lines and is summarized in the 
following box: 


Slope and Perpendicular Lines 


1. If two nonvertical lines are perpendicular, then the product of their slopes 
Steel's 
2. Ifthe product of the slopes of two lines is —1, then the lines are perpendicular. 


3. A horizontal line having zero slope is perpendicular to a vertical line having 
undefined slope. 


An equivalent way of stating this relationship between two nonvertical lines is to say 
that one line is perpendicular to another line if its slope is the negative reciprocal of 
the slope of the other line. For example, if a line has slope 5, any line having slope 
—} is perpendicular to it. Similarly, if a line has slope —j, any line having slope is 
perpendicular to it. 


Writing Equations of a Line Perpendicular to a 
Given Line 


a. Find the slope of any line that is perpendicular to the line whose equation is 
x+ 4y=8. 

b. Write the equation of the line passing through (3,—5) and perpendicular to the 
line whose equation is x + 4y = 8. Express the equation in point-slope form and 
slope-intercept form. 


Solution 


a. We begin by writing the equation of the given line, x + 4y = 8, in slope-intercept 
form. Solve for y. 


x+4y=8 This is the given equation. 
4y =-x+ 8 To isolate the y-term, subtract x from both 
i: sides. 
y=- 4° +2. Divide both sides by 4. 
Slope is -] : 


The given line has slope — ;. Any line perpendicular to this line has a slope that is 
the negative reciprocal of — }. Thus, the slope of any perpendicular line is 4. 


b. Let’s begin by writing the point-slope form of the perpendicular line’s equation. 
Because the line passes through the point (3,—5), we have x; = 3 and y, = —S. 
In part (a), we determined that the slope of any line perpendicular to x + 4y = 8 
is 4, so the slope of this particular perpendicular line must be 4: m = 4. 


y— yy = m(x — x1) 


y=-5 m=4 xX, =3 
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The point-slope form of the perpendicular line’s equation is 
y — (-5) = 4 — 3) or 
y+ 5 = 4x — 3). 
How can we express this equation in slope-intercept form, y = mx + b? We need 
to solve for y. 


y+5 = 4(x — 3) This is the point-slope form of the line's equation. 
y+t5 = 4x —- 12 Apply the distributive property. 
y=4-17 Subtract 5 from both sides of the equation and 
solve for y. 


The slope-intercept form of the perpendicular line’s equation is 


y=4x-17 or f(x) =4x-17. @ 


'/| CHECK POINT 5 
a. Find the slope of any line that is perpendicular to the line whose equation is 
x + 3y = 12. 
b. Write the equation of the line passing through (—2, —6) and perpendicular to the 
line whose equation is x + 3y = 12. Express the equation in point-slope form 
and slope-intercept form. 


Achieving Success 


Organizing and creating your own compact chapter summaries can reinforce what you 
know and help with the retention of this information. Imagine that your professor will 
permit two index cards of notes (3 by 5; front and back) on all exams. Organize and 
create such a two-card summary for the test on this chapter. Begin by determining what 
information you would find most helpful to include on the cards. Take as long as you need 
to create the summary. Based on how effective you find this strategy, you may decide to 
use the technique to help prepare for future exams. 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 
2. 
3. 
4. 


The point-slope form of the equation of a nonvertical line with slope m that passes through the point (x1, y,) is 
Two parallel lines have slopes. 
The product of the slopes of two nonvertical perpendicular lines is 


The negative reciprocal of 5 is 
: ; 3. 
The negative reciprocal of —5 is 


The slope of the line whose equation is y = —4x + 3 is . The slope of any line parallel to y = —4x + 3 
is 


1 1 
The slope of the line whose equation is y = aa 5 is . The slope of any line perpendicular to y = an 5 
is 
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MyMachLab 


Practice Exercises 

Write the point-slope form of the equation of the line 
satisfying each of the conditions in Exercises 1-28. Then use 
the point-slope form to write the slope-intercept form of the 
equation in function notation. 


Functions and Linear Functions 


1. Slope = 3, passing through (2, 5) 
2. Slope = 4, passing through (3, 1) 


3. Slope = 5, passing through (—2, 6) 


4. Slope = 8, passing through (—4, 1) 

5. Slope = —4, passing through (—3, —2) 
6. Slope = —6, passing through (—2, —4) 
7. Slope = —5, passing through (—2, 0) 


8. Slope = —4, passing through (0, —3) 


9. Slope = —1, passing through (-2, = +) 


10. Slope = —1, passing through (- i —4) 


11. Slope = }, passing through the origin 
12. Slope = , passing through the origin 
13. Slope = —3, passing through (6, —4) 

—2, passing through (15, —4) 


14. Slope = 


15. Passing through (6, 3) and (5, 2) 
16. Passing through (1, 3) and (2, 4) 
17. Passing through (—2, 0) and (0, 4) 


18. Passing through (2, 0) and (0, —-1) 


19. Passing through (—6, 13) and (—2, 5) 


20. Passing through (—3, 2) and (2, —8) 
21. Passing through (1, 9) and (4, —2) 
22. Passing through (4,—8) and (8, —3) 


23. Passing through (—2,—5) and (3, —5) 


H__H 
Hh 
Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


24. Passing through (—1,—4) and (3, —4) 
25. Passing through (7,8) withx-intercept = 3 
26. Passing through 


(-4,5) with  y-intercept = —3 


27. x-intercept = 2 and y-intercept = —1 


28. x-intercept = —2 and y-intercept = 4 


In Exercises 29-44, the equation of a line is given. Find the slope 
of a line that is a. parallel to the line with the given equation; and 
b. perpendicular to the line with the given equation. 


20% ao 
30. y = 3x 
31. y =—7x 
32. y = —9x 
1 
33. Sr 
1 
34. Ves 
2 
35. a a we 
3] 
36; == 2% S2 
y q* 


37. 4x +y=7 
38. 8x + y= 11 
39. 2x + 4y = 8 


40. 3x + 2y =6 
41. 2x —-3y =5 
42. 3x —4y =-7 
43. x = 

44. y=9 


In Exercises 45-48, write an equation for line L in point-slope 
form and slope-intercept form. 


45. pgoe an, Ae: 
A 


Lis parallel to y = 2x. Lis parallel to y = -2x. 


47. 


SECTION 2.5 


Lis perpendicular to y = 2x. 


In Exercises 49-56, use the given conditions to write an equation 
for each line in point-slope form and slope-intercept form. 


49. 


50. 


51. 


52. 


53. 


54. 


Passing through (—8, —10) and parallel to the line whose 
equation is y = —4x + 3 


Passing through (—2, —7) and parallel to the line whose 
equation is y = —Sx + 4 


Passing through (2, —3) and perpendicular to the line 
whose equation is y = $x + 6 


Passing through (—4, 2) and perpendicular to the line 


whose equation is y = $x + 7 


Passing through (—2, 2) and parallel to the line whose 
equation is 2x — 3y = 7 


Passing through (—1, 3) and parallel to the line whose 
equation is 3x — 2y = 5 


Application Exercises 


Americans are getting married later in life, or not getting married at all. In 2008, nearly half of Americans ages 25 through 29 were 
unmarried. The bar graph shows the percentage of never-married men and women in this age group for four selected years. The 
data are displayed as two sets of four points each, one scatter plot for the percentage of never-married American men and one for 
the percentage of never-married American women. Also shown for each scatter plot is a line that passes through or near the four 
points. Use these lines to solve Exercises 67-68 on the next page. 


Lis perpendicular to y = —2x. 


55. 


56. 


The Point-Slope Form of the Equation of a Line 


Passing through (4, —7) and perpendicular to the line 
whose equation is x — 2y = 3 


Passing through (5, —9) and perpendicular to the line 
whose equation is x + 7y = 12 


Practice PLUS 


In Exercises 57-64, write the slope-intercept form of the equation 
of a function f whose graph satisfies the given conditions. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


The graph of f passes through (—1, 5) and is perpendicular 
to the line whose equation is x = 6. 


The graph of f passes through (—2, 6) and is perpendicular 
to the line whose equation is x = —4. 

The graph of f passes through (—6, 4) and is perpendicular 
to the line that has an x-intercept of 2 and a y-intercept 
of —4. 

The graph of f passes through (—5, 6) and is perpendicular 
to the line that has an x-intercept of 3 and a y-intercept 
oL9: 

The graph of fis perpendicular to the line whose equation 
is 3x — 2y = 4 and has the same y-intercept as this line. 


The graph of fis perpendicular to the line whose equation 
is 4x — y = 6 and has the same y-intercept as this line. 


The graph of fis the graph of g(x) = 4x — 3 shifted down 
2 units. 

The graph of f is the graph of g(x) = 2x — 5 shifted up 
3 units. 

What is the slope of a line that is parallel to the line whose 
equation is Ax + By = C,B # 0? 

What is the slope of a line that is perpendicular to the line 
whose equation is Ax + By = C,A # OandB # 0? 


Percentage of United States Population Never Married, Ages 25-29 


Hl Males Mi Females 


60% 
50% 
40% 
30% 
20% 
10% 


Percentage Never Married 


1980 


1990 2000 
Year 


2008 


Source: U.S. Census Bureau 


Percentage Never Married 


| | | L | | yy 


Years after 1980 
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67. In this exercise, you will use the blue line for the women equation in point-slope form and _ slope-intercept 

shown on the scatter plot on the previous page to develop form. 

a model for the percentage of never-married American 

females ages 25-29. c. Use the slope-intercept form of the equation from part 

a. Use the two points whose coordinates are shown by (b) to project the number of smartphones sold in the 
the voice balloons to find the point-slope form of the United States in 2015. 
equation of the line that models the percentage of | 79, The bar graph shows the number of U.S. lawsuits by 
never-married American females ages 25-29, y, x years smartphone companies for patent infringement from 2004 
after 1980. through 2010. 

b. Write the equation from part (a) in slope-intercept Number of U.S. Lawsuits by Smartphone Companies 
form. Use function notation. Charging Competitors with Stealing Their Patents 

c. Use the linear function to predict the percentage 105 - 97 
of never-married American females, ages 25-29, in 90b 
2020. = 

68. In this exercise, you will use the red line for the men shown on 3 PP ae 

the scatter plot on the previous page to develop a model for & 60 L 57 

the percentage of never-married American males ages 25-29. 3 49 

a. Use the two points whose coordinates are shown by 3 457 38 
the voice balloons to find the point-slope form of the EF 30L..26 26 
equation of the line that models the percentage of 4 
never-married American males ages 25-29, y, x years ISP 
after 1980. 

b. Write the equation from part (a) in slope-intercept 2004 2005 2006 = 2007 2008 2009 = 2010 
form. Use function notation. Year 

c. Use the linear function to predict the percentage SA ANAT Lee) LAUD 
of never-married American males, ages 25-29, in a. Let x represent the number of years after 2004 and let 
2015. y represent the number of lawsuits. Create a scatter 


plot that displays the data as a set of seven points in 


aaa : 
Phone Fight! Some of the smartphone giants, such as Motorola, a rectangular coordinate system. 


Panasonic, Microsoft, and Apple, are suing each other, charging 
competitors with stealing their patents. Do more phones mean 
more lawyers? Think about this as you create linear models for 
the number of smartphones sold (Exercise 69) and the number of 
infringement filings by smartphone companies (Exercise 70). 


b. Draw a line through the two points that show 
the number of lawsuits in 2007 and 2010. Use the 
coordinates of these points to write the line’s equation 


in point-slope form and slope-intercept form. 
69. The bar graph shows the number of smartphones sold in 


the United States from 2004 through 2010. 


c. Use the slope-intercept form of the equation from 
part (b) to project the number of lawsuits by smartphone 
companies for patent infringement in 2016. 


asia In 2007, the U.S. government faced the prospect of paying out 
240 - more and more in Social Security, Medicare, and Medicaid 


Number of Smartphones Sold in the United States 
320 296.6 


200 benefits. The line graphs show the costs of these entitlement 


programs, in billions of dollars, from 2007 through 2016 
160 139.3 
120 886 
807 60.1 
40 40.8 [7 
[P ios 
oo i 


(projected). Use this information to solve Exercises 71-72. 
2004 2005 2006 2007 2008 2009 2010 


Year 


Cost, in Billions of Dollars, of the 


A Largest Federal Entitlement Programs (2016, 970) 
$1000 


Social 
Security 


Number of Smartphones 
Sold (millions) 


Source: Newsweek, April 11, 2011 Medicare 


a. Let x represent the number of years after 2004 and let y 
represent the number of smartphones sold, in millions, in 


Cost of Program 
(billions of dollars) 


$400 F 


the United States. Create a scatter plot that displays the $200 Medicaid 
data as a set of seven points in a rectangular coordinate L\ (2007, 195) 
system. | | 1 | | L | \ (ee 


b. Draw a line through the two points that show the ee 
number of smartphones sold in 2005 and 2010. Use Year 
the coordinates of these points to write the line’s Source: U.S. Congressional Budget Office 


71. 


SECTION 2.5 


a. Find the slope of the line segment representing Social 
Security. Round to one decimal place. Describe what 


Writing in Mathematics 


The Point-Slope Form of the Equation of a Line 


165 


72. a. 


Describe how to write the equation of a line if its slope 


74, 
this means in terms of rate of change. and a point along the line are known. 
b. Find the slope of the line segment representing oe: Pee te iat equate nic aling ai Ove paris 
Medicare. Round to one decimal place. Describe what g ‘ 
this means in terms of rate of change. 76. If two lines are parallel, describe the relationship between 
their slopes. 
c. Do the line segments for Social Security and Medicare —_—_77,_ If two lines are perpendicular, describe the relationship 
lie on parallel lines? What does this mean in terms of between their slopes. 
the rate of change for these entitlement programs? 
78. If you know a point on a line and you know the equation 
of a line parallel to this line, explain how to write the line’s 
Find the slope of the line segment representing Social equation. 
Security. Round to one decimal place. Describe what 
79. 


this means in terms of rate of change. 


b. Find the slope of the line segment representing 


In Example 3 on page 158, we developed a model that 
predicted American men born in 2020 will have a life 
expectancy of 78.6 years. Describe something that 
might occur that would make this prediction inaccurate. 


Medicaid. Round to one decimal place. Describe what 
this means in terms of rate of change. 


c. Do the line segments for Social Security and Medicaid 


Technology Exercises 


The lines whose equations are y= 4x+1 and 


menu and the scatter plot 


lie on parallel lines? What does this mean in terms of 80. 
the rate of change for these entitlement programs? y =~—3x — 2 are perpendicular because the product of 
their slopes, 5 and —3, respectively, is —1. 

73. Just as money doesn’t buy happiness for individuals, the a. Use a graphing utility to graph the equations in a 
two don’t necessarily go together for countries either. [-10, 10, 1] by [-10, 10, 1] viewing rectangle. Do the 
However, the scatter plot does show a relationship lines appear to be perpendicular? 
between a country’s annual per capita income and the 
percentage of people in that country who call themselves b. Now use the zoom square feature of your utility. 
“happy.” Describe what happens to the graphs. Explain why this 

is so. 
: Per Capita inciume andi National appiness 81. a. Use the statistical menu of your graphing utility to 
enter the seven data points shown in the scatter plot 
100 } sigeria Coicmbia Venenicla eee that you drew in Exercise 69(a). 
sf Vietnam): : Nese e°e ras 
fe 0a eo ves v << * 
is ms Chile RepublicPortugal US. 
er 80 Fr zal sing eseait Tal a ee b. Use the | STAT PLOT 
we hinge Cot Oe inoay! We eee Denmark capability to draw a scatter plot of the data points. 
Ain 70 Fsp® er zs 
yO Egypt @ Algeria South Africa Seah Austria Fi : 5 “1: 
. = an te © Oe Ce ee Belgium c. Select the linear regression option. Use your utility 
ob g 7 ee PS ES ea aes to obtain values for a and b for the equation of the 
ge 50 Lees Iie eee regression line, y = ax + b. Compare this equation 
52 40 oe Sweden to the one that you obtained by hand in Exercise 69. 
Be Tee oa You may also be given a correlation coefficient, r. 
v ae Values of r close to 1 indicate that the points can be 
modeled by a linear function and the regression line 
$5000 $15,000 $25,000 $35,000 ae Swen 
‘i pe: Caples tome (aaa has a positive slope. Values of r close to —1 indicate 
mee P that the points can be modeled by a linear function 

Source: Richard Layard, Happiness: Lessons from a New Science, Penguin, 2005 and the regression line has a negative slope. Values 

of r close to 0 indicate no linear relationship between 
Draw a line that fits the data so that the spread of the the variables. In this case, a linear model does not 
data points around the line is as small as possible. Use accurately describe the data. 
the coordinates of two points along your line to write the d. Use the appropriate sequence (consult your manual) 
slope-intercept form of its equation. Express the equation to graph the regression equation on top of the points in 
in function notation and use the linear function to make a the scatter plot. 
prediction about national happiness based on per capita 92 


income. 


Repeat Exercise 81 using the seven data points shown in 
the scatter plot that you drew in Exercise 70(a). 
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Critical Thinking Exercises 


Make Sense? In Exercises 83-86, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


83. I can use any two points in a scatter plot to write the 
point-slope form of the equation of the line through those 
points. However, the other data points in the scatter plot 
might not fall on, or even near, this line. 


84. I have linear functions that model changes for men and 
women over the same time period. The functions have the 
same slope, so their graphs are parallel lines, indicating 
that the rate of change for men is the same as the rate of 
change for women. 


85. Some of the steel girders in this photo of the Eiffel 
Tower appear to be perpendicular. I can verify my 
observation by determining that their slopes are negative 
reciprocals. 


86. When writing equations of lines, it’s always easiest to begin 
by writing the point-slope form of the equation. 


In Exercises 87-90, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


87. The standard form of the equation of a line passing 
through (—3,—1) and perpendicular to the line whose 


p) 
equation is y = x — 4is5x — 2y = -13. 


5 

88. If I change the subtraction signs to addition signs in 

y — 12 = 8(x — 2), the y-intercept of the corresponding 
graph will change from —4 to 4. 


89. y —5 = 2(x — 1) is an equation of a line passing 
through (4, 11). 

90. The function {(—1, 4), (3, 6), (5,7), (11, 10)} can be 
described using y — 7 = 3(x — 5) with a domain of 
(File ei syellaly 

91. Determine the value of B so that the line whose equation 
is By = 8x — 1 has slope —2. 

92. Determine the value of A so that the line whose equation 
is Ax + y = 2 is perpendicular to the line containing the 
points (1, —3) and (—2, 4). 

93. Consider a line whose x-intercept is —3 and whose 
y-intercept is —6. Provide the missing coordinate 
for the following two points that lie on this line: 
(—40, )and( ,—200). 

94. Prove that the equation of a line passing through (a, 0) 
and (0,b) (a # 0,b ¥ 0) can be written in the form 

y 


ea 5 1. Why is this called the intercept form of a line? 
a 


Review Exercises 

95. If f(x) = 3x? — 8x + 5, find f(—2). 
(Section 2.1, Example 3) 

96. If f(x) = x? — 3x + 4 and g(x) = 2x — 5, find (fg)(-1). 
(Section 2.3, Example 4) 

97. The sum of the angles of a triangle is 180°. Find the three 
angles of a triangle if one angle is 20° greater than the 
smallest angle and the third angle is twice the smallest 
angle. (Section 1.5, Example 1) 


Preview Exercises 
Exercises 98-100 will help you prepare for the material covered 
in the first section of the next chapter. 

98. a. Does (—5,—6) satisfy 2x — y = —4? 

b. Does (—5, —6) satisfy 3x — 5y = 15? 

99. Graph y=—x-—1 and 4x — 3y = 24 in the same 
rectangular coordinate system. At what point do the 
graphs intersect? 

100. Solve: 7x — 2(-2x + 4) =3. 


In Example 3 on page 158, we used the data in Figure 2.36 on page 157 to develop a 
linear function that modeled life expectancy. For this group exercise, you might find it 
helpful to pattern your work after Figure 2.36 and the solution to Example 3. Group 
members should begin by consulting an almanac, newspaper, magazine, or the Internet 
to find several sets of data that appear to lie approximately on or near a line. Working 
by hand or using a graphing utility, group members should construct scatter plots for the 
data that were collected. If working by hand, draw a line that approximately fits the data 
in each scatter plot and then write its equation as a function in slope-intercept form. 
If using a graphing utility, obtain the equation of each regression line. Then use each 
linear function’s equation to make predictions about what might occur in the future. 
Are there circumstances that might affect the accuracy of the prediction? List some of 
these circumstances. 
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Chapter 2 Summary 


Definitions and Concepts Examples 


Section 2.1 Introduction to Functions 


A relation is any set of ordered pairs. The set of first The domain of the relation {(1, 2), (3, 4), (3, 7)} is {1, 3}. 
components of the ordered pairs is the domain and the set The range is {2, 4, 7}. The relation is not a function: 3, in the 
of second components is the range. A function is a relation domain, corresponds to both 4 and 7 in the range. 


in which each member of the domain corresponds to exactly 
one member of the range. No two ordered pairs of a function 
can have the same first component and different second 


components. 

If a function is defined by an equation, the notation f(x), read If f(x) = 7x — 5, then 

“fof x” or “fat x,” describes the value of the function at the fla t+ 2)=7at+2)-5 

number, or input, x. =a 14 = 5 
=Ta+ 9. 


Section 2.2 Graphs of Functions 


The graph of a function is the graph of its ordered pairs. 


yy ap 
A A 
The Vertical Line Test for Functions 
If any vertical line intersects a graph in more than one point, e ¥ 
the graph does not define y as a function of x. 
At the left or right of a function’s graph, you will often find | | 


closed dots, open dots, or arrows. A closed dot shows that 


: Not th h of Th hh of 
the graph ends and the point belongs to the graph. An open ae Pt en i gece 
dot shows that the graph ends and the point does not belong 
to the graph. An arrow indicates that the graph extends y 
indefinitely. (0, 2) belongs to the graph | A 

GF (0, 0) does not. 


The graph of a function can be used to determine the 
function’s domain and its range. To find the domain, look for 
all the inputs on the x-axis that correspond to points on the 
graph. To find the range, look for all the outputs on the y-axis ce es ae 
that correspond to points on the graph. [ 


To find f(2), locate 2 on the x-axis. The graph shows f(2) = 4. 
Domain of f = (—~, ~) 
Range of f = (0, ©) 


Section 2.3 The Algebra of Functions 


A Function’s Domain f(x) = 7x + 13 
If a function f does not model data or verbal conditions, its Domain of f = (~~, ~) 

domain is the largest set of real numbers for which the value oh 
of f(x) is a real number. Exclude from a function’s domain g(x) = = 


real numbers that cause division by zero and real numbers 


that result in a square root of a negative number. Domain of g = (~~, 12) or (12, %) 
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Section 2.3 The Algebra of Functions (continued) 


The Algebra of Functions 
Let fand g be two functions. The sum f + g, the difference 
f — g, the product fg, and the quotient — are functions whose 


domains are the set of all real numbers common to the 
domains of f and g, defined as follows: 


1. Sum: (f + g)(x) = f(x) + g(x) 
2. Difference: (f — g)(x) = f(x) — g(x) 
3. Product: (fg)(x) = f(x): g(x) 


4. Quotient: @e = = g(x) # 0. 


Let f(x) = x? + 2x and g(x) = 4 - x. 

© (f+ g(x) = (7? + 2x) + (4—-x) Hx? + x44 
(f + g)(-2) = (-2 + C2)+4=4-24+4=6 

© (f— g(x) = (? + 2x) - (4- x) =x? +2x- 44 


= 77+3x-4 
(f— g)(5) = 5° +3:5-4=25 +15 - 4 = 36 
° (fg)(1) = f)-g(1) = (1? + 2-194 - 1) 


= 3(3) =9 
e De a ZA 
oe 
(Ae = cia 


Section 2.4 Linear Functions and Slope 


Data presented in a visual form as a set of points is called 
a scatter plot. A line that best fits the data points is called a 
regression line. 


A function whose graph is a straight line is called a linear 
function. All linear functions can be written in the form 
f(x) = mx + b. 


If a graph intersects the x-axis at (a, 0), then a is an 

x-intercept. If a graph intersects the y-axis at (0, b), then b is 

a y-intercept. The standard form of the equation of a line, 
Ax + By =C, 

can be graphed using intercepts and a checkpoint. 


f(x) = 3x + 10 is a linear function. 
g(x) = 3x? + 10 is nota linear function. 


Graph using intercepts: 4x + 3y = 12. 


a through (3, 0). 
Bye Line passes 
through (0, 4). 
yead 


x-intercept: 
(Set y = 0.) 


y-intercept: 


(Set x = 0.) 
Checkpoint: Ect: 
4-2 + 3y = 12 
ce 
3y =4 
_4 
a 


» Sse) 


2 Checkpoint: (2, 3) 
+++ 44 ae 


antereeyt is 3. 
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Section 2.4 Linear Functions and Slope (continued) 


The slope, m, of the line through the points (x;, y,) and 
(X2, y2) Is 
ie X, — xX, # 0. 
x2 ~ X41 


If the slope is positive, the line rises from left to right. If the 
slope is negative, the line falls from left to right. The slope of 
a horizontal line is 0. The slope of a vertical line is undefined. 


The slope-intercept form of the equation of a nonvertical line 
with slope m and y-intercept b is 
y=mx +t bd. 
Using function notation, the equation is 
f(x) = mx + b. 


Horizontal and Vertical Lines 

The graph of y = 5b, or f(x) = b, is a horizontal line. The 
y-intercept is b. The linear function f(x) = b is called a 
constant function. 

The graph of x = ais a vertical line. The x-intercept is a. 
A vertical line is not a linear function. 


If the graph of a function is not a straight line, the average 
rate of change between any two points is the slope of the line 
containing the two points. 

For a linear function, slope is the rate of change of the 
dependent variable per unit change of the independent 
variable. 


For points (—7, 2) and (3, —4), the slope of the line through 
the points is 

_ Changeiny —-4-2 =(0) 3 
J=Cy) 0 Sy 
The slope is negative, so the line falls. 
For points (2, —5) and (2, 16), the slope of the line through 
the points is 


_ Changeiny 16—(-5)_ 21 


Change in x =H On 


The slope is undefined, so the line is vertical. 


Change in x 


Graph: f(x) = ae ae dk 


Gam) 
3 y-intercept is 1. 
Slope is —7. 
iy, 


i 


[Avnet 


x 


if 
44 at 
oI sa Tt 
2+ 2. 
—+—+++++> x 

ae dle ee -4 eee 
oul =). 
=u and 


The function 


p(t) = —0.59t + 80.75 


models the percentage, p(t), of Americans smoking cigarettes 
t years after 1900. The slope, —0.59, shows that the percentage 
of smokers is decreasing by 0.59% per year. 
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Section 2.5 The Point-Slope Form of the Equation of a Line 


The point-slope form of the equation of a nonvertical line Slope = —4, passing through (—1, 5) 


with slope m that passes through the point (x,, y;) is 
bone 4) wa) et) Oss) 


The point-slope form of the line’s equation is 
y— $= —4[x — (1) 


Simplify: 
y—5=—4( + 1). 
To write the point-slope form of the line passing through two Write equations in point-slope form and in slope-intercept 
points, begin by using the points to compute the slope, m. form of the line passing through (4, 1) and (3, —2). 
Use either given point as (x, y,) and write the point-slope = 
equation: MS et el 3 
ae a ee) Using (4, 1) as (x1, y1), the point-slope form of the equation is 
Solving this equation for y gives the slope-intercept form of y-1=3(¢-4). 


the line’s equation. : : 
: Solve for y to obtain the slope-intercept form. 


y= Se 1 


y =3x-11 
In function notation, 
eo) = she = 1b 
Nonvertical parallel lines have the same slope. If the Write equations in point-slope form and in slope-intercept 
product of the slopes of two lines is —1, then the lines are form of the line passing through (2, —1) 
perpendicular. One line is perpendicular to another line if 
its slope is the negative reciprocal of the slope of the other. ee 


A horizontal line having zero slope is perpendicular to a 
vertical line having undefined slope. and perpendicular to y = — L se dG. 


The slope, m, of the perpendicular line is 5, the negative 
reciprocal of — k 


Point-slope form 
a (2) of the equation 
y+1=5(x - 2) 
wap il Se = Ki) 
y= oes = illo jAGe) = see = iil 
\ A 


| Slope-intercept form of the equation | 


CHAPTER 2 REVIEW EXERCISES 


2.1 In Exercises 1-3, determine whether each relation is a 
function. Give the domain and range for each relation. 


4. {(3, 10), (4, 10), (5, 10)} 
2. {(1, 12), (2, 100), (3, 77), (4,—6)} 


3. {(13, 14), (15, 16), (13, 17)} 


In Exercises 4-5, find the indicated function values. 
4. f(x) = 7x —-5 
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Use the graph of f to solve Exercises 14-18. 


a. f(0) b. f(3) c. f(-—10) 
d. f(2a) e. fla Gls 2) 14. Find f(-2). 
5. g(x) = 3x7 — Sx +2 45. Find f(0). 

ana) es) els) 16. For what value of x is f(x) = —5? 

oe) es) 17. Find the domain of f. 
18. Find the range of f. 

2.2 In Exercises 6-7, graph the given functions, f and g, in : ' ; 

19. The graph shows the height, in meters, of an eagle in terms 


the same rectangular coordinate system. Select integers for x, 
starting with —2 and ending with 2. Once you have obtained 
your graphs, describe how the graph of g is related to the graph 


of f 
6. fix) =x’, g(x) =x?-1 


7 f(x) = |x], gx) = |x| +2 


In Exercises 8-13, use the vertical line test to identify graphs in 
which y is a function of x. 


8. y 9. 


ve 


of its time, in seconds, in flight. 


y 


Height (meters) 


5 i 1 20 25 30 


Time (seconds) 


a. Use the graph to explain why the eagle’s height is a 
function of its time in flight. 


y | 
10. 11. y 
b. Find f(15). Describe what this means in practical 
terms. 
c. What is a reasonable estimate of the eagle’s maximum 
bi height? 
d. For what values of x is f(x) = 20? Describe what this 
means in practical terms. 
e. Use the graph of the function to write a description of 
12 y 13. y the eagle’s flight. 
2.3. In Exercises 20-22, find the domain of each function. 
x x 20 Csi 1S 
il 
21. = 
g(x) aGea re t0) 
3x 
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In Exercises 23-24, find a. (f + g)(x) and b. (f + g)(3). 
23. f(x) = 4x — 5, e(%) = 2x + 1 

24. f(x) =5x° -—x+4,9(x) =x -3 

In Exercises 25-26, for each pair of functions, f and g, 
determine the domain of f + g. 


25. f(x) = 3x + 4, g(x) = 


Aas 


Tbe 4 
Zo) = x + 678) Teri 


In Exercises 27-34, let 
fix) =x? -2x and g(x) =x-5S. 


Find each of the following. 

27. (f + g)(x) and (f + g)(—2) 
28. f(3) + g(3) 

29. (f — g)(x) and (f — g)(1) 
30. f(4) — (4) 

31. (fg)(—3) 


32. (Zoo and (Zea 
33. The domain of f — g 


34. The domain of ; 


2.4 In Exercises 35-37, use intercepts and a checkpoint to 
graph each linear function. 


35. x + 2y =4 
37. 4x = 8 — 2y 


36. 2x — 3y = 12 


In Exercises 38-41, find the slope of the line passing through 
each pair of points or state that the slope is undefined. Then 
indicate whether the line through the points rises, falls, is 
horizontal, or is vertical. 


38. (5,2) and (2,—4) 
39) (—2;3)andi(7;—3) 
40. (3,2) and (3,—1) 
41. (—3, 4) and (-1, 4) 


In Exercises 42-44, give the slope and y-intercept of each line 
whose equation is given. Then graph the linear function. 


42. y=2x-1 
1 
43. f(x) = ~5* +4 


2; 
44. y= ae 


In Exercises 45-47, rewrite the equation in slope-intercept 
form. Give the slope and y-intercept. 


45. 2xt+y=4 
46. —3y = 5x 


47. 5x + 3y =6 


In Exercises 48-52, graph each equation in a rectangular 
coordinate system. 


48. y=2 49. 7y = —-21 
50. f(x) = —4 51. x =3 
52. 2x = —10 


53. The function f(t) = —0.27t + 70.45 models record time, 
f(t), in seconds, for the women’s 400-meter run ¢ years after 
1900. What is the slope of this model? Describe what this 
means in terms of rate of change. 


54. The stated intent of the 1994 “don’t ask, don’t tell” policy 
was to reduce the number of discharges of gay men and 
lesbians from the military. A bill to repeal the policy was 
passed in 2010. The line graph shows the number of active- 
duty gay servicemembers discharged from the military for 
homosexuality under the policy from 1994 through 2008. 


Number of Active-Duty Gay Servicemembers 
Discharged from the Military for Homosexuality 


Number of Discharged Active- 
Duty Servicemembers 


94 °95 °96 °97 °98 ’99 00 ’01 ’02 ’03 ’04 ’05 ’06 ’07 ’08 
Year 


Source: U.S. Government Accountability Office 


a. Find the average rate of change, rounded to the nearest 
whole number, from 1994 through 1998. Describe what 
this means. 


b. Find the average rate of change, rounded to the nearest 
whole number, from 2001 through 2004. Describe 
what this means. 


55. The graph shows that a linear function describes the 
relationship between Fahrenheit temperature, F, and 
Celsius temperature, C. 


F Water boils at 
A 100° C and 212° F. 
240° - 


Water freezess at 


0° C and 32° F. 


a | 
we 
(0, 32) 


ahrenheit Temperature 


| ! 1 > 
20° 40° 60° 80° —-: 100° 
Celsius Temperature 


Cc 


a. Use the points labeled by the voice balloons to find 
a function in the form F = mC + 5b that expresses 
Fahrenheit temperature, F, in terms of Celsius 
temperature, C. 


b. Use the function from part (a) to find the Fahrenheit 
temperature when the Celsius temperature is 30°. 


2.5 In Exercises 56-59, use the given conditions to write an 
equation for each line in point-slope form and in 
slope-intercept form. 


56. Passing through (—3, 2) with slope —6 
57. Passing through (1,6) and (1,2) 


58. Passing through (4,—7) and parallel to the line whose 
equation is 3x + y = 9 


59. Passing through (—2,6) and perpendicular to the line 
whose equation is y = 5x +4 


60. The bar graph at the top of the next column shows the 
percentage of public libraries in the United States with 
wireless Internet access from 2006 through 2010. The data 
are displayed as five points in a scatter plot. Also shown is 
a line that passes through or near the points. 
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In Exercises 1-2, determine whether each relation is a function. 
Give the domain and range for each relation. 


1. {(1, 2), (3, 4), (, 6), (6, 6)} 
2. {(2, 1), (4, 3), (6, 5), (6, 6)} 


3. If f(x) = 3x — 2, find f(a + 4). 

4. If f(x) = 4x? — 3x + 6, find f(—2). 

5. Graph f(x) =x? -1 and g(x) = x?+1 in the same 
rectangular coordinate system. Select integers for x, 
starting with —2 and ending with 2. Once you have obtained 
your graphs, describe how the graph of g is related to the 
graph of f. 


In Exercises 6-7, identify the graph or graphs in which y is a 
function of x. 


6. Ue 
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Percentage of U.S. Public Libraries with 
Wireless Internet Access 


y 
A 
oe - 9 
90% 82% 90% 
80% F 76% 80% 
70% |- 66% 70% 


54% 60% 


50% 50% 
40% 40% - 6 
30% 30% 
— 
a 
2006 ‘07 ‘08 ‘09 ‘10 1234s 5 
Year Years after 2005 


Source: American Library Association, ‘2010 The State of America’s Libraries Report’ 


a. Use the two points whose coordinates are shown by 
the voice balloons to find the point-slope form of the 
equation of the line that models the percentage of 
libraries with wireless Internet access, y, x years after 
2005. 


b. Write the equation from part (a) in slope-intercept 
form. Use function notation. 
c. If trends shown from 2006 through 2010 continue, use 


the linear function to project the percentage of libraries 
that will have wireless Internet access in 2012. 


Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on You({j (search “BlitzerlnterAlg” and click 
on “Channels”. 


Use the graph of f to solve Exercises 8-11. 


8. Find f(6). 
9. List two values of x for which f(x) = 0. 
10. Find the domain of f. 


11. Find the range of f. 


6 
10 -— x" 


12. Find the domain of f(x) = 
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In Exercises 13-17, let 
fx) =x? + 4x and g(x) =x +2. 


Find each of the following. 

13. (f + g)(x) and (f + g)(3) 
14. (f — g)(x) and (f — g)(~1) 
15. (fg)(-5) 


16. (Jeo and (Ze 


17. The domain of ; 


In Exercises 18-20, graph each linear function. 


1 
18. 4x — 3y = 12 19. f(x) = —3* aE 
20. f(x) =4 
In Exercises 21-22, find the slope of the line passing through 
each pair of points or state that the slope is undefined. Then 


indicate whether the line through the points rises, falls, is 
horizontal, or is vertical. 


21. (5,2) and (1, 4) 
22. (4,5) and (4,—5) 
The function V(t) = 3.6t + 140 models the number of Super 


Bowl viewers, V(t), in millions, t years after 1995. Use the 
model to solve Exercises 23-24. 


23. Find V(10). Describe what this means in terms of the 
variables in the model. 


24. What is the slope of this model? Describe what this means 
in terms of rate of change. 


In Exercises 25-27, use the given conditions to write an equation 
for each line in point-slope form and slope-intercept form. 


25. Passing through (—1,—3) and (4, 2) 


26. Passing through (—2,3) and perpendicular to the line 
whose equation is y=—35x —4 


27. Passing through (6,—4) and parallel to the line 


whose equation is x + 2y=5 


28. In the United States, it is illegal to drive with a blood 


alcohol concentration of 0.08 or higher. (A blood alcohol 
concentration of 0.08 indicates 0.08% alcohol in the 
blood.) The scatter plot shows the relationship between 
the number of one-ounce beers consumed per hour by a 
200-pound person and that person’s corresponding blood 
alcohol concentration. Also shown is a line that passes 
through or near the data points. 


Y Blood Alcohol Concentration Based 
4 on a Body Weight of 200 Pounds 


a 


= 

S 

os 
T 


Blood Alcohol Concentration 
S 
S 
ox 
T 


1 2 3 4 5) 6 a 
Number of Beers per Hour 


Source: National Highway Traffic Safety Administration 


a. Use the two points whose coordinates are shown by 
the voice balloons to find the point-slope form of the 
equation of the line that models the blood alcohol 
concentration of a 200-pound person, y, who consumes 
x one-ounce beers per hour. 


b. Write the equation from part (a) in slope-intercept 
form. Use function notation. 


c. Use the linear function to predict the blood alcohol 
concentration of a 200-pound person who consumes 
8 one-ounce beers in an hour. (Effects at this level 
include major impairment of all physical and mental 
functions.) 


CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-2) 


1. Use the roster method to list the elements in the set: 


{x|x is a whole number less than 4}. 


2. Determine whether the following statement is true or 
false: 


a & {x|x is an irrational number}. 


In Exercises 3-4, use the order of operations to simplify each 
expression. 


e c-3 9 

3) 68 C8 = or 

4. 4-(2- 9) +37 +14+3 

5. Simplify: 3) = (2@— 2) — 5x. 


In Exercises 6-8, solve each equation. If the solution set is © 
or R, classify the equation as an inconsistent equation or an 
identity. 


6. 2° 3x = 4 — 2 — 3) 

le Av 12) 8% —'—o(x = 2) 2x 
8 Nie eee tO 

“4 3 


9. After a 20% reduction, a computer sold for $1800. What 
was the computer’s price before the reduction? 


10. Solve fort: A =p + prt. 


In Exercises 11-12, simplify each exponential expression. 
11. (3x4y)? 
3x2 y-4\2 
nGen) 
xy 
13. Multiply and write the answer in scientific notation: 


(7 x 10°8)(3 x 10°). 
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14. Is {(1,5), (2,5), (3, 5), (4, 5), (6, 5)} a function? Give the 
relation’s domain and range. 


15. Graph f(x) = |x| — 1 and g(x) = |x| + 2 in the same 
rectangular coordinate system. Select integers for x, 
starting with —2 and ending with 2. Once you have obtained 
your graphs, describe how the graph of g is related to the 


graph of f. 


al 
15 = 


16. Find the domain of f(x) = 
17. If f(x) = 3x? — 4x +2 and g(x) = x* — 5x — 3, find 
(f — g)(x) and (f — g)(-1). 


In Exercises 18-19, graph each linear function. 


18. f(x) =—-2x + 4. 
19. x —-2y=6 
20. Write equations in point-slope form and_ slope- 


intercept form for the line passing through (3,—5) 
and parallel to the line whose equation is y = 4x + 7. 
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eld in a different country every five years, with 
contributions from more than 120 countries, the 
World Expo is a Showcase of cool gizmos, a multinational 
\ take on what the future might be. Who needs a human 
\ friend when you can connect with an adorable robot that 
recognizes you, engages in (meaningful?) conversation in 
any language, takes orders, plays a mean trumpet, and 
even does algebra? And what do the entrepreneurs who 
create these robots and other global visions want to do? 
Generate profit, of course. In this chapter, you’ll learn 
\ how algebra models every business venture, from a kid 
selling lemonade to companies producing innovative 
“personal partner” robots. 


. sae 


———_ 


Functions of business, including modeling business ventures with 
profit functions, are discussed in Section 3.2, pages 201-203. 


M 
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Objectives 


Determine whether 

an ordered pair is a 
solution of a system of 
linear equations. 


Solve systems of linear 
equations by graphing. 


Solve systems of 
linear equations by 
substitution. 


Solve systems of linear 
equations by addition. 


Select the most 
efficient method for 
solving a system of 
linear equations. 


Identify systems that 
do not have exactly 
one ordered-pair 
solution. 


Determine whether 

an ordered pair is a 
solution of a system of 
linear equations. 


Systems of Linear Equations 
in Two Variables 


“My wife and I were happy for 
twenty years. Then we met.” 
— Henny Youngman 


“Getting married for sex is 
like buying a 747 for the free 
peanuts.” 

—Jeff Foxworthy 


Despite an endless array of jokes about marriage, Figure 3.1 indicates that fewer U.S. 
adults are getting married. Our changing marital status can be analyzed using a pair of 
linear models in two variables. 
Marital Status of U.S. Adults 
80% - 


TAT M@ Never Married {™§ Married 
. 70% 65.5 61.9 
SB 60% 57.3 
ae, 51.9 
Sea 50% 
8S ano 
5 5 40% 
mF 50% 
20% 
10% 
1970 1980 1990 2000 2008 
‘Year 
Figure 3.1 


Source: U.S. Census Bureau 


In the first three sections of this chapter, you will learn to model your world with two 
equations in two variables and three equations in three variables. The methods you learn 
for solving these systems provide the foundation for solving complex problems involving 
thousands of equations containing thousands of variables. In this section’s Exercise Set, 
you will apply these methods to analyze America’s changing marital status. 


Systems of Linear Equations and Their Solutions 


We have seen that all equations in the form Ax + By = C are straight lines when 
graphed. Two such equations are called a system of linear equations, or a linear system. 
A solution of a system of linear equations is an ordered pair that satisfies both equations 
in the system. For example, (3, 4) satisfies the system 


xty= 7 (3+ 4 is, indeed, 7.) 
x—-y=-l. (3 - 4 is, indeed, —1. ) 


Thus, (3, 4) satisfies both equations and is a solution of the system. The solution can 
be described by saying that x = 3 and y = 4. The solution can also be described using 


2 | Solve systems of linear 
equations by graphing. 
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set notation. The solution set of the system is {(3, 4)}—that is, the set consisting of the 
ordered pair (3, 4). 


A system of linear equations can have exactly one solution, no solution, or infinitely 
many solutions. We begin with systems with exactly one solution. 


| EXAMPLE 1 | Determining Whether Ordered Pairs 
Are Solutions of a System 


Consider the system: 


{ x+2y=-7 

2x —-3y= 0. 
Determine if each ordered pair is a solution of the system: 
a. (—3, —2) b. (1, —4). 
Solution 


a. We begin by determining whether (—3,—2) is a solution. Because —3 is the 
x-coordinate and —2 is the y-coordinate of (—3,—2), we replace x with —3 and 
y with —2. 


ee ZY =-7 2x — 3y 0 
=3 + 2-2) 2-7 2=3) — 3-2) = 0 
i ay 27 -6- (-6) 20 
-7 =~-T7, true -6+ 6 =0 

0 =0, true 


The pair (—3, —2) satisfies both equations: It makes each equation true. Thus, the 
ordered pair is a solution of the system. 


b. To determine whether (1, —4) is a solution, we replace x with | and y with —4. 


x + 2y =-7 2x — 3y =0 
1+2¢4) 2-7 2-1-3¢C4) 20 
1+ (-8) + -7 2-(-12) 20 
-7 =-7, true 2+ 12 20 

14 =0, false 


The pair (1, —4) fails to satisfy both equations: It does not make both equations 
true. Thus, the ordered pair is not a solution of the system. 


|\Y| CHECK POINT1 Consider the system: 


i + Sy = —24 
3x —Sy= 14. 


Determine if each ordered pair is a solution of the system: 


a. (-7,—2) b. (—2,—4). 


Solving Linear Systems by Graphing 


The solution of a system of two linear equations in two variables can be found by 
graphing both of the equations in the same rectangular coordinate system. For a 
system with one solution, the coordinates of the point of intersection give the system’s 
solution. 
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Great Question! 


Can | use a rough sketch 
on scratch paper to 
solve a linear system by 
graphing? 

No. When solving linear 
systems by graphing, neatly 
drawn graphs are essential 
for determining points of 
intersection. 


e Use rectangular 
coordinate graph paper. 

e Use a ruler or 
straightedge. 


e Use a pencil with a sharp 
point. 


Using Technology 


A graphing utility can be 
used to solve the system 

in Example 2. Solve each 
equation for y, if necessary, 
graph the equations, and use 
the intersection feature. The 
utility displays the solution 
(3,-4) asx =3,y =—4. 


Intersection 
=e 


[-10, 10, 1] by [-10, 10, 1] 


Solving Systems of Two Linear Equations in Two Variables, 
x and y, by Graphing 


1. Graph the first equation. 
2. Graph the second equation on the same set of axes. 


3. If the lines intersect at a point, determine the coordinates of this point of 
intersection. The ordered pair is the solution to the system. 


4. Check the solution in both equations. 


| EXAMPLE 2 | Solving a Linear System by Graphing 


Solve by graphing: 
" =-x-1 
4x — 3y = 24. 


Step 1. Graph the first equation. We use 
the y-intercept and the slope to graph 
y=-x-1. 


The graph of y=—x —1 


Solution 


y=-x-1 


The slope is—1. The y-intercept is —1. 


The graph of 4x — 3y = 24 


The graph of the linear function is shown as a 


: ; Figure 3.2 
blue line in Figure 3.2. 


Step 2. Graph the second equation on the same axes. We use intercepts to graph 
4x — 3y = 24. 


x-intercept (Set y = 0.) y-intercept (Set x = 0.) 
4x — 3-0 = 24 4-0 — 3y = 24 
4x = 24 —3y = 24 
x =6 y=—8 


The x-intercept is 6, so the line passes through (6, 0). The y-intercept is —8, so the line 
passes through (0, —8). The graph of 4x — 3y = 24 is shown as a red line in Figure 3.2. 
Step 3. Determine the coordinates of the intersection point. This ordered pair is the 
system’s solution. Using Figure 3.2, it appears that the lines intersect at (3,—4). The 
“apparent” solution of the system is (3, —4). 


Step 4. Check the solution in both equations. 


Check (3, —4)iny = —x — 1: Check (8, — 4) in 4x — 3y = 24: 
-42-3-1 4(3) — 3(-4) = 24 
—-4=-4, true 12+12 2 24 

24 = 24, true 


Because both equations are satisfied, (3,—4) is the solution and {(3,—4)} is the 
solution set. 


[/| CHECK POINT 2 Solve by graphing: 


{ y=-2x + 6 
2x = y= —2; 


3 | Solve systems of 
linear equations by 
substitution. 


Great Question! 


In the first step of the 
substitution method, how 
do I know which variable 
to isolate and in which 
equation? 

You can choose both the 
variable and the equation. If 
possible, solve for a variable 
whose coefficient is 1 or —1 to 
avoid working with fractions. 
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Eliminating a Variable Using the Substitution Method 


Finding the solution to a linear system by graphing equations may not be easy to do. 


For example, a solution of (- a 17) would be difficult to “see” as an intersection point 


on a graph. 

Let’s consider a method that does not depend on finding a system’s solution visually: 
the substitution method. This method involves converting the system to one equation 
in one variable by an appropriate substitution. 


Solving Linear Systems by Substitution 


1. Solve either of the equations for one variable in terms of the other. (If one of 
the equations is already in this form, you can skip this step.) 


2. Substitute the expression found in step 1 into the other equation. This will 
result in an equation in one variable. 


3. Solve the equation containing one variable. 


4. Back-substitute the value found in step 3 into one of the original equations. 
Simplify and find the value of the remaining variable. 


5. Check the proposed solution in both of the system’s given equations. 


| EXAMPLE 3 | Solving a System by Substitution 


Solve by the substitution method: 
{ y=-2x+4 
Tx — 2y = 3. 
Solution 


Step 1. Solve either of the equations for one variable in terms of the other. This step has 
already been done for us. The first equation, y = —2x + 4, is solved for y in terms of x. 


Step 2. Substitute the expression from step 1 into the other equation. We substitute 
the expression —2x + 4 for y in the second equation: 


y=(-2x + 4 7x — 2y|= 3. Substitute —2x + 4 for y. 


I 


This gives us an equation in one variable, namely 
7x — 2(-2x + 4) = 3. 
The variable y has been eliminated. 


Step 3. Solve the resulting equation containing one variable. 


7x — 2(-2x + 4) = 3. This is the equation containing one variable. 
7x + 4x —8 = 3. Apply the distributive property. 
11x —8 = 3. Combine like terms. 
11x = 11 Add &to both sides. 
x = 1 Divide both sides by 11. 


Step 4. Back-substitute the obtained value into one of the original equations. We 
now know that the x-coordinate of the solution is 1. To find the y-coordinate, we 
back-substitute the x-value into either original equation. We will use 


y=-2x + 4. 
Substitute 1 for x. 


y=2-1+4=2+4=2 
With x = 1 and y = 2, the proposed solution is (1, 2). 
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Great Question! 


When | back-substitute 
the value for one of the 
variables, which equation 
should | use? 


The equation from step 1, in 
which one variable is expressed 
in terms of the other, is 
equivalent to one of the 
original equations. It is often 
easiest to back-substitute 

the obtained value into this 
equation to find the value 

of the other variable. After 
obtaining both values, get 
into the habit of checking the 
ordered-pair solution in both 
equations of the system. 


Step 5. Check the proposed solution in both of the system’s given equations. Replace 
x with 1 and y with 2. 


y= -2x+4 qx —2y =3 
22-2-1+4 7(1) — 2(2) 4 3 
22-244 7T=423 
2=2, true 3 = 3, true 


The pair (1, 2) satisfies both equations. The solution is (1, 2) and the system’s solution 
setis {(1,2)}. m 


\/| CHECK POINT3 Solve by the substitution method: 


oe 
5x — 2y = 8. 


| EXAMPLE 4 | Solving a System by Substitution 


Solve by the substitution method: 


ae ee 
x-—3y = 7. 


Solution 


Step 1. Solve either of the equations for one variable in terms of the other. We begin by 
isolating one of the variables in either of the equations. By solving for x in the second 
equation, which has a coefficient of 1, we can avoid fractions. 

x—-3y=7 This is the second equation in the given system. 
x = 3y +7 Solve for x by adding 3y to both sides. 


Step 2. Substitute the expression from step 1 into the other equation. We substitute 
3y + 7 for x in the first equation. 


x =(3y +7 5x] + 2y = 1 


This gives us an equation in one variable, namely 
5(3y + 7) + 2y = 1. 
The variable x has been eliminated. 
Step 3. Solve the resulting equation containing one variable. 
5B3y + 7) + 2y =1 
Sy +35 4+ 2y=1 
17y +35 =1 Combine like terms. 
17y = —34 Subtract 35 from both sides. 
y =—2 Divide both sides by 17. 


This is the equation containing one variable. 


Apply the distributive property. 


Step 4. Back-substitute the obtained value into one of the original equations. We 
back-substitute —2 for y into one of the original equations to find x. Let’s use both 
equations to show that we obtain the same value for x in either case. 


Using the first equation: Using the second equation: 


5x + 2y=1 x-—3y=7 
5x + 2(-2) =1 x — 3(-2) =7 
5x -4=1 x+6=7 
5x = 5 x=1 


x=1 


With x = 1 and y = —2, the proposed solution is (1, —2). 


4 | Solve systems of linear 
equations by addition. 


Great Question! 


Isn’t the addition method 
also called the elimination 
method? 

Although the addition 
method is also known as the 


elimination method, variables 


are eliminated when using 
both the substitution and 
addition methods. The name 
addition method specifically 


tells us that the elimination of 


a variable is accomplished by 
adding two equations. 
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Step 5. Check. Take a moment to show that (1, —2) satisfies both given equations. The 
solution is (1, —2) and the solution set is {(1,—2)}. m 


'/| CHECK POINT 4 


Solve by the substitution method: 


ae 
2x+ y=1. 


Eliminating a Variable Using the Addition Method 


The substitution method is most useful if one of the given equations has an isolated 
variable. A third method for solving a linear system is the addition method. Like the 
substitution method, the addition method involves eliminating a variable and ultimately 
solving an equation containing only one variable. However, this time we eliminate a 
variable by adding the equations. 

For example, consider the following system of linear equations: 


ea le 
=3x-+ 2y =—7. 


When we add these two equations, the x-terms are eliminated. This occurs because the 
coefficients of the x-terms, 3 and —3, are opposites (additive inverses) of each other: 


3x —4y = 11 


“3x + 2y =—7 
Add: Ox — 2y = 4 The sum is an equation 
—2y - 4 in one variable. 
y=-2. Divide both sides by —2 and solve for y. 


Now we can back-substitute —2 for y into one of the original equations to find x. It does 
not matter which equation you use; you will obtain the same value for x in either case. 
If we use either equation, we can show that x = 1 and the solution (1, —2) satisfies both 
equations in the system. 

When we use the addition method, we want to obtain two equations whose sum 
is an equation containing only one variable. The key step is to obtain, for one of the 
variables, coefficients that differ only in sign. To do this, we may need to multiply 
one or both equations by some nonzero number so that the coefficients of one of the 
variables, x or y, become opposites. Then when the two equations are added, this 
variable will be eliminated. 


| EXAMPLE 5 | Solving a System by the Addition Method 


Solve by the addition method: 


{e + 4y =-10 
5x —2y= 18. 


Solution We must rewrite one or both equations in equivalent forms so that the 
coefficients of the same variable (either x or y) are opposites of each other. Consider 
the terms in y in each equation, that is, 4y and —2y. To eliminate y, we can multiply 
each term of the second equation by 2 and then add equations. 


3x + dy = —190 ——Nochange _,/ 3y + ay = -10 
. =2y= 48 Muti y2.{ ahy= 36 
Add: 13x + Oy = 26 

13x = 26 


x= 2, Divide both sides by 
13 and solve for x. 
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Thus, x = 2. We back-substitute this value into either one of the given equations. We’ll 
use the first one. 

3x + 4y = —-10 This is the first equation in the given system. 

3(2) + 4y =—-10 = Substitute 2 for x. 
6+4y=-10 Multiply. 
4y =—16 = Subtract 6 from both sides. 
y=-4 Divide both sides by 4. 

We see that x = 2 and y = —4. The ordered pair (2, —4) can be shown to satisfy both 


equations in the system. Consequently, the solution is (2,—4) and the solution set is 
{(2,—4)}. & 


Solving Linear Systems by Addition 
1. If necessary, rewrite both equations in the form Ax + By = C. 


2. If necessary, multiply either equation or both equations by appropriate nonzero 
numbers so that the sum of the x-coefficients or the sum of the y-coefficients is 0. 


3. Add the equations in step 2. The sum will be an equation in one variable. 
4. Solve the equation in one variable. 


5. Back-substitute the value obtained in step 4 into either of the given equations 
and solve for the other variable. 


6. Check the solution in both of the original equations. 


Y| CHECK POINTS Solve by the addition method: 


i — Ty = —-16 
2x+5y= 9. 


| EXAMPLE 6 | Solving a System by the Addition Method 


Solve by the addition method: 


=5-2y 
3y = 16 — 2x. 


Solution 
Step 1. Rewrite both equations in the form Ax + By = C. We first arrange the system 
so that variable terms appear on the left and constants appear on the right. We obtain 
Ve +2y=5 Add 2y to both sides of the first equation. 
2x + 3y = 16. Add 2x to both sides of the second equation. 
Step 2. If necessary, multiply either equation or both equations by appropriate numbers 
so that the sum of the x-coefficients or the sum of the y-coefficients is 0. We can 
eliminate x or y. Let’s eliminate y by multiplying the first equation by 3 and the second 
equation by —2. 
(es ie 15 
tip =2. 
2x + 3y = 16 a Py —4x — 6y = —32 
Step 3. Add the equations. Add: 17x + Oy = —-17 
17x = -17 
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Step 4. Solve the equation in one variable. We solve 17x = —17 by dividing both sides 
by 17. 
te 9 
7 
x=-l Simplify. 


Divide both sides by 17. 


Step 5. Back-substitute and find the value of the other variable. We can back-substitute 
—1 for x into either one of the given equations. We’ll use the second one. 


3y = 16 — 2x This is the second equation in the given system. 
3y = 16 — 2(-1) — Substitute —tfor x. 

3y = 16+ 2 Multiply. 

3y = 18 Add. 

y=6 Divide both sides by 3. 


We found that x = —1 and y = 6. The proposed solution is (—1, 6). 


Step 6. Check. Take a moment to show that (—1, 6) satisfies both given equations. The 
solution is (—1, 6) and the solution set is {(-1, 6)}. _™ 


|\¥| CHECK POINT6 Solve by the addition method: 


ae 2 —4y 
Sy = —-1 — 2x. 


Some linear systems have solutions that are not integers. If the value of one variable 
turns out to be a “messy” fraction, back-substitution might lead to cumbersome 
arithmetic. If this happens, you can return to the original system and use the addition 
method a second time to find the value of the other variable. 


Solving a System by the Addition Method 


Solve by the addition method: 


Xx 

~ — 5y = 32 
2 y 

3x 

~~ Ty = 45. 
7 


Solution 


Step 1. Rewrite both equations in the form Ax + By = C. Although each equation is 
already in this form, the coefficients of x are not integers. There is less chance for error 
if the coefficients for x and yin Ax + By = Care integers. Consequently, we begin by 
clearing fractions. Multiply both sides of each equation by 2. 


= ty = 45 Es 3x — 14y = 90 


Step 2. If necessary, multiply either equation or both equations by appropriate numbers 
so that the sum of the x-coefficients or the sum of the y-coefficients is 0. We will 
eliminate x. Multiply the first equation with integral coefficients by —3 and leave the 
second equation unchanged. 


Multipl =o: 
{ £iiy= Jee + 30y =—192 
No change 
3x — 14y = 90 3x — 14y = 90 
Step 3. Add the equations. Add: Ox + loy = —102 


16y = —102 
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5 | Select the most 
efficient method for 
solving a system of 
linear equations. 


Step 4. Solve the equation in one variable. We solve 16y = —102 by dividing both sides 
by 16. 


oe Divide both sides by 16 
a 46 ivide both sides by 16. 
— 102 Si oe 
y 16 8 implify. 


Step 5. Back-substitute and find the value of the other variable. Back-substitution of 
= a for y into either of the given equations results in cumbersome arithmetic. Instead, 
let’s use the addition method on the system with integral coefficients from step 1 to 
find the value of x. Thus, we eliminate y by multiplying the first equation by —7 and the 
second equation by 5. 


= 10 Sp ng (i ey 
Multiply by 5. 


3x — 14y = 90 15x — 70y = 450 
Ada: 8x = 2 
_2_1 
"8 4 
We found that x = 5 and y = — q. The proposed solution is (4. - +). 


Step 6. Check. For this system, a calculator is helpful in showing that G: = >) satisfies 


both of the original equations of the system. The solution is ( bo >) and the solution 


set is {(4,-%)}. a 


CHECK POINT 7 Solve by the addition method: 


3x 
pala —2? — a 
2 *” 9 
_y _ 3 
Xx 2 2" 


Comparing the Three Solution Methods 


The following chart compares the graphing, substitution, and addition methods for 
solving systems of linear equations in two variables. With increased practice, you will 
find it easier to select the best method for solving a particular linear system. 


Comparing Solution Methods 


Method Advantages Disadvantages 


Graphing You can see the solutions. | If the solutions do not involve integers 
or are too large to be seen on the graph, 
it’s impossible to tell exactly what the 
solutions are. 


Substitution Gives exact solutions. Easy | Solutions cannot be seen. Introduces 
to use if a variable is on extensive work with fractions when no 
one side by itself. variable has a coefficient of 1 or —1. 
Addition Gives exact solutions. Easy | Solutions cannot be seen. 


to use if no variable has a 
coefficient of 1 or —1. 
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© identify systems that Linear Systems Having No Solution 
do not have exactly one or Infinitely Many Solutions 
ordered-pair solution. 


We have seen that a system of linear equations in two variables represents a pair of 
lines. The lines either intersect at one point, are parallel, or are identical. Thus, there 
are three possibilities for the number of solutions to a system of two linear equations. 


The Number of Solutions to a System of Two Linear Equations 


The number of solutions to a system of two linear equations in two variables is 
given by one of the following. (See Figure 3.3.) 


Number of Solutions What This Means Graphically 
Exactly one ordered-pair solution The two lines intersect at one point. 
No solution The two lines are parallel. 
Infinitely many solutions The two lines are identical. 

” y y 

A A 
x x x 
Solution 
Exactly one solution No solution (parallel lines) Infinitely many solutions 


(Lines are identical, or coincide.) 


Figure 3.3 Possible graphs for a system of two linear equations in two variables 


A linear system with no solution is called an inconsistent system. If you attempt to 
solve such a system by substitution or addition, you will eliminate both variables. A 
false statement, such as 0 = 6, will be the result. 


A System with No Solution 


Solve the system: 
es —2y= 6 
6x — 4y = 18. 


Solution Because no variable is isolated, we will use the addition method. To obtain 
coefficients of x that differ only in sign, we multiply the first equation by —2. 


Multiply by —2. 


Pe = No change {Ox + 4y = —12 
6x — 4y = 18 >| 6x -—4y= 18 
Ada: 0 = 6 


There are no values of x and y 
for which 0 = 6. No values of 
x and y satisfy Ox + Oy = 6. 


The false statement 0 = 6 indicates that the system is inconsistent and has no solution. 
The solution set is the empty set,@. 


Figure 3.4 The graph of an The lines corresponding to the two equations in Example 8 are shown in Figure 3.4. 
inconsistent system The lines are parallel and have no point of intersection. 


188 CHAPTER 3_ Systems of Linear Equations 


Discover for Yourself 


Show that the graphs of 3x — 2y = 6 and 6x — 4y = 18 must be parallel lines by solving 
each equation for y. What is the slope and the y-intercept for each line? What does this 
mean? If a linear system is inconsistent, what must be true about the slopes and the 
y-intercepts for the system’s graphs? 


| CHECK POINT 8 Solve the system: 


{ 5x —2y=4 
—10x + 4y = 7. 


A linear system that has at least one solution is called a consistent system. Lines that 
intersect and lines that coincide both represent consistent systems. If the lines coincide, 
then the consistent system has infinitely many solutions, represented by every point on 
the coinciding lines. 

The equations in a linear system with infinitely many solutions are called dependent. 
If you attempt to solve such a system by substitution or addition, you will eliminate 
both variables. However, a true statement, such as 10 = 10, will be the result. 


| EXAMPLE 9 | A System with Infinitely Many Solutions 


Solve the system: 


{ y=3x-2 
15x — S5y = 10. 


Solution Because the variable y is isolated in y = 3x — 2, the first equation, we 


can use the substitution method. We substitute the expression for y into the second 
equation. 


Figure 3.5 The graph of a system 
with infinitely many solutions 


L 
15x — sly] = 10 Substitute 3x — 2 fory. 


y =|3x — 2 


Great Question! 


The system in Example 9 
has infinitely many 
solutions. Does that mean 
that any ordered pair of 
numbers is a solution? 


No. Although the system 
in Example 9 has infinitely 
many solutions, this does 
not mean that any ordered 
pair of numbers you can 
form will be a solution. The 
ordered pair (x, y) must 
satisfy one of the system’s 
equations, y = 3x — 2 or 
15x — Sy = 10, and there 
are infinitely many such 
ordered pairs. Because 

the graphs are coinciding 
lines, the ordered pairs that 
are solutions of one of the 
equations are also solutions 
of the other equation. 


15x — 5(3x — 2) = 10 The substitution results in an equation in one variable. 
15x — 15x + 10 = 10 Apply the distributive property. 


This statement is true 
for all values of x and y. 


10 = 10 Simplify. 


In our final step, both variables have been eliminated and the resulting statement, 
10 = 10, is true. This true statement indicates that the system has infinitely many 
solutions. The solution set consists of all points (x, y) lying on either of the coinciding 
lines, y = 3x — 2 or 15x — Sy = 10, as shown in Figure 3.5. 

We express the solution set for the system in one of two equivalent ways: 


{(x, y)|y = 3x — 2} or {(x, y) | 15x — 5y = 10}. 


The set of all ordered pairs 
(x, y) such that 15x — 5y = 10 


The set of all ordered pairs 
(x, y) such that y = 3x —2 


/| CHECK POINT 9 


Solve the system: 
{ x=4y-8 
5x — 20y = —40. 
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Achieving Success 


Take some time to consider how you are doing in this course. Check your performance by answering the following questions: 


Are you attending all lectures? 


For each hour of class time, are you spending at least two hours outside of class completing all homework assignments, 
checking answers, correcting errors, and using all resources to get the help that you need? 


Are you reviewing for quizzes and tests? 


Are you reading the textbook? In all college courses, you are responsible for the information in the text, whether or not it is 
covered in class. 


Are you keeping an organized notebook? Does each page have the appropriate section number from the text on top? Do 
the pages contain examples your instructor works during lecture and other relevant class notes? Have you included your 
worked-out homework exercises? Do you keep a special section for graded exams? 


Are you analyzing your mistakes and learning from your errors? 


Are there ways you can improve how you are doing in the course? 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


I 


2. 


3. 


A solution to a system of linear equations in two variables is an ordered pair that 


When solving a system of linear equations by graphing, the system’s solution is determined by locating 


When solving 
i —2y=5 
y=3x-3 
by the substitution method, we obtain x = 4, so the solution set is 
When solving 
= + 10y =9 
8x + Sy =7 
by the addition method, we can eliminate y by multiplying the second equation by and then adding 
the equations. 
When solving 
ee —3y = 15 
3x — 2y = 10 


by the addition method, we can eliminate y by multiplying the first equation by 2 and the second equation by ; 
and then adding the equations. 


When solving 
ie — 21ly = 24 
4x -7Ty= 7 


by the addition method, we obtain 0 = 3, so the solution set is . The linear system is a/an 
system. If you attempt to solve such a system by graphing, you will obtain two lines that are 


When solving 
i: =3y+2 
5x — 15y = 10 
by the substitution method, we obtain 10 = 10, so the solution set is . The 


equations in this system are called . If you attempt to solve such a system by graphing, you will 
obtain two lines that 
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MyMathLab 


Practice Exercises 


In Exercises 1-6, determine whether the given ordered pair is a 
solution of the system. 


1 (G55) 2a (Gesell) 
x-y=12 x- y=-4 
se Neate 4 
ce (C=) 4. (4,2) 
3x + 4y =2 2% = Dy = 2 
roe Coe 
Bb (G5=3)) 6. (—3,—-4) 
y = 2x — 13 y=3x+5 
eee Cee 


In Exercises 7-24, solve each system by graphing. Identify 
systems with no solution and systems with infinitely many 
solutions, using set notation to express their solution sets. 


7 Jxt+y=4 8 ix y— 6 
ie fe a4 
9 f2xt+y=4 105 Ieee Dy 4 
aoe Co 
11 3x — 2y = 6 12, f4x+y=4 
eae, nes 
13. {2x + 3y= 14. {3x —-3y =6 
es oe 
15. Jfy= 2x-2 16. jfy=-x+1 
ee ees 
17. |3x— y=4 18; |22=" y= —4 
aes, oles 6 
19. {[2x+ y= 20. {4x- y= 9 
eee eee 
21 | ey 2: 22. {x+2y= 
{ yo { x=3 
23. ie + y= 3 24. ene e 6 
Ox Dy 12 4x — 6y = 24 


In Exercises 25-42, solve each system by the substitution method. 


Identify inconsistent systems and systems with dependent 
equations, using set notation to express their solution sets. 


26. ee 


y = 2x y=4x 
a7. {2x + 3y =9 28. {3x —4y = 18 
ee ee 
29. S Sox 7 30. fx =3y +8 
ae es 
Sil — y= 5 aes 3 
2x — 3y = 13 3xe oy — 19 
33. x-2y=4 34. GSI —10 
eae ee: 
35. {2x + 5y =—4 36. {2x +5y=1 
ee es i + 6y = 8 


A 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


v= 26 5 3 y= 3x—1 
x uy Gey. 1 
eS 4 a 
ee 4 4 : 6 2) 3 
Meat ye 9 x+2y =-3 
2 1 
41. = 0 — == 
y 5* 42 y af 
24, = Ve 10) 3y =x+ 12 


In Exercises 43-58, solve each system by the addition method. 
Identify inconsistent systems and systems with dependent 
equations, using set notation to express their solution sets. 


43. vo 44. fee 


x-y=3 x-y=3 
45. {12x + 3y = 15 46. {4x + 2y = 12 
eae oe 
47. x+3y=2 48. x+2y=-1 
Die eee eee 3 
49. ae ve— 2 ee a 5 
4x —-2y= 6 36) 
Sit) (3% Sye— alll 52. {4x — 3y = 12 
ae 2) ay ee 2, 
53. eee 5A. eee 
5x + 3y = 17 6% — sy ——3 
55. {2x + 6y= 8 56. x —3y =-6 
ae. pene 9 


57. ae 3y =4 


58. ees 
4x + 5y =3 


2x —5y =—14 
In Exercises 59-82, solve each system by the method of your 


choice. Identify inconsistent systems and systems with dependent 
equations, using set notation to express solution sets. 


59. eee 1 60 ee D 
2X. = 3) > 1. 5x + 4y = 51 
61 ae 62 ee 
3x + Jy = —-18 a = y= 7 
4y ei 
: +—=—=5 4. |--L=-4 
63 " 5 6 , 5 
y ae! 
4x -—=5 ee) 
ame 4 6 
oe ea 66. : i a 
iS She ey, SS Saas daa Vt 
4 y 3 16 4 
fal Seo 
<x--y=1 y+ -y=11 
2 3 1 3 
67. eee eee 68 eae 
2x — 6y = —2 2x — 8y = -2 
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69; y= 2a 1 70. fy =2x4+4 
opeane ee 

71. (0.4x + 0.3y = 2.3 72) (020 eye — 14} 
ee — 0.5y = 0.5 re — 0.2y =—-1.6 

73. {5x — 40 = 6y 74. [4x — 24 = 3y 
ro —- 

75. f3(at+y)= 6 76. {4(x — y) =-12 
me — y) = —36 ue + y) =—20 

tie (366 = 3) 2y-— 0) 78. f 5x + 2y =-5 
he =i eS te + y) = 62 — x) 

79. Jx+2y-3=0 ee 
ees 10 = 4x — 2y 

81. J3x + 4y = 0 82. [Sx + 8y = 20 
{ ie = Sy { A — She 


Practice PLUS 
In Exercises 83-84, solve each system by the method of your 


choice. 
x 2 ar aio Bay ey 1 
83. 5) 3 =3 84. 3 5) 5) 
Say ey x+2 Dar 
5) 2 2} 2 3 


In Exercises 85-86, solve each system for x and y, expressing 
either value in terms of a or b, if necessary. Assume thata # 0 


Systems of Linear Equations in Two Variables 


Application Exercises 


91. 


We opened the section with a bar graph that showed fewer 
USS. adults are getting married. (See Figure 3.1 on page 
178.) The data can be modeled by the following system of 
linear equations: 


Percentage of never-married American 
—3x + 10y = 160 adults, y, x years after 1970 
x 2y = sa 


a. Use these models to determine the year, rounded to 
the nearest year, when the percentage of never-married 
adults will be the same as the percentage of married 
adults. For that year, approximately what percentage of 
Americans, rounded to the nearest percent, will belong 
to each group? 


Percentage of married American 
adults, y, x years after 1970 


b. How is your approximate solution from part (a) shown 
by the following graphs? 


Married 


Percentage of 
American Adults 


10 20 30 40 50 60 70 80 90 
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and b # 0. 
85. ee +4y=17 86. ee + by =3 
ax + Ty = 22 6ax + Sby = 8 


87. For the linear function f(x) = mx 
f(3) = —9. Find m and b. 


b, f(-2) = 11 and 


88. For the linear function f(x) = mx 
f(2) = —7. Find m and b. 


b, f(-3) = 23 and 


Use the graphs of the linear functions to solve Exercises 89-90. 


89. Write the linear system whose solution set is {(6, 2)}. 
Express each equation in the system in slope-intercept form. 


90. Write the linear system whose solution set is @. Express 
each equation in the system in slope-intercept form. 


Years after 1970 


92. The graph shows that from 2000 through 2006, Americans 
unplugged land lines and switched to cellphones. 


Number of Cellphone and Land-Line 
Customers in the United States 
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| | L | | | 
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100 
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(millions) 


Source: Federal Communications Commission 


a. Use the graphs to estimate the point of intersection. In 
what year was the number of cellphone and land-line 
customers the same? How many millions of customers 
were there for each? 


b. The function 4.3x + y = 198 models the number of 
land-line customers, in millions, x years after 2000. 
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93. 


94. 


The function y = 19.8x + 98 models the number of 
cellphone customers, in millions, x years after 2000. 
Use these models to determine the year, rounded to 
the nearest year, when the number of cellphone and 
land-line customers was the same. According to the 
models, how many millions of customers, rounded to the 
nearest ten million, were there for each? 

c. How well do the models in part (b) describe the 
point of intersection of the graphs that you estimated in 
part (a)? 

Although Social Security is a problem, some projections 

indicate that there’s a much bigger time bomb ticking 

in the federal budget, and that’s Medicare. In 2000, the 
cost of Social Security was 5.48% of the gross domestic 
product, increasing by 0.04% of the GDP per year. In 

2000, the cost of Medicare was 1.84% of the gross domestic 

product, increasing by 0.17% of the GDP per year. 

(Source: Congressional Budget Office) 

a. Write a function that models the cost of Social 
Security as a percentage of the GDP x years after 2000. 


b. Write a function that models the cost of Medicare 
as a percentage of the GDP x years after 2000. 


c. In which year will the cost of Medicare and Social 
Security be the same? For that year, what will be the 
cost of each program as a percentage of the GDP? 
Which program will have the greater cost after that 
year? 

The Rise and Fall of D and E The graph indicates that 

vitamin D sales increased from 2001 to 2009, a period 

during which several studies linked it to various health 
benefits. News that vitamin E might increase the risk of illness 
and death resulted in decreasing sales for the same period. 


Sales of Vitamin D 
and Vitamin E 


$900 : 3 
© Vitamin D 


® Vitamin E 


Tal. 
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Source: Nutrition Business Journal 
In 2001, vitamin D sales were $40 million. For the period 
shown, sales increased by an average of $48 million per 
year. In 2001, vitamin E sales were $771 million, decreasing 
by an average of $54 million per year. 
a. Write a function that models the sale of vitamin D, in 
millions of dollars, x years after 2001. 
b. Write a function that models the sale of vitamin E, in 
millions of dollars, x years after 2001. 
c. In which year, to the nearest whole year, were sales of 
vitamin D and vitamin E the same? 


The 


bar graph shows the percentage of Americans who used 


cigarettes, by ethnicity, in 1985 and 2005. For each of the groups 
shown, cigarette use has been linearly decreasing. Use this 
information to solve Exercises 95-96. 


Percentage of Americans 
13 and Older Using Cigarettes 


Cigarette Use in the United States 


41% 40.0% 


38% 


38.9% 


BH White 
35% © African American 


@ Hispanic 


32% L 
29% 27.3% 273% 
26% 
23% 


20% 
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Year 


Source: Department of Health and Human Services 


95. 


96. 


In this exercise, let x represent the number of years after 
1985 and let y represent the percentage of Americans in 
one of the groups shown who used cigarettes. 


a. Use the data points (0, 38) and (20, 27.3) to find the 
slope-intercept equation of the line that models the 
percentage of African Americans who used cigarettes, y, 
x years after 1985. Round the value of the slope m to 
two decimal places. 


b. Use the data points (0, 40) and (20, 24.2) to find the 
slope-intercept equation of the line that models the 
percentage of Hispanics who used cigarettes, y, x years 
after 1985. 


c. Use the models from parts (a) and (b) to find the year 
during which cigarette use was the same for African 
Americans and Hispanics. What percentage of each 
group used cigarettes during that year? 


In this exercise, let x represent the number of years after 
1985 and let y represent the percentage of Americans in 
one of the groups shown who used cigarettes. 


a. Use the data points (0, 38.9) and (20, 27.3) to find the 
slope-intercept equation of the line that models the 
percentage of whites who used cigarettes, y, x years 
after 1985. 


b. Use the data points (0, 40) and (20, 24.2) to find the 
slope-intercept equation of the line that models the 
percentage of Hispanics who used cigarettes, y, x years 
after 1985. 


c. Use the models from parts (a) and (b) to find the year, to 
the nearest whole year, during which cigarette use was 
the same for whites and Hispanics. What percentage 
of each group, to the nearest percent, used cigarettes 
during that year? 


SECTION 3.1 


An important application of systems of equations arises in 
connection with supply and demand. As the price of a product 
increases, the demand for that product decreases. However, at 
higher prices, suppliers are willing to produce greater quantities 
of the product. Exercises 97-98 involve supply and demand. 


97. Achain of electronics stores sells hand-held color televisions. 
The weekly demand and supply models are given as follows: 


Number sold Demand model 
per week N = —5p + 750 


the chain per week | ~N = 2.5p. 


a. How many hand-held color televisions can be sold and 
supplied at $120 per television? 


b. Find the price at which supply and demand are equal. 
At this price, how many televisions can be supplied and 
sold each week? 


98. At a price of p dollars per ticket, the number of tickets 
to a rock concert that can be sold is given by the demand 
model N = —25p + 7800. At a price of p dollars per 
ticket, the number of tickets that the concert’s promoters 
are willing to make available is given by the supply model 
N = Sp + 6000. 


a. How many tickets can be sold and supplied for $50 per 
ticket? 


b. Find the ticket price at which supply and demand are 
equal. At this price, how many tickets will be supplied 
and sold? 


Writing in Mathematics 


99. What is a system of linear equations? Provide an example 
with your description. 
100. 


101. Explain how to determine if an ordered pair is a solution 
of a system of linear equations. 


What is a solution of a system of linear equations? 


102. Explain how to solve a system of linear equations by 
graphing. 

103. Explain how to solve a system of equations using the 
substitution method. Use y = 3 — 3x and 3x + 4y = 6 


to illustrate your explanation. 


104. Explain how to solve a system of equations using the 
addition method. Use 5x + 8y = —1 and 3x + y = 7 to 


illustrate your explanation. 


When is it easier to use the addition method rather than 
the substitution method to solve a system of equations? 


105. 


106. When using the addition or substitution method, how can 
you tell if a system of linear equations has no solution? 
What is the relationship between the graphs of the two 


equations? 


107. When using the addition or substitution method, how can 
you tell if a system of linear equations has infinitely many 
solutions? What is the relationship between the graphs of 


the two equations? 


Systems of Linear Equations in Two Variables 


Technology Exercise 


108. Verify your solutions to any five exercises from Exercises 
7-24 by using a graphing utility to graph the two 
equations in the system in the same viewing rectangle. 
Then use the intersection feature to display the solution. 


Critical Thinking Exercises 


Make Sense? In Exercises 109-112, determine whether 
each statement “makes sense” or “does not make sense” and 
explain your reasoning. 


109. Even if a linear system has a solution set involving 
fractions, such as Goa ite I can use graphs to 


determine if the solution set is reasonable. 


110. If I add the equations on the right and solve the resulting 
equation for x, I will obtain the x-coordinate of the 
intersection point of the lines represented by the equations 


on the left. 
i —6y= 1 > ie 30y = 5 
3x + 5y = —-8 > (18x + 30y = —-8 


111. In the previous chapter, we developed models for life 
expectancy, y, for U.S. men and women born x years after 


1960: 
y = 0.22x + 65.7 = Men 
{; = 0.17x + 72.9. Women | 


The system indicates that life expectancy for men is 
increasing at a faster rate than for women, so if these 
trends continue, life expectancies for men and women 
will be the same for some future birth year. 


112. Here are two models that describe winning times for the 


Olympic 400-meter run, y, in seconds, x years after 1968: 


y = -0.02433x + 44.43 
y = —0.08883x + 50.86.~/ Women 


The system indicates that winning times have been 
decreasing more rapidly for women than for men, so if 
these trends continue, there will be a year when winning 
times for men and women are the same. 


In Exercises 113-116, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


113. The addition method cannot be used to eliminate 
either variable in a system of two equations in two 
variables. 

114. The solution set of the system 

{ 5x- y=1 
10x —- 2y =2 
is {(2, 9)}. 
115. A system of linear equations can have a solution set 


consisting of precisely two ordered pairs. 
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116. 


117. 


118. 


119. 


The solution set of the system 
{ y= 4% = 3 
y=4x4+5 
is the empty set. 
Determine a and b so that (2, 1) is a solution of this 
system: 
ra —by=4 
Dyer taay ce Te 


Write a system of equations having {(—2, 7)} as a solution 
set. (More than one system is possible.) 

Solve the system for x and y in terms of a1, b,, c,, a, bo, 
and cp: 


ie oe biy Ci 
ax + boy = cp. 


Review Exercises 


120. 


Objectives 


1 | Solve problems using 
systems of equations. 


2 | Use functions to model 
revenue, cost, and 
profit, and perform a 


Solve: 6x = 10 + 5(3x — 4). (Section 1.4, Example 3) 


121. Simplify: (4x2y4)°(—2x5y)’, (Section 1.6, Example 9) 


122. If f(x) = x?- 3x + 7, find f(-1). (Section 2.1, Example 3) 


Preview Exercises 


Exercises 123-125 will help you prepare for the material 
covered in the next section. 


123. The formula J = Pr is used to find the simple interest, 
I, earned for one year when the principal, P, is invested 
at an annual interest rate, r. Write an expression for the 
total interest earned on a principal of x dollars at a rate 
of 15% (r = 0.15) and a principal of y dollars at a rate of 
7% (r = 0.07). 


124. A chemist working on a flu vaccine needs to obtain 
50 milliliters of a 30% sodium-iodine solution. How 
many milliliters of sodium-iodine are needed in the 
solution? 

125. A company that manufactures running shoes sells them at 


$80 per pair. Write an expression for the revenue that is 
generated by selling x pairs of shoes. 


ventures. 


break-even analysis. 


@ Solve problems using 
systems of equations. 


Driving through your 
you see kids selling lemonade. Would it 
surprise you to know that this activity can 
be analyzed using functions and systems 
of equations? By doing so, you will view profit 
and loss in the business world in a new way. In 
this section, we use systems of equations 
to solve problems and model business 


neighborhood, 


Problem Solving and Business 
Applications Using Systems of Equations 


A Strategy for Solving Word Problems Using 
Systems of Equations 


When we solved problems in Chapter 1, we let x represent a quantity that was unknown. 
Problems in this section involve two unknown quantities. We will let x and y represent 
these quantities. We then translate from the verbal conditions of the problem into a 


system of linear equations. 


EXAMPLE 1 


Solving a Problem Involving Energy Efficiency 
of Building Materials 


A heat-loss survey by an electric company indicated that a wall of a house containing 
40 square feet of glass and 60 square feet of plaster lost 1920 Btu (British thermal units) 
of heat. A second wall containing 10 square feet of glass and 100 square feet of plaster 
lost 1160 Btu of heat. Determine the heat lost per square foot for the glass and for the 


plaster. 
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Solution 

Step 1. Use variables to represent unknown quantities. 
Let x = the heat lost per square foot for the glass. 
Let y = the heat lost per square foot for the plaster. 


Step 2. Write a system of equations that models the problem’s conditions. The heat 
loss for each wall is the heat lost by the glass plus the heat lost by the plaster. One wall 
containing 40 square feet of glass and 60 square feet of plaster lost 1920 Btu of heat. 


Heat lost by the glass =F heat lost by the plaster = _ total heat lost. 
Number \  / heat lost sie number \ | / heat lost _ total heat 
of ft? per ft? of ft? per ft? — lost. 


40 x + 60 : y = 1920 


A second wall containing 10 square feet of glass and 100 square feet of plaster lost 1160 
Btu of heat. 


Heat lost by the glass oF heat lost by the plaster = total heat lost. 
Number : heat lost i number ; heat lost _ total heat 
of ft? per ft? of ft? per ft? ~ lost. 


10: x + 100 ‘oy = 1160 


Step 3. Solve the system and answer the problem’s question. The system 
a + 60y = 1920 
10x + 100y = 1160 
can be solved by addition. We’ll multiply the second equation by —4 and then add 
equations to eliminate x. 
40x + 60y = 1920-——Neehange _.¢ 4oe + G0y= 1920 
Multiply by —4. 
10x + 100y = 1160 ———————_-> | —40x — 400y = —4640 
Ada: —340y = —2720 
— =2720 
—340 
Now we can find the value of x by back-substituting 8 for y in either of the system’s equations. 


10x + 100y = 1160 We'll use the second equation. 
10x + 100(8) = 1160  Back-substitute 8 for y. 
10x + 800 = 1160 = Multiply. 
10x = 360 = Subtract 800 from both sides. 
x = 36 Divide both sides by 10. 
We see that x = 36 and y = 8. Because x represents heat lost per square foot for the 


glass and y for the plaster, the glass lost 36 Btu of heat per square foot and the plaster 
lost 8 Btu per square foot. 


Step 4. Check the proposed solution in the original wording of the problem. The problem 
states that the wall with 40 square feet of glass and 60 square feet of plaster lost 1920 Btu. 


40(36) + 60(8) = 1440 + 480 = 1920 Btu of heat 


Proposed solution is 36 Btu per ft for glass and 8 Btu per ft* for plaster. 


Our proposed solution checks with the first statement. The problem also states that the 
wall with 10 square feet of glass and 100 square feet of plaster lost 1160 Btu. 
10(36) + 100(8) = 360 + 800 = 1160 Btu of heat 


Our proposed solution also checks with the second statement. 
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¥| CHECK POINT1 University of Arkansas researchers discovered that we 
underestimate the number of calories in restaurant meals. The next time you eat out, 
take the number of calories you think you ate and double it. The researchers concluded 
that this number should be a more accurate estimate. The actual number of calories in 
one portion of hamburger and fries and two portions of fettuccine Alfredo is 4240. The 
actual number of calories in two portions of hamburger and fries and one portion of 
fettuccine Alfredo is 3980. Find the actual number of calories in each of these dishes. 
(Source: Consumer Reports, January/February, 2007) 


Test Your Calorie I.Q. 


Hamburger and Fries Fettuccine Alfredo 
Average guess: Average guess: 
777 calories 704 calories 


Next, we will solve problems involving investments, mixtures, and motion with 
systems of equations. We will continue using our four-step problem-solving strategy. 
We will also use tables to help organize the information in the problems. 


Dual Investments with Simple Interest 


Simple interest involves interest calculated only on the amount of money that we 
invest, called the principal. The formula J = Pr is used to find the simple interest, J, 
earned for one year when the principal, P, is invested at an annual interest rate, r. Dual 
investment problems involve different amounts of money in two or more investments, 
each paying a different rate. 


| EXAMPLE 2 | Solving a Dual Investment Problem 


Your grandmother needs your help. She has $50,000 to invest. Part of this money is to 
be invested in noninsured bonds paying 15% annual interest. The rest of this money 
is to be invested in a government-insured certificate of deposit paying 7% annual 
interest. She told you that she requires $6000 per year in extra income from both of 
these investments. How much money should be placed in each investment? 


Solution 
Step 1. Use variables to represent unknown quantities. 


Let x = the amountinvestedin the 15% noninsured bonds. 
Let y = the amountinvested in the 7% certificate of deposit. 


Step 2. Write a system of equations that models the problem’s conditions. Because 
Grandma has $50,000 to invest, 


The amount the amount 
invested at 15% plus invested at 7% equals $50,000. 


x + y = 50,000 


Furthermore, Grandma requires $6000 in total interest. We can use a table to organize 
the information in the problem and obtain a second equation. 
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Principal 7 Interest = Interest 

(amount invested) rate earned 
15% Investment x 0.15 0.15x 
7% Investment y 0.07 0.07y 


The interest for the two investments combined must be $6000. 


Interest from the interest from the 
15% investment plus 7% investment is $6000. 


0.15x + 0.07y = 6000 


Step 3. Solve the system and answer the problem’s question. The system 
x + y = 50,000 
ie + 0.07y = 6000 


can be solved by substitution or addition. Substitution works well because both variables 
in the first equation have coefficients of 1. Addition also works well; if we multiply the 
first equation by —0.15 or —0.07, adding equations will eliminate a variable. We will 


use addition. 
Multiply by —0.07. 


{ ety = 50,000: ——— { 0.07x — 0.07y = —3500 
No change 

0.15x + 0.07y = 6000 0.15x + 0.07y = 6000 

Ada: 0.08x = 2500 

2500 

“0.08 

x = 31,250 


Because x represents the amount that should be invested at 15%, Grandma should 
place $31,250 in 15% noninsured bonds. Now we can find y, the amount that she should 
place in the 7% certificate of deposit. We do so by back-substituting 31,250 for x in 
either of the system’s equations. 


x + y = 50,000 We'll use the first equation. 
31,250 + y = 50,000 Back-substitute 31,250 for x. 
y = 18,750 Subtract 31,250 from both sides. 
Because x = 31,250 and y = 18,750, Grandma should invest $31,250 at 15% and 
$18,750 at 7%. 


Step 4. Check the proposed answers in the original wording of the problem. Has 
Grandma invested $50,000? 


$31,250 + $18,750 = $50,000 


Yes, all her money was placed in the dual investments. Can she count on $6000 
interest? The interest earned on $31,250 at 15% is ($31,250)(0.15), or $4687.50. The 
interest earned on $18,750 at 7% is ($18,750)(0.07), or $1312.50. The total interest is 
$4687.50 + $1312.50, or $6000, exactly as it should be. You’ve made your grandmother 
happy. (Now if you would just visit her more often...) = 


\/| CHECK POINT 2 You inherited $5000 with the stipulation that for the first 
year the money had to be invested in two funds paying 9% and 11% annual interest. 
How much did you invest at each rate if the total interest earned for the year was $487? 


Problems Involving Mixtures 


Chemists and pharmacists often have to change the concentration of solutions and 
other mixtures. In these situations, the amount of a particular ingredient in the solution 
or mixture is expressed as a percentage of the total. 
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| EXAMPLE 3 | Solving a Mixture Problem 


A chemist working on a flu vaccine needs to mix a 10% sodium-iodine solution with a 
60% sodium-iodine solution to obtain 50 milliliters of a 30% sodium-iodine solution. 
How many milliliters of the 10% solution and of the 60% solution should be mixed? 


Solution 
Step 1. Use variables to represent unknown quantities. 

Let x = the number of milliliters of the 10% solution to be used in the mixture. 
Let y = the number of milliliters of the 60% solution to be used in the mixture. 
Step 2. Write a system of equations that models the problem’s conditions. The 
situation is illustrated in Figure 3.6. The chemist needs 50 milliliters of a 30% 


sodium-iodine solution. We form a table that shows the amount of sodium-iodine in 
each of the three solutions. 
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Figure 3.6 
Number of - Percent of _ Amount of 
Solution Milliliters Sodium-lodine Sodium-lodine 
10% Solution x 10% = 0.1 O.1x 
60% Solution y 60% = 0.6 0.6y 
30% Mixture 50 30% = 0.3 0.3(50) = 15 


The chemist needs to obtain a 50-milliliter mixture. 


The number of the number of 
milliliters used of milliliters used of must 50 
the 10% solution plus the 60% solution equal milliliters. 
x + y = 50 


The 50-milliliter mixture must be 30% sodium-iodine. The amount of sodium-iodine 
must be 30% of 50, or (0.3)(50) = 15 milliliters. 


Amount of amount of amount of 
sodium-iodine in sodium-iodine in sodium-iodine in 
the 10% solution plus the 60% solution equals the mixture. 

O.1x + 0.6y = 15 


Step 3. Solve the system and answer the problem’s question. The system 
{ x+y =50 
O.1x + 0.6y = 15 


can be solved by substitution or addition. Let’s use substitution. The first equation can 
easily be solved for x or y. Solving for y, we obtain y = 50 — x. 
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L 
y =|50 — x O.1x + 0.6ly| = 15 


We substitute 50 — x for y in the second equation. This gives us an equation in one 


variable. 
0.1x + 0.6(50 — x) = 15. This equation contains one variable, x. 
0.1x + 30 — 0.6% = 15 Apply the distributive property. 
—0.5x + 30 = 15 Combine like terms. 
—0.5x = —15 Subtract 30 from both sides. 
== 40 Peele by -0.5. 


—0.5 
Back-substituting 30 for x in either of the system’s equations (x + y = 50 is easier to 
use) gives y = 20. Because x represents the number of milliliters of the 10% solution 
and y the number of milliliters of the 60% solution, the chemist should mix 30 milliliters 
of the 10% solution with 20 milliliters of the 60% solution. 


Step 4. Check the proposed solution in the original wording of the problem. The problem 
states that the chemist needs 50 milliliters of a 30% sodium-iodine solution. The amount 
of sodium-iodine in this mixture is 0.3(50), or 15 milliliters. The amount of sodium-iodine 
in 30 milliliters of the 10% solution is 0.1(30), or 3 milliliters. The amount of sodium- 
iodine in 20 milliliters of the 60% solution is 0.6(20) = 12 milliliters. The amount of 
sodium-iodine in the two solutions used in the mixture is 3 milliliters + 12 milliliters, 
or 15 milliliters, exactly as it should be. 


| CHECK POINT 3. A chemist needs to mix a 12% acid solution with a 20% acid 
solution to obtain 160 ounces of a 15% acid solution. How many ounces of each of the 
acid solutions must be used? 


Great Question! 
Are there similarities between dual investment problems and mixture problems? 


Problems involving dual investments and problems involving mixtures are both based on the same idea: The total amount times 
the rate gives the amount. 


total money rate of amount of 
amount interest interest 
\ \ \ 
Dual Investment Problems: principal - rate = interest 


Percents are expressed as 
decimals in these equations. 


\ 


Mixture Problems: solution - concentration = ingredient 
total solution percent of ingredient, amount of 
amount or rate of concentration ingredient 


Our dual investment problem involved mixing two investments. Our mixture problem involved mixing two liquids. The equations 
in these problems are obtained from similar conditions: 


Dual Investment Problems Mixture Problems 


amount of interest from 
mixed investments. 


interest from 
investment 2 


Interest from 
investment 1 


amount of ingredient 
in mixture. 


Ingredient amount 


ingredient amount 
in solution 1 


in solution 2 


Being aware of the similarities between dual investment and mixture problems should make you a better problem solver in a 
variety of situations that involve mixtures. 
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Problems Involving Motion 


We have seen that the distance, d, covered by any moving body is the product of its 
average rate, r, and its time in motion, f: 


d=rt. Distance equals rate times time. 


Wind and water current have the effect of increasing or decreasing a traveler’s rate. 


Great Question! GS7ttae Solving a Motion Problem 


Is it always necessary to 


use x and y to represent a When a small airplane flies with the wind, it can travel 450 miles in 3 hours. When the 
problem’s variables? same airplane flies in the opposite direction against the wind, it takes 5 hours to fly 
No. Select letters that help the same distance. Find the average rate of the plane in still air and the average rate 
you remember what the of the wind. 

variables represent. For 

example, in Example 4, you Solution 


may prefer using p and w Step 1. Use variables to represent unknown quantities. 
rather than x and y: 


ene eco rie Letx = theaveragerate of the plane instill air. 


in still air Lety = theaveragerate of the wind. 


ys npad average tate: Step 2. Write a system of equations that models the problem’s conditions. As it travels 


with the wind, the plane’s rate is increased. The net rate is its rate in still air, x, plus 
the rate of the wind, y, given by the expression x + y. As it travels against the wind, 
the plane’s rate is decreased. The net rate is its rate in still air, x, minus the rate of the 
wind, y, given by the expression x — y. Here is a chart that summarizes the problem’s 
information and includes the increased and decreased rates. 


Rate x Time = Distance 
Trip with the Wind x+y 3 3(x + y) 
Trip against the Wind x-y 5 S(x — y) 


The problem states that the distance in each direction is 450 miles. We use this 
information to write our system of equations. 


The distance of the trip with the wind is 450 miles. 


3(x + y) 450 


The distance of the trip against the wind is 450 miles. 
5(x — y) = 450 
Step 3. Solve the system and answer the problem’s question. We can simplify the 


system by dividing both sides of the equations by 3 and 5, respectively. 


les eat ae a 
5(x — y) = 450 Divide by 5. x-y= 90 


Solve the system on the right by the addition method. 


x + y = 150 
x-y= 90 
Add: 2x = 240 


x = 120 Divide both sides by 2. 


Back-substituting 120 for x in either of the system’s equations gives y = 30. Because 
x = 120 and y = 30, the average rate of the plane in still air is 120 miles per hour and 
the average rate of the wind is 30 miles per hour. 
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Step 4. Check the proposed solution in the original wording of the problem. The 
problem states that the distance in each direction is 450 miles. The average rate of the 
plane with the wind is 120 + 30 = 150 miles per hour. In 3 hours, it travels 150-3, 
or 450 miles, which checks with the stated condition. Furthermore, the average rate 
of the plane against the wind is 120 — 30 = 90 miles per hour. In 5 hours, it travels 
90-5 = 450 miles, which is the stated distance. & 


| CHECK POINT 4 With the current, a motorboat can travel 84 miles in 2 hours. 
Against the current, the same trip takes 3 hours. Find the average rate of the boat in still 
water and the average rate of the current. 


© Use functions to model += Functions of Business: Break-Even Analysis 


ene cost, and Suppose that a company produces and sells x units of a product. Its revenue is the 
profit, and perform a money generated by selling x units of the product. Its cost is the cost of producing 
break-even analysis. x units of the product. 


Revenue and Cost Functions 


A company produces and sells x units of a product. 


Revenue Function 
R(x) = (price per unit sold)x 
Cost Function 


C(x) = fixed cost + (cost per unit produced)x 


The point of intersection of the graphs of the revenue and cost functions is called 
the break-even point. The x-coordinate of the point reveals the number of units that 
a company must produce and sell so that money coming in, the revenue, is equal to 
money going out, the cost. The y-coordinate of the break-even point gives the amount 
of money coming in and going out. Example 5 illustrates the use of the substitution 
method in determining a company’s break-even point. 


| EXAMPLE 5 | Finding a Break-Even Point 


Technology is now promising to bring light, fast, and beautiful wheelchairs to millions 
of disabled people. A company is planning to manufacture these radically different 
wheelchairs. Fixed cost will be $500,000 and it will cost $400 to produce each wheelchair. 
Each wheelchair will be sold for $600. 

a. Write the cost function, C, of producing x wheelchairs. 

b. Write the revenue function, R, from the sale of x wheelchairs. 

c. Determine the break-even point. Describe what this means. 


Solution 


a. The cost function is the sum of the fixed cost and variable cost. 


Fixed cost of Variable cost: $400 for 
$500,000 plus each chair produced 


C(x) = 500,000 + 400x 
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b. The revenue function is the money generated from the sale of x wheelchairs. 


Revenue per chair, the number of 
$600, times chairs sold 


R(x) = 600x 
c. The break-even point occurs where the graphs of C and R intersect. Thus, we find 
this point by solving the system 
ae = 500,000 + 400x { y = 500,000 + 400x 
or 
R(x) = 600x y = 600x. 
Using the substitution method, we can substitute 600x for y in the first equation. 


600x = 500,000 + 400x Substitute GOOx for yin y = 500,000 + 400x. 
200x = 500,000 Subtract 400x from both sides. 
x = 2500 Divide both sides by 200. 


Back-substituting 2500 for x in either of the system’s equations (or functions), we 
obtain 


R(2500) = 600(2500) = 1,500,000. 


We used R(x) = 600x. 


The break-even point is (2500, 1,500,000). This means that the company will break 
even if it produces and sells 2500 wheelchairs. At this level, the money coming in is 
equal to the money going out: $1,500,000. = 


Figure 3.7 shows the graphs of the revenue and cost functions for the wheelchair 
business. Similar graphs and models apply no matter how small or large a business 
venture may be. 


y 
A 
$3,000,000 


$2,000,000 


C(x) = 500,000 + 400x 


Break-even point: 


$1,000,000 (2500, 1,500,000) 


R(x) = 600x 


L 1 L L iy y 
1000 2000 3000 4000 5000 
Wheelchairs Produced and Sold 


Figure 3.7 


The intersection point confirms that the company breaks even by producing and 
selling 2500 wheelchairs. Can you see what happens for x < 2500? The red cost graph 
lies above the blue revenue graph. The cost is greater than the revenue and the business 
is losing money. Thus, if they sell fewer than 2500 wheelchairs, the result is a Joss. By 
contrast, look at what happens for x > 2500. The blue revenue graph lies above the 
red cost graph. The revenue is greater than the cost and the business is making money. 
Thus, if they sell more than 2500 wheelchairs, the result is a gain. 


y 
A 


800,000 - 
600,000 - 
400,000 - 
200,000 - 

0 


Profit function 
P(x) = 200x — 500,000 


Business is 
in the black. 


—200,000 
—400,000 
—600,000 + 


Figure 3.8 


t+—+f7+—+—_+—_+ 
1000/3000 5000 


> X 


Wheelchairs Produced 
and Sold 


Business is in the red. 
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\/| CHECK POINT5 A company that manufactures running shoes has a fixed 
cost of $300,000. Additionally, it costs $30 to produce each pair of shoes. The shoes are 
sold at $80 per pair. 


a. Write the cost function, C, of producing x pairs of running shoes. 


b. Write the revenue function, R, from the sale of x pairs of running shoes. 
c. Determine the break-even point. Describe what this means. 


What does every entrepreneur, from a kid selling lemonade to Mark Zuckerberg, 
want to do? Generate profit, of course. The profit made is the money taken in, or the 
revenue, minus the money spent, or the cost. This relationship between revenue and 
cost allows us to define the profit function, P(x). 


The Profit Function 


The profit, P(x), generated after producing and selling x units of a product is 
given by the profit function 


P(x) = R(x) — C(x), 


where R and C are the revenue and cost functions, respectively. 


| EXAMPLE 6 | Writing a Profit Function 


Use the revenue and cost functions for the wheelchair business in Example 5, 
R(x) = 600x and C(x) = 500,000 + 400x, 


to write the profit function for producing and selling x wheelchairs. 


Solution The profit function is the difference between the revenue function and the 
cost function. 


P(x) = R(x) — C(x) This is the definition of the profit function. 
= 600x — (500,000 + 400x) Substitute the given functions. 
= 600x — 500,000 — 400x Distribute —1 to each term in parentheses. 
= 200x — 500,000 Simplify: (00x — 400x = 200x. 


The profit function is P(x) = 200x — 500,000. 


The graph of the profit function for the wheelchair business, P(x) = 200x — 500,000, 
is shown in Figure 3.8. The red portion lies below the x-axis and shows a loss when 
fewer than 2500 wheelchairs are sold. The business is “in the red.” The black portion 
lies above the x-axis and shows a gain when more than 2500 wheelchairs are sold. The 
wheelchair business is “in the black.” 


[“| CHECK POINT6 Use the revenue and cost functions that you obtained in 


Check Point 5 to write the profit function for producing and selling x pairs of running 
shoes. 


Achieving Success 


Avoid asking for help on a problem that you have not thought about. This is 
basically asking your instructor to do the work for you. First try solving the problem on 
your own! 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. If computers sell for $1180 per unit and hard drives sell for $125 per unit, the revenue from x computers and y hard drives can be 


represented by 


2. The combined yearly interest for x dollars invested at 12% and y dollars invested at 9% is represented by 


3. The total amount of acid in x milliliters of a 9% acid solution and y milliliters of a 60% acid solution is represented by 


4. Ifx represents the average rate of a plane in still air and y represents the average rate of the wind, the plane’s rate with the wind is 


represented by 


and the plane’s rate against the wind is represented by 


5. Ifx + y represents a motorboat’s rate with the current, in miles per hour, its distance after 4 hours is represented 


by 


6. A company’s 
function and the company’s cost function is called its 


function is the money generated by selling x units of its product. The difference between this 


function. 


7. Acompany has a graph that shows the money it generates by selling x units of its product. It also has a graph that shows its cost 
of producing x units of its product. The point of intersection of these graphs is called the company’s 


MyMachLab 


Practice Exercises 


In Exercises 1-4, let x represent one number and let y represent 
the other number. Use the given conditions to write a system 
of equations. Solve the system and find the numbers. 


1. The sum of two numbers is 7. If one number is subtracted 
from the other, the result is —1. Find the numbers. 


2. The sum of two numbers is 2. If one number is subtracted 
from the other, the result is 8. Find the numbers. 


3. Three times a first number decreased by a second number 
is 1. The first number increased by twice the second number 
is 12. Find the numbers. 


4. The sum of three times a first number and twice a second 
number is 8. If the second number is subtracted from twice 
the first number, the result is 3. Find the numbers. 


In Exercises 5-8, cost and revenue functions for producing 
and selling x units of a product are given. Cost and revenue are 
expressed in dollars. 


a. Find the number of units that must be produced and 
sold to break even. At this level, what is the dollar 
amount coming in and going out? 

b. Write the profit function from producing and selling 
x units of the product. 


5. C(x) = 25,500 + 15x 


R(x) = 32x 

6. C(x) = 15,000 + 12x 
R(x) = 32x 

7. C(x) = 105x + 70,000 
R(x) = 245x 


8: (E(x) = 126-7 1500 
R(x) = 1.7x 


A 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


Application Exercises 
In Exercises 9-40, use the four-step strategy to solve each problem. 


9. Atsome point, it’s time to kick, or gently ease, kids off the 
parental gravy train. The circle graph shows the percentage 
of parents who think significant financial support should 
end at various milestones. 


Percentage of Parents Ending a Child’s 
Financial Support at Various Milestones 


None: Parents 
should always give 
financial support 


Completing 


15% a a in college 
Getting ‘ : x% 
married 

7% 
= a i) 
Getting a 
full-time job 
30% Completing 
high school 
y% 


Source: Consumer Reports Money Adviser, July 2006 


A total of 48% of parents would end financial support 
after completing education. The difference in the 
percentage who would end this support after completing 
college and after completing high school is 34%. Find the 
percentage of parents who would end financial support 
after a child completes college and the percentage who 
would end financial support after a child completes high 
school. 


10. 


11. 


12. 


13. 


14. 


SECTION 3.2 


As sequels to horror films increase, so does the body count. 
Wes Craven’s Scream 4, the 2011 sequel in the slasher 
series, adheres to that axiom. 


Body Count in Wes Craven’s 
Scream Series 


Scream 
4 


2 
f- {~ (a 
4 
ae «he 


eget, 


Scream Scream Scream 


Whether it’s knife to the back, knife to the gut, or knife to 
the head, the body count in Scream and Scream 4 combined 
is 16. The difference between the departed in Scream 4 
and Scream is 4. Find the body count in each of these Wes 
Craven films. 


One week a computer store sold a total of 36 computers 
and external hard drives. The revenue from these sales 
was $27,710. If computers sold for $1180 per unit and hard 
drives for $125 per unit, how many of each did the store 
sell? 


There were 180 people at a civic club fundraiser. Members 
paid $4.50 per ticket and nonmembers paid $8.25 per ticket. 
If total receipts amounted to $1222.50, how many members 
and how many nonmembers attended the fundraiser? 


You invested $7000 in two accounts paying 6% and 8% 
annual interest. If the total interest earned for the year was 
$520, how much was invested at each rate? 


You invested $11,000 in stocks and bonds, paying 5% and 
8% annual interest. If the total interest earned for the year 
was $730, how much was invested in stocks and how much 
was invested in bonds? 


PROBLEM NUMBER 
SIX... 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 
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You invested money in two funds. Last year, the first fund 
paid a dividend of 9% and the second a dividend of 3%, 
and you received a total of $900. This year, the first fund 
paid a 10% dividend and the second only 1%, and you 
received a total of $860. How much money did you invest 
in each fund? 


You invested money in two funds. Last year, the first fund 
paid a dividend of 8% and the second a dividend of 5%, 
and you received a total of $1330. This year, the first fund 
paid a 12% dividend and the second only 2%, and you 
received a total of $1500. How much money did you invest 
in each fund? 


Things did not go quite as planned. You invested $20,000, 
part of it in a stock with a 12% annual return. However, 
the rest of the money suffered a 5% loss. If the total annual 
income from both investments was $1890, how much was 
invested at each rate? 


Things did not go quite as planned. You invested $30,000, 
part of it in a stock with a 14% annual return. However, 
the rest of the money suffered a 6% loss. If the total annual 
income from both investments was $200, how much was 
invested at each rate? 


A wine company needs to blend a California wine with a 
5% alcohol content and a French wine with a 9% alcohol 
content to obtain 200 gallons of wine with a 7% alcohol 
content. How many gallons of each kind of wine must be 
used? 


A jeweler needs to mix an alloy with a 16% gold content 
and an alloy with a 28% gold content to obtain 32 ounces of 
a new alloy with a 25% gold content. How many ounces of 
each of the original alloys must be used? 


For thousands of years, gold has been considered one of 
Earth’s most precious metals. One hundred percent pure 
gold is 24-karat gold, which is too soft to be made into 
jewelry. In the United States, most gold jewelry is 14-karat 
gold, approximately 58% gold. If 18-karat gold is 75% 
gold and 12-karat gold is 50% gold, how much of each 
should be used to make a 14-karat gold bracelet weighing 
300 grams? 


In the “Peanuts” cartoon shown, solve the problem that 
is sending Peppermint Patty into an agitated state. How 
much cream and how much milk, to the nearest hundredth 
of a gallon, must be mixed together to obtain 50 gallons of 
cream that contains 12.5% butterfat? 


MAAM, WOULD YOU 
SETTLE FOR TWENTY 
PUSH-UPS 7 


OBTAIN 50 GALLONS 
OF CREAM CONTAINING 
(25 %o BUTTER FAT?” 


Peanuts copyright © 1978 Peanuts Worldwide LLC. Distributed by Universal Uclick. Reprinted with permission. 


All rights reserved. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


The manager of a candystand at a large multiplex cinema 
has a popular candy that sells for $1.60 per pound. The 
manager notices a different candy worth $2.10 per pound 
that is not selling well. The manager decides to form a 
mixture of both types of candy to help clear the inventory 
of the more expensive type. How many pounds of each 
kind of candy should be used to create a 75-pound mixture 
selling for $1.90 per pound? 


A grocer needs to mix raisins at $2.00 per pound with 
granola at $3.25 per pound to obtain 10 pounds of a mixture 
that costs $2.50 per pound. How many pounds of raisins 
and how many pounds of granola must be used? 


Acoin purse contains a mixture of 15 coins in nickels and dimes. 
The coins have a total value of $1.10. Determine the number of 
nickels and the number of dimes in the purse. 


A coin purse contains a mixture of 15 coins in dimes and 
quarters. The coins have a total value of $3.30. Determine 
the number of dimes and the number of quarters in the 
purse. 


When a small plane flies with the wind, it can travel 
800 miles in 5 hours. When the plane flies in the opposite 
direction, against the wind, it takes 8 hours to fly the same 
distance. Find the rate of the plane in still air and the rate of 
the wind. 


When a plane flies with the wind, it can travel 4200 miles 
in 6 hours. When the plane flies in the opposite direction, 
against the wind, it takes 7 hours to fly the same distance. 
Find the rate of the plane in still air and the rate of the 
wind. 


A boat’s crew rowed 16 kilometers downstream, with the 
current, in 2 hours. The return trip upstream, against the 
current, covered the same distance, but took 4 hours. Find 
the crew’s rowing rate in still water and the rate of the 
current. 


A motorboat traveled 36 miles downstream, with the current, 
in 1.5 hours. The return trip upstream, against the current, 
covered the same distance, but took 2 hours. Find the boat’s 
rate in still water and the rate of the current. 


With the current, you can canoe 24 miles in 4 hours. Against 
the same current, you can canoe only ; of this distance in 
6 hours. Find your rate in still water and the rate of the 
current. 


With the current, you can row 24 miles in 3 hours. Against the 
same current, you can row only 3 of this distance in 4 hours. Find 
your rowing rate in still water and the rate of the current. 


A student has two test scores. The difference between the 
scores is 12 and the mean, or average, of the scores is 80. 
What are the two test scores? 


A student has two test scores. The difference between the 
scores is 8 and the mean, or average, of the scores is 88. 
What are the two test scores? 


In Exercises 35-36, an isosceles triangle containing two angles 
with equal measure is shown. The degree measure of each 
triangle’s three interior angles and an exterior angle is represented 
with variables. Find the measure of the three interior angles. 


35. 


36. 


37. 


38. 


39. 


40. 


2x = 30 


3x +15 


A rectangular lot whose perimeter is 220 feet is fenced 
along three sides. An expensive fencing along the lot’s 
length costs $20 per foot, and an inexpensive fencing along 
the two side widths costs only $8 per foot. The total cost 
of the fencing along the three sides comes to $2040. What 
are the lot’s dimensions? 


A rectangular lot whose perimeter is 260 feet is fenced 
along three sides. An expensive fencing along the lot’s 
length costs $16 per foot, and an inexpensive fencing along 
the two side widths costs only $5 per foot. The total cost 
of the fencing along the three sides comes to $1780. What 
are the lot’s dimensions? 


A new restaurant is to contain two-seat tables and 
four-seat tables. Fire codes limit the restaurant’s maximum 
occupancy to 56 customers. If the owners have hired 
enough servers to handle 17 tables of customers, how many 
of each kind of table should they purchase? 


A hotel has 200 rooms. Those with kitchen facilities rent 
for $100 per night and those without kitchen facilities rent 
for $80 per night. On a night when the hotel was completely 
occupied, revenues were $17,000. How many of each type 
of room does the hotel have? 


The figure shows the graphs of the cost and revenue functions 
for a company that manufactures and sells small radios. Use the 
information in the figure to solve Exercises 41-46. 


Dy 
A 
35,000 - 
30,000 - 
25,000 C(x) = 10,000 + 30x 
20,000 - 
15,000 
R(x) = 50x 
10,000 
5000 
| i i | i i | 


> X 
0 100 200 300 400 500 600 700 


Radios Produced and Sold 
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41. How many radios must be produced and sold for the company 
to break even? 


42. More than how many radios must be produced and sold 
for the company to have a profit? 


43. Use the formulas shown in the voice balloons to find 
R(200) — C(200). Describe what this means for the company. 


44. Use the formulas shown in the voice balloons to find 
R(300) — C(300). Describe what this means for the company. 


45. a. Use the formulas shown in the voice balloons to write 
the company’s profit function, P, from producing and 
selling x radios. 


b. Find the company’s profit if 10,000 radios are produced 
and sold. 


46. a. Use the formulas shown in the voice balloons to write 
the company’s profit function, P, from producing and 
selling x radios. 


b. Find the company’s profit if 20,000 radios are produced 
and sold. 


Exercises 47-50 describe a number of business ventures. For 
each exercise, 


a. Write the cost function, C. 
b. Write the revenue function, R. 
c. Determine the break-even point. Describe what this means. 


47. A company that manufactures small canoes has a fixed 
cost of $18,000. It costs $20 to produce each canoe. The 
selling price is $80 per canoe. (In solving this exercise, let 
x represent the number of canoes produced and sold.) 


48. A company that manufactures bicycles has a fixed cost 
of $100,000. It costs $100 to produce each bicycle. The 
selling price is $300 per bike. (In solving this exercise, let 
x represent the number of bicycles produced and sold.) 


49. You invest in a new play. The cost includes an overhead of 
$30,000, plus production costs of $2500 per performance. 
A sold-out performance brings in $3125. (In solving this 
exercise, let x represent the number of sold-out performances.) 


50. You invested $30,000 and started a business writing 
greeting cards. Supplies cost 2¢ per card and you are selling 
each card for 50¢. (In solving this exercise, let x represent 
the number of cards produced and sold.) 


Writing in Mathematics 

51. Describe the conditions in a problem that enable it to be 
solved using a system of linear equations. 

52. Write a word problem that can be solved by translating to 
a system of linear equations. Then solve the problem. 


Problem Solving and Business Applications Using Systems of Equations 


53. Describe a revenue function for a business venture. 


54. Describe a cost function for a business venture. What are 
the two kinds of costs that are modeled by this function? 


55. What is the profit function for a business venture and how 
is it determined? 


56. Describe the break-even point for a business. 


57. The law of supply and demand states that, in a free market 
economy, a commodity tends to be sold at its equilibrium 
price. At this price, the amount that the seller will supply is 
the same amount that the consumer will buy. Explain how 
graphs can be used to determine the equilibrium price. 


58. Many students hate mixture problems and decide to ignore 
them, stating, “I'll just skip that one on the test.” If you 
share this opinion, describe what you find particularly 
unappealing about this kind of problem. 


Technology Exercises 


In Exercises 59-60, graph the revenue and cost functions in the 
same viewing rectangle. Then use the intersection feature to 
determine the break-even point. 


59. R(x) = 50x, C(x) = 20x + 180 
60. R(x) = 92.5x, C(x) = 52x + 1782 
61. Use the procedure in Exercises 59-60 to verify your work 


for any one of the break-even points that you found in 
Exercises 47-50. 


Critical Thinking Exercises 


Make Sense? In Exercises 62-65, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


62. A system of linear equations can be used to model 
and compare the fees charged by two different taxicab 
companies. 


63. I should mix 6 liters of a 50% acid solution with 4 liters 
of a 25% acid solution to obtain 10 liters of a 75% acid 
solution. 


64. If I know the perimeter of this rectangle and triangle, each 


in the same unit of measure, I can use a system of linear 
equations to determine values for x and y. 


65. You told me that you flew against the wind from Miami to 
Seattle, 2800 miles, in 7 hours and, at the same time, your 
friend flew with the wind from Seattle to Miami in only 
5.6 hours. You have not given me enough information to 
determine the average rate of the wind. 


66. The radiator in your car contains 4 gallons of antifreeze 
and water. The mixture is 45% antifreeze. How much of 
this mixture should be drained and replaced with pure 
antifreeze in order to have a 60% antifreeze solution? 
Round to the nearest tenth of a gallon. 
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67. A marching band has 52 members, and there are 24 in the 
pom-pom squad. They wish to form several hexagons and 
squares like those diagrammed below. Can it be done with 
no people left over? 


® @ 


® ® 


= Band Member 


® = Pom-pom Person 


68. A boy has as many brothers as he has sisters. Each of his 
sisters has twice as many brothers as she has sisters. How 
many boys and girls are in this family? 


69. When entering your test score into a computer, your 
professor accidently reversed the two digits. This error 
reduced your score by 36 points. Your professor told you 
that the sum of the digits of your actual score was 14, 
corrected the error, and agreed to give you extra credit if you 
could determine the actual score without looking back 
at the test. What was your actual test score? (Hint: Let 
t = the tens-place digit of your actual score and let u = the 
units-place digit of your actual score. Thus, 10f + u 
represents your actual test score.) 


70. A dealer paid a total of $67 for mangos and avocados. The 
mangos were sold at a profit of 20% on the dealer’s cost, 
but the avocados started to spoil, resulting in a selling price 
of a 2% loss on the dealer’s cost. The dealer made a profit 
of $8.56 on the total transaction. How much did the dealer 
pay for the mangos and for the avocados? 


Review Exercises 
In Exercises 71-72, use the given conditions to write an equation 
for each line in point-slope form and slope-intercept form. 
71. Passing through (—2, 5) and (—6, 13) 
(Section 2.5, Example 2) 


72. Passing through (—3,0) and parallel to the line whose 
equation is—x + y= 7 
(Section 2.5, Example 4) 


se 


73. Find the domain of g(x) = 3 = 
= 5 


(Section 2.3, Example 1) 


Preview Exercises 


Exercises 74-76 will help you prepare for the material covered 
in the next section. 


74. If x =3,y =2, and z =—3, does the ordered triple 
(x, y, z) satisfy the equation 2x — y + 4z = —8? 
75. Consider the following equations: 
—2y-—4z= 3 
3 4 Sy d2e — 3. 
Eliminate z by copying Equation 1, multiplying Equation 2 
by 2, and then adding the equations. 


Equation 1 
Equation 2 


76. Write an equation involving a, b, and c based on the 
following description: 
When the value of x in y = ax’ + bx + cis 4, the value 
of y is 1682. 


Objectives 


1 | Verify the solution 
of a system of linear 
equations in three 
variables. 


Solve systems of linear 
equations in three 
variables. 


Identify inconsistent and 
dependent systems. 


; variables. 
Solve problems using 


systems in three 
variables. 


Systems of Linear Equations 
in Three Variables 


All animals sleep, but the length of time they 
sleep varies widely: Cattle sleep for only a few 
minutes at a time. We humans seem to need 
more sleep than other animals, up to eight hours 
a day. Without enough sleep, we have difficulty 
concentrating, make mistakes in routine tasks, 
lose energy, and feel bad-tempered. There 
is a relationship between hours of sleep and 
death rate per year per 100,000 people. How 
many hours of sleep will put you in the group 
with the minimum death rate? In this section, 
we will answer this question by solving a 
system of linear equations with more than two 


1 | Verify the solution 
of a system of linear 
equations in three 
variables. 


Point of 
intersection 


ss 


Figure 3.9 
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Systems of Linear Equations in Three Variables 
and Their Solutions 


An equation such as x + 2y — 3z = 91s called a linear equation in three variables. In 
general, any equation of the form 


Ax + By + Cz =D, 


where A, B, C, and D are real numbers such that A, B, and C are not all 0, is a linear 
equation in three variables: x, y, and z. The graph of this linear equation in three 
variables is a plane in three-dimensional space. 

The process of solving a system of three linear equations in three variables is 
geometrically equivalent to finding the point of intersection (assuming that there is 
one) of three planes in space (see Figure 3.9). A solution of a system of linear equations 
in three variables is an ordered triple of real numbers that satisfies all equations in the 
system. The solution set of the system is the set of all its solutions. 


| EXAMPLE 1 | Determining Whether an Ordered Triple 
Satisfies a System 
Show that the ordered triple (-1, 2, —2) is a solution of the system: 


x+2y-3z= 9 
2x - y+t2z=-8 
—x + 3y —4z = 15. 


Solution Because —1 is the x-coordinate, 2 is the y-coordinate, and —2 is the 
z-coordinate of (—1, 2, —2), we replace x with —1, y with 2, and z with —2 in each of the 
three equations. 


x+2y—-3z=9 2x —y+2z =-8 —x + 3y — 4z = 15 

1+ 2(2) — 3(-2) 29 2(-1) - 2 + 2(-2) 2 -8 (—1) + 3(2) — 4(-2) = 15 

-14+4+69 —-2-2-42-8 1+6+8215 
9=9, true —8 =—8, true 15 = 15, true 


2 | Solve systems of linear 
equations in three 
variables. 


The ordered triple (—1,2,—2) satisfies the three equations: It makes each equation 
true. Thus, the ordered triple is a solution of the system. 


Y| CHECK POINT 1 = Show that the ordered triple (—1, —4, 5) is a solution of the 


system: 
x—2y+3z= 22 
2x—-3y- z= 5 
3x + y-—5z = —32. 


Solving Systems of Linear Equations in Three Variables 
by Eliminating Variables 
The method for solving a system of linear equations in three variables is similar to 


that used on systems of linear equations in two variables. We use addition to eliminate 
any variable, reducing the system to two equations in two variables. Once we obtain a 


210 CHAPTER 3 _ Systems 


Great Question! 


When solving a linear 
system in three variables, 
which variable should |! 
eliminate first? 


It does not matter which 
variable you eliminate first, as 
long as you eliminate the 
same variable in two different 
pairs of equations. 


of Linear Equations 
system of two equations in two variables, we use addition or substitution to eliminate a 


variable. The result is a single equation in one variable. We solve this equation to get the 
value of the remaining variable. Other variable values are found by back-substitution. 


Solving Linear Systems in Three Variables by Eliminating Variables 


1. Reduce the system to two equations in two variables. This is usually 
accomplished by taking two different pairs of equations and using the addition 
method to eliminate the same variable from both pairs. 

2. Solve the resulting system of two equations in two variables using addition or 
substitution. The result is an equation in one variable that gives the value of 
that variable. 

3. Back-substitute the value of the variable found in step 2 into either of the 
equations in two variables to find the value of the second variable. 

4. Use the values of the two variables from steps 2 and 3 to find the value of the 
third variable by back-substituting into one of the original equations. 

5. Check the proposed solution in each of the original equations. 


| EXAMPLE 2 | Solving a System in Three Variables 


Solve the system: 


5x — 2y—4z= 3. Equation 
3x + 3y + 2z =—-3 — Equation 2 
—2x +5y +3z= 3.  Equation3 


Solution There are many ways to proceed. Because our initial goal is to reduce the 
system to two equations in two variables, the central idea is to take two different pairs 
of equations and eliminate the same variable from both pairs. 


Step 1. Reduce the system to two equations in two variables. We choose any two 
equations and use the addition method to eliminate a variable. Let’s eliminate z using 
Equations 1 and 2. We do so by multiplying Equation 2 by 2. Then we add equations. 


No change 


(Equation!) {5x —2y —4z= 3 Sx —2y-4z= 3 
: _ Multiply by 2. =: 
(Equation 2) (3x + 3y + 2z 3 —————— 6x + 6y + 4z = -6 
Add: 11x + 4y =-—3 Equation 4 


Now we must eliminate the same variable from another pair of equations. We can 
eliminate z using Equations 2 and 3. First, we multiply Equation 2 by —3. Next, we 
multiply Equation 3 by 2. Finally, we add equations. 

9x 9y — 6z = 


3 Multiply by —3. 
{ i + 10y + 6z 


3 Multiply by 2. 
Add: -13x + y 
Equations 4 and 5 give us a system of two equations in two variables. 


9 
6 
15 Equation 5 


(Equation 2) 
(Equation 3) 


3x + 3y + 2z 
—2x + Sy + 3z 


Step 2. Solve the resulting system of two equations in two variables. We will use 
the addition method to solve Equations 4 and 5 for x and y. To do so, we multiply 
Equation 5 by —4 and add this to Equation 4. 


No change 


(Equation4) { 11x + 4y =— lix+4y= -3 
: Multiply by —4. 
(Equation 5) (|-13x + y= 15 52x — 4y = —60 
Add: 63x = —63 
x = -—1 Divide both 


sides by 63. 
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Step 3. Use back-substitution in one of the equations in two variables to find the value 


of the second variable. We back-substitute —1 for x in either Equation 4 or 5 to find 


the value of y. We will use Equation 5. 


—13x + y=15  Equation5 
—13(-1) + y=15 Substitute —1 for x. 
13 + y=15 Multiply. 
y=2 Subtract 13 from both sides. 


Step 4. Back-substitute the values found for two variables into one of the original equations 
to find the value of the third variable. We can now use any one of the original equations and 
back-substitute the values of x and y to find the value for z. We will use Equation 2. 


3x + 3y + 2z = —3 Equation 2 
3(-1) + 3(2) + 2z = —3 Substitute —1 for x and 2 for y. 
3 + 2z = —3 Multiply and then add: 
3(-1) + 3(2) =-3 + 6 =3. 
2z = —6 Subtract 3 from both sides. 
Z = —3 Divide both sides by 2. 


Withx = —1, y = 2,andz = —3,the proposed solution is the ordered triple (—1, 2, —3). 


Step 5. Check. Check the proposed solution, (—1, 2, —3), by substituting the values for 
x, y, and z into each of the three original equations. These substitutions yield three true 
statements. Thus, the solution is (—1, 2, —3) and the solution set is {(—1, 2,—3)}. ™ 


[“| CHECK POINT 2 Solve the system: 


x+4y- z= 20 
3x +2y+ z= 8 
2x — 3y + 2z = —16. 


In some examples, one of the variables is missing from a given equation. In this case, 
the missing variable should be eliminated from the other two equations, thereby making 
it possible to omit one of the elimination steps. We illustrate this idea in Example 3. 


| EXAMPLE 3 | Solving a System of Equations with a Missing Term 


Solve the system: 


x + Z=8 Equation 
x+ y+2z=17 Equation 2 
x+2y+ z= 16. Equation3 


Solution 


Step 1. Reduce the system to two equations in two variables. Because Equation 1 
contains only x and z, we can omit one of the elimination steps by eliminating y using 
Equations 2 and 3. This will give us two equations in x and z. To eliminate y using 
Equations 2 and 3, we multiply Equation 2 by —2 and add Equation 3. 


(Equation 2) {i + y+2z=17 ___Moltiply by “2, { 2x — 2y — 4z = —34 
(Equation 3) x+2y+ z= 16 ee 5 x+2y+ z= 16 
Ada: x 3z = —18 Equation 4 


Equation 4 and the given Equation 1 provide us with a system of two equations in two 


variables: 
{ x+ z= 8 Equation 1 
—-x —3z =-18. 


Equation 4 


212 CHAPTER 3_ Systems of Linear Equations 


3 | Identify inconsistent 
and dependent 
systems. 


Step 2. Solve the resulting system of two equations in two variables. We will solve 
Equations 1 and 4 for x and z. 
{ x+ Z= 8 Equation1 
—x — 3z =—-18 Equation 4 
Add: —2z = —10 
Z= 5. Divide both sides by —2. 
Step 3. Use back-substitution in one of the equations in two variables to find the value 
of the second variable. To find x, we back-substitute 5 for z in either Equation 1 or 4. 
We will use Equation 1. 
x+z=8 Equation 
x+5=8 Substitute 5 for z. 
x =3 Subtract 5 from both sides. 
Step 4. Back-substitute the values found for two variables into one of the original 
equations to find the value of the third variable. To find y, we back-substitute 3 for x and 
5 for zinto Equation2,x + y + 2z = 17,or Equation3,x + 2y + z = 16. Wecan’tuse 
Equation 1, x + z = 8, because y is missing in this equation. We will use Equation 2. 
x+y+2z=17 Equation 2 
3+ y+ 2(5) =17 Substitute 3 for x and 5 for z. 
y+13=17 Multiply and ada. 
y=4 —§ Subtract 13 from both sides. 
We found that z = 5,x = 3, and y = 4. Thus, the proposed solution is the ordered 
triple (3, 4, 5). 
Step 5. Check. Substituting 3 for x, 4 for y, and 5 for z into each of the three original 


equations yields three true statements. Consequently, the solution is (3, 4, 5) and the 
solution set is {(3,4,5)}. m 


/| CHECK POINT 3 __ Solve the system: 
2y-z= 7 
x+2y+z= 17 
2x — 3y + 2z =-1. 


Inconsistent and Dependent Systems 


A system of three linear equations in three variables represents three planes. The 
three planes need not intersect at one point. The planes may have no common point 
of intersection and represent an inconsistent system with no solution. Figure 3.10 
illustrates some of the geometric possibilities for inconsistent systems. 


Planes intersect two at a time. 


Three planes are parallel with Two planes are parallel with There is no intersection point 
no common intersection point. no common intersection point. common to all three planes. 


Figure 3.10 Three planes may have no common point of intersection. 


4 | Solve problems using 
systems in three 
variables. 


SECTION 3.3 Systems of Linear Equations in Three Variables 213 


If you attempt to solve an inconsistent system algebraically, at some point in the 
solution process you will eliminate all three variables. A false statement, such as 
0 = —10, will be the result. For example, consider the system 


2x+5y+ z= 12 Equation 
x—2y+ 4z = -10 Equation 2 
—3x + 6y — 12z = 20. Equation 3 


Suppose we reduce the system to two equations in two variables by eliminating x. 
To eliminate x using Equations 2 and 3, we multiply Equation 2 by 3 and add 
Equation 3: 


Multipl ‘ 
{ x—-2y+ 4z= -10 Tae 3x — 6y + 12z = -30 


Ae eyp eS. 99 a |e Gyo = 20 

Ada: 0 = -10 
There are no values of x, y, and z for which 0 = —10. The false statement 0 = —10 
indicates that the system is inconsistent and has no solution. The solution set is the 


empty set, ©. 

We have seen that a linear system that has at least one solution is called a consistent 
system. Planes that intersect at one point and planes that intersect at infinitely many 
points both represent consistent systems. Figure 3.11 illustrates two different cases 
of three planes that intersect at infinitely many points. The equations in these linear 
systems with infinitely many solutions are called dependent. 


The planes are identical, or coincide. 


The planes intersect 
along a common line. 


Figure 3.11 Three planes may intersect at infinitely many points. 


If you attempt to solve a system with dependent equations algebraically, at some 
point in the solution process you will eliminate all three variables. A true statement, 
such as 0 = 0, will be the result. If this occurs as you are solving a linear system, simply 
state that the equations are dependent. 


Applications 


Systems of equations may allow us to find models for data without using a graphing 
utility. Three data points that do not lie on or near a line determine the graph of a 
function of the form 


y =ax’+bx+c,a 40. 


Such a function is called a quadratic function. If a > 0, its graph is shaped like a bowl, 
making it ideal for modeling situations in which values of y are decreasing and then 
increasing. In Chapter 8, we’ll have lots of interesting things to tell you about quadratic 
functions and their graphs. 

The process of determining a function whose graph contains given points is called 
curve fitting. In our next example, we fit the curve whose equation is y = ax? + bx + c 
to three data points. Using a system of equations, we find values for a, b, and c. 
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Using Technology 
The graph of 
y = 104.5x? — 1501.5x + 6016 


is displayed in a [3, 12, 1] 

by [500, 2000, 100] viewing 
rectangle. The minimum 
function feature shows that 
the lowest point on the graph 
is approximately (7.2, 622.5). 
Men who average 7.2 hours 
of sleep are in the group 
with the lowest death rate, 
approximately 622.5 deaths 
per 100,000 males. 


: Y=pee.53916 . 


| EXAMPLE 44 | Modeling Data Relating Sleep and Death Rate 


In a study relating sleep and death rate, the following data were obtained. Use the 
function y = ax* + bx + cto model the data. 


x (Average Number of y (Death Rate per Year 


Hours of Sleep) per 100,000 Males) 
4 1682 
7 626 
9 967 


Solution We need to find values for a, b, and c in y = ax? + bx + c. We can do 
so by solving a system of three linear equations in a, b, and c. We obtain the three 
equations by using the values of x and y from the data as follows: 


y= ax? + bx +e Use the quadratic function to model the data. 


When x = 4, y = 1682: 1682 =a:'4+b-4+6¢ loa + 4b + c = 1682 
When x = 7,y = 626: 626=a-P+b-7+c or {49a+7b+c= 626 
When x = 9, y = 967: 97 =a°% 4+ 5-94 8la + 9b+c= 967. 


The easiest way to solve this system is to eliminate c from two pairs of equations, 
obtaining two equations in a and b. Solving this system gives a = 104.5, b = —1501.5, 
and c = 6016. We now substitute the values for a, b, and cinto y = ax” + bx + c. The 
function that models the given data is 


y = 104.5x? — 1501.5x + 6016. m 


We can use the model that we obtained in Example 4 to find the death rate of males 
who average, say, 6 hours of sleep. First, write the model in function notation: 


f(x) = 104.5x? — 1501.5x + 6016. 
Substitute 6 for x: 
f(6) = 104.5(6)* — 1501.5(6) + 6016 = 769. 


According to the model, the death rate for males who average 6 hours of sleep is 
769 deaths per 100,000 males. 


'/| CHECK POINT4 Find the quadratic function y = ax” + bx + c whose graph 
passes through the points (1, 4), (2, 1), and (3, 4). 


Problems involving three unknowns can be solved using the same strategy for 
solving problems with two unknown quantities. You can let x, y, and z represent the 
unknown quantities. We then translate from the verbal conditions of the problem to a 
system of three equations in three variables. Problems of this type are included in the 
Exercise Set that follows. 


Achieving Success 


An effective way to understand something is to explain it to someone else. You can 
do this by using the Writing in Mathematics exercises that ask you to respond with verbal 
or written explanations. Speaking about a new concept uses a different part of your brain 
than thinking about the concept. Explaining new ideas verbally will quickly reveal any gaps 
in your understanding. It will also help you to remember new concepts for longer periods 
of time. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A solution of a system of linear equations in three variables is an ordered of real numbers that 
satisfies all/some of the equations in the system. 


Circle the correct choice. 
2. Consider the following system: 
x+ y- z=-1 — Equation1 
2x —2y—5z= 7 Equation 2 
4x + y-—2z= 7. Equation3 


We can eliminate x from Equations 1 and 2 by multiplying Equation 1 by and adding equations. We 
can eliminate x from Equations | and 3 by multiplying Equation 1 by and adding equations. 


3. Consider the following system: 
x+ ytz= 2 Equation 1 
2x — 3y = 3 Equation 2 
10y—z= 12. Equation3 
Equation 2 does not contain the variable . To obtain a second equation that does not contain this 
variable, we can 


4. A function of the form y = ax? + bx + c,a ¥ 0, is called a/an function. 


5. The process of determining a function whose graph contains given points is called 


eases MyMathLab® wrens comatine 


Practice Exercises 


4x- yt2z=11 
Coy 2S 
PRCA eye —ilk 


7h 
In Exercises 1-4, determine if the given ordered triple is a 
solution of the system. 
is (@5= 1, &) 8 
GE yz 4 
2 I re I 
9 


Die a ell sxe a PN) — Sig 2) 
AO.) 24 = Sy +27 = =2 
wea ar se U0 4x — 3y + 4z = 10 
oe an an 10. (2x+3y+7z= 13 
ima ae eee 3x + 2y — 5z = -22 
3. (4,1, 2) 5x + Ty — 3z = —28 
Ney, = 2 
2x + = 11 
ay Mae 2ye— ae 0) 
Vaz 7 
Be a 
4. (1, 3,2) = 
x—-2z=-5 12 My ae 
y=37=-3 28 ae Pe — Il 
2x- z=-4 DN) yr eS 
13 2n + y =2 


Solve each system in Exercises 5—22. If there is no solution or if 
there are infinitely many solutions and a system’s equations 
are dependent, so state. 
Es. | (( 35 y+2z=11 
x+ y+3z=14 
ehly— <= 5 
(Gy (bse Sy Se = il 
3 Oye oz 
xe Zyl 3g — 


14 


3x —2y + 9z= 36 


15 
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n 
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a 
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16. (x+y=4 
x+z=4 
ea: 


Wife (20s Syen le ll 
oi Ve Ze 12 
3 ee) 
3x +4y+5z= 8 
x — Dy 32 — —6 
2x —-4y+6z= 8 
0 oye al 


| 
| 
19. (m= Se) 
| 
| 


18. 


15x — 6y — 15z = 
Beare Ps 
Su = 4y- gS 4 
6x — 8y + 2z = 8 


& | 
w 


20. 


21. (3% 7 y) + oz ——=1 
2(x — 3y + 4z) =—-9 
4(1 + x) = —3(z — 3y) 
22. 7z — 3 = 2(x — 3y) 
Syicr 32 = 7 = 4x 
4 +5z = 3(2x — y) 


In Exercises 23-26, find the quadratic function y = ax? + bx + ¢ 
whose graph passes through the given points. 


23. (-1,6), (1,4), (2,9) 
Oa TC 2a) 
5 (1.=4). = 9),(0,5) 
26. (1,3), (3,—1), (4, 0) 


In Exercises 27-28, let x represent the first number, y the second 
number, and z the third number. Use the given conditions 

to write a system of equations. Solve the system and find the 
numbers. 


27. The sum of three numbers is 16. The sum of twice 
the first number, 3 times the second number, and 4 times 
the third number is 46. The difference between 5 times the 
first number and the second number is 31. Find the three 
numbers. 


28. The following is known about three numbers: Three 
times the first number plus the second number plus twice 
the third number is 5. If 3 times the second number is 
subtracted from the sum of the first number and 3 times the 
third number, the result is 2. If the third number is 
subtracted from the sum of 2 times the first number 
and 3 times the second number, the result is 1. Find the 
numbers. 


Practice PLUS 


Solve each system in Exercises 29-30. 


Bo ike I gh 
6 3 2 
gail wel 2s 
2 2; 4 2 
= 9) War eae ly 


30. x +3 Vine eaten 8 
2 sa 2 
x-5 yt1 z_ 25 
an: 4 6 
x —-3 Wael pare es). | 5) 
4 2 2 


In Exercises 31-32, find the equation of the quadratic function 
y = ax’ + bx + c whose graph is shown. Select three points 
whose coordinates appear to be integers. 


31. 32. 


SS SSS S 


SUR aoe ety tos 


In Exercises 33-34, solve each system for (x, y, Z) in terms of the 
nonzero constants a, b, and c. 


33. ax — by — 2cz = 21 


ax + by+ cz = 0 
2ax — by + cz = 14 
34. ax — by + 2cz = —4 
Enea Si) —= (eg — I 
2ax by + 3cz = 


Application Exercises 


35. The bar graph shows the percentage of U.S. parents 
willing to pay for all, some, or none of their child’s college 


education. 
Percentage of U.S. Parents Willing 
to Pay for Their Child’s Education 
Boos 33% 
31% 
30% F 
Ba 
5. 25%> 
Ss 
Ay Oy 
sg 20%), : 
@ ob 16% 15% 
B= 15% ; 
Soe 
E = 10% 
fe 5% cas 
‘Li 
0% 25% 50% 75% 100% 


Percentage of College Education 


Source: Student Monitor LLC 


a. Use the bars that represent none, half, and all of a 
college education. Represent the data for each bar as 
an ordered pair (x, y), where x is the percentage of 
college education and y is the percentage of parents 
willing to pay for that percent of their child’s education. 


SECTION 3.3 


b. The three data points in part (a) can be modeled by the 
quadratic function y = ax’ + bx + c, where a < 0. 
Substitute each ordered pair into this function, one 
ordered pair at a time, and write a system of linear 
equations in three variables that can be used to find values 
for a, b, and c. It is not necessary to solve the system. 


36. How much time do you spend on hygiene/grooming in the 
morning (including showering, washing face and hands, 
brushing teeth, shaving, and applying makeup)? The bar 
graph shows the time American adults spend on morning 


grooming. 
Time Americans Spend on 
Morning Hygiene/Grooming 
60% 
52) 
50% - 
2 
cs 40% 
oo < 
= 30% 
S-e 23) 
a 
a & 20%, 16 
10% F 
i : 
nel = 
5 10 20 40 70 


Time Spent on Hygiene/Grooming 
(minutes) 


Source: Hygiene Matters Report, 2011 


a. Write the data for 10 minutes, 20 minutes, and 
40 minutes as ordered pairs (x, y), where x is the time 
spent on morning grooming and y is the percentage of 
American adults spending that much time on grooming. 


b. The three data points in part (a) can be modeled by the 
quadratic function y = ax? + bx +c, where a < 0. 
Substitute each ordered pair into this function, one 
ordered pair at a time, and write a system of linear 
equations in three variables that can be used to find values 
for a, b, and c. It is not necessary to solve the system. 


37. You throw a ball straight up from a rooftop. The ball misses 
the rooftop on its way down and eventually strikes the 
ground. A mathematical model can be used to describe the 
ball’s height above the ground, y, after x seconds. Consider 
the following data. 


x, seconds after the 
ball is thrown 


y, ball’s height, in feet, 
above the ground 


1 224 
3 176 
4 104 


a. Find the quadratic function y = ax’ + bx + c whose 
graph passes through the given points. 


b. Use the function in part (a) to find the value for y when 
x = 5. Describe what this means. 


Systems of Linear Equations in Three Variables 


38. A mathematical model can be used to describe the 
relationship between the number of feet a car travels once 
the brakes are applied, y, and the number of seconds the 
car is in motion after the brakes are applied, x. A research 
firm collects the data shown below. 


x, seconds in motion after 
brakes are applied 


y, feet car travels once the 
brakes are applied 


il 46 
2, 84 
3) 114 


a. Find the quadratic function y = ax* + bx + c whose 
graph passes through the given points. 


b. Use the function in part (a) to find the value for y 
when x = 6. Describe what this means. 


In Exercises 39-46, use the four-step strategy to solve each 
problem. Use x, y, and z to represent unknown quantities. Then 
translate from the verbal conditions of the problem to a system 
of three equations in three variables. 

The bar graph shows the average annual spending per person 
on Selected items in 1980 and 2010. All dollar amounts are 
adjusted for inflation. Use this display to solve Exercises 39-40. 


Annual Spending per Person in the 
United States, Adjusted for Inflation 


$8000 
$7000 
$6000 


Vehicles/ 


$4000 
$3000 
$2000 
$1000 


Annual Spending per Person 


1980 


Source: U.S. Bureau of Economic Analysis 


39. In this exercise, we refer to annual spending per person 
in 2010. The combined spending on housing, vehicles/gas, 
and health care was $13,840. The difference between 
spending on housing and spending on vehicles/gas was 
$3864. The difference between spending on housing 
and spending on health care was $695. Find the average 
per-person spending on housing, vehicles/gas, and health 
care in 2010. 


40. In this exercise, we refer to annual spending per person 
in 1980. The combined spending on housing, vehicles/gas, 
and health care was $7073. The difference between 
spending on housing and spending on vehicles/gas was 
$1247. The difference between spending on housing and 
spending on health care was $1466. Find the average 
per-person spending on housing, vehicles/gas, and health 
care in 1980. 
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41. 


42. 


43. 


44. 


45. 


A person invested $6700 for one year, part at 8%, part at 
10%, and the remainder at 12%. The total annual income 
from these investments was $716. The amount of money 
invested at 12% was $300 more than the amounts invested 
at 8% and 10% combined. Find the amount invested at 
each rate. 


A person invested $17,000 for one year, part at 10%, part at 
12%, and the remainder at 15%. The total annual income 
from these investments was $2110. The amount of money 
invested at 12% was $1000 less than the amounts invested 
at 10% and 15% combined. Find the amount invested at 
each rate. 


Ata college production of Streetcar Named Desire, 400 tickets 
were sold. The ticket prices were $8, $10, and $12, and the 
total income from ticket sales was $3700. How many tickets 
of each type were sold if the combined number of $8 and 
$10 tickets sold was 7 times the number of $12 tickets sold? 


A certain brand of razor blades comes in packages of 
6, 12, and 24 blades, costing $2, $3, and $4 per package, 
respectively. A store sold 12 packages containing a total 
of 162 razor blades and took in $35. How many packages 
of each type were sold? 


Three foods have the following nutritional content per 
ounce. 


Protein Vitamin C 
Calories (in grams) (in milligrams) 


FoodA 40 5) 30 


Food B 200 Pi 10 
Food C 400 4 300 


46. 


If a meal consisting of the three foods allows exactly 
660 calories, 25 grams of protein, and 425 milligrams of 
vitamin C, how many ounces of each kind of food should 
be used? 


A furniture company produces three types of desks: a 
children’s model, an office model, and a deluxe model. 
Each desk is manufactured in three stages: cutting, 
construction, and finishing. The time requirements for 
each model and manufacturing stage are given in the 
following table. 


Children’s Office Deluxe 
Model Model Model 


Cutting 2 hr 3 hr 2 hr 
Construction 2 hr 1 hr 3 hr 


Finishing 1hr 1 hr Oh 


Each week the company has available a maximum of 
100 hours for cutting, 100 hours for construction, and 
65 hours for finishing. If all available time must be used, how 
many of each type of desk should be produced each week? 


Writing in Mathematics 
47. What is a system of linear equations in three variables? 


48. How do you determine whether a given ordered triple is a 
solution of a system of linear equations in three variables? 


49. Describe in general terms how to solve a system in three 
variables. 


50. Describe what happens when using algebraic methods to 
solve an inconsistent system. 


51. Describe what happens when using algebraic methods to 
solve a system with dependent equations. 


52. AIDS is taking a deadly toll on southern Africa. Describe 
how to use the techniques that you learned in this section 
to obtain a model for African life span using projections 
with AIDS. Let x represent the number of years after 1985 
and let y represent African life span in that year. 


African Life Span 
70 - 
Projections without AIDS 
60 


[ Projections with AIDS 


iL L L | ! | 
1985 1990 1995 2000 2005 2010 


Year 


Nn 
Oo 


Life Span (years) 


Source: United Nations, Human Development Report 


Technology Exercises 


53. Does your graphing utility have a feature that allows 
you to solve linear systems by entering coefficients 
and constant terms? If so, use this feature to verify the 
solutions to any five exercises that you worked by hand 
from Exercises 5-16. 


54. Verify your results in Exercises 23-26 by using a graphing 
utility to graph the quadratic function. Trace along the 
curve and convince yourself that the three points given in 
the exercise lie on the function’s graph. 


Critical Thinking Exercises 


Make Sense? In Exercises 55-58, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


55. Solving a system in three variables, I found that x = 3 and 
y =—1. Because z represents a third variable, z cannot 
equal 3 or —1. 


56. A system of linear equations in three variables, x, y, and z, 
cannot contain an equation in the form y = mx + b. 


57. I’m solving a three-variable system in which one of 
the given equations has a missing term, so it will not be 
necessary to use any of the original equations twice when I 
reduce the system to two equations in two variables. 


58. Because the percentage of the U.S. population that was 
foreign-born decreased from 1910 through 1970 and then 
increased after that, a quadratic function of the form 
f(x) = ax? + bx +c, rather than a linear function of 
the form f(x) = mx + b, should be used to model the 
data. 


In Exercises 59-62, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

59. The ordered triple (2, 15, 14) is the only solution of the 
equationx + y — z = 3. 

60. The equationx — y — z = —6issatisfied by (2,—3, 5). 

61. If two equations in a system are x + y— z=5 and 
x + y — z = 6,then the system must be inconsistent. 


62. An equation with four variables, such as 
x + 2y —3z +5w = 2, cannot be satisfied by real 
numbers. 


63. In the following triangle, the degree measures of the 
three interior angles and two of the exterior angles are 
represented with variables. Find the measure of each 
interior angle. 


2x+5 


2x -5 


64. A modernistic painting consists of triangles, rectangles, 
and pentagons, all drawn so as to not overlap or share 
sides. Within each rectangle are drawn 2 red roses, and 
each pentagon contains 5 carnations. How many triangles, 
rectangles, and pentagons appear in the painting if the 
painting contains a total of 40 geometric figures, 153 sides of 
geometric figures, and 72 flowers? 


What You Know: We learned to solve systems of 
A linear equations. We solved systems in two variables 
by graphing, by the substitution method, and by the 
addition method. We solved systems in three 
variables by eliminating a variable, reducing the system to two 
equations in two variables. We saw that some systems, called 
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65. Two blocks of wood having the same length and width 
are placed on the top and bottom of a table, as shown 
in (a). Length A measures 32 centimeters. The blocks 
are rearranged as shown in (b). Length B measures 
28 centimeters. Determine the height of the table. 


(a) (b) 


Review Exercises 
In Exercises 66-68, graph each linear function. 


3 
66. f(x) =—- ial + 3 (Section 2.4, Example 5) 


67. —2x + y = 6 (Section 2.4, Example 1) 
68. f(x) = —5 (Section 2.4, Example 6) 


Preview Exercises 
Exercises 69-71 will help you prepare for the material covered 
in the next section. 
69. Solve the system: 
e lye — ll 


y= 1. 
What makes it fairly easy to find the solution? 


70. Solve the system: 
ee Vere 2a 9) 
Wear Af = 118) 
iG — Sie 
What makes it fairly easy to find the solution? 


71. Consider the following array of numbers: 
i 2 =] 
AN 8)) 15) | ; 
Rewrite the array as follows: Multiply each number in the 
top row by —4 and add this product to the corresponding 


number in the bottom row. Do not change the numbers in 
the top row. 


MID-CHAPTER CHECK POINT | Section 3.1-Section 3.3 


inconsistent systems, have no solution, whereas other 
systems, called dependent systems, have infinitely many 
solutions. We used systems of linear equations to solve a 
variety of applied problems, including dual investment 
problems, mixture problems, motion problems, and 
business problems. 


220 CHAPTER 3_ Systems of Linear Equations 


In Exercises 1-8, solve each system by the method of your choice. 


Ts 


a ae eae 2. ae 
4x + 3y =2 2x —-3y= 8 
Vg ca = 
3° 5S 8x — 2y = 10 
x oy 
——-hL=-4 
6 2 
ax +5 a 
es ar 2 °° 4 
a ai 4x — 48y = 16 
2x - y+2z=-8 8. x — 3z=-5 
x+2y-—3z= 9 2x —- y+2z = 16 
3x - y-4z= 3 Tx — 3y — 5z = 19 


In Exercises 9-10, solve each system by graphing. 


9. 


11. 


Objectives 


= 10. fy=x+3 

xty=5 1 
=-—x 
7-3 


A company is planning to manufacture PDAs (personal 
digital assistants). The fixed cost will be $400,000 and it will 
cost $20 to produce each PDA. Each PDA will be sold for $100. 


a. Write the cost function, C, of producing x PDAs. 
b. Write the revenue function, R, from the sale of x PDAs. 


c. Write the profit function, P, from producing and 
selling x PDAs. 


d. Determine the break-even point. Describe what this 
means. 


In Exercises 12-18, solve each problem. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Roses sell for $3 each and carnations for $1.50 each. If a mixed 
bouquet of 20 flowers consisting of roses and carnations costs 
$39, how many of each type of flower is in the bouquet? 


You invested $15,000 in two funds paying 5% and 6% annual 
interest. At the end of the year, the total interest from these 
investments was $837. How much was invested at each 
rate? 


The manager of a gardening center needs to mix a plant food 
that is 13% nitrogen with one that is 18% nitrogen to obtain 
50 gallons of a plant food that is 16% nitrogen. How many 
gallons of each of the plant foods must be used? 


With the current, you can row 9 miles in 2 hours. Against 
the current, your return trip takes 6 hours. Find your 
average rowing rate in still water and the average rate of the 
current. 


You invested $8000 in two funds paying 2% and 5% annual 
interest. At the end of the year, the interest from the 5% 
investment exceeded the interest from the 2% investment by $85. 
How much money was invested at each rate? 


Find the quadratic function y = ax? + bx + c whose graph 
passes through the points (—1,0), (1,4), and (2, 3). 

A coin collection contains a mixture of 26 coins in nickels, 
dimes, and quarters. The coins have a total value of $4.00. 
The number of quarters is 2 less than the number of nickels 
and dimes combined. Determine the number of nickels, 
the number of dimes, and the number of quarters in the 
collection. 


Matrix Solutions to Linear Systems 


Write the augmented 
matrix for a linear system. 


Perform matrix row 
operations. 


Use matrices to solve 
linear systems in two 
variables. 


Use matrices to solve 
linear systems in three 
variables. 


Use matrices to identify 
inconsistent and 
dependent systems. 


We spend a lot of 
time sprucing up. 
The data at the top 
of the next page 
show the average 
number of minutes 
per day Americans 
spend on grooming. 
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Average Number of Minutes per Day Americans Spend on Grooming 


Ages Ages Ages Ages 

15-19 20-24 45-54 65+ Married Single 
Men 37 37 34 28 31 34 
Women 59 49 46 46 44 50 


Source: U.S. Bureau of Labor Statistics, American Time-Use Survey 


The 12 numbers inside the brackets are arranged in two rows and six columns. This 
rectangular array of 12 numbers, arranged in rows and columns and placed in brackets, 
is an example of a matrix (plural: matrices). The numbers inside the brackets are called 
elements of the matrix. Matrices are used to display information and to solve systems 
of linear equations. 


GB Write the augmented Augmented Matrices 
matrix for a linear 


‘ A matrix gives us a shortened way of writing a system of equations. The first step in 
system. 


solving a system of linear equations using matrices is to write the augmented matrix. 
An augmented matrix has a vertical bar separating the columns of the matrix into two 
groups. The coefficients of each variable are placed to the left of the vertical line and 
the constants are placed to the right. If any variable is missing, its coefficient is 0. Here 
are two examples. 


System of Linear Equations Augmented Matrix 
x+3y= 5 E 3| 5 
2x- y=-4 2 —-1|-4 

3x + 4y 


2y + 3z 
4x —5z= 7 


lI 
an 
oO 
ROW 
ON A 
os) 
co 


Our goal in solving a linear system using matrices is to produce a matrix with 1s 
down the diagonal from upper left to lower right on the left side of the vertical bar, 
called the main diagonal, and Os below the 1s. In general, the matrix will be one of the 
following forms. 

‘ 
c 


The last row of these matrices gives us the value of one variable. The values of the 
other variables can then be found by back-substitution. 


b This is the desired 
d e form for systems 
1 


form for systems 
01 f with three equations. 


with two equations. 


This is the desired E a 


© Perform matrix row Matrix Row Operations 


Opalenoie: A matrix with 1s down the main diagonal and Os below the 1s is said to be in 


row-echelon form. How do we produce a matrix in this form? We use row operations 
on the augmented matrix. These row operations are just like what you did when solving 
a linear system by the addition method. The difference is that we no longer write the 
variables, usually represented by x, y, and z. 
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Great Question! 


Can you clarify what I’m 
supposed to do to find 
kR; + Rj? Which row do | 
work with and which row 
do | replace? 


When performing the row 
operation 


KR; + R; 


you use row / to find the 
products. However, elements 
in row i do not change. It is 
the elements in row j that 
change: Add k times the 
elements in row / to the 
corresponding elements in 
row j. Replace elements in 
row j by these sums. 


Matrix Row Operations 

The following row operations produce matrices that represent systems with the 

same solution set: 

1. Two rows of a matrix may be interchanged. This is the same as interchanging 
two equations in a linear system. 


2. The elements in any row may be multiplied by a nonzero number. This is the 
same as multiplying both sides of an equation by a nonzero number. 


3. The elements in any row may be multiplied by a nonzero number, and these 
products may be added to the corresponding elements in any other row. This 
is the same as multiplying an equation by a nonzero number and then adding 
equations to eliminate a variable. 


Two matrices are row equivalent if one can be obtained from the other by a 
sequence of row operations. 


Each matrix row operation in the preceding box can be expressed symbolically as 
follows: 


1. Interchange the elements in the ith and jth rows: R; <> R;. 
2. Multiply each element in the ith row by k: kR;. 
3. Addk times the elements in row /to the corresponding elements in rowj:kR; + Rj. 


| EXAMPLE 1 | Performing Matrix Row Operations 


Use the matrix 


=2) -=3 4|-6 
and perform each indicated row operation: 


1 
a. Ryo R, b. =k, 


. 2R,+ R3. 
3 c 2 3 


Solution 


a. The notation R; <> R, means to interchange the elements in row 1 and row 2. This 
results in the row-equivalent matrix 


1.2. =3 5 This was row 2; now it's row t. 
3 18 —12 | 21 :, - 
9 3 ra This was row 1; now it's row 2. 


b. The notation tR, means to multiply each element in row 1 by ; . This results in the 
row-equivalent matrix 


33) 318) 3(-12) | 3(21) 1 G4) 7 
a a 5 |=| 1 2 -3| 5 
2 =f 4 | -6 2 -3 4|-6 


c. The notation 2R, + R3 means to add 2 times the elements in row 2 to the 
corresponding elements in row 3. Replace the elements in row 3 by these sums. 
First, we find 2 times the elements in row 2, namely, 1, 2, —-3 and 5: 


2(1) or 2, 2(2) or 4, 2(—3) or —6, 2(5) or 10. 
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Now we add these products to the corresponding elements in row 3. Although we 
use row 2 to find the products, row 2 does not change. It is the elements in row 3 
that change, resulting in the row-equivalent matrix 


18 m2 21 3 18 —12} 21 
Replace row 3 by the ! 2 a 5 = 2 ~3] 5 | a 
sum of itself and —2+2=0 -3+4=1 4+ (-6)=-2|-6+10=4 0 1 —2| 4 
2 times row 2. 
'\/| CHECK POINT1 Use the matrix 
4 12 —20] 8 
1 6 —-3] 7 
=3 =2, 1|-9 
and perform each indicated row operation: 
a. R, = R> 
1 
b. —R 
aot 
c. 3R, + R3. 

E} Use matrices to solve Solving Linear Systems in Two Variables Using Matrices 
linear systems in two The process that we use to solve linear systems using matrix row operations is often 
variables. called Gaussian elimination, after the German mathematician Carl Friedrich Gauss 

(1777-1855). Here are the steps used in solving linear systems in two variables with 
matrices: 


Solving Linear Systems in Two Variables Using Matrices 
1. Write the augmented matrix for the system. 


2. Use matrix row operations to simplify the matrix to a row-equivalent matrix 
in row-echelon form, with 1s down the main diagonal from upper left to lower 
right, and a 0 below the 1 in the first column. 

* 
* 


j * | F * | | * 
> > 
&\ * | x x |x 0 
\ N 
Get 1 in the 


Get 1 in the Use the 1 in the 
second row, second 


upper left- 
hand corner. 


first column to 
get O below it. column position. 


3. Write the system of linear equations corresponding to the matrix from step 2 
and use back-substitution to find the system’s solution. 


| EXAMPLE 2 | Using Matrices to Solve a Linear System 


Use matrices to solve the system: 


oe eae 
x+2y= -1. 
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Solution 
Step 1. Write the augmented matrix for the system. 


Linear System Augmented Matrix 
{* —3y=-15 f -3 = 
x+2y= -1 df 2) = 


Step 2. Use matrix row operations to simplify the matrix to row-echelon form, with 1s down 
the main diagonal from upper left to lower right, and a 0 below the 1 in the first column. Our 
first step in achieving this goal is to get 1 in the top position of the first column. 


We want 1 in in = a 
—l 


this position. 
Is position 1 2 
To get 1 in this position, we interchange row 1 and row 2: R, << R>. 


1 2 -1 This was row 2; now it's row 1. 
4 —3 | -15 


This was row 1; now it's row 2. 


Now we want a 0 below the 1 in the first column. 


We want 0 in 1 2 = 
this position. 4 31] -15 
Let’s get a 0 where there is now a 4. If we multiply the top row of numbers by —4 


and add these products to the second row of numbers, we will get 0 in this position: 
—4R, + Ro. We change only row 2. 


R 1 2 =] 1 2) = 
eplace row 2 by = 
peer; —4(1) + 4 -4(2) + (-3)] -4(-1) + (-15) 0 -11 |-11 


We move on to the second column. We want 1 in the second row, second column. 


We want 1 in [4 2 = 
this position. | 0 =i | —11 


To get 1 in the desired position, we multiply —11 by its multiplicative inverse, or 
reciprocal, —i. Therefore, we multiply all the numbers in the second row by — #: 
1 
—7R.- 
ir /*2 


' ; : _| 22) 1 
0 11 ).| | ot) 4 
~aRe qe gh) | gh 


We now have the desired matrix in row-echelon form, with 1s down the main diagonal 
and a 0 below the 1 in the first column. 

Step 3. Write the system of linear equations corresponding to the matrix from step 2 
and use back-substitution to find the system’s solution. The system represented by the 
matrix from step 2 is 


F 2 | oe a 
> or 
0 1 1 Ox+1ly= 1 y= 1. (2) 


We immediately see from Equation (2) that the value for y is 1. To find x, we back- 
substitute 1 for y in Equation (1). 


| 
| 
an 
=> 
an 
= 


x + 2y =—-1 Equation (1) 
x+2+1=—1 Substitute 1 for y. 
x+2=-1 Multiply. 
x = -—3 Subtract 2 from both sides. 


4 | Use matrices to solve 
linear systems in three 
variables. 
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With x = —3 and y = 1, the proposed solution is (—3, 1). Take a moment to show that 
(—3, 1) satisfies both equations. The solution is (—3, 1) and the solution set is {(—3, 1)}.m 


|\/| CHECK POINT 2 Use matrices to solve the system: 


Solving Linear Systems in Three Variables Using Matrices 


Gaussian elimination is also used to solve a system of linear equations in three variables. 
Most of the work involves using matrix row operations to obtain a matrix with 1s down 
the main diagonal and Os below the 1s in the first and second columns. 


Solving Linear Systems in Three Variables Using Matrices 


1. Write the augmented matrix for the system. 


2. Use matrix row operations to simplify the matrix to a row-equivalent matrix in row-echelon form, with 1s down 
the main diagonal from upper left to lower right, and Os below the 1s in the first and second columns. 


1 * * * 
Vk ok * 
a \\ xk ox od 


Get 1 in the 
upper left- 


hand corner. 


iy ||) el iL eee | 


1 
ee (ea | Veer | (0) sd en | |e () cde | 
0 


‘\" * 00 * * 
\ 


Get 1 in the Use the 1 in the 
second row, second second column to 
column position. get O below it. 


Get 1 in the 
third row, third 
column position. 


Use the 1 in the 
first column to 
get Os below it. 


3. Write the system of linear equations corresponding to the matrix from step 2 and use back-substitution to find 


the system’s solution. 


| EXAMPLE 3 | Using Matrices to Solve a Linear System 


Use matrices to solve the system: 
3x + yt 2z =31 
x+ y+2z=19 
x + 3y + 2z = 25. 

Solution 

Step 1. Write the augmented matrix for the system. 


Linear System Augmented Matrix 


3x yt2z = 31 3. 1 2° BL 
x y+2z=19 1 1 24 19 
x + 3y + 2z = 25 1 3 2 | 25 


Step 2. Use matrix row operations to simplify the matrix to row-echelon form, with 1s 
down the main diagonal from upper left to lower right, and Os below the 1s in the first 
and second columns. Our first step in achieving this goal is to get 1 in the top position 
of the first column. 


We want 1 in 3 1 2/31 
this position. 1 1 24 19 
1 3 24] 25 


To get 1 in this position, we interchange row 1 and row 2: R, <> R>. 
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We could also interchange row 1 and row 3 to get 1 in the upper left-hand corner. 


1 1 2 19 This was row 2; now it's row 1. 
3 1 2] 31 

This was row 1; now it's row 2. 
1 3 24] 25 


Now we want to get Os below the 1 in the first column. 


1 1 24 19 

We want 0 in A1o2/| 31 
these positions. 

1 3 24 25 


To get a 0 where there is now a 3, multiply the top row of numbers by —3 and add these 
products to the second row of numbers: —3R; + R». To get a 0 in the bottom of the 
first column where there is now a 1, multiply the top row of numbers by —1 and add 
these products to the third row of numbers: —1R,; + R3. Although we are using row 1 
to find the products, the numbers in row 1 do not change. 


eee hed I 1 1 2 19 ft & <2.) 

-3R, + Ry. 

pee —3(1) + 3 -3(1) +1 -3(2) +2 | -3(19) + 31 | =| 0 22 -4 | -26 

Breer -1(1) + 1 -1(1) + 3 -1(2) +2 | -1(09) + 25 0/2 0| 6 
1 3° 


We want 1 in this position. 


We move on to the second column. To get 1 in the desired position, we multiply —2 
by its reciprocal, —5. Therefore, we multiply all the numbers in the second row by 


—5:-4R>. 
ie 1 1 2 19 112{ 19 
en 
: 2(0) -3(-2) -3(-4) |-3(-26)| =] 0 1 2] 13 
0 0 6 020 6 


We want 0 in this position. 


We are not yet done with the second column. The voice balloon shows that we want to 
get a 0 where there is now a 2. If we multiply the second row of numbers by —2 and add 
these products to the third row of numbers, we will get 0 in this position: -2R, + R3. 
Although we are using the numbers in row 2 to find the products, the numbers in row 
2 do not change. 


1 1 2 19 1 1 2 19 
Replace row 3 by 0 1 2 13 =/|0 1 2 13 
-2R,+Rs | —2(0) +. 0 —2(1) +2 -2(2) + 0 | -2(13) + 6 0 0 -4 |-20 


We want 1 in this position. 


We move on to the third column. To get 1 in the desired position, we multiply —4 
by its reciprocal, —}. Therefore, we multiply all the numbers in the third row by 


—5:—4R3. 
il 1 2 19 112] 19 
a 0 1 2 13 =/|01 2] 13 
an gO) gO) =a(—4) |=) O01] 5 


We now have the desired matrix in row-echelon form, with 1s down the main diagonal 
and Os below the 1s in the first and second columns. 


Using Technology 


Most graphing utilities can 
convert an augmented matrix 
to row-echelon form, with 1s 
down the main diagonal and 
Os below the 1s. However, 
row-echelon form is not 
unique. Your graphing utility 
might give a row-echelon 
form different from the 

one you obtained by hand. 
However, all row-echelon 
forms for a given system’s 
augmented matrix produce 
the same solution to the 
system. Enter the augmented 
matrix and name it A. Then 
use the [REF](row-echelon 
form) command on matrix A. 


5 | Use matrices to identify 
inconsistent and 
dependent systems. 
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Step 3. Write the system of linear equations corresponding to the matrix from step 2 
and use back-substitution to find the system’s solution. The system represented by the 
matrix from step 2 is 


1 1 2/19 Ix + ly + 2z = 19 


O 1 2)13)—~§ 0x + 1ly + 2z=13 or 
0 0 1] 5 


x+yt2z = 19 (1) 
y + 2z = 13.(2) 
Ox + O0y+1z= 5 z= 5 (3) 


We immediately see from Equation (3) that the value for z is 5. To find y, we back- 
substitute 5 for z in the second equation. 


y + 2z = 13 Equation (2) 
y + 2(5) = 13 Substitute 5 for z. 


y=3 Solve for y. 


Finally, back-substitute 3 for y and 5 for z in the first equation. 


x+y+2z =19 Equation (1) 
x+3+4+2(5) =19 Substitute 3 for y and 5 for z. 
x +13 = 19 Multiply and add. 


X=6 Subtract 13 from both sides. 


The solution of the original system is (6, 3, 5) and the solution set is {(6, 3, 5)}. Check to 
see that the solution satisfies all three equations in the given system. 


[\Y| CHECK POINT3 Use matrices to solve the system: 


2x + y+2z=18 
x- y+t2z= 9 
x+2y- z= 6. 


Modern supercomputers are capable of solving systems with more than 600,000 
variables. The augmented matrices for such systems are huge, but the solution using 
matrices is exactly like what we did in Example 3. Work with the augmented matrix, 
one column at a time. First, get 1s down the main diagonal from upper left to lower 
right. Then get Os below the 1s. 


Inconsistent Systems and Systems 
with Dependent Equations 


When solving a system using matrices, you might obtain a matrix with a row in which 
the numbers to the left of the vertical bar are all zeros, but a nonzero number appears 
on the right. In such a case, the system is inconsistent and has no solution. For example, 
a system of equations that yields the following matrix is an inconsistent system: 


i 
0 O|-4] 

The second row of the matrix represents the equation 0x + Oy = —4, which is false for 
all values of x and y. 

If you obtain a matrix in which a 0 appears across an entire row, the system contains 
dependent equations and has infinitely many solutions. This row of zeros represents 
Ox + Oy = 0 or Ox + Oy + Oz = 0. These equations are satisfied by infinitely many 
ordered pairs or triples. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A rectangular array of numbers, arranged in rows and columns and placed in brackets, is called a/an 
The numbers inside the brackets are called 


2. The augmented matrix for the system 


re: 
4x + Sy =—8 


«(= —| =} 


3. The augmented matrix for the system 


2x y+4z=-4 
3x + z= 1 
4x + 3y z= 8 


4. Consider the matrix 


a] 
4 -2| 7] 
We can obtain 1 in the shaded position if we multiply all the numbers in the row by 


5. Consider the matrix 


m= -4 4 
@ i 1] 6 
We can obtain 0 in the position shaded by a rectangle if we multiply the top row of numbers by and 
add these products to the row of numbers. We can obtain 0 in the position shaded by an oval if we 
multiply the top row of numbers by and add these products to the row 
of numbers. 


6. True or false: Two columns of a matrix may be interchanged to form an equivalent matrix. 


7. True or false: The matrix 
R 2|5 
0 0/8 


represents an inconsistent system. 


EW (see = MyMathLab® — wrnevine | oowoatine 


Practice Exercises 3. [-6 8 sa a 

In Exercises 1-14, perform each matrix row operation and write Le3? 253|)) 2) . 

the new matrix. Far 4 “ 7 tls 

: E 2 Naps cea L4 2| 3) 3" 
1 Ss 5 _ 

.[-6 9/4 Si te 
2 L : ror a a 2R, + Ry 

1 —5/)4 IE 


6. [1 -3 
-2R,+R 
ia 4] meee 
7 [1 -3|4 
— 4 
L3 4/2 ie ae 
. [1 -32] 3 
is >| “|-4R, + Rp 
l4 2|-1 
9. {2 -6 4] 10 
1 5 -5] 0}=R, 
[5 Ah 
10. [3 -12 6/9 i 
4 0 
ie 0 7/4 
11. [1 -3 2/0 
3 1 -1]/7/-3R, + Rp 
[2 -2 1]3 
12/1 -1 5|-6 
3 3 -1] 10 |-3R, + R, 
ae <i) 35 
13. [1 -1| 6 
2 -1 1{-3]-2R, +R, 
[3 -1 -1] 4|-3R, + R; 
14, | 4. eo ris 
—-2 -1 2] 5| 2R,+R, 
1 3 -2]-8]-1R, + R3 


In Exercises 15-38, solve each system using matrices. If there 
is no solution or if there are infinitely many solutions and a 
system’s equations are dependent, so state. 


15. {x+y=6 
eles: 
16. Jx+2y=11 
ee I 
17. f2x+ y= 3 
Woes 
18. {3x —Sy= 
i y=1 
19. eee 
11x + 6y = -8 
20. Vee ee 
4x — 2y = 20 
21. 4x — 2y = 
22. {-3x + 4y = 12 
eee 
23. x-2y= 1 
oe 
24. { 3x - 6y = 
eee 
Be Se, 
25. xo y= 27> =2 
{2 ae ee 
Mae 2y tear — ol 
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26. sly > 2S 2 


27. ea oy, 
rr Vice — all 
3x - y-z=1l1 
28. Si 2 Sl 
| eae OS i aes 
—3x + 6y + 2z = 11 
29. (2x + 2y + 7z=—-1 
{2 Wap ee 
4x + 6y eal) 
805) (3% 472) 132 — 3 
{sen ote 
2% + 3y > 27 = 6 
che ((eear jae eo) 
f = B=) 
ya ag =A 
32. Ssh ay ae GZS 
| Sa A 
= + z= 
33. ops iar oie 4 
{2-96 - 7 
3 yrs Zz, — a 
34. 38 = ye 
earerar 
D0 ae OV a Og — 
35. Me CAVA, 4 
| shim 2 
Dae 4y = 27 ==8 
36. a Sylce 3% 2: 
{ som ta 8 
2x 6y — 2z =—-4 
37. x+ y= 1 
eae 
2 Zl) 
38. (x+3y= 3 
y+ 27 =—8 
x- z= 7 


Practice PLUS 


In Exercises 39-40, write the system of linear equations 


229 


represented by the augmented matrix. Use w, x, y, and z, for the 


variables. Once the system is written, use back-substitution to 


find its solution set, {(w, x, y, Z)}. 


fil =r i i) 2 
© 91 =) =i |e 
0 0 1 6417 
Leo. Oo: A) -3 
A208 | 21 0!) 
Od i =o) =3 
Oo 1 =) 
OO? <% 2) 3 
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In Exercises 41-42, perform each matrix row operation and 46. A football is kicked straight upward. The graph shows the 
write the new matrix. football’s height, s(t), in feet, after t seconds. 
41. [ 1-1 1 1] 3 s(t) 

A 


G13 44) 20 
2 oO 2 4) la 
5 1) 2 4 Glaee ee, 


300 - 


ao Ss 23-4 

oo 152i | 6 

270) 2S) Hse, ae 
a> A a 8 ae, 


Height above Ground 
(feet) 


In Exercises 43-44, solve each system using matrices. You 
will need to use matrix row operations to obtain matrices 
like those in Exercises 39 and 40, with Is down the main 


Time (seconds) 


diagonal and Os below the Is. Express the solution set as a. Find the quadratic function 
{(w, x, ys Z)}. s(t) = at? + bt+c 
43. Ww Be y z= 4 
Dap x —2y = 0 whose graph passes through the three points labeled on 
_ the graph. Solve the system of linear equations involving 
i ae Vy) 25 2 : : 
a, b, and c using matrices. 
se nse : b. Find and interpret s(7). Identify your solution as a 
44. WE fa Yar Ze 8 point on the graph shown. 
Wet 20 y-—2z=-1 
Vy She Write a system of linear equations in three variables to solve 
2w x + 2y =—2 Exercises 47-48. Then use matrices to solve the system. 
Exercises 47-48 are based on a Time/CNN telephone poll 
: : f that included never-married single women between the ages 
Application Exercises of 18 and 49 and never-married single men between the ages 
45. A ball is thrown straight upward. The graph shows the of 18 and 49. The circle graphs show the results for one of the 
ball’s height, s(¢), in feet, after ¢ seconds. questions in the poll. 


If You Couldn’t Find the Perfect Mate, 
Would You Marry Someone Else? 


Single Women Single Men 


Height above Ground 
(feet) 


Not sure 


0, 
fal % 
5 a ae Not sure 


z% 


Time (seconds) 


47. For single women in the poll, the percentage who said no 
exceeded the combined percentages for those who said yes 
and those who said not sure by 22%. If the percentage who 
said yes is doubled, it is 7% more than the percentage who 

s(t) = at? + btt+e said no. Find the percentage of single women whoresponded 

yes, no, and not sure. 


a. Find the quadratic function 


whose graph passes through the three points labeled 4 


s : 8. For single men in the poll, the percentage who said no 
on the graph. Solve the system of linear equations 


exceeded the combined percentages for those who said yes 


involving a, b, and c using matrices. and those who said not sure by 8%. If the percentage who 
b. Find and interpret s(3.5). Identify your solution as a said yes is doubled, it is 28% more than the percentage who 
point on the graph shown. said no. Find the percentage of single men who responded 


yes, no, and not sure. 


Writing in Mathematics 


49. 
50. 


What is a matrix? 


Describe what is meant by the augmented matrix of a 
system of linear equations. 


51. In your own words, describe each of the three matrix row 
operations. Give an example of each of the operations. 

52. Describe how to use matrices and row operations to solve 
a system of linear equations. 

53. When solving a system using matrices, how do you know if 
the system has no solution? 

54. When solving a system using matrices, how do you know if 


the system has infinitely many solutions? 


Technology Exercises 


55. 


56. 


57. 


Most graphing utilities can perform row operations on 
matrices. Consult the owner’s manual for your graphing 
utility to learn proper keystroke sequences for performing 
these operations. Then duplicate the row operations of any 
three exercises that you solved from Exercises 3-12. 

If your graphing utility has a [REF] (row-echelon form) 
command, use this feature to verify your work with any five 
systems from Exercises 15-38. 


A matrix with 1s down the main diagonal and Os in every 
position above and below each 1 is said to be in reduced 
row-echelon form. 


61. 
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Using row operations on an augmented matrix, I obtain a 
row in which Os appear to the left of the vertical bar, but 6 
appears on the right, so the system I’m working with has 
infinitely many solutions. 


In Exercises 62-65, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


This matrix in reduced 
row-echelon form immediately 
gives the solution: 

x=6, y=3,z=5. 


This is the augmented 
matrix for 

3x+ y+2z=31 
X+ y+2z=19 
x + 3y + 27 =25. 


If your graphing utility has a|RREF | (reduced row-echelon 
form) command, use this feature to verify your work with 
any five systems from Exercises 15-38. 


Critical Thinking Exercises 


Make Sense? In Exercises 58-61, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


58. Matrix row operations remind me of what I did when 
solving a linear system by the addition method, although I 
no longer write the variables. 


59. When I use matrices to solve linear systems, the only 
arithmetic involves multiplication or a combination of 
multiplication and addition. 


60. When I use matrices to solve linear systems, I spend most 
of my time using row operations to express the system’s 
augmented matrix in row-echelon form. 


62. A matrix row operation such as — 4R, + R, 1s not permitted 
because of the negative fraction. 
63. The augmented matrix for the system 
x—3y=5 i 3) 5 
Ae ee 1S lH aa 
24 og = 4 2 1/4 
64. In solving a linear system of three equations in three 
variables, we begin with the augmented matrix and use row 
operations to obtain a row-equivalent matrix with 0s down 
the diagonal from left to right and 1s below each 0. 
65. The row operation kR; + R; indicates that it is the elements 
in row / that change. 
66. The vitamin content per ounce for three foods is given in 
the following table. 
Milligrams per Ounce 
Thiamin Riboflavin Niacin 
Food A 3 i 1 
Food B 1 5 5 
Food C 3 8 2 


a. Use matrices to show that no combination of these 
foods can provide exactly 14 milligrams of thiamin, 
32 milligrams of riboflavin, and 9 milligrams of niacin. 


b. Use matrices to describe in practical terms what 
happens if the riboflavin requirement is increased by 
5 milligrams and the other requirements stay the same. 


Review Exercises 
67. Iff(x) = —3x + 10,find f(2a — 1).(Section2.1, Example 3) 


68. If f(x) = 3x and g(x) = 2x — 3, find (fg)(-1). 
(Section 2.3, Example 4) 
—Ay8y-12 
69. Simplify: ——,. (Section 1.6, Example 9 
lily: 34 ( ple 9) 


Preview Exercises 


Exercises 70-72 will help you prepare for the material covered 
in the next section. Simplify the expression in each exercise. 


70. 2(—5) — (-3)(4) 
2\-3) = 1-4) 
S(-5) — 6(-4) 
7 2630 C3) 


71. 


3(6 


ai 15) 
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Objectives 


1 | Evaluate a second- 
order determinant. 


2 | Solve a system of 
linear equations in 
two variables using 
Cramer’s rule. 


3 | Evaluate a third-order 
determinant. 


4 | Solve a system of 
linear equations in 
three variables using 
Cramer’s rule. 


5 | Use determinants to 
identify inconsistent 
and dependent 
systems. 


o Evaluate a second- 
order determinant. 


Great Question! 


What does the definition of 
a determinant mean? What 
am I supposed to do? 

To evaluate a second- 

order determinant, find the 
difference of the product of 
the two diagonals. 


2 


Determinants and Cramer’s Rule 


As cyberspace absorbs more and 
more of our work, play, shopping, 
and socializing, where will it all end? 
Which activities will still be offline in 
2025? 

Our technologically transformed 
lives can be traced back to the English 
inventor Charles Babbage (1791- 
1871). Babbage knew of a method for 
solving linear systems called Cramer's 
rule, in honor of the Swiss geometer 
Gabriel Cramer (1704-1752). 
Cramer’s rule was simple, but 
involved numerous multiplications 
for large systems. Babbage 
designed a machine, called the 
“difference engine,” that consisted of toothed wheels on shafts for performing these 
multiplications. Despite the fact that only one-seventh of the functions ever worked, 
Babbage’s invention demonstrated how complex calculations could be handled 
mechanically. In 1944, scientists at IBM used the lessons of the difference engine to 
create the world’s first computer. 

Those who invented computers hoped to relegate the drudgery of repeated 
computation to a machine. In this section, we look at a method for solving linear 
systems that played a critical role in this process. The method uses real numbers, called 
determinants, that are associated with arrays of numbers. As with matrix methods, 
solutions are obtained by writing down the coefficients and constants of a linear system 
and performing operations with them. 


A portion of Charles Babbage’s unrealized Difference Engine 


The Determinant of a 2 X 2 Matrix 


A matrix of order m X n has m rows and n columns. If m = n, a matrix has the same 
number of rows as columns and is called a square matrix. Associated with every square 
matrix is a real number, called its determinant. The determinant for a 2 x 2 square 
matrix is defined as follows: 


Definition of the Determinant of a 2 X 2 Matrix 


b b 
The determinant of the matrix EB i is denoted by “1 1) and is defined by 
a, by ay 2 
b 
“1 ! >= a,b = azb,. 
ar by 
: a by . 
We also say that the value of the second-order determinant b iS ayb2 — ayb. 
a2 2 


Example 1 illustrates that the determinant of a matrix may be positive or negative. 
The determinant can also have 0 as its value. 


Discover for Yourself 


Write and then evaluate three 
determinants, one whose 
value is positive, one whose 
value is negative, and one 
whose value is 0. 


2 | Solve a system of 
linear equations in 
two variables using 
Cramer’s rule. 
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| EXAMPLE 1 | Evaluating the Determinant of a2 X 2 Matrix 


Evaluate the determinant of each of the following matrices: 
a E 6 
"ke 3 
‘ L 2 4 
-|_3 _5 |: 


Solution We multiply and subtract as indicated. 


5. ,6 
a. 7h, =5:-3-7-6=15 — 42 = -27 The value of the second-order 
determinant is —27. 
2 4 
b. aes. = 2(-5) — (-3)(4) = —-10 +12 =2 The value of the second-order 


determinantis2. MH 


[Y| CHECK POINT1 Evaluate the determinant of each of the following matrices: 
ie 9 , L 4 3 
*16 5 "L-s -8} 


Solving Systems of Linear Equations 
in Two Variables Using Determinants 


Determinants can be used to solve a linear system in two variables. In general, such a 
system appears as 


ee + by = cy 
ax + boy = Cp. 


Let’s first solve this system for x using the addition method. We can solve for x by 
eliminating y from the equations. Multiply the first equation by b, and the second 
equation by —b,. Then add the two equations: 


ee + by =cy May Py { aybox + byboy = cybo 


‘ Multiply by — b,. 


anx + boy =c —ayb4x — byboy = cb, 


Add: (a,b = ab 1)x 


cyby — Coby 

Cyby — Coby 

aby — arb, 
Because 


cq, by 
C2 by 


ay 


Cb = Coby and an ayb> = ab, 


1 
a, by 


we can express our answer for x as the quotient of two determinants: 


cy by 
Cy by 
x = ———_. 
a, by 
nD) 


Similarly, we could use the addition method to solve our system for y, again 
expressing y as the quotient of two determinants. This method of using determinants to 
solve the linear system, called Cramer’s rule, is summarized in the box on the next page. 


234 CHAPTER 3 _ Systems of Linear Equations 


Solving a Linear System in Two Variables Using Determinants 
Cramer’s Rule 


If 
is + by = cy, 
aox + boy = co 
then 
cy by a Cy 
C2 by ay C2 
x= and y= : 
a, by a, by 
a, by a, by 
where 
b 
| 2 0, 
a, by 


Here are some helpful tips when solving 


ne +by=c 
ax + boy = Cp 
using determinants: 


1. Three different determinants are used to find x and y. The determinants in the 
denominators for x and y are identical. The determinants in the numerators for x 
and y differ. In abbreviated notation, we write 


Be seg Dy here D # 0 
=— an = —, where 5 
oD "Dd 


2. The elements of D, the determinant in the denominator, are the coefficients of the 
variables in the system. 


p= | by 


nD) 


3. D,.,the determinant in the numerator of x, is obtained by replacing the x-coefficients, 
in D, a, and aj, with the constants on the right sides of the equations, c, and c). 

a, by cy by 

a by 


Replace the column with a, and az with 


and D, = 


Co bo] the constants c, and cto get D,. 


4. D,,the determinantin the numerator for y,is obtained by replacing the y-coefficients, 


in D, b, and b>, with the constants on the right sides of the equations, c; and cp. 


a, by Replace the column with b, and bz with 


a, by 


| EXAMPLE 2 | Using Cramer’s Rule to Solve a Linear System 


Use Cramer’s rule to solve the system: 


oe 
6x — Sy = 1. 


and D, = 


the constants c, and cz to get Dy. 
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Solution Because 


Dy 


_ Dy d = 
x= and y=, 


we will set up and evaluate the three determinants D, D,, and D,. 
5x —4y =2 1. D, the determinant in both denominators, consists of the x- and y-coefficients. 


6x —Sy=1 
The system we are interested D= 
in solving (repeated so that you 
don’t have to look back) 


4 = (5)(-5) — (6)(-4) = -25 + 24 =-1 


Because this determinant is not zero, we continue to use Cramer’s rule to solve the 
system. 

2. D,.,the determinant in the numerator for x, is obtained by replacing the x-coefficients 
in D, 5 and 6, by the constants on the right sides of the equations, 2 and 1. 


| = (2)(-5) - (1)(-4) = -10 + 4 = 6 


3. D,, the determinant in the numerator for y, is obtained by replacing the 
y-coefficients in D, —4 and —S, by the constants on the right sides of the equations, 


2 and 1. 
5 2 
D,= 54 = (5)(1) — (6)(2) =5 — 12 =-7 
4. Thus, 
D,  -6 _ _ Dy 7 
A= 7 = 4s and rer 


As always, the ordered pair (6, 7) should be checked by substituting these values into 
the original equations. The solution is (6, 7) and the solution set is {(6,7)}. ™ 


/| CHECK POINT 2 __ Use Cramer’s rule to solve the system: 


+ 4y = 12 
3x — 6y = 24. 
E} Evaluate a third-order The Determinant of a 3 < 3 Matrix 


Gstemninar, The determinant for a3 X 3 matrix is defined in terms of second-order determinants: 


Definition of the Determinant of a3 X 3 Matrix 
A third-order determinant is defined by 


, as 
2 . ie _ by Cy db, Cy by cy 
(45) 2 Col = ay b _ — a) im é ote a, b Pile 
a, bz ¢3 i coe t eS t ae 


Each a on the right comes 
from the first column. 
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bs c3 


The definition of a third-order 
determinant (repeated) 


Here are some tips that should be helpful when evaluating the determinant of a 
3 x 3 matrix: 


Evaluating the Determinant of a3 X 3 Matrix 


1. Each of the three terms in the definition of a third-order determinant contains 
two factors—a numerical factor and a second-order determinant. 


2. The numerical factor in each term is an element from the first column of the 
third-order determinant. 


3. The minus sign precedes the second term. 


4. The second-order determinant that appears in each term is obtained by 
crossing out the row and the column containing the numerical factor. 


4 by . by Cy eG by Cy 
1 2: 3 
b3 C3 b3 C3 by 
1 Dy & i. Dp -ej 
2 bo & 2 by & 


3 bz cs| |a3 bz C3 


The minor of an element is the determinant that remains after deleting the row 
and column of that element. For this reason, we call this method expansion by 
minors. 


| EXAMPLE 3 | Evaluating the Determinant of a3 X 3 Matrix 


Evaluate the determinant of the following matrix: 


4 1 0 
-9 3 4 
=3 8 1 


Solution We know that each of the three terms in the determinant contains a 
numerical factor and a second-order determinant. The numerical factors are from the 
first column of the given matrix. They are shown in red in the following matrix: 


4 1 0 
-9 3 4 
<3 3 1 


We find the minor for each numerical factor by deleting the row and column of that 
element. 


1 O 1 0 

=o —9 3 4 
—— 8 1 —$ 8 1 

The minor for The minor for The minor for 

ais? ‘| -9is[) |. -3is|> ilk 


Now we have three numerical factors, 4, —9, and —3, and three second-order 
determinants. We multiply each numerical factor by its second-order determinant to 
find the three terms of the third-order determinant: 


3 4 


4 
8 1 


; =9 


Using Technology 


A graphing utility can 

be used to evaluate the 
determinant of a matrix. 
Enter the matrix and call it 
A. Then use the determinant 
command. The screen 
below verifies our result in 
Example 3. 


| 4 Solve a system of 
linear equations in 
three variables using 
Cramer’s rule. 
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Based on the preceding definition, we subtract the second term from the first term and 
add the third term. 


Don't forget to 
supply the minus sign. 


4 1 0O 

_ 43 4] — -_gy}1 OO] _ 4/1 0 
—9 3 4 =a) / Dh 1 | H Begin by evaluating the three 
3 8 1 


second-order determinants. 
= 433-1 — 8-4) + 911-1 — 8-0) — 3(1-4 — 3-0) 
= 4(3 — 32) + 911 — 0) — 344-0) Multiply within parentheses. 


= 4(-29) + 9(1) — 3(4) Subtract within parentheses. 
=-116+ 9-12 Multiply. 
= -119 Add and subtract as iain 
| CHECK POINT 3 Evaluate the determinant of the following matrix: 
2 1 +7 
-5 6 0 
-4 3 1 


Solving Systems of Linear Equations 
in Three Variables Using Determinants 


Cramer’s rule can be applied to solving systems of linear equations in three variables. 
The determinants in the numerator and denominator of the quotients determining 
each variable are third-order determinants. 


Solving Three Equations in Three Variables Using Determinants 
Cramer’s Rule 


If 
ax+byt+ez=d, 
a,x + boy + CoZ = dy 
a3x + bsy + 03z = dz, 
then 
ibe Dy D, 
ae dD’ Vie ae and Ly 


These four third-order determinants are given by 


a, by Cy 


D=|a, by © These are the coefficients of the variables x, y, and z. 
a3 b; C3 D#O 
dy by 
D, =\d, bo Replace x-coefficients in D with the constants on the right of 
d b the three equations. 
3 af G3 


iD, So: dy C2 Replace y-coefficients in D with the constants on the right of 
a emer the three equations. 
a, by dy 

D, = |a. by adi. Replace z-coefficients in D with the constants on the right of 


: eS 


ae eae the three equations. 
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| EXAMPLE 4 | Using Cramer’s Rule to Solve a Linear System 
in Three Variables 
Use Cramer’s rule to solve: 
x+2y- z=-4 
x + 4y — 2z =-6 
2x+3y+ z= 3. 
Solution Because 
dD, Dy d D, 
= 7% = =F an = — 
7 "oD “D 
we need to set up and evaluate four determinants. 


Step 1. Set up the determinants. 


1. D, the determinant in all three denominators, consists of the x-, y-, and 
z-coefficients. 


1 2 -1 
D=|1 4 -2 
2 3 1 


2. D,, the determinant in the numerator for x, is obtained by replacing the 
x-coefficients in D, 1, 1, and 2, with the constants on the right sides of the 
equations, —4, —6, and 3. 


-4 2 -1 
D,=|-6 4 -2 
.3 4 


3. D,, the determinant in the numerator for y, is obtained by replacing the 
y-coefficients in D, 2, 4, and 3, with the constants on the right sides of the 
equations, —4, —6, and 3. 


1-4 -1 
D,=|1 -6 -2 
e. & A 


4. D,, the determinant in the numerator for z, is obtained by replacing the 
z-coefficients in D, -1, —2, and 1, with the constants on the right sides of the 
equations, —4, —6, and 3. 


1 2 —-4 
D,= {1 4 —-6 
2° 3 3 
Step 2. Evaluate the four determinants. 
a | 4-2 2 =i a1 
D= 144 -2]=1]3 ‘| -2 0 i] +2 [4 a 

a/3 4 | 
| 


= 1(4 + 6) — 1(2 + 3) + 2(-4 + 4) 
1(10) — 1(5) + 2(0) = 5 
Using the same technique to evaluate each determinant, we obtain 


D.==10, D,= 5, and. Dd, = 20. 
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Great Question! Step 3. Substitute these four values and solve the system. 
Can | use D, the D, —-10 
determinant in each 2 — 5 =-2 
denominator, to find D 
the determinants in the y= oe 5 =| 
numerators? D 5 
To find D,, D,, and D,, D, 20 
you'll need to apply the .— 5 ST ‘ 
evaluation process for a 
3 X 3 determinant three The ordered triple (—2, 1, 4) can be checked by substitution into the original three 
times. The values of D,, Dy, equations. The solution is (—2, 1, 4) and the solution set is {(—2, 1, 4)}. _™ 
and D, cannot be obtained 
from the numbers that occur CHECK POINT 4 _— Use Cramer’s rule to solve the system: 


in the computation of D. 
3x -2y+ z= 16 
2x+3y- z=-9 
x+4y+3z= 2. 


5 | Use determinants to Cramer’s Rule with Inconsistent and Dependent Systems 
identify inconsistent 


If D, the determinant in the denominator, is 0, the variables described by the quotient 
and dependent 


of determinants are not real numbers. However, when D = 0, this indicates that the 
systems. system is inconsistent or contains dependent equations. This gives rise to the following 
two situations: 


Determinants: Inconsistent and Dependent Systems 


1. If D = 0 and at least one of the determinants in the numerator is not 0, then 
the system is inconsistent. The solution set is ©. 


2. If D = 0 and all the determinants in the numerators are 0, then the equations 
in the system are dependent. The system has infinitely many solutions. 


Although we have focused on applying determinants to solve linear systems, they 
have other applications, some of which we consider in the Exercise Set that follows. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. ; 4) _ _ _ 2. Using Cramet’s rule to solve 
2 3] | — 

+y= 8 

The value of this second-order is . . y > 

Ly 2, 


we obtain 


x = —————__ and | 
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3. |3 2 1 4. Using Cramer’s rule to solve 
pe abede ohed — hee an 
ob a x +3y-2z= 11 

x-3y-2z= 4 


for y, we obtain 


ase a= =MyMathLab® — wrseviace oomeatine 


Practice Exercises Evaluate each determinant in Exercises 27-32. 
Evaluate each determinant in Exercises 1-10. 27. |3 0 0 28. |4 0 0 
ie | a 2/4 8 oo ae 
2 3 5 | A il A) =8) 5) 
3. |-4 1 5 7 9 29. il 0 30. 2 -4 2 
5 A LG 4 3 4 #0 =i OS 
5 |-7 14 6 | 1 3 me ee ee a 
2 -4 Le 31. 1 1 32h) lee? 3 
7. |-5 -1 Coa Aca : a. 
LS 4 ee ge = 4s 2 
9. = : 10. - In Exercises 33-40, use Cramer’s rule to solve each system. 

1 3 il) 

8 4 24 33. x yr — 10 34. C= yt 2z = 3 
For Exercises 11-26, use Cramer’s rule to solve each system or PRE Me — 2x+3y+ z= 9 
to determine that the system is inconsistent or contains dependent i oy 3 —-x- y+3z=11 
equations. 

WwW. [xt+y=7 12. f2x+y=3 35. (4x -—5y—-—6z= -1 386. Ham OY Segoe 

x-y=3 x-y=3 ~S 2y = 52 ——12 May) = 18) 
13. eee ise ease 5 ax— y = 2x—- y = al 

2x — 3y = 13 ya 
Sha [x y z=4 885 [26 2y 1 3z— 10 
15. {4x —-S5y =17 16. [i3x%- 2y = 2 _ es 
ene 5 ate Oy =7 Ae =" yp ge 
‘i.’ lee ie x+3y+2z=4 5x —2y+6z= 1 
ee ae 18. ee 

3x — 4y = 12 3x — 3y = 11 39. ( x+2z= 4 40. (3x+2z= 4 
19. ey ae 20. ee 2 a 5x - y=-4 

2% 2y = 12 2x = 3y —-1 2x + 3y = 13 4y + 3z = 22 
21. ee ke aati ane 

5x = 51-4 2x = 3y + 8 F 

eo . - z 5% Practice PLUS 
23. Re — Spy 4. |x Nae oe . : 

a ee { P= eye ae In Exercises 41-42, evaluate each determinant. 
ay | 3 ‘ i | 42. ; : ie ; 
25. ie 26. ees =o AS), feted 
(= 32 = 8) dx — 6y =3 lee ; | 7-5) | 4 1 
0 7 3 5 A 6) la: 


In Exercises 43-44, write the system of linear equations for 
which Cramer’s rule yields the given determinants. 


2 —4 So =4 
bis p= |; cil r= | a4 5 
3) Sy 3) 
44. D= D, = 
Et la a 
In Exercises 45-48, solve each equation for x. 
45. |-2 x AG, |x 3" 76 
i ie a) “| =28 
a7.) exe 2 48. 2% i 
3} 1 1| =—-8 -3 1 O| =39 
02 21 4 


Application Exercises 


Determinants are used to find the area of a triangle whose 
vertices are given by three points in a rectangular coordinate 
system. The area of a triangle with vertices (x,, 1), (X2, ¥2), 
and (x3, y3) is 


il 4 yi 1 
Area = + a2 We 
x3 y3 1 


where the + symbol indicates that the appropriate sign should 
be chosen to yield a positive area. Use this information to work 
Exercises 49-50. 


49. Use determinants to find the area of the triangle whose 
vertices are (3, —5), (2, 6), and (—3, 5). 


50. Use determinants to find the area of the triangle whose 
vertices are (1 1), (2; —3); andi(11,—3). 


Determinants are used to show that three points lie on the same 


4 yw il 
line (are collinear). If| x. yz, 1) =0, 
x3 yz 1 


then the points (x1, y1), (%2, ¥2), and (x3, y3) are collinear. If the 
determinant does not equal 0, then the points are not collinear. 
Use this information to work Exercises 51-52. 


51. Are the points (3, —1), (0, —3), and (12, 5) collinear? 
52. Are the points (—4, —6), (1, 0), and (11, 12) collinear? 
Determinants are used to write an equation of a line passing 
through two points. An equation of the line passing through the 
distinct points (x, y,) and (x2, y2) is given by 

ae dk 

X1 Val 1} =0. 

a) yl 
Use this information to work Exercises 53-54. 


53. Use the determinant to write an equation for the line passing 
through (3, —5) and (—2, 6). Then expand the determinant, 
expressing the line’s equation in slope-intercept form. 
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54. Use the determinant to write an equation for the line passing 
through (—1, 3) and (2, 4). Then expand the determinant, 
expressing the line’s equation in slope-intercept form. 


Writing in Mathematics 
55. Explain how to evaluate a second-order determinant. 


56. Describe the determinants D, D,, and D, in terms of the 
coefficients and constants in a system of two equations in 
two variables. 


57. Explain how to evaluate a third-order determinant. 


58. When expanding a determinant by minors, when is it 
necessary to supply a minus sign? 


59. Without going into too much detail, describe how to solve 
a linear system in three variables using Cramer’s rule. 


60. In applying Cramer’s rule, what does it mean if D = 0? 


61. The process ofsolving a linear system in three variables using 
Cramer’s rule can involve tedious computation. Is there a 
way of speeding up this process, perhaps using Cramer’s 
rule to find the value for only one of the variables? Describe 
how this process might work, presenting a specific example 
with your description. Remember that your goal is still to 
find the value for each variable in the system. 


62. If you could use only one method to solve linear systems in 
three variables, which method would you select? Explain 
why this is so. 


Technology Exercises 


63. Use the feature of your graphing utility that evaluates the 
determinant of a square matrix to verify any five of the 
determinants that you evaluated by hand in Exercises 1-10 
or 2/—32. 


64. What is the fastest method for solving a linear system with 
your graphing utility? 


Critical Thinking Exercises 


Make Sense? In Exercises 65-68, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


65. I’m solving a linear system using a determinant that 
contains two rows and three columns. 


66. I can speed up the tedious computations required by 
Cramer’s rule by using the value of D to determine the 
value of D,. 


67. When using Cramer’s rule to solve a linear system, the 
number of determinants that I set up and evaluate is the 
same as the number of variables in the system. 


68. Using Cramer’s rule to solve a linear system, I found the 
value of D to be zero, so the system is inconsistent. 
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In Exercises 69-72, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


69. Only one 2 x 2 determinant is needed to evaluate 


28 a) 
0 1 3) (5 
0 4 -1 


70. If D = 0, then every variable has a value of 0. 


71. Because there are different determinants in the numerators 
of x and y, if a system is solved using Cramet’s rule, x and y 


cannot have the same value. 


: D 
72. Using Cramer’s rule, we use D, to get the value of y. 
y 


73. What happens to the value of a second-order determinant 


if the two columns are interchanged? 


74. Consider the system 


ee + by = c, 
ax + boy = cp. 


Use Cramer’s rule to prove that if the first equation of 
the system is replaced by the sum of the two equations, 
the resulting system has the same solution as the original 


system. 


75. Show that the equation of a line through (x,, y,) and 
(X52, y2) is given by the following determinant. 


x y il 


Review Exercises 
76. Solve: 6x — 4 = 2 + 6(x — 1). (Section 1.4, Example 6) 


77. Solve for y:—2x + 3y = 7. (Section 1.5, Example 6) 


oe Re ale ec eae 
i. . a 6 T 6 


5 
. (Section 1.4, Example 4) 


Preview Exercises 


Exercises 79-81 will help you prepare for the material covered 
in the first section of the next chapter. 
ars ea, 1 
79. Ive: = ae 
9. Solve 4 3 4 
80. Solve:—2x —-4=x+5. 


81. Use interval notation to describe values of x for which 
2(x + 4) is greater than 2x + 3. 


GROUP PROJECT 


CHAPTER 


The group is going into business for the next year. Your first task is to determine the 
product that you plan to manufacture and sell. Choose something unique, but realistic, 
reflecting the abilities and interests of group members. How much will it cost to 
produce each unit of your product? What will be the selling price for each unit? What is 
a reasonable estimate of your fixed cost for the entire year? Be sure to include utilities, 
labor, materials, marketing, and anything else that is relevant to your business venture. 
Once you have determined the product and these three figures, 


a. Write the cost function, C, of producing x units of your product. 


b. Write the revenue function, R, from the sale of x units of your product. 


c. Determine the break-even point. Does this seem realistic in terms of your product 


and its target market? 


d. Graph the cost function and the revenue function in the same rectangular 
coordinate system. Label the figure just like Figure 3.7 on page 202. Indicate the 
regions that show the loss and gain for your business venture. 


e. Write the profit function, P, from producing and selling x units of your product. 
Graph the profit function in the same style as Figure 3.8 on page 203. Indicate 
where the business is in the red and where it is in the black. 


f. MTV’s The Real World has offered to pay the fixed cost for the business venture, 
videotaping all group interactions for its forthcoming The Real World: Profit and 
Loss. Group members need to determine whether or not to accept the offer. 


Summary 243 


Chapter 3 Summary 


Definitions and Concepts Examples 


Section 3.1 Systems of Linear Equations in Two Variables 


A system of linear equations in two variables, x and y, : 

consists of two equations that can be written in the form Solve by graphing: {* ie 
Ax + By = C. The solution set is the set of all ordered pairs x1 y — 6, 
that satisfy both equations. Using the graphing method, a 

solution of a linear system is a point common to the graphs of 

both equations in the system. 


The intersection point gives the solution: (4, 2). The solution 
set is {(4, 2)}. 


To solve a linear system by the substitution method, Solve by the substitution method: 

1. Solve either equation for one variable in terms of the other. { y=2x-3 

2. Substitute the expression for that variable into the other i) ae 
equation. Substitute 2x — 3 for y in the second equation. 

3. Solve the equation in one variable. 4x — 3(2x — 3) =5 

4. Back-substitute the value of the variable into one of the 4x —- 6x +9 =5 
original equations and find the value of the other variable. ee i ess 

5. Check the proposed solution in both equations. Ber 

x=2 


Find y. Substitute 2 for x in y = 2x — 3. 
Vio? (2) as — 4 3 al 


The ordered pair (2, 1) checks. The solution is (2, 1) and 
{(2, 1)} is the solution set. 


To solve a linear system by the addition method, Solve by the addition method: 
1. Write the equations in Ax + By = C form. i + y=10 
2. Multiply one or both equations by nonzero numbers so 3x + 4y = 25. 
that coefficients of one variable are opposites. Eliminate y. Multiply the first equation by —4. 
3. Add equations. —8x — 4y = —40 
4. Solve the resulting equation for the variable. { 3x + 4y = 25 
5. Back-substitute the value of the variable into either Add: —5x ==15 
original equation and find the value of the remaining x=3 
variable. Find y. Back-substitute 3 for x. Use the first equation, 
6. Check the proposed solution in both equations. 2x + y = 10. 
2(3) + y = 10 
6+ y= 10 
y=4 


The ordered pair (3, 4) checks. The solution is (3, 4) and 
{(3, 4)} is the solution set. 
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Definitions and Concepts 


Examples 


Section 3.1 Systems of Linear Equations in Two Variables (continued) 


A linear system with at least one solution is a consistent 
system. A system that has no solution, with © as its solution 
set, is an inconsistent system. A linear system with infinitely 


many solutions has dependent equations. Solving inconsistent 
systems by substitution or addition leads to a false statement, 


such as 0 = 3. Solving systems with dependent equations 
leads to a true statement, such as 7 = 7. 


37 y iy 


> xX > XxX aaa 


No solution: 
inconsistent 


One solution: 
consistent 


Infinitely many 
solutions: 
dependent and consistent 


Section 3.2 Problem Solving and Business Applications Using Systems of Equations 


A Problem-Solving Strategy 
1. Use variables, usually x and y, to represent unknown 
quantities. 


2. Write a system of equations describing the problem’s 
conditions. 


3. Solve the system and answer the problem’s question. 
4. Check proposed answers in the problem’s wording. 


Functions of Business 
A company produces and sells x units of a product. 
Revenue Function 
R(x) = (price per unit sold)x 
Cost Function 
C(x) = fixed cost + (cost per unit produced)x 


Profit Function 
P(x) = R(x) — C(x) 


The point of intersection of the graphs of R and C is the 
break-even point. The x-coordinate of the point reveals the 
number of units that a company must produce and sell so 
that the money coming in, the revenue, is equal to the money 
going out, the cost. The y-coordinate gives the amount of 
money coming in and going out. 


You invested $14,000 in two funds paying 7% and 9% 
interest. Total year-end interest was $1180. How much was 
invested at each rate? 


Let x = amount invested at 7% and 
y = amount invested at 9%. 


amount invested amount invested 
at 7% at 9% 


= 14,000 
interest from interest from 
7% investment 9% investment 
V 
0. ee aP 0.09y = 1180 


Solving by substitution or addition, x = 4000 and y = 10,000. 
Thus, $4000 was invested at 7% and $10,000 at 9%. 


A company that manufactures lamps has a fixed cost of 
$80,000 and it costs $20 to produce each lamp. Lamps are 
sold for $70. 
a. Write the cost function. 
Ce) vy 000 + ve 


rs mand cost: 
cost $20 per lamp. 


b. Write the revenue function. 
R(x) = 70x 
A 


Revenue per lamp, $70, 
times number of lamps sold 


c. Find the break-even point. 
Solve 
{ y = 80,000 + 20x 
y = 70x 
by substitution. Solving 
70x = 80,000 + 20x 


yields x = 1600. Back-substituting, y = 112,000. 

The break-even point is (1600, 112,000): The company 
breaks even if it sells 1600 lamps. At this level, money 
coming in equals money going out: $112,000. 
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Definitions and Concepts Examples 


Section 3.3 Systems of Linear Equations in Three Variables 


A system of linear equations in three variables, x, y, and z, Is (2,—1, 3) a solution of 

consists of three equations of the form Ax + By + Cz = D. 

The solution set is the set consisting of the ordered triple that 3h) = 2 = 
satisfies all three equations. The solution represents the point DBE ae BI ig 
of intersection of three planes in space. 2x + 4y + 6z = 18? 


Replace x with 2, y with —1, and z with 3. Using the first 
equation, we obtain: 


a2) oP (Hi) = AS) 
Or p08 a 
SS) Say ude 
The ordered triple (2, —1, 3) satisfies the first equation. In a 


similar manner, you can verify that it satisfies the other two 
equations and is a solution. 


To solve a linear system in three variables by eliminating Solve 
variables, 
1. Reduce the system to two equations in two variables. Se ee eee ena ous 
Gate yi ZI Equation 2 


2. Solve the resulting system of two equations in two 
ee 4 3 ye = = 15.) Equationio 


variables. 
3. Use back-substitution in one of the equations in two Add Equations 2 and 3 to eliminate z. 
variables to find the value of the second variable. 4x + y =—-14 Equation 4 
4. Back-substitute the values for two variables into one Eliminate z again. Multiply Equation 3 by 2 and add to 
of the original equations to find the value of the third Equation 1. 
variable. 


8k + y = —30 Equation 5 


5. Check. 
Multiply Equation 4 by —1 and add to Equation 5S. 
If all variables are eliminated and a false statement results, 
the system is inconsistent and has no solution. If a true —-4x-y= 14 
statement results, the system contains dependent equations { 8x + y = —30 
and has infinitely many solutions. Nadede = 16 
x=-4 


Substitute —4 for x in Equation 4. 
4-4) +y =—-14 
vie 


Substitute —4 for x and 2 for y in Equation 3. 


3(-4) -2+z=-15 
14+ z=-15 
B= all 


Checking verifies that (—4, 2, —1) is the solution and 
{(—4, 2, —1)} is the solution set. 
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Definitions and Concepts 


Examples 


Section 3.3 Systems of Linear Equations in Three Variables (continued) 


Curve Fitting 
Curve fitting is determining a function whose graph contains 
given points. Three points that do not lie on a line determine 
the graph of a quadratic function 

y=ax?+ bx te. 
Use the three given points to create a system of three 
equations. Solve the system to find a, b, and c. 


Find the quadratic function y = ax” + bx + c whose graph 
passes through the points (—1, 2), (1, 8), and (2, 14). 
Use y = ax? + bx +c. 


Whenix'—= =1y— 2: 


Whenx=1,y = 8: 8=a-'V+b-1lt+e 
When x = 2,y = 14: 1 po ae eo) ak ve 
Solving 

B= Ds C= 


a+b+c=8 
4a+2b+ c= 14, 
a = 1,b = 3, andc = 4. The quadratic function, 
24 bx + c,isy =x? + 3x + 4. 


Section 3.4 Matrix Solutions to Linear Systems 


A matrix is a rectangular array of numbers. The 
augmented matrix of a linear system is obtained by writing 
the coefficients of each variable, a vertical bar, and the 
constants of the system. 


The following row operations produce matrices that 
represent systems with the same solution. Two matrices are 
row equivalent if one can be obtained from the other by a 
sequence of these row operations. 


1. Interchange the elements in the ith and jth rows: 
2. Multiply each element in the ith row by k: kR;. 


3. Add k times the elements in row / to the corresponding 
elements in row j: KR; + Kj. 


Solving Linear Systems Using Matrices 
1. Write the augmented matrix for the system. 


2. Use matrix row operations to simplify the matrix to 
row-echelon form, with 1s down the main diagonal 
from upper left to lower right, and Os below the 1s. 


3. Write the system of linear equations corresponding to 
the matrix from step 2 and use back-substitution to find 
the system’s solution. 


If you obtain a matrix with a row containing 0s to the left 
of the vertical bar and a nonzero number on the right, the 
system is inconsistent. If Os appear across an entire row, the 
system contains dependent equations. 


ie ee 
3x + y=5 


1 4 
Th t trix i : 
e augmented matrix is E 1 | | 


Find the result of the row operation —4R, + Ro»: 
1 ) =2.\\ Si 
4 Il 2) 6 
sh 7 9 | 10 


Add —4 times the elements in row 1| to the corresponding 
elements in row 2. 


1 0 =) 5 
AG) es ae 4) (At 2) eG 
3 -7 9 10 


Saki Rs E 4| 9] -GR F 4|9 
Qt 22 0 1]2 


When y = 2,x + 4-2 = 9,so x = 1. The solution is (1, 2) 
and the solution set is {(1, 2)}. 
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Examples 


Section 3.5 Determinants and Cramer’s Rule 


A square matrix has the same number of rows as columns. A 

determinant is a real number associated with a square matrix. 
The determinant is denoted by placing vertical bars about the 
array of numbers. The value of a second-order determinant is 


a, by 
= ayb> = anb,. 


Cramer’s Rule for Two Linear Equations 
in Two Variables 


If 
We aly biy = ey 
ax + boy = Co, 
then 
cq by a, Cy 
c. »b D, Gy € D 
x= z J = andy = 2 a *D#0 
ay b, D ay by D 
a, by a, by 


If D = 0 and either numerator is not zero, the system is 
inconsistent and has no solution. If all determinants are 0, the 
system contains dependent equations and has infinitely many 
solutions. 


The value of a third-order determinant is 
GG wh Gi 


by @3 


Each second-order determinant is called a minor. 


Evaluate: 
P -1 


4] = 2 3Ch = 8 2a 1 


Solve by Cramer’s rule: 


ene ase 

—x+2y =9. 
Ce 

Dae pls Cle = egies 
oe 

D, = =e pies a 

. 5 pl eS ae 
oe 

= | OSes SS 
Dia 13 Dy 52 

—* — — ill — — — 

aire a, eine 


The solution is (—1, 4) and the solution set is {(—1, 4)}. 


Evaluate: 
iL =2 1 
3 i =2 
5 5 3 
i =2 =) il —)) 1 
- |: 3} -3 5 3 ¥s 1 4 
= 1(3 — (-10)) — 3(-6 — 5) + 5(4 — 1) 
= 1(13) — 3(-11) + 5(3) 


= 13 + 33 + 15 = 61. 
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Definitions and Concepts Examples 


Section 3.5 Determinants and Cramer’s Rule (continued) 


Cramer’s Rule for Three Linear Equations Solve by Cramer’s rule: 
in Three Variables x-2y+ z= 4 
If ay yee — ee 
Ges ae Loy) ae Cy = Gh Spe ar Ol ar oe = Ste). 
ax + boy + coz = dy i = 1 This evaluation is 
a3x + bsy + c3z = dz, D=|3 i —ol| = Gil shown on the bottom 
then 5 5 38 of page 247. 
mes _ PD, _ D, A ay 
Doe De D,=|3 1 -2/=61 
a by dy bh -§ 5 3 
D= az by Co # 0, Ds = dy by Co 1 4 1 
a3 b3 3 d3 b3 (G3 Dy, = {3 3-2) =—-122 
d oe 5 =o 3 
a7 id il a 1 1 ie ee A 
D, = |\2h) dy | \5 1D), = ts) b> dy = = 
D3) 13) —— oll 
a3 dz © a3 bz dz 5 5 =a 
If D = 0 and any numerator is not zero, the system is D 61 D io 
inconsistent. If all determinants are 0, the system contains x & il 8h 2 SS 2D. 
dependent equations. D 61 D 61 
Ds —61 
p= = 
D 61 


The solution is (1, -2, —1) and the solution set is {(1, -2, -1)}. 


CHAPTER 3 REVIEW EXERCISES 


y eeer 28 10. {5x — 2y = 14 
3.1 In Exercises 1-2, determine whether the given ordered : { is : c { : 4 
nae ; 264 Sy" 2 3x + 4y = 11 
pair is a solution of the system. 
1. (4,2 2. (~5,3 
pie as a dd es 
{ y —x+2y=11 3x + 3y = 12 
3x +4y= 4 x 4 
y=-st+s x 3y 19 
53 12. oo ae i ee 
In Exercises 3-6, solve each system by graphing. Identify eB al 2x —4y+7—0 
systems with no solution and systems with infinitely many ae a 
solutions, using set notation to express their solution sets. 
3. xty=5 3.2. In Exercises 14-18, use the four-step strategy to solve 
Ve = —3 each problem. 
eee 14. An appliance store is having a sale on small TVs and 
4 { . e stereos. One day a salesperson sells 3 of the TVs and 
6x — dy = 12 4 stereos for $2530. The next day the salesperson sells 4 of 
5 re 3 the same TVs and 3 of the same stereos for $2510. What are 
a8 ae 6. fy=-x+4 the prices of a TV and a stereo? 
ye 3x + 3y = -6 15. You invested $9000 in two funds paying 4% and 7% annual 


interest. At the end of the year, the total interest from 
these investments was $555. How much was invested at 
each rate? 


In Exercises 7-13, solve each system by the substitution method 
or the addition method. Identify systems with no solution and 
systems with infinitely many solutions, using set notation to 


: : 16. A chemist needs to mix a solution that is 34% silver nitrate 
express their solution sets. 


with one that is 4% silver nitrate to obtain 100 milliliters 
7. { ax- y=2 8. . = —2x + 3 of a mixture that is 7% silver nitrate. How many milliliters 
coon Poy Ul Shear yi) of each of the solutions must be used? 


17. When a plane flies with the wind, it can travel 2160 miles 
in 3 hours. When the plane flies in the opposite direction, 
against the wind, it takes 4 hours to fly the same distance. 
Find the rate of the plane in still air and the rate of the 
wind. 


18. The perimeter of a rectangular table top is 34 feet. The 
difference between 4 times the length and 3 times the width 
is 33 feet. Find the dimensions. 


The cost and revenue functions for producing and selling x units 
of a new graphing calculator are 


C(x) = 22,500 + 40x and R(x) = 85x. 
Use these functions to solve Exercises 19-21. 
19. Find the loss or the gain from selling 400 graphing 


calculators. 


20. Determine the break-even point. Describe what this 
means. 


21. Write the profit function, P, from producing and selling 
x graphing calculators. 


22. A company is planning to manufacture computer desks. 
The fixed cost will be $60,000 and it will cost $200 to 
produce each desk. Each desk will be sold for $450. 


a. Write the cost function, C, of producing x desks. 


b. Write the revenue function, R, from the sale of x desks. 


c. Determine the break-even point. Describe what this 


means. 
3.3 
23. Is (—3,—2, 5) a solution of the system 
ae y Ga 10) 
eG oi oP he 5) 
4x + 2y + 4z = 3? 


Solve each system in Exercises 24-26 by eliminating variables 
using the addition method. If there is no solution or if there 
are infinitely many solutions and a system’s equations are 
dependent, so State. 
24. (2x- yt z=1 

3x —3y + 4z7 = 

Ax = 2y s3¢ S24 
25. Ke Dy oe 

2x- yt 3z=0 


Dye ez 
26. (3x —-4y+4z=7 
56 i I — I) 


2x — 3y + 6z = 5 


27. Find the quadratic function y = ax? + bx + ¢ whose 
graph passes through the points (1, 4), (3, 20), and (—2, 25). 


Review Exercises 249 


28. 20th Century Death The greatest cause of death in the 
20th century was disease, killing 1390 million people. The 
bar graph shows the five leading causes of death in that 
century, excluding disease. 


Number of Deaths in the 20th Century, by Cause 


x 
y. 
Zz 70 
: [ : 


War Famine Tobacco Suicide Murder 
Cause of Death 


140 - 
120 


100 


60 


(millions) 


40+ 


Number of Deaths 


20\- 


Source: Wikipedia 


War, famine, and tobacco combined resulted in 306 million 
deaths. The difference between the number of deaths from 
war and famine was 13 million. The difference between the 
number of deaths from war and tobacco was 53 million. 
Find the number of 20th century deaths from war, famine, 
and tobacco. 


3.4 In Exercises 29-32, perform each matrix row operation 
and write the new matrix. 


29. [1 -8| 3]1 
—R 
Or - _al} 
30. [1 -3| 1 
E | 52am 
oh |e ee oil aa 
1 Be=i|) 2 |, 
ViGire A IB) eS 
cy, iil 2 22 
Oi |) | are ee ie 
0) So aia 


In Exercises 33-36, solve each system using matrices. If there is 
no solution or if a system’s equations are dependent, so state. 
33. { eae ly — a 

3x + 5y = 0 


o 
a 
eee ee 
i) 
ean ess et 
t 
N 
SS SS OS 
| 
1S) 
A AN AN 
II | 
_ 


3.5 In Exercises 3 7-40, evaluate each determinant. 
37. 3) B85 M2 eS 
all *5 -4 -8 
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39. 2 4 -3 40. 4 7 0 
1 =i 5 =o 6 0 
=2 4 0 3 2 -4 


In Exercises 41-44, use Cramer’s rule to solve each system. If there 
is no solution or if a system’s equations are dependent, so state. 
41. { x—2y =8 

3x + 2y =—1 
42. ix 2y — 10 
PBS oe | 


43. x 2y 27 = 9 
2x + 4y + 7z = 19 


CHAPTER 3 TEST é ‘ Test Prep 


1. Solve by graphing 
{ x+y=6 
4x —-y = 4. 
In Exercises 2-4, solve each system by the substitution method 
or the addition method. Identify systems with no solution and 


systems with infinitely many solutions, using set notation to 
express their solution sets. 


2. {5x + 4y = 10 3. eee 

+ Sy =-7 Shear 1h) — ite) 
4. {4x =2y +6 

oe 


In Exercises 5-8, solve each problem. 


5. In a new development, 50 one- and two-bedroom 
condominiums were sold. Each one-bedroom condominium 
sold for $120 thousand and each two-bedroom condominium 
sold for $150 thousand. If sales totaled $7050 thousand, 
how many of each type of unit was sold? 


6. You invested $9000 in two funds paying 6% and 7% annual 
interest. At the end of the year, the total interest from 
these investments was $610. How much was invested at 
each rate? 


7. You need to mix a 6% peroxide solution with a 9% 
peroxide solution to obtain 36 ounces of an 8% peroxide 
solution. How many ounces of each of the solutions must 
be used? 


8. A paddleboat on the Mississippi River travels 48 miles 
downstream, with the current, in 3 hours. The return trip, 
against the current, takes the paddleboat 4 hours. Find the 
boat’s rate in still water and the rate of the current. 


45. Use the quadratic function y = ax? + bx + c to model 


the following data: 
y (Average Number of 
x (Age of Automobile Accidents per Day 
a Driver) in the United States) 
20 400 
40 150 
60 400 


Use Cramer’srule todetermine valuesfora,b,andc.Then 
use the model to write a statement about the average 
number of automobile accidents in which 30-year-old 
drivers and 50-year-old drivers are involved daily. 


Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on You({J} (search “BlitzerInterAlg” and click 
on “Channels”). 


Use this information to solve Exercises 9-11: A company is 
planning to produce and sell a new line of computers. The 
fixed cost will be $360,000 and it will cost $850 to produce each 
computer. Each computer will be sold for $1150. 


9. Write the cost function, C, of producing x computers. 
10. Write the revenue function, R, from the sale of x computers. 


11. Determine the break-even point. Describe what this 
means. 


12. The cost and revenue functions for producing and selling 
x units of a toaster oven are 


C(x) = 40x + 350,000 and R(x) = 125x. 


Write the profit function, P, from producing and selling 
x toaster ovens. 


13. Solve by eliminating variables using the addition method: 


x y z=6 
3x + 4y —-7z=1 
IX = yt 3z = 5, 
14. Perform the indicated matrix row operation and write the 
new matrix. 

1 0 -4] 5 

6) 1 2| 10 |—-6R, + Ry 

2 tN a ESS 


In Exercises 15-16, solve each system using matrices. 
15. e + y= 6 


3x — 2y = 16 

16. x—4y+ 4z=-1 
26) Vo a2— 6 
39 op 3) — gS) 


In Exercises 17-18, evaluate each determinant. 


iz |= =3 1. | 3 4 0 
7 4 = 0 3 
Aor 


In Exercises 19-20, use Cramer’s rule to solve each system. 
19. ee — 3y = 14 
3x - y=3 


Cumulative Review Exercises 251 


20. (2x + 3y+ z=2 
Byes) =e 10) 
XS 2y 32; — 1 


CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-3) 


6(8 — 10)? + (-2) 
(-5)°-2) 
2. Simplify: 7x — [5 — 2(4x — 1)]. 


1. Simplify: 


In Exercises 3-5, solve each equation. 


3. 5 —2(3 —- x) = 2(2x + 5) +1 
3x x 

4.9— +4=-— 
5 3 

5. 3x — 4 = 2(3x + 2) — 3x 


6. For asummer sales job, you are choosing between two pay 
arrangements: a weekly salary of $200 plus 5% commission 
on sales, or a straight 15% commission. For how many 
dollars of sales will the earnings be the same regardless of 
the pay arrangement? 


—5xoy 10 
20x ?y?? : 
8. If f(x) = —4x + 5, find f(a + 2). 


7. Simplify: 


9. Find the domain of f(x) = ra. 


10. If f(x) = 2x7 — 5x +2 and g(x) =x? — 2x + 3, find 
(f — g)(x) and (f — g)(3). 
In Exercises 11-12, graph each linear function. 
2 
1. f(x) = —3° +2 


12. 2x -y=6 


In Exercises 13-14, use the given conditions to write an equation 
for each line in point-slope form and slope-intercept form. 


13. Passing through (2, 4) and (4,—2) 


14. Passing through (—1,0) and parallel to the line whose 
equation is 3x + y = 6 


In Exercises 15-16, solve each system by eliminating variables 
using the addition method. 
15. i + 12y = 25 
2x — 6y = 12 
16. xe3y- zg=— 5 
—x + 2y + 3z = 13 


17. Iftwo pads of paper and 19 pens are sold for $5.40 and 7 of the 
same pads and 4 of the same pens sell for $6.40, find the cost 
of one pad and one pen. 


18. Evaluate: 


OQ. - —2 
-7 0 -4|]. 
3 0 5 


19. Solve using matrices: 
2x + 3y- z=-1 
x+2y+3z= 2 
3x + Sy — 2x = —3. 
20. Solve using Cramer’s rule (determinants): 
3x + 4y =-1 
a + y= 8. 
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Inequalities and 
Problem Solving 


CHAPTER. 


ou are in Yosemite National Park in California, 

surrounded by evergreen forests, alpine 
meadows, and sheer walls of granite. The beauty 
of soaring cliffs, plunging waterfalls, gigantic 
trees, rugged canyons, mountains, and valleys is 
overwhelming. This is so different from where you S- 
live and attend college, a region in which grasslands 
predominate. What variables affect whether regions 
are forests, grasslands, or deserts, and what 
kinds of mathematical models are t (o) 


determining whether rggions are 
deserts can be modeledusing inequal 
You will use these models and their-grap 
Section 4.4. ac 


Ad 
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Objectives 


1 | Solve linear 
inequalities. 

| 2 | Recognize inequalities 
with no solution or 
all real numbers as 
solutions. 


3 | Solve applied 
problems using linear 
inequalities. 


1 | Solve linear inequalities. 


Solving Linear Inequalities 


You can go online and obtain 
a list of cellphone companies 
and their text message 

monthly price plans. You’ve 
chosen a plan that has a 
monthly fee of $5 with a 
charge of $0.08 per 
text (regular, photo, 
or video). Suppose 
you are limited by 
how much money 
you can spend for 
the month: You can 
spend at most $25. 
If we let x represent 
the number of text messages in a month, we can write an inequality that describes the 
given conditions: 


the charge of must be 
The monthly $0.08 per text less than 
fee of $5 plus for x text messages or equal to $25. 


5 oP 0.08x — 25. 


Using the commutative property of addition, we can express this inequality as 
0.08x + 5 = 25. 


Placing an inequality symbol between a linear expression (mx + b) and a constant 
results in a linear inequality in one variable. In this section, we will study how to solve 
linear inequalities such as the one shown above. Solving an inequality is the process of 
finding the set of numbers that make the inequality a true statement. These numbers 
are called the solutions of the inequality and we say that they satisfy the inequality. 
The set of all solutions is called the solution set of the inequality. We will use interval 
notation to represent these solution sets. 


Solving Linear Inequalities in One Variable 


We know that a linear equation in x can be expressed as ax + b = 0. A linear 
inequality in x can be written in one of the following forms: ax + b < 0,ax + b = 0, 
ax + b > 0,ax + b = 0. Ineach form, a # 0. 

Back to our question from above: How many text messages can you send in a 
month if you can spend at most $25? We answer the question by solving the linear 
inequality 


0.08x + 5 = 25 
for x. The solution procedure is nearly identical to that for solving the equation 
0.08x + 5 = 25. 


Our goal is to get x by itself on the left side. We do this by first subtracting 5 from both 
sides to isolate 0.08x: 


0.08% + 5 = 25 This is the given inequality. 
0.08x +5 —5 = 25 —5 Subtract 5 from both sides. 
0.08x = 20. Simplify. 
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Finally, we isolate x from 0.08x by dividing both sides of the inequality by 0.08: 


De gies Divide both sides by 0.08 
0.08 => 0.08 Ivideé DO sides 'y . 'e 


x = 250. Simplify. 


With at most $25 per month to spend, you can send no more than 250 text messages 
each month. 

We started with the inequality 0.08% + 5 < 25 and obtained the inequality x = 250 
in the final step. Both of these inequalities have the same solution set. Inequalities such 
as these, with the same solution set, are said to be equivalent. 

We isolated x from 0.08x by dividing both sides of 0.08x = 20 by 0.08, a positive 
number. Let’s see what happens if we divide both sides of an inequality by a negative 
number. Consider the inequality 10 < 14. Divide 10 and 14 by —2: 


10 14 
=) ag 
Because —5 lies to the right of —7 on the number line, —5 is greater than —7: 
—-5 >-7. 


Notice that the direction of the inequality symbol is reversed: 


10 < 14 Dividing by —2 changes 
the direction of the 
a5 7. inequality symbol. 


In general, when we multiply or divide both sides of an inequality by a negative 
number, the direction of the inequality symbol is reversed. When we reverse 
the direction of the inequality symbol, we say that we change the sense of the 
inequality. 

We can isolate a variable in a linear inequality the same way we can isolate a 
variable in a linear equation. The following properties are used to create equivalent 
inequalities: 


Properties of Inequalities 


Property The Property in Words Example 
The Addition Property of Inequality If the same quantity is added to or 2x+3<7 
Ifa = bithena tee bbe subtracted from both sides of an Subtract 3: 


Ifa<b,thena-—c<b-ce. 


inequality, the resulting inequality is 
equivalent to the original one. 


202 3S] = SB: 


Simplify: 
2x <4 
The Positive Multiplication Property If we multiply or divide both sides 2x <4 
of Inequality of an inequality by the same positive Divide by 2: 
If a < band cis positive, then ac < bc. quantity, the resulting inequality is 2x 4 
equivalent to the original one. 3 < 2 
b Fee Poa 
Ifa < b and cis positive, then ogee, Simplify: 
c c x<2 
The Negative Multiplication Property If we multiply or divide both sides of —4x < 20 


of Inequality 


Ifa < b and c is negative, then ac > be. 


F : a b 
Ifa < b and c is negative, then— > —. 
c c 


an inequality by the same negative 
quantity and reverse the direction of 
the inequality symbol, the resulting 
inequality is equivalent to the original 
one. 


Divide by —4 and change the sense of 
the inequality: 
—4x _ 20 
—— ae, 
— -4~ =4 
Simplify: 
5 ae 
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Discover for Yourself 


As a partial check, select one 
number from the solution 
sevolow— Oo) —li/athe 
inequality in Example 1. 
Substitute that number 

into the original inequality. 
Perform the resulting 
computations. You should 
obtain a true statement. 

Is it possible to perform a 
partial check using a number 
that is not in the solution set? 
What should happen in this 
case? Try doing this. 


Inequalities and Problem Solving 


If an inequality does not contain fractions, it can be solved using the following 
procedure. (In Example 3, we will see how to clear fractions.) Notice, again, how 
similar this procedure is to the procedure for solving a linear equation. 


Solving a Linear Inequality 
1. Simplify the algebraic expression on each side. 


2. Use the addition property of inequality to collect all the variable terms on one 
side and all the constant terms on the other side. 


3. Use the multiplication property of inequality to isolate the variable and solve. 
Change the sense of the inequality when multiplying or dividing both sides by 
a negative number. 


4. Express the solution set in interval notation and graph the solution set on a 
number line. 


| EXAMPLE 1 | Solving a Linear Inequality 


Solve and graph the solution set on a number line: 
3x —5 > -17. 
Solution 


Step 1. Simplify each side. Because each side is already simplified, we can skip this step. 


Step 2. Collect variable terms on one side and constant terms on the other side. The 
variable term, 3x, is already on the left side of 3x — 5 > —17. We will collect constant 
terms on the right side by adding 5 to both sides. 


3x —5>-17 This is the given inequality. 
3x —5+5>-17+5 Add5 to both sides. 
3x > —12 Simplify. 
Step 3. Isolate the variable and solve. We isolate the variable, x, by dividing both sides 


by 3. Because we are dividing by a positive number, we do not reverse the direction of 
the inequality symbol. 


3x —12 
ct Divide both sides by 3. 
3 3 

x >-4 Simplify. 


Step 4. Express the solution set in interval notation and graph the set on a number 
line. The solution set consists of all real numbers that are greater than —4. The interval 
notation for this solution set is (—4, ©). The graph of the solution set is shown as follows: 


-5 -4 3 2 -1 0 1 2 3 4 =5 a 


/| CHECK POINT 1 


Solve and graph the solution set on a number line: 


4x — 3 > —23. 


| EXAMPLE 2 | Solving a Linear Inequality 


Solve and graph the solution set on a number line: 


—2x -4>x+5. 


Solution 
Step 1. Simplify each side. Because each side is already simplified, we can skip this step. 


Great Question! 


Can | solve the inequality in 
Example 2 by isolating the 
variable on the right? 


Yes, you can solve 
=jhe = tl S32 ar 5) 


by isolating x on the right side. 


Add 2x to both sides. 
Saye = Al ae Dye S> se ab Se ye 
1h > She ae 5) 


the inequality symbol. 
Now subtract 5 from both sides. 


Sos 2 dea 3 = 
=) > Shy 
Finally, divide both sides by 3. 
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Step 2. Collect variable terms on one side and constant terms on the other side. We 
will collect variable terms on the left and constant terms on the right. 


—2x -4>x+5 This is the given inequality. 


—2x —-4-—x>x+5—-—x Subtract x from both sides. 


—3x -4>5 Simplify. 
3% = 4a S 3a Add 4 to both sides. 
—3x >9 Simplify. 


Step 3. Isolate the variable and solve. We isolate the variable, x, by dividing both sides 
by —3. Because we are dividing by a negative number, we must reverse the direction of 


—3x 9 

—— <— __ Divide both sides by —3 and 

—3 change the sense of the inequality. 
x<—-3 Simplify. 


Step 4. Express the solution set in interval notation and graph the set on a number line. 


=O) ake 
—— = —— 
3 3 
=3) > 37 


This last inequality means the -5 


same thing as x < —3. 


Using Technology 


Numeric and Graphic Connections 


The solution set consists of all real numbers that are less than —3. The interval notation 
for this solution set is (- ©, —3). The graph of the solution set is shown as follows: 


432-+1031é2 3 4 ~«5 a 


You can use a graphing utility to check the solution set of a linear inequality. Enter each side of the inequality separately under 
y, and y. Then use the table or the graphs. To use the table, first locate the x-value for which the y-values are the same. Then 
scroll up or down to locate x values for which y, is greater than y, or for which y, is less than y,. To use the graphs, locate the 
intersection point and then find the x-values for which the graph of y, lies above the graph of y2 (y; > yz) or for which the graph 


of y, lies below the graph of y2 (vy, < y2). 


Let’s verify our work in Example 2 and show that (—~, —3) is the solution set of 
pre = 1h S22 SP Sy, 


A 


\ 


Enter y, = —2x — 4 
in the [y =]screen. 


Enter yp=x+5 
in the [y =]screen. 


We are looking for values of x for which y, is greater than y,. 


Numeric Check 


Scrolling through 
the table shows 
that y, > yg 
for values of 
X that are less 
than —3 (when 
x =-3, y= 2). 
This verifies 
(—co, —3) is the 
solution set of 
—2x —4>x+4+5. 


Graphic Check 


Display the graphs for y, and yz. Use the intersection 
feature. The solution set is the set of x-values for which the 
graph of y, lies above the graph of y. 


Graphs intersect at (—3, 2). 
When x is less than —3, the 
graph of y, lies above the 
graph of y. This graphically 
verifies (—co, —3) is the solution 
set of -2x -—4>x4+5. 


=a —4 


yy 


[-10, 10, 1] by [-10, 10, 1] 
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Inequalities and Problem Solving 


¥| CHECK POINT 2 Solve and graph the solution set:3x + 1 > 7x — 15. 


If an inequality contains fractions, begin by multiplying both sides by the least 
common denominator. This will clear the inequality of fractions. 


| EXAMPLE 3 | Solving a Linear Inequality Containing Fractions 


Solve and graph the solution set on a number line: 
tte x= 2 1 
= : 
4 3 4 


Solution The denominators are 4, 3, and 4. The least common denominator is 12. 
We begin by multiplying both sides of the inequality by 12. 
x43 x-—2 1 
= + 
4 3 4 


This is the given inequality. 


_ Multiply both sides by 12. Multiplying by 
13 ( ) > 12 (2 4: i) a positive number preserves the sense of 
4 3 


4 the inequality. 
12 x+3 19) 7=—9 12. 1 Multiply each term by 12. Use the distributive 
c A a , 3 + 1 4 Property on the right side. 
3 4 3 
12% x+3 Wwrxe-2 Wi Divide out common factors in each 
: os aera multiplication. 
1 4 1 3 1 4 
3(x + 3) = 4(x — 2) +3 The fractions are now cleared. 


Now that the fractions have been cleared, we follow the four steps that we used in the 
previous examples. 


Step 1. Simplify each side. 


3(x + 3) = 4(x — 2) +3 This is the inequality with the fractions 
cleared. 
3x +9 =4x-8+3 Use the distributive property. 
3x +9 = 4x -5 Simplify. 


Step 2. Collect variable terms on one side and constant terms on the other side. We 
will collect variable terms on the left and constant terms on the right. 


3x +9- 4x = 4x —5 — 4x Subtract 4x from both sides. 
—-x+92-5 Simplify. 

=—4-9=92—-5 =) Subtract 9 from both sides. 
—-x=-14 Simplify. 


Step 3. Isolate the variable and solve. To isolate x, we must eliminate the negative sign 
in front of the x. Because —x means —1x, we can do this by multiplying (or dividing) 
both sides of the inequality by —1. We are multiplying by a negative number. Thus, we 
must reverse the direction of the inequality symbol. 


(-)Cx) = (1-14 Multiply both sides by —1 and change the 
sense of the inequality. 
x= 14 Simplity. 


Step 4. Express the solution set in interval notation and graph the set on a number 
line. The solution set consists of all real numbers that are less than or equal to 14. The 
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interval notation for this solution set is (- ©, 14]. The graph of the solution set is shown 
as follows: 


5 6 7 8 9 10 11 12 13 14 15 | 


\“| CHECK POINT3 Solve and graph the solution set on a number line: 
x-4 x-2 55 
= oe ei 
2 3 6 


©) Recognize inequalities Inequalities with Unusual Solution Sets 
with no solution or 


We have seen that some equations have no solution. This is also true for some 
all real numbers as 


inequalities. An example of such an inequality is 


solutions. 
x Sx 1, 
There is no number that is greater than itself plus 1. This inequality has no solution and 
its solution set is ©, the empty set. 
By contrast, some inequalities are true for all real numbers. An example of such an 
inequality is 
x <x 1 
Every real number is less than itself plus 1. The solution set is (— ©, ~). 
If you attempt to solve an inequality that has no solution, you will eliminate the 
variable and obtain a false statement, such as 0 > 1. If you attempt to solve an 
inequality that is true for all real numbers, you will eliminate the variable and obtain a 
true statement, such as 0 < 1. 
| EXAMPLE 4 | Solving Linear Inequalities 
Solve each inequality: 
a. 2(x + 4) > 2x +3 b x+75x—-2. 
ing Technol : 
Using Technology Solution 
Graphic Connections 
The graphs of a. 2(x + 4) > 2x + 3 This is the given inequality. 
2x +8 > 2x +3 Apply the distributi rty. 
= We ay and pply the distributive property 
2x +8—2x >2x+3—-—2x Subtract 2x from both sides. 

an paral libes Theeranh 8 >3 Simplify. The statement & > 3 is true. 

of y, is always above the 

graph of y2. Every value The inequality 8 > 3 is true for all values of x. Because this inequality is equivalent 

of x satisfies the inequality to the original inequality, the original inequality is true for all real numbers. The 


y, > yo. Thus, the solution 


: : solution set is (—~, ©). 
set of the inequality 


b. 47 Sx = 2 This is the given inequality. 
Ae ap Ai) S> Aye ae 2) 
G ) 4 ob Sea eS 2S ae Subtract x from both sides. 
S12): 1S -2 Simplify. The statement 7 = —2 is false. 
F The inequality 7 = —2 is false for all values of x. Because this inequality is 
equivalent to the original inequality, the original inequality has no solution. The 
j solution setis@. 


CHECK POINT4 Solve each inequality: 
a. 3(x +1) >3x+2 
[-10, 10, 1] by [-10, 10, 1] b. x+1<x-1. 
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3 | Solve applied problems Applications 


using linear inequalities. Commonly used English phrases such as “at least” and “at most” indicate inequalities. 
Table 4.1 lists sentences containing these phrases and their algebraic translations into 


inequalities. 
Table 4.1 English Sentences and Inequalities 


English Sentence Inequality 
x is at least 5. xe 

x is at most 5. x= 5 

x is between 5 and 7. 5<x<7 
x is no more than 5. x= 5 

x is no less than S. Pee) 


Our next example shows how to use an inequality to select the better deal when 
considering two pricing options. We use our strategy for solving word problems, 
translating from the verbal conditions of the problem to a linear inequality. 


| EXAMPLE 5 | Selecting the Better Deal 


Acme Car rental agency charges $4 a day plus $0.15 per mile, whereas Interstate rental 
agency charges $20 a day and $0.05 per mile. How many miles must be driven to make 
the daily cost of an Acme rental a better deal than an Interstate rental? 


Solution 
Step 1. Let x represent one of the unknown quantities. We are looking for the number 
of miles that must be driven in a day to make Acme the better deal. Thus, 


let x = the number of miles driven in a day. 


Step 2. Represent other unknown quantities in terms of x. We are not asked to find 
Using Technology another quantity, so we can skip this step. 


Step 3. Write an inequality in x that models the conditions. Acme is a better deal than 


Graphic Connections : : , : 
Interstate if the daily cost of Acme is less than the daily cost of Interstate. 


The graphs of the daily cost 


models for the car rental ; “ : 
agencies The daily cost is less the daily cost 
i of Acme | | than [| of Interstate. | | 
yy = 44 0.15x 
and y2 = 20 + 0.05x | | 
: the number the number 

are shown in a [0, 300, 10] 4 of ratles 20 aietibs 
by [0, 40, 4] viewing dollars plus 15 cents times driven dollars plus 5 cents times driven 
rectangle. The graphs 
intersect at (160, 28). To the 4 ab 0.15 . x < 20 + 0.05 : x 
left of x = 160, the graph of 
Acme’s daily cost lies below Step 4. Solve the inequality and answer the question. 
that of Interstate’s daily 
at This shows that tor 4+ 0.15x < 20 + 0.05x This is the inequality that 


fewer than 160 miles per day, models the verbal conditions. 


Acme offers the better deal. 4+ 0.15x — 0.05x < 20 + 0.05x — 0.05x Subtract 0.05x from both sides. 
ee 4+ 0.1x < 20 Simplify. 
Yq = 20 + 0.05x Lo 4+ 01x —-4<20-4 Subtract 4 from both sides. 

ais O.lx < 16 Simplify. 

Acme: 0.1x 16 on F 

y= 4+ 0.15x O01 < O1 Divide both sides by 0.1. 


x < 160 Simplify. 


Thus, driving fewer than 160 miles per day makes Acme the better deal. 
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Step 5. Check the proposed solution in the original wording of the problem. One way 
to do this is to take a mileage less than 160 miles per day to see if Acme is the better 
deal. Suppose that 150 miles are driven in a day. 


Cost for Acme = 4 + 0.15(150) = 26.50 
Cost for Interstate = 20 + 0.05(150) = 27.50 


Acme has a lower daily cost, making Acme the better deal. & 


\/| CHECK POINT5 A car can be rented from Basic Rental for $260 per week 
with no extra charge for mileage. Continental charges $80 per week plus 25 cents for 
each mile driven to rent the same car. How many miles must be driven in a week to 
make the rental cost for Basic Rental a better deal than Continental’s? 


Achieving Success 


Learn from your mistakes. Being human means making mistakes. By finding and 
understanding your errors, you will become a better math student. 


Source of Error Remedy 

Not Understanding | Review the concept by finding a similar example in your textbook or 
a Concept class notes. Ask your professor questions to help clarify the concept. 
Skipping Steps Show clear step-by-step solutions. Detailed solution procedures 


help organize your thoughts and enhance understanding. Doing 
too many steps mentally often results in preventable mistakes. 


Carelessness Write neatly. Not being able to read your own math writing leads 
to errors. Avoid writing in pen so you won’t have to put huge 
marks through incorrect work. 


“You can achieve your goal if you persistently pursue it.” 
—Cha Sa-Soon, a 68-year-old South Korean woman who passed her country’s written 
driver’s-license exam on her 950th try (Source: Newsweek) 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


Ai 
2. 
3. 
4. 


10. 


The addition property of inequality states that ifa < b, thena + c 


The positive multiplication property of inequality states that if a < b and cis positive, then ac 


The negative multiplication property of inequality states that if a < b and c is negative, then ac 


The linear inequality —-3x — 4 > 5 can be solved by first __________ to both sides and then 
both sides by , which changes the of the 
inequality symbol from to : 


In solving an inequality, if you eliminate the variable and obtain a false statement such as 7 < —2, the solution set is 


In solving an inequality, if you eliminate the variable and obtain a true statement such as 8 > 3, the solution set is 


The algebraic translation of “x is at least 7” is 


The algebraic translation of “x is at most 7” is 


The algebraic translation of “x is no more than 7” is 


The algebraic translation of “x is no less than 7” is 
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MyMachLab 


Practice Exercises 


In Exercises 1-32, solve each linear inequality. Other than 


©, graph the solution set on a number line. 


5x -F lil = 26 222 io) = My 
3% = 8 = 13 4. 8% —2 = 14 
—Ox = 36 6. —5x = 30 


epee Ils she = 118) 
Siete 45 = 91258 
4(x+1)+2>=3x+ 6 
Shear sho Pay se il) Se sear So 


5 ee — Mle SiG se) 
Sd 2) ae 20 


(63 Se s)he eke 
56523) = 3x-— sl 


x 1 xy 
Se 
4 De 2 
Be 1 x 
+1= 
10 10 
x 
4 
2, 
4 
eae oe 
55 al t=) 5 
=> t 
6 9 18 
ES Dig pes ee 
6 12 


BI Be 2) ee CS (U1 OG) er 
BG =) = A) x SG 1) 
tales ae JO) = Wee ae Saree 

a Gs = I= sie = 2) ae ee 

H beets, 8166 =) 

Eee 59 (Gia) 

Tee 4) 3 = 1G a) 


Bite = Ox = 3)) = 2G $1) 


2 2; 
nie Gu 42) = (0 450) 
“(7 “siya Sa0= (11x <i) 
> {BG 5) oe 7) 2 B& = 6) 


= 28%) | = 24 3) 


. 5[3(2 — 3x) — 2(5 — x)] — 6[5(x — 2) 


= 24x = 3) = 3x0 lo 


. Let f(x) = 3x + 2 and g(x) = 5x — 8. Find all values of x 


for which f(x) > g(x). 


. Let f(x) = 2x — 9and g(x) = 5x + 4. Find all values of x 


for which f(x) > g(x). 


Inequalities and Problem Solving 


Watch the videos Download the 
in MyMathLab MyDashBoard App 


35. Let f(x) = (10x + 15) and g(x) = 708 — 12x). Find all 
values of x for which g(x) = f(x). 


36. Let f(x) = 3 (10x — 15) + Yand g(x) = aie = ie) — IE 
Find all values of x for which g(x) = f(x). 


37. Let f(x) =1—- (« + 3) + 2x. Find all values of x for 
which f(x) is at least 4. 


38. Let f(x) = 2x — 11 + 3(x + 2). Find all values of x for 
which f(x) is at most 0. 


Practice PLUS 


In Exercises 39-40, solve each linear inequality and graph the 
solution set on a number line. 


397 20 to) Or (4 (Ox 4) |} 
40. 3(4x — 6) < 4 — {5x — [6x — (4x — (Gx + 2))]} 


In Exercises 41-42, write an inequality with x isolated on the 
left side that is equivalent to the given inequality. 


41. ax + b> c; Assumea < 0. 


OX 
42. 


> b; Assume a > Oandc < 0. 


In Exercises 43-44, use the graphs of y; and y> to solve each 
inequality. 


43. y1 = y2 44, V1 = y2 


In Exercises 45-46, use the table of values for the linear 
functions y, and yz to solve each inequality. 


45. y1 = yo 


46. VM = y2 


Application Exercises 


The graphs show that the three components of love, namely 
passion, intimacy, and commitment, progress differently over 
time. Passion peaks early in a relationship and then declines. 

By contrast, intimacy and commitment build gradually. Use the 
graphs to solve Exercises 47-54. 


y The Course of Love Over Time 
A 


ay 


il 


Level of Intensity 
(1 through 10 scale) 


PNWHEUADANANOO SO 


eo a | 
i 25 3) 4 5 26 7 8 


Years in a Relationship 


| > xX 
9 10 


Source: R.J. Sternberg, A Triangular Theory of Love, 
Psychological Review, 93, 119-135. 
47. Use interval notation to write an inequality that expresses 
for which years in a relationship intimacy is greater than 
commitment. 


48. Use interval notation to write an inequality that expresses 
for which years in a relationship passion is greater than or 
equal to intimacy. 


49. What is the relationship between passion and intimacy on 
the interval [5, 7)? 


50. What is the relationship between 
commitment on the interval [4, 7)? 


intimacy and 


51. What is the relationship between passion and commitment on 
the interval (6, 8)? 

52. What is the relationship between passion and commitment on 
the interval (7, 9)? 

53. What is the maximum level of intensity for passion? After how 
many years in a relationship does this occur? 


54. After approximately how many years do levels of intensity 
for commitment exceed the maximum level of intensity 
for passion? 


55. The percentage, P, of U.S. voters who use electronic 
voting systems, such as optical scans, in national elections 
can be modeled by the formula 


Piles 25185 


where x is the number of years after 1994. In which 
years will more than 63% of U.S. voters use electronic 
systems? 

56. The percentage, P, of U.S. voters who use punch cards or 
lever machines in national elections can be modeled by 
the formula 

Pi 25x a O3uL 
where x is the number of years after 1994. In which years 


will fewer than 38.1% of U.S. voters use punch cards or 
lever machines? 
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The Olympic 500-meter speed skating times have generally 
been decreasing over time. The formulas 


W=-0.19t+ 57 and M =—0.15t + 50 


model the winning times, in seconds, for women, W, and men, M, 
t years after 1900. Use these models to solve Exercises 57-58. 


57. Find values of t such that W < M. Describe what this 
means in terms of winning times. 


58. Find values of t such that W > M. Describe what this 
means in terms of winning times. 


In Exercises 59-66, use the strategy for solving word problems, 
translating from the verbal conditions of the problem to a 
linear inequality. 

59. A truck can be rented from Basic Rental for $50 a day plus 
$0.20 per mile. Continental charges $20 per day plus $0.50 
per mile to rent the same truck. How many miles must be 
driven in a day to make the rental cost for Basic Rental 
a better deal than Continental’s? 


60. You are choosing between two telephone plans. Plan A 
has a monthly fee of $15 with a charge of $0.08 per minute 
for all calls. Plan B has a monthly fee of $3 with a charge of 
$0.12 per minute for all calls. How many calling minutes in 
a month make plan A the better deal? 


61. A city commission has proposed two tax bills. The first 
bill requires that a homeowner pay $1800 plus 3% of the 
assessed home value in taxes. The second bill requires 
taxes of $200 plus 8% of the assessed home value. What 
price range of home assessment would make the first bill a 
better deal for the homeowner? 


62. A local bank charges $8 per month plus 5¢ per check. The 
credit union charges $2 per month plus 8¢ per check. How 
many checks should be written each month to make the 
credit union a better deal? 


63. A company manufactures and sells blank audiocassette 
tapes. The weekly fixed cost is $10,000 and it costs $0.40 
to produce each tape. The selling price is $2.00 per tape. 
How many tapes must be produced and sold each week 
for the company to have a profit? 


64. A company manufactures and sells personalized 
stationery. The weekly fixed cost is $3000 and it costs $3.00 
to produce each package of stationery. The selling price is 
$5.50 per package. How many packages of stationery must 
be produced and sold each week for the company to have 
a profit? 


65. An elevator at a construction site has a maximum 
capacity of 3000 pounds. If the elevator operator weighs 
200 pounds and each cement bag weighs 70 pounds, how 
many bags of cement can be safely lifted on the elevator 
in one trip? 
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66. 


Inequalities and Problem Solving 


An elevator at a construction site has a maximum capacity 
of 2500 pounds. If the elevator operator weighs 160 pounds 
and each cement bag weighs 60 pounds, how many bags 
of cement can be safely lifted on the elevator in one trip? 


Writing in Mathematics 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


When graphing the solutions of an inequality, what 
does a parenthesis signify? What does a bracket signify? 


When solving an inequality, when is it necessary to change 
the sense of the inequality? Give an example. 


Describe ways in which solving a linear inequality is 
similar to solving a linear equation. 


Describe ways in which solving a linear inequality is 
different from solving a linear equation. 


When solving a linear inequality, describe what happens if 
the solution set is (—™, %). 


When solving a linear inequality, describe what happens if 
the solution set is @. 


What is the slope of each model in Exercises 55-56? What 
does this mean in terms of the percentage of U.S. voters 
using electronic voting systems and more traditional 
methods, such as punch cards or lever machines? 
What explanations can you offer for these changes in 
vote-counting systems? 


Technology Exercises 


In Exercises 74-75, solve each inequality using a graphing 
utility. Graph each side separately. Then determine the values 
of x for which the graph on the left side lies above the graph on 
the right side. 


74. 
75. 
76. 


br (0) 2 ee 
—2(x + 4) > 6x + 16 
Use a graphing utility’s 
work in Exercises 74-75. 


TABLE 


feature to verify your 


Use the same technique employed in Exercises 74-75 to 

solve each inequality in Exercises 77-78. In each case, what 
conclusion can you draw? What happens if you try solving the 
inequalities algebraically? 


77. 
78. 
79. 


Die NO 2G 4) lOx 

Dean 8) Ss Bike SA) aie 

A bank offers two checking account plans. Plan A has a 

base service charge of $4.00 per month plus 10¢ per check. 

Plan B charges a base service charge of $2.00 per month 

plus 15¢ per check. 

a. Write models for the total monthly costs for each plan if 
x checks are written. 


b. Use a graphing utility to graph the models in the same 
[0, 50, 1] by [0, 10, 1] viewing rectangle. 


c. Use the graphs (and the intersection feature) to determine 
for what number of checks per month plan A will be 
better than plan B. 


d. Verify the result of part (c) algebraically by solving an 
inequality. 


Critical Thinking Exercises 


Make Sense? In Exercises 80-83, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


80. 


81. 


82. 


83. 


I began the solution of 5 — 3(x + 2) > 10x by simplifying 
the left side, obtaining 2x + 4 > 10x. 


I have trouble remembering when to reverse the 
direction of an inequality symbol, so I avoid this difficulty 
by collecting variable terms on an appropriate side. 


If you tell me that three times a number is less than two 
times that number, it’s obvious that no number statisfies 
this condition, and there is no need for me to write and 
solve an inequality. 


Whenever I solve a linear inequality in which the 
coefficients of the variable on each side are the same, the 
solution set is @ or (—, ©). 


In Exercises 84-87, determine whether each statement is 
true or false. If the statement is false, make the necessary 
change(s) to produce a true statement. 


84. 
85. 


86. 
87. 
88. 


89. 


The inequality 3x > 6 is equivalent to 2 > x. 

The smallest real number in the solution set of 2x > 6 
is 4. 

If x is at least 7, then x > 7. 

The inequality —3x > 6 is equivalent to—2 > x. 

Find a so that the solution set of ax + 4=~—12 is 
[8, %). 

What’s wrong with this argument? Suppose x and y 
represent two real numbers, where x > y. 


2> 1 
2(y — x) > 1y — x) 
29 Pe i) oe 


This is a true statement. 

Multiply both sides by y — x. 
Use the distributive property. 
Vi 24 = =x Subtract y from both sides. 


y>x Add 2x to both sides. 


The final inequality, y > x, is impossible because we were 
initially given x > y. 


Review Exercises 


90. If f(x) = x — 2x + 5, find f(—4). 
(Section 2.1, Example 3) 
91. Solve the system: 
PW is) 
Sie — Ih) 
Pea MPa ig es ah 
(Section 3.3, Example 2) 
4y-2\3 
92. Simplify: ( hey ) . (Section 1.6, Example 9) 
xy 


Preview Exercises 


SECTION 4.2 Compound Inequalities 265 


d. Give an example of a number that satisfies the 


Exercises 93-95 will help you prepare for the material covered inequality in part (a), but not the inequality in part (b). 
in the next section. 
93. Consider the sets A = {1,2,3, 4} and B = {3, 4,5, 6, 7}. 95. a. Solve: 2x — 6 = —4. 

a. Write the set consisting of elements common to both bSolve: ox 2 = 176 


set A and set B. 


c. Give anexample of a number that satisfies the inequality 


b. Write the set consisting of elements that are members in part (a) and the inequality in part (b). 
of set A or of set B or of both sets. 


94. a. Solve:x — 3 <5. 
b. Solve: 2x + 4 < 14. 


d. Give an example of a number that satisfies the 
inequality in part (a), but not the inequality in part (b). 


c. Give an example ofa number that satisfies the inequality 
in part (a) and the inequality in part (b). 


Objectives 


a Find the intersection of 
two sets. 

| 2 | Solve compound 
inequalities involving 
and. 

3 | Find the union of two 
sets. 


4 | Solve compound 


inequalities involving or. 


Compound Inequalities 


Among the U.S. presidents, more have had dogs than cats in y 
the White House. Sets of presidents with dogs, cats, dogs 
and cats, dogs or cats, and neither, with the number of 
presidents belonging to each of these sets, are shown in 


Figure 4.1. 


17 + 9 + 2 = 28 presidents 
had dogs OR cats. 


A 


; 9 presidents had i 
17 presidents both dogs AND cats. 2 presidents 
had dogs only. had cats only. 


15 presidents 
had neither 


dogs nor cats. 


Presidents residents 
with Dogs with Cats 
Figure 4.1 Presidential pets in the White House 


Source: factmonster.com 


Figure 4.1 indicates that 9 presidents had dogs and cats in the White House. 
Furthermore, 28 presidents had dogs or cats in the White House. In this section, we’ll 
focus on sets joined with the word and and the word or. The difference is that we’ll be 
using solution sets of inequalities rather than sets of presidents with pets. 
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A compound inequality is formed by joining two inequalities with the word and or 
the word or. 
Examples of Compound Inequalities 


e x-3<5 and 2x+4< 14 
e 3x -—-5=13 or 5x+2 >-3 


Compound inequalities illustrate the importance of the words and and or in 
mathematics, as well as in everyday English. 


GB Find the intersection of | Compound Inequalities Involving And 
two sets. 


If A and B are sets, we can form a new set consisting of all elements that are in both A 
and B. This set is called the intersection of the two sets. 


Definition of the Intersection of Sets 


The intersection of sets A and B, written A M B, is the set of elements common to 
both set A and set B. This definition can be expressed in set-builder notation as 
follows: 


ANB = {x|x € A and x € B}. 


Figure 4.2 shows a useful way of picturing the intersection of sets A and B. The 
figure indicates that A M B contains those elements that belong to both A and B at the 


same time. 
an > ON 8am Finding the Intersection of Two Sets 
Figure:4-2 Picturing the Find the intersection: {7, 8, 9, 10, 11} M {6, 8, 10, 12}. 


intersection of two sets 


Solution The elements common to {7, 8, 9, 10, 11} and {6, 8, 10, 12} are 8 and 10. Thus, 
{7, 8, 9, 10, 11} M {6, 8, 10, 12} = {8,10}. om 


/| CHECK POINT 1 Find the intersection: {3, 4,5, 6,7} {3, 7, 8, 9}. 


2 | Solve compound A number is a solution of a compound inequality formed by the word and if it is a 
inequalities involving solution of both inequalities. For example, the solution set of the compound inequality 
and. x=6 and x=2 


is the set of values of x that satisfy both x = 6 and x = 2. Thus, the solution set is the 
intersection of the solution sets of the two inequalities. 

What are the numbers that satisfy both x = 6 and x = 2? These numbers are easier 
to see if we graph the solution set to each inequality on a number line. These graphs are 
shown in Figure 4.3. The intersection is shown in the third graph. 


vce eae ee ee ee ee ee ee ry 
—2 -1 0 1 2 3 4 5 6 7 8 


{}p tp- t  tt >  [2, 00) 
2-10 1 2 3 4 5 6 7 8 


(22, 6] M1 [2, 2) pt tt > x [2,6] 
=(2,6) 2 1 0123 445 67 8 


Figure 4.3 Numbers satisfying both x = 6 and x = 2 
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The numbers common to both sets are those that are less than or equal to 6 and greater 
than or equal to 2. This set in interval notation is [2, 6]. 

Here is a procedure for finding the solution set of a compound inequality containing 
the word and. 


Solving Compound Inequalities Involving AND 
1. Solve each inequality separately. 


2. Graph the solution set to each inequality on a number line and take the 
intersection of these solution sets. This intersection appears as the portion of 
the number line that the two graphs have in common. 


| EXAMPLE 2 | Solving a Compound Inequality with And 


Solve: x —3 <5and2x+4< 14. 
Solution 
Step 1. Solve each inequality separately. 


x-3<5 and 2x+4< 14 
x<8 2x < 10 
x< 5 


Step 2. Take the intersection of the solution sets of the two inequalities. We graph the 
solution sets of x < 8 and x < 5. The intersection is shown in the third graph. 


=> + $+ — + —_—_——_ +—_+— + (-~, 8) 
8 9 


tt tt x (-, 5) 
9 


(0.0, 8) (00, 5.) ett pp > x (00, 5) 
=(-~,5) -l 0 1 2 3 4 5 6 7 8 9 


The numbers common to both sets are those that are less than 5. The solution set 
in interval notation is (~~, 5). Take a moment to check that any number in (—~, 5) 
satisfies both of the original inequalities. ™ 


[\/| CHECK POINT2 Solve: x +2 <S5and2x—- 4 < -2. 


| EXAMPLE 3 | Solving a Compound Inequality with And 


Solve: 2x —7>3and5x-4< 6. 


Solution 
Step 1. Solve each inequality separately. 
2x -7>3 and 5x-4<6 
2x > 10 5x < 10 
x 5S x<2 
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Step 2. Take the intersection of the solution sets of the two inequalities. We graph 
the solution sets of x > 5 and x < 2. We use these graphs to find their intersection. 


i (5, 00) 
7 8 


> X (00, 2) 


(5, 2) M1 (-e, 2) 


{+} + + + + +++» x @ 
=@ 2-10 1 2 3 4 5 6 7 8 


There is no number that is both greater than 5 and at the same time less than 2. Thus, 
the solution set is the empty set,@. m 


CHECK POINT3 Solve: 4x — 5 >7and5x — 2 <3. 


If a < b, the compound inequality 
a<xandx <b 
can be written in the shorter form 
a<x<b. 
For example, the compound inequality 
—3 <2x+1and2x+1<3 

can be abbreviated 

—3<2x+1 <3. 


The word and does not appear when the inequality is written in the shorter form, 
although it is implied. The shorter form enables us to solve both inequalities at once. 
By performing the same operations on all three parts of the inequality, our goal is to 
isolate x in the middle. 


Solving a Compound Inequality 


Solve and graph the solution set: 


—3<2x+1s83. 


Solution We would like to isolate x in the middle. We can do this by first subtracting 1 
from all three parts of the compound inequality. Then we isolate x from 2x by dividing 
all three parts of the inequality by 2. 


=3 <2e + l= 3 This is the given inequality. 
-3-1< 2x +1-—1=3-1 Subtract 1 from all three parts. 

—-4<2x=2 Simplify. 

= < — = . Divide each part by 2. 

2 2 2 

—2<x=1 Simplify. 


The solution set consists of all real numbers greater than —2 and less than or equal to 1, 
represented by (—2, 1] in interval notation. The graph is shown as follows: 


> X 


5 -4 3 2-1 0412 3 4 °5 a 


Using Technology 
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Numeric and Graphic Connections 


Let’s verify our work in Example 4 and show that (—2, 1] is the solution set of —3 < 2x + 1 S 3. 


Numeric Check 


To check numerically, enter yj = 2x + 1. 


The shaded part of the 
table shows that values 
of y, = 2x + 1 are greater 
than —3 and less than 
or equal to 3 when x is 
in the interval (—2, 1]. 


3 | Find the union of two 
sets. 


\- 


AUB 


Figure 4.4 Picturing the union of 
two sets 


Great Question! 


How can I use the words 
union and intersection 
to help me distinguish 
between these two 
operations? 


Union, as in a marriage 
union, suggests joining 
things, or uniting them. 
Intersection, as in the 
intersection of two crossing 
streets, brings to mind 

the area common to both, 
suggesting things that 
overlap. 


Graphic Check 


To check graphically, graph each 
part of 


—3<2x4+1s3. aed) 
A | 
| Enter | Enter Enter 

y= 3. || yo=2x +. || yz =3. 


The figure shows that the graph 
of y. = 2x + 1 lies above the 
graph of y; = —3 and on or 
below the graph of y3; = 3 when 


x is in the interval (—2, 1]. [-3, 3, 1] by [-5,5, 1] 


[\¥| CHECK POINT4 Solve and graph the solution set: 1 < 2x + 3 < 11. 


Compound Inequalities Involving Or 


Another set that we can form from sets A and B consists of elements that are in A or B 
or in both sets. This set is called the union of the two sets. 


Definition of the Union of Sets 


The union of sets A and B, written A U B, is the set of elements that are members 
of set A or of set B or of both sets. This definition can be expressed in set-builder 
notation as follows: 


AUB = {x|x €Aorx € Bh. 


Figure 4.4 shows a useful way of picturing the union of sets A and B. The figure 
indicates that A U B is formed by joining the sets together. 

We can find the union of set A and set B by listing the elements of set A. Then, we 
include any elements of set B that have not already been listed. Enclose all elements 
that are listed with braces. This shows that the union of two sets is also a set. 


| EXAMPLE 5 | Finding the Union of Two Sets 


Find the union: {7, 8,9, 10, 11} U {6, 8, 10, 12}. 


Solution To find {7, 8, 9, 10, 11} U {6, 8, 10, 12}, start by listing all the elements from 
the first set, namely 7, 8, 9, 10, and 11. Now list all the elements from the second set 
that are not in the first set, namely 6 and 12. The union is the set consisting of all these 
elements. Thus, 


{7, 8, 9, 10, 11} U {6, 8, 10, 12} = {6, 7,8, 9, 10, 11, 12}. 


Although 8 and 10 appear in both sets, do not list 8 and 10 twice. 


CHECK POINT5  Findthe union: {3, 4,5, 6, 7} U (3,7, 8, 9}. 
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4 | Solve compound 
inequalities involving or. 


Inequalities and Problem Solving 


A number is a solution of a compound inequality formed by the word or if it is a 
solution of either inequality. Thus, the solution set of a compound inequality formed 
by the word or is the union of the solution sets of the two inequalities. 


Solving Compound Inequalities Involving OR 
1. Solve each inequality separately. 


2. Graph the solution set to each inequality on a number line and take the union 
of these solution sets. This union appears as the portion of the number line 
representing the total collection of numbers in the two graphs. 


| EXAMPLE 6 | Solving a Compound Inequality with Or 


Solve: 2x —3 <7or35 — 4x $3. 


Solution 
Step 1. Solve each inequality separately. 


2x -3<7 or 35-4x=3 
2x < 10 —4x =< —32 
x<5 x=8 


Step 2. Take the union of the solution sets of the two inequalities. We graph the 
solution sets of x < 5 and x = 8. We use these graphs to find their union. 


ee +—+——+—+—+—> X (—c0, 5) 
1 2 3 4 5 6 7 8 9 10 I1 


xX [8, 00) 


x (-e,5) U [8, -) 

1 2 3 4 5 6 7 8 9 10 I1 
The solution set consists of all numbers that are less than 5 or greater than or equal 
to 8. The solution set in interval notation is (-%, 5) U [8, ©). There is no shortcut way 
to express this union when interval notation is used. & 


[/|| CHECK POINT6 Solve: 3x —5 <—2orl10 — 2x < 4. 


Solving a Compound Inequality with Or 


Solve: 3x —5 = 130r5x+2>-3. 


Solution 
Step 1. Solve each inequality separately. 
3x -5 513 or 5x+2>-3 
3x = 18 5x > —-5 
x=6 x>-1 


Step 2. Take the union of the solution sets of the two inequalities. We graph the 
solution sets of x = 6 and x > —1. We use these graphs to find their union. 


$+ + + Yt Ht Ht XO (-%, 6] 
2 -1 O 1 2 3 4 5 6 7 8 


S$ sr 1, &) 
2 -1 O 1 2 3 4 5 6 7 8 


(-22, 6] U (-1, 0.) ———$—$_ ti > IX (—00, 00) 
=(-0,0) -2 -1 0 12 3 4 5 6 7 
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Because all real numbers are either less than or equal to 6 or greater than —1 or both, 
the union of the two sets fills the entire number line. Thus, the solution set in interval 
notation is (-%, ©). Any real number that you select will satisfy at least one of the 
original inequalities. 


\/| CHECK POINT7 Solve: 2x +5 =3o0r2x +3 <3. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The set of elements common to both set A and set B is called the of sets A and B, and is symbolized 
by 

2. The set of elements that are members of set A or set B or of both sets is called the of sets A and B, 
and is symbolized by 


3. The set of elements common to both (—%, 9) and (—%, 12) is 


4. The set of elements in (—%, 9) or (—~, 12) or in both sets is 


5. The way to solve —7 < 3x — 4 = Sis to isolate x in the 


4.2 EXERCISE SET [mM )AM cleo) e- lotr mnt 


Practice Exercises 


21: 4 (le x) 6 and ~ LZ 2 


In Exercises 1-6, find the intersection of the sets. 5 
—6 
ee ele 22. 5(¢ — 2) > 1Sand~_— = -2 
{de Sor {2.32.8} 
11,3, 5, 7) 42,4. 6,8, 10) one le = leande4y ye 
(Geet Wate =k 2A ellen yg Shanda le" Oy ee) 


(a, b,c, JN © In Exercises 25-32, solve each inequality and graph the 
{w, y, z} ND solution set on a number line. Express the solution set in 
interval notation. 


oa Pp ON 


In Exercises 7-24, solve each compound inequality. Use graphs 


to show the solution set to each of the two given inequalities, 25. 6<x+3<8 
as well as a third graph that shows the solution set of the 2620 7 <x oll 
compound inequality. Except for the empty set, express the Tee eee 


solution set in interval notation. 
fa Xe Sand y= ==6 
8 x >2andx > 4 


295) 0 <0 4 
29. -11<2x-1=-5 
30: 3 =4—3: = 19 


97 x = Sand 21 

10. x <6andx <2 31. 3<2 Cpe res 

di. x = 2 andy = —1 

12, x <3andx =-1 32, Se 

13: >> Zand 4% =< 1 

144. x > 3andx <—1 In Exercises 33-38, find the union of the sets. 
15. 5x <—20 and 3x > —18 33. {1, 2,3, 4} U (2,4, 5} 

16: 3x°= ldvand 2x > —6 34. {1, 3,7, 8} U {2, 3, 8} 

17. x-4=2and3x+1>-8 35. {1, 3,5, 7} U {2, 4, 6, 8, 10} 
18, 3x 2 = —4 and 2s — I= 5 36. {0,1, 3,5} U {2, 4, 6} 

19. 2x > 5x — 15 and 7x > 2x + 10 37. {a,e,i,0,u} UD 


20. 6— 5x >1-3xand4x —-3 >x-9 38. {e,m,p,t,y} UO 
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In Exercises 39-54, solve each compound inequality. Use 6250 = 2 ee 
graphs to show the solution set to each of the two given 

inequalities, as well as a third graph that shows the solution set 

of the compound inequality. Express the solution set in interval 


39. x > 30rx > 6 


40. x >2orx > 4 

4. x= 5 00x = | : 

42. x=60rx =2 

43. x <2orx =-1 [-5, 5, 1] by [-5, 8, 1] 

AA. x Ss Born = =1 

45. x =20rx% <= 

46. x =3o0rx <1 63. Solve x-—2<2x-1<x+2, the inequality in 
47. 3x > 12 or2x < —6 Exercise 62, using algebraic methods. (Hint: Rewrite 


i i = x = lt 3 
eee or thesinequality as 2x — 1 > x 2 and 2x— <x 2) 


ROL See Set ye ere 64. Use the hint given in Exercise 63 to solve 

502 — 5 — | loro... ll ="6 x = 3x — 10 = ox: 

Gls the ars) << lore A 2) sl 

50 Oy ee t= 1b ons od In Exercises 65-66, use the table to solve each inequality. 
Gels Seen i) esata I) eee Gore 2 = Oo 8 


54, 16) — 3% = —8 or 13° — x 4 8 


55. Let f(x) = 2x + 3 and g(x) = 3x — 1. Find all values of x 
for which f(x) = 5 and g(x) > 11. 

56. Let f(x) = 4x + 5 and g(x) = 3x — 4. Find all values of x 
for which f(x) = 5 and g(x) = 2. 

57. Let f(x) = 3x — 1 and g(x) = 4 — x. Find all values of x 
for which f(x) < —1 or g(x) < —2. 

58. Let f(x) = 2x — 5 and g(x) = 3 — x. Find all values of x 
for which f(x) = 3 or g(x) < 0. 


Practice PLUS 


In Exercises 59-60, write an inequality with x isolated in the 
middle that is equivalent to the given inequality. Assume Gh =< n= 5 = 3 
a= 0.b) = 0 and.c= 0: 


59) —c =< ax —b =< ¢ 


(ihe — (0) 


60: —2 < <2 


In Exercises 61-62, use the graphs of y,, y2, and y3 to solve 
each compound inequality. 


61, —3 = 2x —1=5 


In Exercises 67-68, use the roster method to find the set of 
negative integers that are solutions of each inequality. 


67. 5 — 4x = 1land3 — 7x < 31 
68. —5<3x+4= 16 


Application Exercises 


In more U.S. marriages, spouses have different faiths. The bar 
graph shows the percentage of households with an interfaith 
marriage in 1988 and 2008. Also shown is the percentage of 
households in which a person of faith is married to someone 
with no religion. 


Percentage of U.S. Households in Which Married 
Couples Do Not Share the Same Faith 

35% - 

- mi 1988 

@ 2008 


30% 


25% 


20% 


15% 


10% 


Percentage of Households 


5% 


Interfaith 
Marriage 


Faith/No Religion 
Marriage 


Source: General Social Survey, University of Chicago 


The formula 


1 
[= Ves + 26 
models the percentage of U.S. households with an interfaith 
marriage, I, x years after 1988. The formula 


1 
N=-x+6 
4 
models the percentage of U.S. households in which a person of 
faith is married to someone with no religion, N, x years after 
1988. Use these models to solve Exercises 69-70. 


69. a. In which years will more than 33% of U.S. households 


have an interfaith marriage? 


b. In which years will more than 14% of U.S. households 
have a person of faith married to someone with no 
religion? 


c. Based on your answers to parts (a) and (b), in which 
years will more than 33% of households have an 
interfaith marriage and more than 14% have a faith/no 
religion marriage? 


d. Based on your answers to parts (a) and (b), in which 
years will more than 33% of households have an 
interfaith marriage or more than 14% have a faith/no 
religion marriage? 

70. a. In which years will more than 34% of U.S. households 
have an interfaith marriage? 


b. In which years will more than 15% of U.S. households 
have a person of faith married to someone with no 
religion? 


71. 


72. 


73. 


74. 


75. 


76. 
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c. Based on your answers to parts (a) and (b), in which 
years will more than 34% of households have an 
interfaith marriage and more than 15% have a faith/no 
religion marriage? 

d. Based on your answers to parts (a) and (b), in which 
years will more than 34% of households have an 
interfaith marriage or more than 15% have a faith/no 
religion marriage? 

A basic cellphone plan costs $20 per month for 60 calling 

minutes. Additional time costs $0.40 per minute. The formula 


C = 20 + 0.40(x — 60) 
gives the monthly cost for this plan, C, for x calling minutes, 


where x > 60. How many calling minutes are possible for 
a monthly cost of at least $28 and at most $40? 


The formula for converting Fahrenheit temperature, F, to 
Celsius temperature, C, is 


) 
— (ff = 32) 
C = 2(F ~ 32) 


If Celsius temperature ranges from 15° to 35°, inclusive, 
what is the range for the Fahrenheit temperature? Use 
interval notation to express this range. 


On the first four exams, your grades are 70, 75, 87, and 
92. There is still one more exam, and you are hoping to 
earn a B in the course. This will occur if the average of 
your five exam grades is greater than or equal to 80 and 
less than 90. What range of grades on the fifth exam will 
result in earning a B? Use interval notation to express this 
range. 


On the first four exams, your grades are 82, 75, 80, and 
90. There is still a final exam, and it counts as two grades. 
You are hoping to earn a B in the course: This will occur 
if the average of your six exam grades is greater than or equal 
to 80 and less than 90. What range of grades on the final exam 
will result in earning a B? Use interval notation to express this 
range. 


The toll to a bridge is $3.00. A three-month pass costs 
$7.50 and reduces the toll to $0.50. A six-month pass costs 
$30 and permits crossing the bridge for no additional fee. 
How many crossing per three-month period does it take 
for the three-month pass to be the best deal? 


Parts for an automobile repair cost $175. The mechanic 
charges $34 per hour. If you receive an estimate for at 
least $226 and at most $294 for fixing the car, what is the 
time interval that the mechanic will be working on the 
job? 


Writing in Mathematics 


77. 


78. 
79. 


Describe what is meant by the intersection of two sets. 
Give an example. 


Explain how to solve a compound inequality involving and. 


Why is 1 < 2x + 3 < 9a compound inequality? What are 
the two inequalities and what is the word that joins them? 
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80. Explain how to solve 1 < 2x +3 < 9, 


81. Describe what is meant by the union of two sets. Give an 
example. 


82. Explain how to solve a compound inequality involving or. 


Technology Exercises 


In Exercises 83-86, solve each inequality using a graphing 
utility. Graph each of the three parts of the inequality separately 
in the same viewing rectangle. The solution set consists of all 
values of x for which the graph of the linear function in the 
middle lies between the graphs of the constant functions on the 
left and the right. 


835 k= ye 3 = 9 
ci 


84. -1< <3) 


85. = 7 = 3 
865 24 xe 7 


87. Use a graphing utility’s |TABLE} feature to verify your 
work in Exercises 83-86. 


Critical Thinking Exercises 


Make Sense? In Exercises 88-91, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


88. I’ve noticed that when solving some compound 
inequalities with or, there is no way to express the solution 
set using a single interval, but this does not happen with 
and compound inequalities. 

89. Compound inequalities with and have solutions that 
satisfy both inequalities, whereas compound inequalities 
with or have solutions that satisfy at least one of the 
inequalities. 

90. I’m considering the compound inequality x < 8 and 
x = 8,s0 the solution set is @. 

91. I’mconsidering the compound inequality x < 8 or x = 8, 
so the solution set is (-%, 2). 


In Exercises 92-95, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

92. (-~,-1] N[-4, ©) = [-4,-1] 

93. (-»,3) U(-~,—-2) = (-~,-2) 

94. The union of two sets can never give the same result as the 
intersection of those same two sets. 


95. The solution set of the compound inequality x < a and 
x > ais the set of all real numbers excluding a. 


96. Solve and express the solution set in interval notation: 
—/ = 8 — 3% = 20 and—/)= ox — I= 41; 


The graphs of f(x) = V4 — x and g(x) = Vx + 1 are shown 
in a [-3, 10, 1] by [-2, 5, 1] viewing rectangle. 


x 
glx) =Vx+1 


In Exercises 97-100, use the graphs and interval notation to 
express the domain of the given function. 


97. The domain of f 
98. The domain of g 
99. The domain of f+ g 


100. The domain of : 


101. Atthe end of the day, the change machine at a laundrette 
contained at least $3.20 and at most $5.45 in nickels, 
dimes, and quarters. There were 3 fewer dimes than twice 
the number of nickels and 2 more quarters than twice the 
number of nickels. What was the least possible number 
and the greatest possible number of nickels? 


Review Exercises 
102. If f(xy) =x*7-3x+4 and g(x) =2x-—5, find 
(g — f)(x) and (g — f)(-1). (Section 2.3, Example 4) 


103. Use function notation to write the equation of the 
line passing through (4, 2) and perpendicular to the 
line whose equation is 4x — 2y = 8. (Section 2.5, 
Example 5) 


104. Simplify: 4 — [2(« — 4) — 5]. (Section 1.2, Example 14) 


Preview Exercises 
Exercises 105-107 will help you prepare for the material 
covered in the next section. 


4x = 30rl — 4x = —3. 


105. Findall values of x satisfying 1 


106. Find all values of x satisfying 3x -1=x+5 or 
Se = (eae) 
107. a. Substitute —5 for x and determine whether —5 satisfies 
[2a 3) = "5, 


b. Does 0 satisfy |2x + 3| = 5? 
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Objectives 


@ Solve absolute value 
equations. 


2 | Solve absolute value 
inequalities of the form 
la| =< ec 

3 | Solve absolute value 
inequalities of the form 
lea) es 

4 | Recognize absolute 
value inequalities with 
no solution or all real 
numbers as solutions. 


5 | Solve problems 
using absolute value 
inequalities. 


a Solve absolute value 


equations. 

|-2|=2 

—7 

+ + + > xX 

2 -1 0 1 2 
U—_.—_Y’ 
|2|=2 


Figure 4.5 If |x| = 2, then 
x = 2o0rx = -2. 


Great Question! 


Why did you use the 
variable u when rewriting 
|u| =casu=cor 

u = —c? What’s wrong 
with using x and rewriting 
|x| =casx=cor 

x =—c? 

We could have used x. 
However, this becomes 
confusing when the 
expression inside the 
absolute value bars is a 
linear expression given in 
terms of x. For example, 

on the right we solved 

|2x — 3| = 11. In this case, 
think of u as 2x — 3. This 

is easier than using x to 
represent 2x — 3. 


Equations and Inequalities Involving 
Absolute Value 


What activities do you dread? Reading math 
textbooks with bottle-cap designs on the cover? 
(Be kind!) No, that’s not America’s most- 
dreaded activity. In a random sample of 
1000 U.S. adults, 46% of those questioned 
responded, “Public speaking.” 
Numerical information, such as the 
percentage of adults who dread public 
speaking, is often given with a margin 
of error. Inequalities involving absolute 
value are used to describe errors in 
polling, as well as errors of measurement 
in manufacturing, engineering, science, 
and other fields. In this section, you will 
learn to solve equations and inequalities 
containing absolute value. With these 
skills, you will be able to analyze data on 
the activities U.S. adults say they dread. 


Equations Involving 
Absolute Value 


We have seen that the absolute value of a, denoted | a], is the distance from 0 to a ona 
number line. Now consider absolute value equations, such as 


|x| = 2. 


This means that we must determine real numbers whose distance from the origin on 
a number line is 2. Figure 4.5 shows that there are two numbers such that |x| = 2, 
namely, 2 and —2. We write x = 2 or x = —2. This observation can be generalized as 
follows: 


Rewriting an Absolute Value Equation Without Absolute Value Bars 


If c is a positive real number and wu represents any algebraic expression, then 
|u| = cis equivalent tou = coru =~—c. 


| EXAMPLE 1 | Solving an Equation Involving Absolute Value 


Solve: |2x — 3] = 11. 


Solution 
[2x — 3] = 11 This is the given equation. 
2x -3=11 or 2x-3=-11 Rewrite the equation without absolute value 
bars: |u| = cis equivalent to u = cor 
u = —c.\In this case u = 2x — 3. 
2x = 14 2x = —8 Add 3 to both sides of each equation. 
x= x=-4 Divide both sides of each equation by 2. 
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Using Technology 
Graphic Connections 
You can use a graphing 
utility to verify the solution 
set of an absolute value 
equation. Consider, for 
example, 


sir 


Graph y; = |2x — 3| and 
yz = 11. The graphs are 
shown in a [-10, 10, 1] by 


[-1, 15, 1] viewing rectangle. 


The x-coordinates of the 
intersection points are —4 
and 7, verifying that {—4, 7} 
is the solution set. 


[-10, 10, 1] by [-1, 15, 1] 


Check 7: Check —4: 
|2x — 3| = 11 |2x — 3| =11 This is the original equation. 
|2(7) - 3| 411 2-4) - 3| 4 11 Substitute the proposed solutions. 
}14-3| 211 |-8 —3| 211 Perform operations inside the 
absolute value bars. 
(tt) 2 aa |-11| 411 
11 = 11, true 11 =11, true These true statements indicate 


that 7 and —4 are solutions. 


The solutions are —4 and 7. We can also say that the solution set is {-4, 7}. 


[Z| CHECK POINT1 Solve: |2x —1| =5. 


| EXAMPLE 2 | Solving an Equation Involving Absolute Value 


Solve: 5|1 — 4x| — 15 =0. 


Solution 
5|1 — 4x| - 15 = 0 


This is the given equation. 


We need to isolate |1 — 4-x|, 
the absolute value expression. 


5|1 — 4x| = 15 Add 15 to both sides. 
|1 — 4x| =3 Divide both sides by 5. 
1-—4x=3 or 1-4x=~-3 Rewrite |u| = ¢asu = coru C. 
—4x =2 —4x = —-4 Subtract 1 from both sides of each equation. 
x= 5 x=1 Divide both sides of each equation by —4. 


Take a moment to check —} and 1, the proposed solutions, in the original equation, 
5|1 — 4x| — 15 = 0. In each case, you should obtain the true statement 0 = 0. The 
solutions are —5 and 1, and the solution set is {-3, 1 iz a 


CHECK POINT 2 Solve: 2/1 — 3x| — 28 = 0. 


The absolute value of a number is never negative. Thus, if wis an algebraic expression 
and c is a negative number, then |u| = c has no solution. For example, the equation 
|3x — 6| = —2 has no solution because |3x — 6| cannot be negative. The solution set 
is ©, the empty set. 

The absolute value of 0 is 0. Thus, if u is an algebraic expression and |u| = 0, 
the solution is found by solving u = 0. For example, the solution of |x — 2| = 0 is 
obtained by solving x — 2 = 0. The solution is 2 and the solution set is {2}. 

Some equations have two absolute value expressions, such as 


[3x= 1| = |x + 5|. 


These absolute value expressions are equal when the expressions inside the absolute 
value bars are equal to or opposites of each other. 


Rewriting an Absolute Value Equation with Two Absolute Values 
Without Absolute Value Bars 


If |u| = |v 


, then u = voru =—v. 


| 2 | Solve absolute value 
inequalities of the form 
li) <c. 
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| EXAMPLE 3 | Solving an Absolute Value Equation 
with Two Absolute Values 
Solve: |3x —1| = |x +5]. 
Solution We rewrite the equation without absolute value bars. 
ul = |v} means i= © or ie Sp 
3x —1]=|x+5| means 3x-1=x+5 or 3x-1=-(x +5). 


We now solve the two equations that do not contain absolute value bars. 


3x -l=x+5 or 3x-1=-(* +5) 


2x-1=5 3x -1l=-x-5 
2x = 6 4x -1=-5 
x=3 4x = —-4 
x=-1 


Take a moment to complete the solution process by checking the two proposed 
solutions in the original equation. The solutions are —1 and 3, and the solution set is 
{-1,3}. @ 


[4]. CHECK POINT3 Solve: |2x —7| = |x + 3]. 


Inequalities Involving Absolute Value 
Absolute value can also arise in inequalities. Consider, for example, 
lal <2, 


This means that the distance from 0 to x on a number line is less than 2, as shown in 
Figure 4.6. 


If the distance from then x is between 
0 to x is less than 2 -4-3-2-10123 4 —2 and 2 (-2<x <2). 
(|x| < 2), 


Figure 4.6 


Generalizing from the observations in the voice balloons gives us a method for solving 
inequalities of the form |u| < c, where c is a positive number. This method involves 
rewriting the given inequality without absolute value bars. 


Solving Absolute Value Inequalities of the Form |u| < c 


If cis a positive real number and u represents any algebraic expression, then 
|u| < cis equivalent to -c <u<c. 


This rule is valid if < is replaced by =. 


| EXAMPLE 4 | Solving an Absolute Value Inequality 
of the Form |u| < c 
Solve and graph the solution set on a number line: 


lx 4] <3. 
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Figure 4.7 The solution set of 
|x — 4| < 3is(1, 7). 


Solution We rewrite the inequality without absolute value bars. 


lul < c means -c < u < c. 


|x —4|<3 means —-3<x-—4<3. 


We solve the compound inequality by adding 4 to all three parts. 


—3<x-4<3 
—3+4<x-44+4<3+4 
1<%< 7 


The solution set is all real numbers greater than 1 and less than 7, denoted in interval 
notation by (1,7). The graph of the solution set is shown as follows: 
2-10%312 3 4 5 6 7 8 Oo 
We can use the rectangular coordinate system to visualize the solution set of 
x= al <3. 


Figure 4.7 shows the graphs of f(x) = |x — 4] and g(x) = 3. The solution set of 
|x — 4| < 3 consists of all values of x for which the blue graph of flies below the red 
graph of g. These x-values make up the interval (1, 7), which is the solution set. 


\“| CHECK POINT4 Solve and graph the solution set on a number line: 
le = 2| < 5, 


Before rewriting an absolute value inequality without absolute value bars, isolate 
the absolute value expression on one side of the inequality. 


| EXAMPLE 5 | Solving an Absolute Value Inequality 


Solve and graph the solution set on a number line: —2|3x + 5| + 7 = —13. 


Solution 
—2|3x + 5| +72-13 This is the given inequality. 
We need to isolate |3x + 5], 
the absolute value expression. 
Bers) +7 =7S=-b 7 Subtract 7 from both sides. 
—2|3x + 5| = —-20 Simplify. 
-2| 3x + 5| ra —20 Divide both sides by —2 and change 
=—2 =2 the sense of the inequality. 
|3x + 5| = 10 Simplify. 
—-10=3x +5<=10 Rewrite without absolute value bars: 
|u| <¢means—c <u Sc. 
Now we need to isolate 
x in the middle. 
—10-553x+5-5s10-5 Subtract 5 from all three parts. 


—-15 = 3x 


IA 


Simplify. 


Divide each part by 3. 


Simplify. 


3 | Solve absolute value 
inequalities of the form 
ea) es 
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The solution set is [-5, 3] in interval notation. The graph is shown as follows: 


CHECK POINT 5 Solve and graph the solution set on a number line: 
=3|5e—2| + 20219, 


Now let’s consider absolute value inequalities with greater than symbols, such as 
|x| > 2. 


This means that the distance from 0 to x on a number line is greater than 2, as shown 
in Figure 4.8. 


If the distance from ae x then x is less than —2 
0 to x is greater than 2 4-33 4 0 1 134 or greater than 2 
(|x| > 2), (x <-2 or x > 2). 


Figure 4.8 


Generalizing from the observations in the voice balloons gives us a method for solving 
inequalities of the form |u| > c, where c is a positive number. This method once again 
involves rewriting the given inequality without absolute value bars. 


Solving Absolute Value Inequalities of the Form |u| > c 
If cis a positive real number and u represents any algebraic expression, then 
|u| > cis equivalent tou <—coru>c. 


This rule is valid if > is replaced by =. 


| EXAMPLE 6 | Solving an Absolute Value Inequality 
of the Form |u| = c 
Solve and graph the solution set on a number line: 


[2x4 3) SS. 
Solution We rewrite the inequality without absolute value bars. 


jul = c means i = =e or ih = & 


2x + 3)=5 means 2x +35-5 or 2x4+325. 


We solve this compound inequality by solving each of these inequalities separately. 
Then we take the union of their solution sets. 


2x+3=5-5 or 2x+325 These are the inequalities 
without absolute value bars. 
2x = -8 2x =2 Subtract 3 from both sides. 
x=-4 x21 Divide both sides by 2. 
The solution set consists of all numbers that are less than or equal to —4 or greater than 


or equal to 1. The solution set in interval notation is (~~, —4] U [1, ©). The graph of 
the solution set is shown as follows: 
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4 | Recognize absolute 
value inequalities with 
no solution or all real 
numbers as solutions. 


5 | Solve problems 
using absolute value 
inequalities. 


Great Question! 


The graph of the solution set in Example 6 consists of two intervals. When is the 
graph of the solution set of an absolute value inequality a single interval and when 
is it divided into two intervals? 


If wis a linear expression and c > 0, the graph of the solution set for |u| > c will be 
divided into two intervals whose union cannot be represented as a single interval. The 
graph of the solution set for |u| < c will be a single interval. Avoid the common error of 
rewriting |u| > cas-c <u>c. 


¥| CHECK POINT6 Solve and graph the solution set on a number line: 
[2e= S| 23 


Great Question! 
Please cut to the chase. What do | need to know when rewriting absolute value 
equations and inequalities without absolute value bars? 


Here’s a brief summary. If c > 0, 


e |u| = cis equivalent tou = coru =~—c. 
e |u| < cis equivalent to—c <u<c. 
e |u| > cis equivalent tow <—coru>c. 


Absolute Value Inequalities with Unusual Solution Sets 


We have been working with |u| < c and |u| > c, where c is a positive number. Now 
let’s see what happens to these inequalities if c is a negative number. Consider, for 
example, |x| < —2. Because |x| always has a value that is greater than or equal to 0, 
there is no number whose absolute value is less than —2. The inequality |x| < —2 has 
no solution. The solution set is @. 

Now consider the inequality |x| > —2. Because |x| is never negative, all numbers 
have an absolute value greater than —2. All real numbers satisfy the inequality 
|x| > —2. The solution set is (—~, %). 


Absolute Value Inequalities with Unusual Solution Sets 


If wu is an algebraic expression and c is a negative number, 


1. The inequality |u| < c has no solution. 


2. The inequality |u| > c is true for all real numbers for which wu is defined. 


Applications 
We opened this section with this question: 
What activities do you dread? 


In a random sample of 1000 U.S. adults, 46% of those questioned responded, “Public 
speaking.” The problem is that this is a single random sample. Do 46% of adults in the 
entire U.S. population dread public speaking? 

If you look at the results of a poll like the one in Figure 4.9, you will observe that a 
margin of error is reported. 
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Activities U.S. Adults Say They Dread 


Note: 
Respondents 
could select 
more than one. 


Figure 4.9 
Source: TNS survey of 1000 adults, March 2010, Margin of error: 3.2% 


Note the margin of error. 


The margin of error in the dreaded-activities poll is +3.2%. This means that the actual 
percentage of U.S. adults who dread public speaking is at most 3.2% greater than or less 
than 46%. If x represents the percentage of U.S. adults in the population who dread public 
speaking, then the poll’s margin of error can be expressed as an absolute value inequality: 


|x — 46| = 3.2. 
> ON 8-eae Analyzing a Poll’s Margin of Error 
The inequality 
|x — 28| = 3.2 


describes the percentage of U.S. adults in the population who dread doing taxes. Solve 
the inequality and interpret the solution. 


Solution We rewrite the inequality without absolute value bars. 


lul = c means —@ 2y Ze 


|x — 28] =3.2 means -3.2=<x — 28 =<3.2. 


We solve the compound inequality by adding 28 to all three parts. 
—3.2 =x — 28 = 3.2 This is |x — 28| < 3.2 
without absolute value bars. 
—3.2 + 28 Sx — 28+ 28 = 3.2 + 28 Add 28 to all three parts. 
24.8 =x 3312 Simplify. The solution 
is [24.8, 31.2]. 


The percentage of U.S. adults in the population who dread doing taxes is somewhere 
between a low of 24.8% and a high of 31.2%. Notice that these percents are 3.2% above 
and below the given 28% in Figure 4.9, and that 3.2% is the poll’s margin of error. 


'/| CHECK POINT7 Solve the inequality: 
|x — 41| = 3.2. 


Interpret the solution in terms of the information in Figure 4.9. 
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Achieving Success 
Use index cards to help learn new terms. 


Many of the terms, notations, and formulas used in this book will be new to you. Buy a pack of 3 x 5 index cards. On each card, 
list a new vocabulary word, symbol, or title of a formula. On the other side of the card, put the definition or formula. Here are 
four examples: 


Effective Index Cards 
Rewriting |u| =c Jul =c Rewriting |u| = |v] Jul = lvl 
— without absolute —is equivalent to without absolute —_—siis equivalent to | 
value, c > 0 | u=Coru=-c value u=voru=-v | 
| | | 
Front Back Front Back 
Rewriting |u| <c | lul<c ~ Rewriting |u| >c Jul >c 
without absolute _—iis equivalent to _without absolute _—siis equivalent to 
value, c >O | -C<U<C value, c >O u<-corur>c 
| 
J — —_________] 
Front Back Front Back 


Review these cards frequently. Use the cards to quiz yourself and prepare for exams. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. Ifc > 0, |u| = cis equivalent to u = oru = 
2. |u| = |v| is equivalent to u = oru= 
3. Ifc > 0, |u| < cis equivalent to <u< 
4. Ifc > 0, |u| > cis equivalent tou < oru > 
5. |u| < chas no solution if c 0. 
6. |u| > cis true for all real numbers if c 0. 
Match each absolute value equation or inequality in the left column with an equivalent statement from the right column. 
%. (3x 1) = A. —5 =3x-1=5 
8 |3x-1|/=5 B. 3x -1=x or 3x-1=-x 
9. |3x-1|/=5 Cc. 3x -1=5 or 3x-1=-—5 
10. [3x —1| = |x| D. © 
$1,034 = Te a5 E. 3x -1=-5 or 3x-125 
12. [3x -—1|>-—5 F. (—%, 0) 
=n. 
MyMatnlas “ees arn, 
Practice Exercises = = A a 3 | =1 
In Exercises 1-38, find the solution set for each equation. o5)——8 10. |x) ——6 
1. |x| =8 2. |x| = 6 ao le) —o i es 2\-0 
3. |x -—2|=7 Aoi lpcetell| 35 13. 2|y + 6| = 10 


5 |2x -—1|=7 6. |2x — 3] =11 14. 3|/y + 5| =12 
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SWS 
45. 32x —1| = 21 58. = <6 
16. 2)3x — 2| = 14 
pe a) 
17. |6y — 2| + 4 = 32 59. fi =2 
18. [3y — 1] + 10 = 25 ayes 
19. 7|5x| + 2 = 16 60. Celica 
20. 7|3x| +2 = 16 dx 
at. |x+1[/+5= WN a hae 
PA peak il| ae 6 = 2 3x 
23. |4y +1| +10= eee cs 
24. |3y-2/+8=1 Ge 2a 
252) (24) ee se 645 |x = 3) = 2 
26. (3x —-2| +4=4 Ca bese Ol == 0) 
Pre. [see 13 — bese) 66. |x + 4|>-12 
28. 4x = 9 = |2x-" 1] Cy Be Sr || ar 8) es KG) 
Pi} [Pye alll |e il 68. |x=2l4 4=5 
30. |6x| = |3x — 9| 692/20 — 3a 10 12 
Bt. ||23—9| = |22-- S| 70. 3|2x-1]+2>8 
32. |3x —5| = |3x + 5| 7. 4 = 4) = 16 
33. |x —3| = |5-x| 72. =2|5 = x| <—6 
34. |x —3| = |6-x| 73. 3 = |2x - 1| 
35. |2y — 6| = |10 — 2y| 74. 9 <= |4x + 7| 
36. |4y + 3] = |4y + 5| 75. Let f(x) = |5 — 4x|. Find all values of x for which 
2x x f(%) = 11. 
Cie | || = aes) : ? 
3 3 76. Let f(x) = |2 — 3x|. Find all values of x for which 
5 | ra ;| 77. Let f(x) = |3 — x| and g(x) = |3x + 11]. Find all values 
of x for which f(x) = g(x). 
In Exercises 39-74, solve and graph the solution set on a 78. Let f(x) = |3x + 1| and g(x) = |6x — 2|. Find all values 
number line. of x for which f(x) = g(x). 
39. |x| <3 79. Let g(x) = |-1 + 3(x + 1)|. Find all values of x for 
40. |x| <5 which g(x) = 5. 
at. |x —2| <1 80. Let g(x) = |—-3 + 4(x + 1)|. Find all values of x for 
which g(x) = 3. 
CO be l< 5 . ; 
= 81. Let h(x) = |2x — 3| + 1. Find all values of x for which 
43: |e 2 = 1 h(x) > 6. 
44. |x + 1[=5 82. Let h(x) = |2x — 4] — 6. Find all values of x for which 


45. |2x —6|<8 
4630 |3x.- 25 17, 
47. |x| 3 

48. |x| >5 

490 [ees | 1 

BON aie 2 |e=n5 

ihe |= all 2 

one — Si 4 

53. [3x — 8|>7 
Bayo 23 


h(x) > 18. 


Practice PLUS 


83. 


84. 


When 3 times a number is subtracted from 4, the absolute 
value of the difference is at least 5. Use interval notation 
to express the set of all real numbers that satisfy this 
condition. 


When 4 times a number is subtracted from 5, the absolute 
value of the difference is at most 13. Use interval notation 
to express the set of all real numbers that satisfy this 
condition. 


In Exercises 85-86, solve each inequality. Assume that a > 0 


Bs. 2G= 144/28 

56. |3(x — 1) + 2| = 20 
Oe 5G 

57. = 25 


and c > 0. 
85. jax + b| <c 
86. jax + bl =c 
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In Exercises 87-88, use the graph of f(x) = |4 — x| to solve 
each equation or inequality. 


++ f—+—+—+ + +> X 
1.41.2.3.4.5..6.7.8.9 10 


l4—a)=4 |4 = x= 5 


In Exercises 89-90, use the table to solve each inequality. 


td el ah i Ca 


26 + 
|Perat 


Application Exercises 


How to Blow Your Job Interview The data in the bar graph 
are froma random survey of 1910 job interviewers. The graph 
shows the top interviewer turnoffs and the percentage of surveyed 
interviewers who were offended by each of these behaviors. 

In Exercises 91-92, let x represent the actual percentage of 
interviewers in the entire population of job interviewers. 


Top Interviewer Turnoffs 


Not rae) 
about the rae) 


35% - 


30% L Being 
arrogant 
26% Showing 


up late 


Not asking 
questions 


25% [— 
21% 

20% F 
Al 15% Not speaking 
15% 12% professionally 

10% [~ 

i 
5% EF 


Source: Scott Erker, PhD., and Kelli Buczynski,“Are You Failing the Interview? 
2009 Survey of Global Interviewing Practices and Perceptions.” Development 
Dimensions International. 


Percentage of 
Surveyed Interviewers 


91. Solve the inequality: |x — 21| < 3. Interpret the solution 
in terms of the information in the graph. What is the 
margin of error? 


92. Solve the inequality: |x — 15| < 3. Interpret the solution 
in terms of the information in the graph. What is the 
margin of error? 


93. The inequality |T—57| <7 describes the range of 
monthly average temperature, 7, in degrees Fahrenheit, 
for San Francisco, California. Solve the inequality and 
interpret the solution. 


94. The inequality |T— 50| < 22 describes the range of 
monthly average temperature, 7, in degrees Fahrenheit, 
for Albany, New York. Solve the inequality and interpret 
the solution. 


The specifications for machine parts are given with tolerance 
limits that describe a range of measurements for which the 
part is acceptable. In Exercises 95-96, x represents the length 
of a machine part, in centimeters. The tolerance limit is 

0.01 centimeter. 


95. Solve: |x — 8.6| < 0.01. If the length of the machine part 
is supposed to be 8.6 centimeters, interpret the solution. 


96. Solve: |x — 9.4| < 0.01. If the length of the machine part 
is supposed to be 9.4 centimeters, interpret the solution. 


97. If a coin is tossed 100 times, we would expect 
approximately 50 of the outcomes to be heads. It 
can be demonstrated that a coin is unfair if h, the 
number of outcomes that result in heads, satisfies 
h — 50 

5 


= 1.645. Describe the number of outcomes 


that result in heads that determine an unfair coin that is 
tossed 100 times. 


Writing in Mathematics 


98. Explain how to solve an equation containing one 
absolute value expression. 


99. Explain why the procedure that you described in 
Exercise 98 does not apply to the equation |x — 5| = —3. 
What is the solution set of this equation? 


100. Describe how to solve an absolute value equation with 
two absolute values. 


101. Describe how to solve an absolute value inequality of the 
form |u| < cforc > 0. 


102. Explain why the procedure that you described in 
Exercise 101 does not apply to the inequality 
|x — 5| < —3. What is the solution set of this inequality? 


103. Describe how to solve an absolute value inequality of the 
form |u| > cforc > 0. 


104. Explain why the procedure that you described in 
Exercise 103 does not apply to the inequality 
|x — 5| > —3. What is the solution set of this inequality? 


Technology Exercises 


In Exercises 105-107, solve each equation using a graphing 
utility. Graph each side separately in the same viewing 
rectangle. The solutions are the x-coordinates of the intersection 
points. 


1052) [20-1 il|pe—e5 

106) "|3G¢=5-4) |= 12 

107. |2x — 3| = |9 — 4x| 

In Exercises 108-110, solve each inequality using a graphing 
utility. Graph each side separately in the same viewing rectangle. 


The solution set consists of all values of x for which the graph 

of the left side lies below the graph of the right side. 

108. |2x + 3|<5 

Ie ik | 5 

pei < —. 
3 3 

110. |x+4|<-1 


109. 


In Exercises 111-113, solve each inequality using a graphing 
utility. Graph each side separately in the same viewing 
rectangle. The solution set consists of all values of x for which 
the graph of the left side lies above the graph of the right side. 
dds [2a 1 7. 

112. |0.1x — 0.4] + 0.4 > 0.6 

hE [eese ells il 

114. Use a graphing utility to verify the solution sets for any 


five equations or inequalities that you solved by hand in 
Exercises 1-74. 


Critical Thinking Exercises 


Make Sense? In Exercises 115-118, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


115. I solved |x — 2| =5 by rewriting the equation as 
x-2=Sorx+2=5. 


116. I solved |x — 2| > 5 by rewriting the inequality as 
=5) So = 2 5s 


117. Because the absolute value of any expression is never 
less than a negative number, I can immediately conclude 
that the inequality |2x — 5] — 9 < —4 has no solution. 


118. [ll win the contest if Ican complete the crossword puzzle 
in 20 minutes plus or minus 5 minutes, so my winning 
time, x, is modeled by |x — 20| S S. 
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In Exercises 119-122, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


119. All absolute value equations have two solutions. 


120. The equation |x| =—6 is equivalent to x = 6 or 
x ——=6: 

121. Values of —5 and 5 satisfy |x| =5,|x| <5, and 
[oc | ==2—5: 


122. The absolute value of any linear expression is greater 
than 0 for all real numbers except the number for which 
the expression is equal to 0. 


123. Write an absolute value inequality for which the interval 


shown is the solution. 
Solutions lie within 
3 units of 4. 


124. The percentage, p, of defective products manufactured 
by a company is given by |p — 0.3%| = 0.2%. If 
100,000 products are manufactured and the company 
offers a $5 refund for each defective product, describe 
the company’s cost for refunds. 


125. Solve: |2x + 5| = 3x + 4. 


Review and Preview Exercises 


Exercises 126-128 will enable you to review graphing linear 
functions. In addition, they will help you prepare for the 
material covered in the next section. In each exercise, graph 
the linear function. 
126. 3x — Sy = 15 (Section 2.4, Example 1) 

2, 
127. f(x) = —3% (Section 2.4, Example 5) 
128. f(x) = —2 (Section 2.4, Example 6) 
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What You Know: We learned to solve linear 
S inequalities, expressing solution sets in interval 

notation. We know that it is necessary to change the 
sense of an inequality when multiplying or dividing both sides by 
a negative number. We solved compound inequalities with and 
by finding the intersection of solution sets and with or by finding 
the union of solution sets. Finally, we solved equations and 
inequalities involving absolute value by carefully rewriting the 
given equation or inequality without absolute value bars. For 
positive values of c, we wrote |u| = casu = coru c. We 
wrote |u| < cas—c < u < c,and we wrote |u| > casu < —c 
oru > c. 


In Exercises 1-18, solve each inequality or equation. 
1. 4-— 3x 212 —x 

5=2x-1<9 

|4x —-7| =5 

—10 — 32x +1) > 8c +1 

2x+7<-1l or -3x -2< 13 

|3x — 2| =4 

|x + 5| = |5x — 8| 

5 — 2x = 9and5x +3 >-17 


oNnoanp on 
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10. 


Inequalities and Problem Solving 


3x —2>-8o0r2x +1<9 


a= 


NW Ne 


Fi cle alae al 
[5x + 3| > 2 
x 


7-|5 +2)s4 
a 


5(x — 2) — 3(x + 4) = 2x — 20 


x+3 1 
<= 
4 
5x +12 4x —2and2x —-3>5 


In Exercises 19-22, solve each problem. 


19. A car rental agency rents a certain car for $40 per day with 
unlimited mileage or $24 per day plus $0.20 per mile. How far 
can a customer drive this car per day for the $24 option to cost no 
more than the unlimited mileage option? 


20. To receive a B in a course, you must have an average of at least 
80% but less than 90% on five exams. Your grades on the first 
four exams were 95%, 79%, 91%, and 86%. What range of grades 
on the fifth exam will result in a B for the course? 


21. A retiree requires an annual income of at least $9000 from an 
investment paying 7.5% annual interest. How much should the 
retiree invest to achieve the desired return? 


22. A company that manufactures compact discs has fixed 
monthly overhead costs of $60,000. Each disc costs $0.18 
to produce and sells for $0.30. How many discs should be 


47. 3= [2x —5| = 6 produced and sold each month for the company to have a 
18. 3+ |2x —5| =-6 profit of at least $30,000? 
Linear Inequalities in Two Variables 
This book was written in Point Reyes 
; : National Seashore, 40 miles north of 
Objectives San Francisco. The park consists of 


1 | Graph a linear 


inequality in two 
variables. 


2 | Use mathematical 


models involving linear 
inequalities. 


3 | Graph a system of 


linear inequalities. 


75,000 acres with miles of pristine 
surf-washed beaches, forested ridges, 
and bays bordered by white cliffs. 

Like your author, many people 
are kept inspired and energized 
surrounded by nature’s unspoiled 
beauty. In this section, you will see 
how systems of inequalities model 
whether a region’s natural beauty 
manifests itself in forests, grasslands, 
or deserts. 


Linear Inequalities in 
Two Variables and Their 
Solutions 


We have seen that equations in the 
form Ax + By=C are. straight 
lines when graphed. If we change 
the symbol = to >, <, =, or S, we 
obtain a linear inequality in two 
variables. Some examples of linear 
inequalities in two variables are 
x+y >2,3x —5y = 15,and2x —y <4. 


A solution of an inequality in two variables, x and y, is an ordered pair of real 
numbers with the following property: When the x-coordinate is substituted for x and 
the y-coordinate is substituted for y in the inequality, we obtain a true statement. For 


1 | Graph a linear 
inequality in two 


variables. 


y 
A 


2 


t+ 


54+ 


Half-plane 
Jee 2 


$-4-3-2-1,1 


andl 
Half-plane 3 


aAldl A. 
=51.{linex+y=2 


ede We 2) 


Figure 4.10 


Figure 4.11 Preparing to graph 


2x — 3y=6 
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example, (3, 2) is a solution of the inequality x + y > 1. When 3 is substituted for x 
and 2 is substituted for y, we obtain the true statement 3 + 2 > 1, or 5 > 1. Because 
there are infinitely many pairs of numbers that have a sum greater than 1, the inequality 
x + y > 1 has infinitely many solutions. Each ordered-pair solution is said to satisfy 
the inequality. Thus, (3, 2) satisfies the inequality x + y > 1. 


The Graph of a Linear Inequality in Two Variables 


We know that the graph of an equation in two variables is the set of all points whose 
coordinates satisfy the equation. Similarly, the graph of an inequality in two variables 
is the set of all points whose coordinates satisfy the inequality. 

Let’s use Figure 4.10 to get an idea of what the graph of a linear inequality in two 
variables looks like. Part of the figure shows the graph of the linear equation x + y = 2. 
The line divides the points in the rectangular coordinate system into three sets. First, 
there is the set of points along the line, satisfying x + y = 2. Next, there is the set of 
points in the green region above the line. Points in the green region satisfy the linear 
inequality x + y > 2. Finally, there is the set of points in the purple region below the 
line. Points in the purple region satisfy the linear inequality x + y < 2. 

A half-plane is the set of all the points on one side of a line. In Figure 4.10, the 
green region is a half-plane. The purple region is also a half-plane. A half-plane is the 
graph of a linear inequality that involves > or <. The graph of a linear inequality that 
involves = or = is a half-plane and a line. A solid line is used to show that a line is part 
of a graph. A dashed line is used to show that a line is not part of a graph. 


Graphing a Linear Inequality in Two Variables 


1. Replace the inequality symbol with an equal sign and graph the corresponding 
linear equation. Draw a solid line if the original inequality contains a = or = 
symbol. Draw a dashed line if the original inequality contains a < or > symbol. 


2. Choose a test point from one of the half-planes. (Do not choose a point on the 
line.) Substitute the coordinates of the test point into the inequality. 


3. Ifa true statement results, shade the half-plane containing this test point. If a 
false statement results, shade the half-plane not containing this test point. 


| EXAMPLE 1 | Graphing a Linear Inequality in Two Variables 


Graph: 2x — 3y = 6. 


Solution 


Step 1. Replace the inequality symbol by = and graph the linear equation. We need to 
graph 2x — 3y = 6. We can use intercepts to graph this line. 


We set x = 0 to find 
the y-intercept: 


We set y = Oto find 
the x-intercept: 


2x — 3y = 6 2x — 3y = 6 

2x —3:0=6 2:0 -3y =6 
2x = 6 —3y =6 
x = 3. y=-2., 


The x-intercept is 3, so the line passes through (3, 0). The y-intercept is —2, so the line 
passes through (0, —2). Using the intercepts, the line is shown in Figure 4.11 as a solid 
line. This is because the inequality 2x — 3y = 6 contains a = symbol, in which equality 
is included. 
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Figure 4.11 The graph of 
2x — 3y = 6 (repeated) 


y 
A 


Figure 4.12 The graph of 


2x — 38y=6 
y 
A 
5+ 
*, ai 
wee 3+. | Test point: (1, 1) 
aS ie cal 
Yar ge SS gtd 
pp pt 
~34-3.-2-14)0%s.2.3..4..5 
Rise=—2 _5 > 1 
34 = e s 
el Run = 3 br 
54 


Figure 4.13 The graph of y > —2x 
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Step 2. Choose a test point from one of the half-planes and not from the line. Substitute 
its coordinates into the inequality. Figure 4.11, repeated in the margin, shows that 
the line 2x — 3y = 6 divides the plane into three parts—the line itself and two 
half-planes. The points in one half-plane satisfy 2x — 3y > 6. The points in the other 
half-plane satisfy 2x — 3y < 6. We need to find which half-plane belongs to the 
solution of 2x — 3y = 6. To do so, we test a point from either half-plane. The origin, 
(0, 0), is the easiest point to test. 


2x — 3y = 6 This is the given inequality. 
2:0 —- 3:0 2 6 Test (0, O) by substituting O for x and O for y. 
0-0 = 6 = Multiply. 
0=6 This statement is false. 


Step 3. If a false statement results, shade the half-plane not containing the test 
point. Because 0 is not greater than or equal to 6, the test point, (0, 0), is not part 
of the solution set. Thus, the half-plane below the solid line 2x — 3y = 6 is part of 
the solution set. The solution set is the line and the half-plane that does not contain 
the point (0, 0), indicated by shading this half-plane. The graph is shown using green 
shading and a blue line in Figure 4.12. & 


[“] CHECK POINT1 Graph: 4x — 2y = 8. 


When graphing a linear inequality, choose a test point that lies in one of the half- 
planes and not on the line dividing the half-planes. The test point (0, 0) is convenient 
because it is easy to calculate when 0 is substituted for each variable. However, if (0, 0) 
lies on the dividing line and not in a half-plane, a different test point must be selected. 


| EXAMPLE 2 | Graphing a Linear Inequality in Two Variables 


2 
Graph: y > — 3% 


Solution 

Step 1. Replace the inequality symbol by = and graph the linear equation. Because we 
are interested in graphing y > —}x, we begin by graphing y = —}x. We can use the 
slope and the y-intercept to graph this linear function. 


2 
=--x+0 
43 


rise 
run 


eee y-intercept = 0 
Slope 3 


The y-intercept is 0, so the line passes through (0, 0). Using the y-intercept and the 
slope, the line is shown in Figure 4.13 as a dashed line. This is because the inequality 
y > —4x contains a > symbol, in which equality is not included. 


Step 2. Choose a test point from one of the half-planes and not from the line. Substitute 
its coordinates into the inequality. We cannot use (0, 0) as a test point because it lies 
on the line and not in a half-plane. Let’s use (1, 1), which lies in the half-plane above 
the line. 


2 
yor ae This is the given inequality. 


» 2 
1>- 3 -1 Test (1, 1) by substituting 1 for x and 1 for y. 


2 
1>- 3 This statement is true. 


Great Question! 


When is it important to 
use test points to graph 
linear inequalities? 
Continue using test points 
to graph inequalities in 

the form Ax + By > Cor 
Ax + By < C. The graph of 
Ax + By > C can lie above 
or below the line given by 
Ax + By = C, depending 
on the value of B. The same 
comment applies to the 
graph of Ax + By < C. 
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Step 3. If a true statement results, shade the half-plane containing the test 
point. Because 1 is greater than — 3, the test point (1, 1) is part of the solution set. All 
the points on the same side of the line y = — $x as the point (1, 1) are members of the 
solution set. The solution set is the half-plane that contains the point (1, 1), indicated 
by shading this half-plane. The graph is shown using green shading and a dashed blue 
line in Figure 4.13. & 


Using Technology 
Most graphing utilities can graph inequalities in two 
variables with the |SHADE| feature. The procedure 
varies by model, so consult your manual. For most 
graphing utilities, you must first solve for y if it is 
not already isolated. The figure shows the graph of 
y > —4x. Most displays do not distinguish between 
dashed and solid boundary lines. 


\“| CHECK POINT2 Graph: y > - 2x 


Graphing Linear Inequalities without Using Test Points 


You can graph inequalities in the form y > mx + bor y < mx + b without using test 
points. The inequality symbol indicates which half-plane to shade. 


e If y > mx + b, shade the half-plane above the line y = mx + Db. 

e If y < mx + b, shade the half-plane below the line y = mx + Db. 
Observe how this is illustrated in Figure 4.13. The graph of y > —$x is the half-plane 
above the line y = —ix, 


It is also not necessary to use test points when graphing inequalities involving 
half-planes on one side of a vertical or a horizontal line. 


For the Vertical Line x = a: For the Horizontal Line y = b: 
e If x > a, shade the half-plane to the e If y > b, shade the half-plane above 
right of x = a. y=). 
e If x < a, shade the half-plane to the e If y < b, shade the half-plane below 
left of x = a. y=b. 
X <a in the X> ain the 
yellow region. " green region. y 
y >D in the 
mee green region. 
x Xx 
y <b in the 


yellow region. 
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2 | Use mathematical 
models involving linear 
inequalities. 


Inequalities and Problem Solving 


| EXAMPLE 3 | Graphing Inequalities without Using Test Points 


Graph each inequality in a rectangular coordinate system: 


a ys=-3 b. x > 2. 
Solution 
a. y=-3 


Vv 


CHECK POINT 3 


a y>l 


Graph y = —3, a horizontal line with y-intercept 
—3. The line is solid because equality is included 
in y = —3. Because of the less than part of <, 
shade the half-plane below the horizontal line. 


y 
A 
5+ 


4+ 
34 
2+ 
1 ot 


{—}—1_+—+ f+» ¥ 
5 4-3-2-1,1..1..2..3.4.5 


b. x = -2. 


b. x > 2 


Graph x = 2, a vertical line with x-intercept 2. 
The line is dashed because equality is not 
included in x > 2. Because of >, the greater 
than symbol, shade the half-plane to the right 
of the vertical line. 


br 
A 
do 
b 
aR 
Ln 
et. 
ee 
Sen 
ae 
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Graph each inequality in a rectangular coordinate system: 


Modeling with Systems of Linear Inequalities 


Just as two or more linear equations make up a system of linear equations, two or more 
linear inequalities make up a system of linear inequalities. A solution of a system of linear 
inequalities in two variables is an ordered pair that satisfies each inequality in the system. 


Forests, Grasslands, Deserts, 
and Systems of Inequalities 


Temperature and precipitation affect whether or not trees and forests can grow. At 
certain levels of precipitation and temperature, only grasslands and deserts will exist. 
Figure 4.14 shows three kinds of regions—deserts, grasslands, and forests—that result 
from various ranges of temperature, 7, and precipitation, P. 


Regions Resulting from Ranges of 
p. Temperature and Precipitation 


50 - 


Annual Precipitation 
(inches) 
Ww 
o 
T 


Forests 


Grasslands 


_ Deserts 


0 35 40 45 50 55 60 65 70 75 
Average Annual Temperature (°F) 


Figure 4.14 
Source: Albert Miller et al., Elements of Meteorology. © 1983 Merrill Publishing Company 


3 | Graph a system of 
linear inequalities. 
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Systems of inequalities can be used to model where forests, grasslands, and deserts 
occur. Because these regions occur when the average annual temperature, 7, is 35°F or 
greater, each system contains the inequality T = 35. 


Forests occur if Grasslands occur if Deserts occur if 
{ T = 35 T = 35 { T= 35 
57 = 7P =< 70. 5T- 7P= 70 3T — 35P > —-140. 
3T — 35P s -140. 


Show that point A in Figure 4.14 is a solution of the system of inequalities that models 
where forests occur. 


Solution Point A has coordinates (50, 30). This means that if a region has an average 
annual temperature of 50°F and an average annual precipitation of 30 inches, a forest 
occurs. We can show that (50, 30) satisfies the system of inequalities for forests by 
substituting 50 for 7 and 30 for P in each inequality in the system. 


T = 35 57 — 7P < 70 
50 = 35, true 550 = 7580 < 70 
250 — 210 < 70 

40 < 70, true 


The coordinates (50, 30) make each inequality true. Thus, (50, 30) satisfies the system 
for forests. & 


[\¥| CHECK POINT4 — Show that point B in Figure 4.14 is a solution of the system 
of inequalities that models where grasslands occur. 


Graphing Systems of Linear Inequalities 


The solution set of a system of linear inequalities in two variables is the set of all ordered 
pairs that satisfy each inequality in the system. Thus, to graph a system of inequalities 
in two variables, begin by graphing each individual inequality in the same rectangular 
coordinate system. Then find the region, if there is one, that is common to every graph 
in the system. This region of intersection gives a picture of the system’s solution set. 


| EXAMPLE 5 | Graphing a System of Linear Inequalities 


Graph the solution set of the system: 


{ x-y<l 
2x + 3y = 12. 


Solution Replacing each inequality symbol with an equal sign indicates that we need 
to graph x — y = 1 and 2x + 3y = 12. We can use intercepts to graph these lines. 


x-y=l1 2x + 3y = 12 
; Set y=0 in : 
x-intercept? x —0O= 1 © eachequatin. | X-intercept! 2x +3-0= 12 
x= 1 2x = 12 
The line passes through (1, 0). x= 6 
The line passes through (6, 0). 
Set x =0 in 
y-intercept: O-— y= 1  eachequatin. | y-intercept: 2-0 + 3y = 12 
-y= 1 3y = 12 
y=-l y= 4 


The line passes through (0, —1) The line passes through (0, 4). 
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Now we are ready to graph the solution set of the system of linear inequalities. 


Add the graph of 2x + 3y = 12. The red line, 


Graph x — y <1. The blue line, x — y =1, 2x + 3y = 12, is solid: Equality is included in The solution set of the system is graphed 
is dashed: Equality is not included in x —y <1. 2x + 3y = 12, Because (0, 0) makes the inequality GI Ga 2 We everlay) Silke 
Because (0, 0) makes the inequality true false (2-0 +3 +0 = 12, or 0 = 12, is false), two half-planes. This is the region in 
(0-0 <1, or 0 <1, is true), shade the half- shade the half-plane not containing (0, 0) using which the yellow shading and the green 
plane containing (0, 0) in yellow. green vertical shading. vertical shading overlap. 
y 
‘ a 
Ae shag 2x + 3y = 12: 
Peet es il dln tomes al passes through |... 
2+ 2 (6, 0) and (0, 4) 
¢ 
ee a ie 
t—1—+—+ +4 t—+—+ ++ > x 
SAB .2.3.4.5 S$ An3-2-14]1.2.304 5 
aes 
2+ X—y =I: passes 2+ This open dot shows 
gh Bt through (1, 0) 234 (3, 2) is not in 
ead and (0, —1) 44 the solution set. 
Be “ is = e i5i It does not satisfy 
i z X-y<t. 
The graph of x — y < 1 Adding the graph of The graph of x — y <1 
2x + 3y=12 and 2x + 3y=12 | 


'/| CHECK POINT 5 Graph the solution set of the system: 


ee 6 
2x + 3y = -6. 


A system of inequalities has no solution if there are no points in the rectangular 
coordinate system that simultaneously satisfy each inequality in the system. For 
example, the system 


., 
2x + 3y = 0, 


whose separate graphs are shown in Figure 4.15, has no overlapping region. Thus, the 
system has no solution. The solution set is @, the empty set. 


| EXAMPLE 6 | Graphing a System of Inequalities 


Figure 4.15 A system of 
inequalities with no solution Graph the solution set of the system: 


x-y<2 
—2sx<4 
y <3. 


Solution We begin by graphing x — y < 2, the first given inequality. The line 
x — y = 2 has an x-intercept of 2 and a y-intercept of —2. The test point (0, 0) makes 
the inequality x — y < 2 true. The graph of x — y < 2 is shown in Figure 4.16. 

Now, let’s consider the second given inequality, —2 = x < 4. Replacing the 
inequality symbols by =, we obtain x = —2 and x = 4, graphed as red vertical lines 
in Figure 4.17. The line x = 4 is not included. Because x is between —2 and 4, we 
shade the region between the vertical lines. We must intersect this region with the 
yellow region in Figure 4.16. The resulting region is shown in yellow and green vertical 
shading in Figure 4.17. 
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Finally, let’s consider the third given inequality, y < 3. Replacing the inequality 
symbol by =, we obtain y = 3, which graphs as a horizontal line. Because of the less 
than symbol in y < 3, the graph consists of the half-plane below the line y = 3. We 
must intersect this half-plane with the region in Figure 4.17. The resulting region is 
shown in yellow and green vertical shading in Figure 4.18. This region represents the 
graph of the solution set of the given system. 


¢| 
5334 x-y=2 
ae -4- 
¢ 
stag@. 25-4 
Zz 

Figure 4.16 The graph of Figure 4.17 The graph of x —-y < 2 Figure 4.18 The graph of x — y < 2 and 
MSV iD and-2 =x <4 —2<=x<4andy<3 A 


[\f| CHECK POINT6 Graph the solution set of the system: 


xty<2 
—2sx<l 
y>—3. 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The ordered pair (3, 2) is a/an of the inequality x + y > 1 because when 3 is substituted for 
and 2 is substituted for , the true statement 


is obtained. 


The set of all points that satisfy a linear inequality in two variables is called the of the inequality. 


The set of all points on one side of a line is called a/an 


True or false: The graph of 2x — 3y > 6 includes the line 2x — 3y = 6. 


ao FF © N 


True or false: The graph of the linear equation 2x — 3y = 6 is used to graph the linear inequality 2x — 3y > 6. 


6. True or false: When graphing 4x — 2y = 8, to determine which side of the line to shade, choose a test point on 4x — 2y = 8. 


7. The solution set of the system 


Me y<l 
2x + 3y = 12 


is the set of ordered pairs that satisfy and 


8. True or false: The graph of the solution set of the system 


een 
2x + 3y = —-6 


includes the intersection point of x — 3y = 6 and 2x + 3y = —6. 
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Practice Exercises 
In Exercises 1-22, graph each inequality. 


21. 


In Exercises 23-46, graph the solution set of each system of 


ao (On 


y 
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10. 


12. 


14. 


16. 


18. 
20. 
22. 
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inequalities or indicate that the system has no solution. 


23. 


25. 


27. 


29. 


31. 


33. 
35. 


37. 


39. 


41. 


43. 


45. 


3x + 6by = 6 
Pea WS ts) 
Dey ==) 
30 y= 6 
I) Se ee 
Wee Be ar (0) 
x+2y=4 

= 0 = 3 


S 
V 


2x: Sy = 10 
3x 4y = 12 
Shear ys 10) 


24. 


26. 


28. 


30. 


32. 


34. 
36. 


38. 


40. 


42. 


44. 


46. 


oe 
x+y=6 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


Practice PLUS 


In Exercises 47-48, write each sentence as a linear inequality 
in two variables. Then graph the inequality. 


47. 


48. 


The y-variable is at least 4 more than the product of —2 
and the x-variable. 


The y-variable is at least 2 more than the product of —3 
and the x-variable. 


In Exercises 49-50, write the given sentences as a system of 
linear inequalities in two variables. Then graph the system. 


49. 


50. 


The sum of the x-variable and the y-variable is at most 4. 
The y-variable added to the product of 3 and the x-variable 
does not exceed 6. 
The sum of the x-variable and the y-variable is at most 3. 
The y-variable added to the product of 4 and the x-variable 
does not exceed 6. 


In Exercises 51-52, rewrite each inequality in the system 
without absolute value bars. Then graph the rewritten system in 
rectangular coordinates. 


51. 


52. 


|x| = 2 
lIyl=3 


te | 
lyl=2 


The graphs of solution sets of systems of inequalities involve 
finding the intersection of the solution sets of two or more 
inequalities. By contrast, in Exercises 53-54 you will be 
graphing the union of the solution sets of two inequalities. 


53. 
54. 


Graph the union of y > 3x —2andy < 4. 
Graph the union of x— y = —1 and 5x- 2y = 10. 


Without graphing, in Exercises 55-58, determine if each system 
has no solution or infinitely many solutions. 


55. 


56. 


57. 


58. 


Spec ws Y) 
Sean i? 
6x — y = 24 
6x — y > 24 
Baty = 19 
Seta == 9 
6x — y = 24 
6x — y = 24 


Application Exercises 


Maximum heart rate, H, in beats per minute is a function of 
age, a, modeled by the formula 


22 nas 


where 10 = a = 70. The bar graph at the top of the next 
column shows the target heart rate ranges for four types of 
exercise goals in terms of maximum heart rate. 


Target Heart Rate Ranges for Exercise Goals 


Exercise Goal 


Boost performance 
as a competitive athlete 


Improve cardiovascular 
conditioning 


Lose weight 


Improve overall health and 
reduce risk of heart attack 


40% 50% 60% 70% 80% 90% 
Percentage of Maximum Heart Rate 


100% 


Source: Vitality Magazine 


In Exercises 59-62, systems of inequalities will be used to model 
three of the target heart rate ranges shown in the bar graph. 

We begin with the target heart rate range for cardiovascular 
conditioning, modeled by the following system of inequalities: 


Heart rate ranges apply to ages 
10<a<=70 10 through 70, inclusive. 


Target heart rate range is 
H = 0.7(220 — a) greater than or equal to 


70% of maximum heart rate 


and less than or equal to 
80% of maximum heart rate. 


H <0.8(220 — a). ~ 


The graph of this system is shown in the figure. Use the graph 
to solve Exercises 59-60. 


Target Heart Rate 
H Range for 
, Cardiovascular Conditioning 
180 
a=10 

ry OR 
= 160+ H = 0.8(220 — a) 
& 
10s 
a 
2 1407 
is} 
o 
=. 180'- 
o 
gy 
~ H = 0.7(220 — a) 
= 110 
o 
100 

<— 

a ee 


Sd 
10 20 30 40 50 60 70 80 90 
Age 


59. a. What are the coordinates of point A and what does 
this mean in terms of age and heart rate? 


b. Show that point A is a solution of the system of 
inequalities. 
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60. a. What are the coordinates of point B and what does this 
mean in terms of age and heart rate? 


b. Show that point B is a solution of the system of 
inequalities. 


61. Write a system of inequalities that models the target 
heart rate range for the goal of losing weight. 


62. Write a system of inequalities that models the target heart 
rate range for improving overall health. 


63. On your next vacation, you will divide lodging between 
large resorts and small inns. Let x represent the number of 
nights spent in large resorts. Let y represent the number of 
nights spent in small inns. 


a. Write a system of inequalities that models the following 
conditions: 


You want to stay at least 5 nights. At least one 
night should be spent at a large resort. Large resorts 
average $200 per night and small inns average $100 
per night. Your budget permits no more than $700 
for lodging. 
b. Graph the solution set of the system of inequalities in 
part (a). 
c. Based on your graph in part (b), how many nights could 
you spend at a large resort and still stay within your 
budget? 
An elevator can hold no more than 2000 pounds. 
If children average 80 pounds and adults average 
160 pounds, write a system of inequalities that models 
when the elevator holding x children and y adults is 
overloaded. 


64. a. 


b. Graph the solution set of the system of inequalities in 
part (a). 


Writing in Mathematics 


65. What is a linear inequality in two variables? Provide an 
example with your description. 


66. How do you determine if an ordered pair is a solution of 
an inequality in two variables, x and y? 


67. What is a half-plane? 

68. What does a solid line mean in the graph of an inequality? 
69. What does a dashed line mean in the graph of an inequality? 
70. Explain how to graph x — 2y < 4. 

71. What is a system of linear inequalities? 

72. What is a solution of a system of linear inequalities? 

73. Explain how to graph the solution set of a system of inequalities. 


74. What does it mean if a system of linear inequalities has no 
solution? 
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Technology Exercises 


Graphing utilities can be used to shade regions in the 
rectangular coordinate system, thereby graphing an inequality 
in two variables. Read the section of the user’s manual for your 
graphing utility that describes how to shade a region. Then use 
your graphing utility to graph the inequalities in Exercises 75-78. 


75. 
77. 
79. 


80. 


81. 


ys4x+4 
2x+y=s6 


2, 

165) ya 3% = 7] 

78. 3% — 2y = 6 

Does your graphing utility have any limitations in terms of 
graphing inequalities? If so, what are they? 

Use a graphing utility with a |SHADE| feature to verify 
any five of the graphs that you drew by hand in Exercises 
1-22. 
Use a graphing utility with a |SHADE| feature to verify 


any five of the graphs that you drew by hand for the 
systems in Exercises 23-46. 


Critical Thinking Exercises 


Make Sense? In Exercises 82-85, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


82. 


83. 


84. 


85. 


When graphing a linear inequality, I should always use 
(0, 0) as a test point because it’s easy to perform the 
calculations when 0 is substituted for each variable. 


If you want me to graph x < 3, you need to tell me 
whether to use a number line or a rectangular coordinate 
system. 


When graphing 3x — 4y < 12, it’s not necessary for me 
to graph the linear equation 3x — 4y = 12 because the 
inequality contains a < symbol, in which equality is not 
included. 


Linear inequalities can model situations in which I’m 
interested in purchasing two items at different costs, I can 
spend no more than a specified amount on both items, and 
I want to know how many of each item I can purchase. 


In Exercises 86-89, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


86. 


87. 


88. 


89. 


The graph of 3x — S5y < 10 consists of a dashed line anda 
shaded half-plane below the line. 


The graph of y = —x + 1 consists of a solid line that 
rises from left to right and a shaded half-plane above the 
line. 


The ordered pair (—2, 40) satisfies the following system: 
{ y= Oeil 
13x + y > 14. 


For the graph of y < x — 3, the points (0,—3) and (8, 5) 
lie on the graph of the corresponding linear equation, but 
neither point is a solution of the inequality. 


90. 


Write a linear inequality in two variables whose graph is 
shown. 


In Exercises 91-92, write a system of inequalities for each graph. 


91. 


93. 


94. 


95. 


y 92. 


Write a linear inequality in two variables satisfying the 
following conditions: The points (—3, —8) and (4, 6) lie on 
the graph of the corresponding linear equation and each 
point is a solution of the inequality. The point (1, 1) is also 
a solution. 


Write a system of inequalities whose solution set includes 
every point in the rectangular coordinate system. 


Sketch the graph of the solution set for the following 
system of inequalities: 


y=nx +b(n<0,b>0) 
on + b(m>0,b > 0). 


Review Exercises 


96. 


97. 


98. 


Solve using matrices: 


3x yy — 38 
{ 39 oh) — 
(Section 3.4, Example 2) 
Solve by graphing: 
y= Se 2 
{ Vi Ox Se 
(Section 3.1, Example 2) 
Evaluate: 
il 
3° 0 5 
6 -3 4 


(Section 3.5, Example 3) 


Preview Exercises 
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b. List the points that form the corners of the graphed 


Exercises 99-101 will help you prepare for the material covered region in part (a). 

in the next section. c. Evaluate 2x + 5y at each of the points obtained in 
99. a. Graph the solution set of the system: part (b). 

xty=6 101. Bottled water and medical supplies are to be shipped 
to survivors of an earthquake by plane. The bottled 
= water weighs 20 pounds per container and medical 
y =>. kits weigh 10 pounds per kit. Each plane can carry no 
b. List the points that form the corners of the graphed more than 80,000 pounds. If x represents the number 


region in part (a). 


c. Evaluate 3x + 2y at each of the points obtained in 


part (b). 


of bottles of water to be shipped per plane and 
y represents the number of medical kits per plane, write 
an inequality that models each plane’s 80,000-pound 
weight restriction. 


100. a. Graph the solution set of the system: 


of = (0 
y= 
Sh — rss (0) 


Vee tes 


Objectives 


ia Write an objective 
function modeling a 
quantity that must 
be maximized or 
minimized. 
Use inequalities to 
model limitations in 
a situation. 


Use linear 
programming to solve 
problems. 


@ Write an objective 
function modeling a 
quantity that must 
be maximized or 
minimized. 


Linear Programming 


The Berlin Airlift (1948-1949) was 
an operation by the United States 
and Great Britain in response to 
military action by the former Soviet 
Union: Soviet troops closed all roads 
and rail lines between West Germany 
and Berlin, cutting off supply 
routes to the city. The Allies used a 
mathematical technique developed 
during World War II to maximize the 
quantities of supplies transported. 
During the 15-month airlift, 278,228 


flights provided basic necessities to 


West Berlin children at Tempelhof airport watch fleets of blockaded Berlin saving one of the 
U.S. airplanes bringing in supplies to circumvent the Soviet ° 


blockade. The airlift began June 28, 1948, and continued world’s great cities. . 
for 15 months. In this section, we will look at an 


important application of systems of 
linear inequalities. Such systems arise in linear programming, a method for solving 
problems in which a particular quantity that must be maximized or minimized is 
limited by other factors. Linear programming is one of the most widely used tools in 
management science. It helps businesses allocate resources to manufacture products 
in a way that will maxmize profit. Linear programming accounts for more than 50% 
and perhaps as much as 90% of all computing time used for management decisions in 
business. The Allies used linear programming to save Berlin. 


Objective Functions in Linear Programming 


Many problems involve quantities that must be maximized or minimized. Businesses 
are interested in maximizing profit. A relief operation in which bottled water and 
medical kits are shipped to earthquake survivors needs to maximize the number of 
survivors helped by this shipment. An objective function is an algebraic expression 
in two or more variables describing a quantity that must be maximized or minimized. 
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2 | Use inequalities to 
model limitations in a 


situation. 


| EXAMPLE 1 | Writing an Objective Function 


Bottled water and medical supplies are to be shipped to survivors of an earthquake 
by plane. Each container of bottled water will serve 10 people and each medical kit 
will aid 6 people. If x represents the number of bottles of water to be shipped and y 
represents the number of medical kits, write the objective function that models the 
number of people that can be helped. 


Solution Because each bottle of water serves 10 people and each medical kit aids 
6 people, we have 


The number of 10 times the number 6 times the number 
people helped is of bottles of water plus of medical kits. 


= 10x + 6y. 
Using z to represent the number of people helped, the objective function is 
z= 10x + 6y. 


Unlike the functions that we have seen so far, the objective function is an equation in 
three variables. For a value of x and a value of y, there is one and only one value of z. 
Thus, zisafunctionofxandy. 


\“| CHECK POINT1 A company manufactures bookshelves and desks for 
computers. Let x represent the number of bookshelves manufactured daily and y the 
number of desks manufactured daily. The company’s profits are $25 per bookshelf 
and $55 per desk. Write the objective function that models the company’s total daily 
profit, z, from x bookshelves and y desks. (Check Points 2 through 4 are related to this 
situation, so keep track of your answers.) 


Constraints in Linear Programming 


Ideally, the number of earthquake survivors helped in Example 1 should increase 
without restriction so that every survivor receives water and medical supplies. However, 
the planes that ship these supplies are subject to weight and volume restrictions. In 
linear programming problems, such restrictions are called constraints. Each constraint 
is expressed as a linear inequality. The list of constraints forms a system of linear 
inequalities. 


| EXAMPLE 2 | Writing a Constraint 


Each plane can carry no more than 80,000 pounds. The bottled water weighs 20 pounds 
per container and each medical kit weighs 10 pounds. Let x represent the number of 
bottles of water to be shipped and y the number of medical kits. Write an inequality 
that models this constraint. 


Solution Because each plane can carry no more than 80,000 pounds, we have 


The total weight of the total weight of must be less than 80,000 
the water bottles plus the medical kits or equal to pounds. 


20x + 10y < 80,000. 
L Each bottle Ib Each kit 
weighs weighs 
20 pounds. 10 pounds. 


The plane’s weight constraint is modeled by the inequality 
20x + 10y <= 80,000. m 


3 | Use linear 


programming to solve 
problems. 
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CHECK POINT 2 To maintain high quality, the company in Check Point 1 
should not manufacture more than a total of 80 bookshelves and desks per day. Write 
an inequality that models this constraint. 


In addition to a weight constraint on its cargo, each plane has a limited amount of 
space in which to carry supplies. Example 3 demonstrates how to express this constraint. 


| EXAMPLE 3 | Writing a Constraint 


Each plane can carry a total volume of supplies that does not exceed 6000 cubic feet. 
Each water bottle is 1 cubic foot and each medical kit also has a volume of 1 cubic foot. 
With x still representing the number of water bottles and y the number of medical kits, 
write an inequality that models this second constraint. 


Solution Because each plane can carry a volume of supplies that does not exceed 
6000 cubic feet, we have 


The total volume the total volume of must be less than 6000 
of the water plus the medical kits or equal to cubic feet. 


1x + ly < 6000. 
i Each bottle = Each kit 
is 1 cubic foot. is 1 cubic foot. 


The plane’s volume constraint is modeled by the inequality x + y = 6000. & 


In summary, here’s what we have described so far in this aid-to-earthquake- 
survivors situation: 


Z = 10x + 6y = This is the objective function modeling the number of 
people helped with x bottles of water and y medical kits. 
20x + 10y = 80,000 These are the constraints based on each plane’s 
x + y <= 6000. weight and volume limitations. 


CHECK POINT 3 To meet customer demand, the company in Check Point 1 
must manufacture between 30 and 80 bookshelves per day, inclusive. Furthermore, 
the company must manufacture at least 10 and no more than 30 desks per day. Write 
an inequality that models each of these sentences. Then summarize what you have 
described about this company by writing the objective function for its profits and the 
three constraints. 


Solving Problems with Linear Programming 


The problem in the earthquake situation described previously is to maximize the 
number of survivors who can be helped, subject to each plane’s weight and volume 
constraints. The process of solving this problem is called linear programming, based on 
a theorem that was proven during World War II. 
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20x + 10y = 80,000 


(0,6000) |, (2000, 4000) 


x+y = 6000 


1000 


/ 1000 / 6000 
(0, 0) (4000, 0) 


Figure 4.19 The region in 
quadrant | representing the 
constraints 20x + 10y = 80,000 
and x + y < 6000 


(0, 6000) | (2000, 4000) 


1000 b 


/ 1000 / 6000 
(0,0) (4000, 0) 


Figure 4.20 


Inequalities and Problem Solving 


Solving a Linear Programming Problem 


Let z = ax + by be an objective function that depends on x and y. Furthermore, 
z is subject to a number of linear constraints on x and y. Ifa maximum or minimum 
value of z exists, it can be determined as follows: 


1. Graph the system of inequalities representing the constraints. 


2. Find the value of the objective function at each corner, or vertex, of the graphed 
region. The maximum and minimum of the objective function occur at one or 
more of the corner points. 


| EXAMPLE 4 | Solving a Linear Programming Problem 


Determine how many bottles of water and how many medical kits should be sent on 
each plane to maximize the number of earthquake survivors who can be helped. 


Solution We must maximize z = 10x + 6y subject to the following constraints: 


[o + 10y = 80,000 
x + y < 6000. 


Step 1. Graph the system of inequalities representing the constraints. Because x (the 
number of bottles of water per plane) and y (the number of medical kits per plane) 
must be nonnegative, we need to graph the system of inequalities in quadrant I and its 
boundary only. 

To graph the inequality 20x + 10y = 80,000, we graph the equation 
20x + 10y = 80,000 as a solid blue line (Figure 4.19). Setting y = 0, the x-intercept is 
4000 and setting x = 0, the y-intercept is 8000. Using (0, 0) as a test point, the inequality 
is Satisfied, so we shade below the blue line, as shown in yellow in Figure 4.19. 

Now we graph x + y = 6000 by first graphing x + y = 6000 as a solid red line. 
Setting y = 0, the x-intercept is 6000. Setting x = 0, the y-intercept is 6000. Using 
(0, 0) as a test point, the inequality is satisfied, so we shade below the red line, as shown 
using green vertical shading in Figure 4.19. 

We use the addition method to find where the lines 20x + 10y = 80,000 and 
x + y = 6000 intersect. 


20x + 10y = 80,000 —Ne change 20x + 10y = 80,000 
x+ y= 6000 “tiny by 10.” { 10x — 10y = —60,000 
Add: 10x = 20,000 

x = 2000 


Back-substituting 2000 for x in x + y = 6000, we find y = 4000, so the intersection 
point is (2000, 4000). 

The system of inequalities representing the constraints is shown by the region in 
which the yellow shading and the green vertical shading overlap in Figure 4.19. The 
graph of the system of inequalities is shown again in Figure 4.20. The red and blue line 
segments are included in the graph. 


Step 2. Find the value of the objective function at each corner of the graphed region. 
The maximum and minimum of the objective function occur at one or more of the corner 
points. We must evaluate the objective function, z = 10x + 6y, at the four corners, or 
vertices, of the region in Figure 4.20. 


+> X 
7 
Figure 4.21 The graph of 
xX +2y=s=5andx—-—ys2in 
quadrant | 
+> X 
7 


Figure 4.22 The line with slope —2 
with the greatest y-intercept that 
intersects the shaded region passes 
through one of the vertices of the 
region. 
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Corner (x, y) Objective Function z = 10x + 6y 


(0, 0) z = 10(0) + 6(0) = 0 


(4000, 0) z = 10(4000) + 6(0) = 40,000 
(2000, 4000) z = 10(2000) + 6(4000) = 44,000 <— maximum 
(0, 6000) z = 10(0) + 6(6000) = 36,000 


Thus, the maximum value of z is 44,000 and this occurs when x = 2000 and y = 4000. 
In practical terms, this means that the maximum number of earthquake survivors who 
can be helped with each plane shipment is 44,000. This can be accomplished by sending 
2000 water bottles and 4000 medical kits per plane. m 


\/| CHECK POINT4 For the company in Check Points 1-3, how many 
bookshelves and how many desks should be manufactured per day to obtain maximum 
profit? What is the maximum daily profit? 


| EXAMPLE 5 | Solving a Linear Programming Problem 


Find the maximum value of the objective function 
z=2xt+y 
subject to the following constraints: 
x20,y20 
x+ 2y <5 
x- ys2. 
Solution We begin by graphing the region in quadrant I (x = 0, y = 0) formed by 


the constraints. The graph is shown in Figure 4.21. 
Now we evaluate the objective function at the four vertices of this region. 


Objective function: z = 2x + y 
At (0,0): z = 2-0+0=0 


At (2,0): z=2:2+0=4 ' 
Maximum 
At (3,1)' z = 2:3 +1=7 © value ofz 
At (0, 2.5): z=2-0+25 =25 


Thus, the maximum value of z is 7, and this occurs when x = 3andy=1. & 


We can see why the objective function in Example 5 has a maximum value that 
occurs at a vertex by solving the equation for y. 


z= 22xt+y This is the objective function of Example 5. 
y= -2x+Zz Solve for y. Recall that the slope-intercept 
form of the equation of a line is y = mx + b. 
Slope=—2 —y-intercept = z 


In this form, z represents the y-intercept of the objective function. The equation 
describes infinitely many parallel lines (one for each value of z), each with slope —2. 
The process in linear programming involves finding the maximum z-value for all lines 
that intersect the region determined by the constraints. Of all the lines whose slope 
is —2, we’re looking for the one with the greatest y-intercept that intersects the given 
region. As we see in Figure 4.22, such a line will pass through one (or possibly more) 
of the vertices of the region. 


'\/| CHECK POINT5 Find the maximum value of the objective function 
z = 3x + 5y subject to the constraints x =O0,y=O,x+y=1x+y=<6. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A method for finding the maximum or minimum value of a quantity that is subject to various limitations is called 


2. An algebraic expression in two or more variables describing a quantity that must be maximized or minimized is called a/an 


function. 
3. A system of linear inequalities is used to represent restrictions, or , on a function that must be maximized or 
minimized. Using the graph of such a system of inequalities, the maximum and minimum values of the function occur at one or 
more of the points. 


4.5 EXERCISE SET [me M\QMEUi) el) rt mn recom 


Practice Exercises In Exercises 5-14, an objective function and a system of linear 
In Exercises 1-4, find the value of the objective function at inequalities representing constraints are given. 
each corner of the graphed region. What is the maximum value a. Graph the system of inequalities representing the 
of the objective function? What is the minimum value of the constraints. 
objective function? b. Find the value of the objective function at each corner of 
1. Objective Function 2. Objective Function the graphed region. 
z= 5x + 6y Ze OMY) c. Use the values in part (b) to determine the maximum value 


of the objective function and the values of x and y for 


- . which the maximum occurs. 
L L (5, 12) 5. Objective Function z = 3x + 2y 
Constraints = = 
(4, 10) on ==08y ==70 
2xt+ty= 8 
[ ey = 4 
L (8,6) 6. Objective Function z = 2x + 3y 
Constraints x2=0,y=0 
@ 4) 2x + y =8 
Pinas say) ss 17) 
(3, 2) 
4411 ttt «tt ttt ttt > x 7, Objective Function z = 4x + y 
Constraints x=0,y=0 
eae 33) = 1 
oe er ; yes 
3. Objective Function 4. Objective Function 
= 40x + 50 = 30x + 45 Bb a E 
‘ - 2 ei 4 8. Objective Function z= x + 6y 
y y Constraints x=0,y=0 
‘a ie 205 y= 10) 
ea Dy ll) 
(4,9) 
9. Objective Function z = 3x — 2y 
Constraints 1 == 5 
a 2; 
YS VS 
10. Objective Function z= 5x — 2y 
= Constraints 0<x<=5 
(0, 0) (8, 0) (0,0) (3,0) 0<y<3 
Be ap jc 


11. 


12. 


13. 


14. 


Objective Function z= 4x + 2y 


Constraints x= 05 = 0 
BES 3 1) 
Spe ae PA) SIZ 
ea ye 
Objective Function z= 2x + 4y 
Constraints x20,y20 
a Sy ==40 
Socio 
Sear y= 0) 
Objective Function z= 10x + 12y 
Constraints c= y= 
| 26 y= 10 
2x + 3y = 18 
Objective Function z = 5x + 6y 
Constraints x= Ory = 0 
x+ y= 10 
x + 2y = 10 
os ay = 0 


Application Exercises 


15. 


16. 


A television manufacturer makes rear-projection and plasma 
televisions. The profit per unit is $125 for the rear-projection 
televisions and $200 for the plasma televisions. 


a. Let x = the number of rear-projection televisions 
manufactured in a month and y = the number of 
plasma televisions manufactured in a month. Write the 
objective function that models the total monthly profit. 


b. The manufacturer is bound by the following constraints: 


e Equipment in the factory allows for making at most 
450 rear-projection televisions in one month. 


e Equipment in the factory allows for making at most 
200 plasma televisions in one month. 


e The cost to the manufacturer per unit is $600 for the 
rear-projection televisions and $900 for the plasma 
televisions. Total monthly costs cannot exceed $360,000. 


Write a system of three inequalities that models these 
constraints. 


c. Graph the system of inequalities in part (b). Use only 
the first quadrant and its boundary, because x and y 
must both be nonnegative. 


d. Evaluate the objective function for total monthly 
profit at each of the five vertices of the graphed region. 
[The vertices should occur at (0, 0), (0, 200), (300, 200), 
(450, 100), and (450, 0).] 

e. Complete the missing portions of this statement: The 
television manufacturer will make the greatest profit 
by manufacturing _ rear-projection televisions each 
month and __ plasma televisions each month. The 
maximum monthly profitis$ —_. 

a. A student earns $10 per hour for tutoring and $7 per 
hour as a teacher’s aide. Let x = the number of hours 
each week spent tutoring and y = the number of 
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hours each week spent as a teacher’s aide. Write the 
objective function that models total weekly earnings. 


b. The student is bound by the following constraints: 


e To have enough time for studies, the student can 
work no more than 20 hours a week. 


e The tutoring center requires that each tutor spend 
at least three hours a week tutoring. 


e The tutoring center requires that each tutor spend 
no more than eight hours a week tutoring. 


Write a system of three inequalities that models these 
constraints. 


c. Graph the system of inequalities in part (b). Use only 
the first quadrant and its boundary, because x and y 
are nonnegative. 


d. Evaluate the objective function for total weekly 
earnings at each of the four vertices of the graphed 
region. [The vertices should occur at (3, 0), (8, 0), 
(3, 17), and (8, 12).] 

e. Complete the missing portions of this statement: The 
student can earn the maximum amount per week 
by tutoring for __ hours per week and working as a 
teacher’s aide for _ hours per week. The maximum 
amount that the student can earn each week is$__. 


Use the two steps for solving a linear programming problem, given 
in the box on page 300, to solve the problems in Exercises 17-23. 


17. 


18. 


A manufacturer produces two models of mountain 
bicycles. The times (in hours) required for assembling and 
painting each model are given in the following table: 
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Model A Model B 
Assembling 5 4 
Painting 2) 3) 


The maximum total weekly hours available in the assembly 
department and the paint department are 200 hours and 
108 hours, respectively. The profits per unit are $25 for 
model A and $15 for model B. How many of each type 
should be produced to maximize profit? 


A large institution is preparing lunch menus containing 
foods A and B. The specifications for the two foods are 
given in the following table: 


Units of Units of 
Units of Fat Carbohydrates Protein 
Food per Ounce per Ounce per Ounce 
A J 2, il 
B il 1 il 


Each lunch must provide at least 6 units of fat per serving, 
no more than 7 units of protein, and at least 10 units of 
carbohydrates. The institution can purchase food A for 
$0.12 per ounce and food B for $0.08 per ounce. How many 
ounces of each food should a serving contain to meet the 
dietary requirement at the least cost? 
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19. 


20. 


ail. 


22% 


23. 


Inequalities and Problem Solving 


Food and clothing are shipped to survivors of a hurricane. 
Each carton of food will feed 12 people, while each carton of 
clothing will help 5 people. Each 20-cubic-foot box of food 
weighs 50 pounds and each 10-cubic-foot box of clothing 
weighs 20 pounds. The commercial carriers transporting 
food and clothing are bound by the following constraints: 


e The total weight per carrier cannot exceed 19,000 pounds. 
e The total volume must be less than 8000 cubic feet. 


How many cartons of food and how many cartons of 
clothing should be sent with each plane shipment to 
maximize the number of people who can be helped? 


On June 24, 1948, the former Soviet Union blocked all 
land and water routes through East Germany to Berlin. A 
gigantic airlift was organized using American and British 
planes to bring food, clothing, and other supplies to the 
more than 2 million people in West Berlin. The cargo 
capacity was 30,000 cubic feet for an American plane and 
20,000 cubic feet for a British plane. To break the Soviet 
blockade, the Western Allies had to maximize cargo 
capacity, but were subject to the following restrictions: 


e No more than 44 planes could be used. 


e The larger American planes required 16 personnel per 
flight, double that of the requirement for the British 
planes. The total number of personnel available could 
not exceed 512. 


e The cost of an American flight was $9000 and the cost 
of a British flight was $5000. Total weekly costs could 
not exceed $300,000. 


Find the number of American planes and the number 
of British planes that were used to maximize cargo 
capacity. 

A theater is presenting a program on drinking and driving 
for students and their parents. The proceeds will be donated 
to a local alcohol information center. Admission is $2.00 
for parents and $1.00 for students. However, the situation 
has two constraints: The theater can hold no more than 
150 people and every two parents must bring at least one 
student. How many parents and students should attend to 
raise the maximum amount of money? 


You are about to take a test that contains computation 
problems worth 6 points each and word problems worth 
10 points each. You can do a computation problem in 
2 minutes and a word problem in 4 minutes. You have 
40 minutes to take the test and may answer no more 
than 12 problems. Assuming you answer all the problems 
attempted correctly, how many of each type of problem 
must you do to maximize your score? What is the maximum 
score? 


In 1978, a ruling by the Civil Aeronautics Board allowed 
Federal Express to purchase larger aircraft. Federal 
Express’s options included 20 Boeing 727s that United 
Airlines was retiring and/or the French-built Dassault 
Fanjet Falcon 20. To aid in their decision, executives at 
Federal Express analyzed the following data: 


Boeing 727 Falcon 20 
Direct Operating Cost $1400 per hour $500 per hour 
Payload 42,000 pounds 6000 pounds 


Federal Express was faced with the following constraints: 


e Hourly operating cost was limited to $35,000. 
e Total payload had to be at least 672,000 pounds. 
e Only twenty 727s were available. 


Given the constraints, how many of each kind of aircraft should 
Federal Express have purchased to maximize the number of 
aircraft? 


Writing in Mathematics 


24. 


25. 


26. 


27. 


28. 


What kinds of problems are solved using the linear 
programming method? 


What is an objective function in a linear programming 
problem? 


What is a constraint in a linear programming problem? 
How is a constraint represented? 


In your own words, describe how to solve a linear 
programming problem. 


Describe a situation in your life in which you would like 
to maximize something, but are limited by at least two 
constraints. Can linear programming be used in this 
situation? Explain your answer. 


Critical Thinking Exercises 


Make Sense? 


In Exercises 29-32, determine whether each 


statement “makes sense” or “does not make sense” and explain 
your reasoning. 


29; 


30. 


31. 


32. 


33. 


34. 


In order to solve a linear programming problem, I use the 
graph representing the constraints and the graph of the 
objective function. 


I use the coordinates of each vertex from my graph 
representing the constraints to find the values that 
maximize or minimize an objective function. 


I need to be able to graph systems of linear inequalities in 
order to solve linear programming problems. 


An important application of linear programming for 
businesses involves maximizing profit. 


Suppose that you inherit $10,000. The will states how you 
must invest the money. Some (or all) of the money must be 
invested in stocks and bonds. The requirements are that at 
least $3000 be invested in bonds, with expected returns of 
$0.08 per dollar, and at least $2000 be invested in stocks, 
with expected returns of $0.12 per dollar. Because the 
stocks are medium risk, the final stipulation requires that 
the investment in bonds should never be less than the 
investment in stocks. How should the money be invested 
so as to maximize your expected returns? 


Consider the objective function z = Ax + By(A > Oand 
B > 0) subject to the following constraints: 2x + 3y =< 9, 
x -—y =2,x =0, and y= 0. Prove that the objective 
function will have the same maximum value at the vertices 
(3, 1) and (0,3) if A = $B. 
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Review Exercises 40. The figures show the graphs of two functions. 
35. Simplify: (2x4y3)(3xy4)’. (Section 1.6, Example 9) 


21, — W: 
36. Solve for L: 3P = a (Section 1.5, Example 8) 


37. If fix) = x° + 2x? — 5x + 4, find f(-1). (Section 2.1, 
Example 3) 


Preview Exercises 


Exercises 38—40 will help you prepare for the material covered 
in the first section of the next chapter. 
In Exercises 38-39, simplify each algebraic expression. a. Which function, for g, has a graph that rises to the left 
38. (9x? + Tx? — Sx + 3) + (13x) + 2x? — 8x — 6) pUIGI EN Sounds 

b. Which function, f or g, has a graph that falls to the left 


39. (7x? — 8x? + 9x — 6) — (2x3 — 6x? — 3x + 9) ee en 


(glx) =I Eb sere eA) | 


Each group member should research one situation that provides two different pricing 

options. These can involve areas such as public transportation options (with or without 
discount passes) or telephone plans or anything of interest. Be sure to bring in all the 
details for each option. At the group meeting, select the two pricing situations that 
are most interesting and relevant. Using each situation, write a word problem about 
selecting the better of the two options. The word problem should be one that can be 
solved using a linear inequality. The group should turn in the two problems and their 
solutions. 


Definitions and Concepts Examples 


Section 4.1 Solving Linear Inequalities 


A linear inequality in one variable can be written in the form Solves2 (6-13) = ou = 15: 
Oe ab iy < ane sh i) S Oe ae lp > O, Ore wee SP ly) = One Oye tS = See 11S 
set of all numbers that make the inequality a true statement 
Be: : nace : =e ar es 15) 
is its solution set, represented using interval notation. 
=o 0) 
Solving a Linear Inequality 3 9 
= sh 
1. Simplify each side. =e = 3 
2. Collect variable terms on one side and constant terms on a4 


the other side. 


3. Isolate the variable and solve. Solution set: [-3, %) 


If an inequality is multiplied or divided by a negative number, 


the direction of the inequality symbol must be reversed. Se 
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Inequalities and Problem Solving 


Definitions and Concepts 


Examples 


Section 4.2 Compound Inequalities 


Intersection ( ) and Union ( U ) 


A ™ Bis the set of elements common to both set A and set B. 
A U Bis the set of elements that are members of set A or set B 
or of both sets. 


A compound inequality is formed by joining two inequalities 
with the word and or or. 

When the connecting word is and, graph each inequality 
separately and take the intersection of their solution sets. 


The compound inequality a < x < bmeansa < x and 
x < b. Solve by isolating the variable in the middle. 


When the connecting word in a compound inequality is or, 
graph each inequality separately and take the union of their 
solution sets. 


{1, 3, 5, 7} 9 {5,7, 9, 11} = {5,7} 
(13:5, HWS, 7,9) 1} — (0 3,5. 78 


Solves 3 le Stand 2-34-18: 
x>2 and Meaa4: 
p++} +} 4 4 
-4-3-2-10123 4 
Solution set: (2, 4] 
Poel 
Solve:—-1 < = =e 
= 3) << Phe ap Il SS) Multiply by 3. 
hice Oy es 5) Subtract 1. 
SS ee 2 Divide by 2. 


2 

: 5 
Solution set: 25 
—-4-3-2-10123 4 


2Xe=2— 0: 


ie Ss 3} 


Solve: x — 2 >-3 or 
oe OT: 


Solution set: (—%, —3] U (-1, ~) 


=6-5 4-32-11 0 1 2 


Section 4.3 Equations and Inequalities Involving Absolute Value 


Absolute Value Equations 
1. Ifc > 0, then |u| = cmeansu = coru =~—c. 
2. Ifc < 0, then |u| = c has no solution. 
3. Ifc = 0, then |u| = 0 means u = 0. 


Absolute Value Equations with Two Absolute Value Bars 
If |u| = |v|, thenu = voru =—v. 


Solve: |2x — 7| = 3. 
Pe — Jf 6) (ole se =] 8) 
2x = 10 2x =4 
x=5 = 
The solution set is {2, 5}. 


Solve: |x — 6| = |2x + 1]. 
x-—6=2x+1 or x-6=—(2x + 1) 


-x-6=1 = See = I 
=~ — 7 3x -6=—1 
2==7/ she =) 

ee 
3 


3} 


=} 


The solutions are —7 and > and the solution set is {-7 = 
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Section 4.3 Equations and Inequalities Involving Absolute Value (continued) 


Solving Absolute Value Inequalities 
If c is a positive number, 
1. |u| < cis equivalent to—c <u <c. 
2. |u| > cis equivalent tou <—coru>c. 


In each case, the absolute value inequality is rewritten as an 
equivalent compound inequality without absolute value bars. 


Absolute Value Inequalities with Unusual Solution Sets 
If c is a negative number, 


1. |u| < chas no solution. 


2. |u| > cis true for all real numbers for which u is defined. 


Solve: |x — 4| < 3. 
—-3<x-4<3 
1<x<7 Add4. 


The solution set is (1,7). 


O) il 2 sb cl SO 7 


x 
Solves |= ll F=22; 
olve 3 | 
; 1 = =) or : T=? 
x—-3=-6 or x-326 Multiply by 3. 


Ko=—— Sol x29 Addi. 


The solution set is (-», —3] U [9, %). 


6-4-2 0 2 4 6 8 10 


e |x — 4| <—3has no solution. The solution set is ©. 


e |3x + 6| > —12 is true for all real numbers. The solution 
set is (—, ©). 


Section 4.4 Linear Inequalities in Two Variables 


If the equal sign in Ax + By = Cis replaced with an 
inequality symbol, the result is a linear inequality in two 
variables. Its graph is the set of all points whose coordinates 
satisfy the inequality. To obtain the graph, 


1. Replace the inequality symbol with an equal sign and 
graph the boundary line. Use a solid line for = or = and 
a dashed line for < or >. 

2. Choose a test point not on the line and substitute its 
coordinates into the inequality. 


3. Ifa true statement results, shade the half-plane 
containing the test point. If a false statement results, 
shade the half-plane not containing the test point. 


Graph: x — 2y = 4. 
1. Graph x — 2y = 4. Use a solid line because the inequality 


symbol is =. 
2. Test (0,0). 
oe Os 
0-2-0244 
0=4, true 


3. The inequality is true. Shade the half-plane containing 
(0, 0). 
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Section 4.4 Linear Inequalities in Two Variables (continued) 


Two or more linear inequalities make up a system of linear Graph the solutions of the system: 
inequalities. A solution is an ordered pair satisfying all y <-2x 
inequalities in the system. To graph a system of inequalities, {, eo 


graph each inequality in the system. The overlapping region, 
if there is one, represents the solutions of the system. If there 
is no overlapping region, the system has no solution. 


Section 4.5 Linear Programming 


Linear programming is a method for solving problems in Find the maximum value of the objective function 
which a particular quantity that must be maximized or Zz = 3x + 2y subject to the following constraints: 
minimized is limited. An objective function is an algebraic x = OFy =) 0820 a2 By 18,2045 y= 110! 
expression in three variables modeling a quantity that must 1. Graph the system of inequalities representing the 
be maximized or minimized. Constraints are restrictions, POTetiainitel 


expressed as linear inequalities. 


Solving a Linear Programming Problem 
1. Graph the system of inequalities representing the 


constraints. B(0, 6) 
2. Find the value of the objective function at each corner, 

or vertex, of the graphed region. The maximum and A(0, 0) 

minimum of the objective function occur at one or more 

vertices. 


2. Evaluate the objective function at each vertex. 


Vertex z=3x + a4 

A(0, 0) z = 3(0) + 2(0) = 0 
B(0, 6) z = 3(0) + 2(6) = 12 
C(3, 4) z = 3(3) + 2(4) = 17 
D(5, 0) z = 3(5) + 2(0) = 15 


The maximum value of the objective function is 17. 


CHAPTER 4 REVIEW EXERCISES 


4.1. In Exercises 1-6, solve each linear inequality. Other than 3. - = - = il = 5 
©, graph the solution set on a number line. 
a 16% o> 2 3) = 25 
eee 5. 3(2x — 1) — Ax — 4) = 7 + 23 + dx) 
2. 6x = 9 = —45 — 3 6) 204 7 5% — 6) — 3x 


7. A person can choose between two charges on a checking 
account. The first method involves a fixed cost of $11 per 
month plus 6¢ for each check written. The second method 
involves a fixed cost of $4 per month plus 20¢ for each 
check written. How many checks should be written to 
make the first method a better deal? 


8. A salesperson earns $500 per month plus a commission of 
20% of sales. Describe the sales needed to receive a total 
income that exceeds $3200 per month. 


4.2 In Exercises 9-12, let A = {a,b,c}, B = {a, c,d, e}, and 
C = {a, d, f, g}. Find the indicated set. 
9. ANB 
10. ANC 
11. AUB 
12, AUC 


In Exercises 13-23, solve each compound inequality. Other 
than ©, graph the solution set on a number line. 


13. x =3andx <6 

14. x <30rx <6 

155 =24 = — 12 and, — 3) = 5 
Gs eoN a ob lS ancl) ==) 
life 245: — leandisn << 3) 

182020 Se Ono 25 

195 ce = SOF 40 oS 
DOW Oe On a eet 
21y oie 4 = — ion d= 4-= 9) 
22 3G te 4 

23, S1h=4x 4 2 = 6 


24. To receive a B in a course, you must have an average of at 
least 80% but less than 90% on five exams. Your grades on 
the first four exams were 95%, 79%, 91%, and 86%. What 
range of grades on the fifth exam will result in a B for the 
course? Use interval notation to express this range. 


4.3 In Exercises 25-28, find the solution set for each equation. 
25. |2x+1| =7 

26. [3x + 2| =—5 

Pr, Abe = 3 = = 110) 

28. |4x — 3| = |7x + 9| 


In Exercises 29-33, solve each absolute value inequality. Other 
than ©, graph the solution set on a number line. 


29; |2x-- 3\| = 15 
abe ae (6) 
3 
St. 20 45 5| = 7 = —6 
32, —4|x + 2| +5 =-7 
Soo 2 silt 4 = S10) 


30. 
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34. Approximately 90% of the population sleeps h hours 
daily, where h is modeled by the inequality |h — 6.5| < 1. 
Write a sentence describing the range for the number 
of hours that most people sleep. Do not use the phrase 
“absolute value” in your description. 


4.4 In Exercises 35-40, graph each inequality in a 
rectangular coordinate system. 
35. 3x — 4y > 12 
1 
3f2 Vy == 2 
y a* 


39. x =2 


36. x —-3y = 6 


38 > ay 
2 ae 

40. y>-3 

In Exercises 41-49, graph the solution set of each system of 

inequalities or indicate that the system has no solution. 


41. {2x -y=4 42. fy<-x+4 
tee ae x—-4 

49. === 5 44. -2<y<=6 

45. [x =3 46. [2x --y >-4 
ee: ee 

47. {' jy = © = ae a : 
y= 2S ee Op 0 


49. ee 2 
DG Ves), 


4.5 


50. Find the value of the objective function z = 2x + 3y at 
each corner of the graphed region shown. What is the 
maximum value of the objective function? What is the 
minimum value of the objective function? 


>< 


In Exercises 51-53, graph the region determined by the 
constraints. Then find the maximum value of the given objective 
function, subject to the constraints. 


51. Objective Function z= 2x + 3y 
Constraints x=0,y=0 
Gey) ==30 
Bx ay) =20 

52. Objective Function zZ=xt dy 


Constraints : 22 502 y= 7 
gece yy 8) 
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53. Objective Function z= 5x + 6y 

Constraints x=0,y=0 
ysx 

on yp = 12 

2% 12 3 =. 0 


54. A paper manufacturing company converts wood pulp 
to writing paper and newsprint. The profit on a unit of 
writing paper is $500 and the profit on a unit of newsprint 
is $350. 

a. Let x represent the number of units of writing paper 
produced daily. Let y represent the number of units of 
newsprint produced daily. Write the objective function 
that models total daily profit. 


b. The manufacturer is bound by the following constraints: 

e Equipment in the factory allows for making at most 

200 units of paper (writing paper and newsprint) in a day. 

e Regular customers require at least 10 units of writing 
paper and at least 80 units of newsprint daily. 


Write a system of inequalities that models these 
constraints. 


c. Graph the inequalities in part (b). Use only the first 
quadrant, because x and y must both be positive. 


CHAPTER 


(Suggestion: Let each unit along the x- and y-axes 
represent 20.) 


d. Evaluate the objective function at each of the three 
vertices of the graphed region. 


e. Complete the missing portions of this statement: The 
company will make the greatest profit by producing 
units of writing paper and __ units of newsprint each 

day. The maximum daily profitis$ 


55. A manufacturer of lightweight tents makes two models 
whose specifications are given in the following table. 


Cutting Time Assembly Time 
per Tent per Tent 
Model A 0.9 hour 0.8 hour 


Model B 


1.8 hours 


1.2 hours 


Each month, the manufacturer has no more than 864 hours 
of labor available in the cutting department and at most 
672 hours in the assembly division. The profits come to 
$25 per tent for model A and $40 per tent for model B. 
How many of each should be manufactured monthly to 
maximize the profit? 


Step-by-step test solutions are found on the Chapter Test Prep Videos 


CHAPTER 4 TEST 4 Test Prep pri oe oe or on You(fi} (search “BlitzerlnterAlg” and click 


In Exercises 1-2, solve and graph the solution set on a number 
line. 
ie SiGe se )) sre ly 
x lx 3 
iar mn fe os 
6 8 2 4 


3. You are choosing between two cellphone plans. Plan A 
charges $25 per month for unlimited calls. Plan B has a 
monthly fee of $13 with a charge of $0.06 per minute. How 
many minutes of calls in a month make plan A the better 
deal? 


4. Find the intersection: {2, 4, 6, 8, 10} N {4, 6, 12, 14}. 
5. Find the union: {2, 4, 6, 8, 10} U {4, 6, 12, 14}. 


In Exercises 6-10, solve each compound inequality. Other than 
©, graph the solution set on a number line. 


Peg ae LC Pella = 6) =) 
Mt Oe==-4 and 2X: se i= 
Ie — 3 =) Ory —10)= 4 
te OOS ION eA rt She) 
Drea 5 
3 


a 


105 —3)= <6 


In Exercises 11-12, find the solution set for each equation. 
11. [5x +3) =7 
12. |6x + 1| = |4x + 15| 


In Exercises 13-14, solve and graph the solution set on a 
number line. 


eh Pre ll <7 

14. [2x —3| =5 

15. The inequality |b — 98.6| > 8 describes a person’s body 
temperature, b, in degrees Fahrenheit, when hyperthermia 
(extremely high body temperature) or hypothermia 
(extremely low body temperature) occurs. Solve the 
inequality and interpret the solution. 


In Exercises 16-18, graph each inequality in a rectangular 
coordinate system. 


16, 3x— 2y <6 

17 aun 1 
2) a 
eae) 


18. y=-1 


In Exercises 19-21, graph the solution set of each system of 
inequalities. 


19. oe DO Bit 9 2th? 4 
x= y 24 2G OV = 16 
rea) aye) 


22. Find the maximum value of the objective function 
z= 3x + 5y subject to the following constraints: 
= On = 0 y= 6 = 2, 


23. A manufacturer makes two types of jet skis, regular and 
deluxe. The profit on a regular jet ski is $200 and the profit 
on the deluxe model is $250. To meet customer demand, 
the company must manufacture at least 50 regular jet 
skis per week and at least 75 deluxe models. To maintain 
high quality, the total number of both models of jet 
skis manufactured by the company should not exceed 
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150 per week. How many jet skis of each type should be 
manufactured per week to obtain maximum profit? What 
is the maximum weekly profit? 


CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-4) 


In Exercises 1-2, solve each equation. 


1. 5v+1)+2=x- 3(2x + 1) 
2(x + 6 — 
(x ) 2d 4x — 7 
3 3 
apie 
. Simplify: ——-—.. 
os 15x’y? 


4. If f(x) = x? — 3x + 4, find f(—3) and f(2a). 


5. If f(x) = 3x7 - 4x +1 and g(x) =x? — 5x — 1, find 
(f — g)(x) and (f — g)(2). 

6. Use function notation to write the equation of the line 
passing through (2, 3) and perpendicular to the line whose 
equation is y = 2x — 3. 

In Exercises 7-10, graph each equation or inequality in a 
rectangular coordinate system. 

7. f(x) =2x +1 

9. 2x-y=6 

11. Solve the system: 
3x - yt z=-15 
x+2y- Zz 1. 
2x+3y-2z= 0 


8 y > 2x 
10. f(x) =—-1 


12. Solve using matrices: 


i y=-4 
x+3y= 5, 


4 
=i. =) 
14. A motel with 60 rooms charges $90 per night for rooms with 
kitchen facilities and $80 per night for rooms without kitchen 
facilities. When all rooms are occupied, the nightly revenue 
is $5260. How many rooms of each kind are there? 


13. Evaluate: 


15. Which of the following are functions? 


e 
e 
e 
> xX > xX ~% 


In Exercises 16-20, solve and graph the solution set on a 
number line. 


16. a 
4 4 2 
17. 2x + 5 = 1land—3x > 18 
18. x -42=1or-3x+12=2-5-x 
19. |2x + 3| <17 


20. [3x — 8| >7 


This page intentionally left blank 


ust one hundred years ago, there were at least 100,000 wild tigers. 
By 2010, the estimated world tiger population was 3200. Without 
conservation efforts, tigers could disappear from the wild by 2022. 


A function that models this scenario is 


f(x) = 0.76x3 — 30x? — 882x + 37,807, 


where f(x) is the world tiger population x years after 1970. The algebraic expression on the right side 
contains variables to powers that are whole numbers and is an example of a polynomial. Much of what 
we do in algebra involves polynomials and polynomial functions. The vanishing tiger model, with an 
accompanying graph, is developed in Exercises 65-68 in Exercise Set 5.1. 
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Objectives 


Use the vocabulary 
of polynomials. 


Evaluate polynomial 
functions. 


Determine end 
behavior. 


Add polynomials. 
Subtract polynomials. 


80,000 


70,000 
60,000 + 


50,000 


40,000 
29,105 


30,000 |- 
19,404 


12,044 i 


20,000 


Number of Cases Diagnosed 


10,000 6368 


3153 
= 


36,126 


Introduction to Polynomials 
and Polynomial Functions 


In 1980, U.S. doctors diagnosed 41 cases of a rare form 
of cancer, Kaposi’s sarcoma, that involved skin lesions, 
pneumonia, and severe immunological deficiencies. 
All cases involved gay men ranging in age from 26 
to 51. By the end of 2008, approximately 1.1 million 
Americans, straight and gay, male and female, old 
and young, were infected with the HIV virus. 

Modeling AIDS-related data and making 
predictions about the epidemic’s havoc is serious 
business. Figure 5.1 shows the number of AIDS 
cases diagnosed in the United States from 1983 
through 2008. 


Basketball player Magic Johnson 
(1959-_ ) tested positive for HIV in 1991. 


AIDS Cases Diagnosed in the United States, 1983-2008 


79,657 79,879 


69,984 


61,124 


60,573 


49,546 


49,379 


45,669 


43,499 


43,225 41 314 41,239 41,227 42,136 43171 49 gg7 


35,695 35,962 37-151 


| | 73,086 


1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 


Figure 5.1 


Year 


Source: U.S. Department of Health and Human Services 


( fle) = 49x? + 806x? + 3776x + 2503 | 


60,000 


Cases Diagnosed 


5000 


Years after 1983 
[0, 8, 1] by [0, 60,000, 5000] 
Figure 5.2 The graph of a function 


modeling the number of AIDS cases 
from 1983 through 1991 


Changing circumstances and unforeseen events can result in models for 
AIDS-related data that are not particularly useful over long periods of time. For 
example, the function 


f(x) = —49x3 + 806x* + 3776x + 2503 


models the number of AIDS cases diagnosed in the United States x years after 1983. 
The model was obtained using a portion of the data shown in Figure 5.1, namely 
cases diagnosed from 1983 through 1991, inclusive. Figure 5.2 shows the graph of f 
from 1983 through 1991. 

The voice balloon in Figure 5.2 displays the algebraic expression used to define f. 
This algebraic expression is an example of a polynomial. A polynomial is a single 
term or the sum of two or more terms containing variables with whole-number 


@ Use the vocabulary 
of polynomials. 


Great Question! 


Why doesn’t the constant 
0 have a degree? 


We can express 0 in many 
ways, including Ox, Ox?, and 
Ox. It is impossible to assign 
a single exponent on the 
variable. This is why 0 has 
no defined degree. 
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exponents. Functions containing polynomials are used in such diverse areas as science, 
business, medicine, psychology, and sociology. In this section, we present basic ideas 
about polynomials and polynomial functions. We will use our knowledge of combining 
like terms to find sums and differences of polynomials. 


How We Describe Polynomials 


Consider the polynomial 
—49x? + 806x? + 3776x + 2503. 


This polynomial contains four terms. It is customary to write the terms in the order of 
descending powers of the variable. This is the standard form of a polynomial. 

Some polynomials contain only one variable. Each term of such a polynomial in x is 
of the form ax”. Ifa # 0, the degree of ax” is n. For example, the degree of the term 
—49x3 is 3. 


The Degree of ax” 


Ifa # 0 and nis a whole number, the degree of ax” is n. The degree of a nonzero 
constant is 0. The constant 0 has no defined degree. 


Here is the polynomial modeling AIDS cases and the degree of each of its four 
terms: 


—49x? + 806x? + 3776x + 2503 


degree 3 degree 2 degree 1 degree of nonzero constant: 0 


Notice that the exponent on x for the term 3776x is understood to be 1:3776x!. For this 
reason, the degree of 3776x is 1. You can think of 2503 as 2503x”; thus, its degree is 0. 

A polynomial is simplified when it contains no grouping symbols and no like terms. 
A simplified polynomial that has exactly one term is called a monomial. A binomial is 
a simplified polynomial that has two terms. A trinomial is a simplified polynomial with 
three terms. Simplified polynomials with four or more terms have no special names. 

Some polynomials contain two or more variables. Here is an example of a polynomial 
in two variables, x and y: 


Tx’y3 — 17x*y? + xy — 6y? + 9. 


A polynomial in two variables, x and y, contains the sum of one or more monomials 
of the form ax” y”. The constant a is the coefficient. The exponents, and m, represent 
whole numbers. The degree of the term ax"”y’ is the sum of the exponents of the 
variables, n + m. 

The degree of a polynomial is the greatest degree of any term of the polynomial. 
If there is precisely one term of the greatest degree, it is called the leading term. Its 


coefficient is called the leading coefficient. 


| EXAMPLE 1 | Using the Vocabulary of Polynomials 


Determine the coefficient of each term, the degree of each term, the degree of the 
polynomial, the leading term, and the leading coefficient of the polynomial 


Tx’y3 — 17x*y? + xy — 6y? + 9. 
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2 | Evaluate polynomial 
functions. 


Solution Consider each term of the polynomial 7x?y? — 17x*y? + xy — 6y* + 9. 


Degree (Sum of 
Term Coefficient | Exponents on the Variables) 
Tx’y? 7 24+3=5 
-17x4y? -17 4+2=6 
Think of xy as tx'y!, y 
xy 1 1+1=2 
Think of -6y? as —6x°y*, -6y’ 6 04+2=2 
Think of 9 as 9x°y°, 9 9 0+0=0 


The degree of the polynomial is the greatest degree of any term of the polynomial, 
which is 6. The leading term is the term of the greatest degree, which is —17x*y’. Its 
coefficient, —17, is the leading coefficient. & 


|/| CHECK POINT1 Determine the coefficient of each term, the degree of each 
term, the degree of the polynomial, the leading term, and the leading coefficient of the 
polynomial 


> — Tx3y? — x?y — 5x + 11. 


8x4y 


If a polynomial contains three or more variables, the degree of a term is the sum of 
the exponents of all the variables. Here is an example of a polynomial in three variables, 
x, y, and z: 


The coefficients are o —2, 6 and 5. 


tx — 2xyz + 6x7 + 5. 


Degree: Degree: Degree: Degree: 
1+2+4=7 1+1+1=3 2 0 


The degree of this polynomial is the greatest degree of any term of the polynomial, 
which is 7. 


Polynomial Functions 
The expression 4x* — 5x? + 3 is a polynomial. If we write 
f(x) = 4x3 — 5x? + 3, 


then we have a polynomial function. In a polynomial function, the expression that 
defines the function is a polynomial. How do we evaluate a polynomial function? Use 
substitution, just as we did to evaluate other functions in Chapter 2. 


| EXAMPLE 2 | Evaluating a Polynomial Function 


The polynomial function 
f(x) = —49x? + 806x* + 3776x + 2503 


models the number of AIDS cases diagnosed in the United States, f(x), x years after 
1983, where 0 = x S 8. Find f(6) and describe what this means in practical terms. 
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Solution To find f(6), or f of 6, we replace each occurrence of x in the function’s 
formula with 6. 


fix) = —49x? + 806x? + 3776x + 2503 This is the given function. 
f(6) = —49(6)° + 806(6)* + 3776(6) + 2503 Replace each occurrence of x 
with 6. 
= —49(216) + 806(36) + 3776(6) + 2503 Evaluate exponential expressions. 


= —10,584 + 29,016 + 22,656 + 2503 Multiply. 


= 43,591 Add. 


Thus, f(6) = 43,591. According to the model, this means that 6 years after 1983, in 1989, 
there were 43,591 AIDS cases diagnosed in the United States. (The actual number, 
shown in Figure 5.1, is 43,499.) = 


Using Technology 


Once each occurrence of x in f(x) = —49x? + 806x? + 3776x + 2503 is replaced with 
6, the resulting computation can be performed using a scientific calculator or a graphing 
calculator. 


—49(6)> + 806(6)* + 3776(6) + 2503 


Many Scientific Calculators 


49|+/] |X] 6] y* | 3} +] 806 | xX] 6 | y* | 2 | +] 3776 | X| 6 | +] 2503 | = 


Many Graphing Calculators 


(~) | 49 |X|] 6/%|3 [+] 806 |x]6 | % | 2 |+ | 3776 |x| 6 | +] 2503 | ENTER 


The display should be 43591. This number can also be obtained by using a graphing utility’s 
feature that evaluates a function or by using its table feature. 


ee 


Enter y, =—49x? + 806x? + 3776x + 2503 


in the screen. 
Use the feature that calculates 
the function value of a| ¥ = 
function at a specified value of x. 


The table feature shows that 
y, evaluated at 6 is 43,591. 


Ploti Flot? Plots 
Yi -49R°S+306R" 


[| | Sere = 


CHECK POINT 2 For the polynomial function 
f(x) = 4x3 — 3x? — 5x + 6, 
find f(2). 
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Smooth 
rounded 
corner 


y 
A 


Smooth, Continuous Graphs 


Polynomial functions of degree 2 or higher have graphs that are smooth and continuous. 
By smooth, we mean that the graph contains only rounded curves with no sharp corners. 
By continuous, we mean that the graph has no breaks and can be drawn without lifting 
your pencil from the rectangular coordinate system. These ideas are illustrated in 
Figure 5.3. 


Graphs of Polynomial Functions Not Graphs of Polynomial Functions 


Smooth 
rounded 


y y 
fae A Sharp A 


corner 


>< 


> XxX > XxX 


Discontinuous; 
a break inthe _, y 


Smooth 
graph 


rounded 


Smooth 
rounded 
corner 


corners 


Figure 5.3 Recognizing graphs of polynomial functions 


3 | Determine end behavior. 


End Behavior of Polynomial Functions 


Figure 5.4 shows the graph of the function 
f(x) = —49x? + 806x” + 3776x + 2503, 


which models U.S. AIDS cases from 1983 through 1991. Look at what happens to the 
graph when we extend the year up through 2005. By year 21 (2004), the values of y are 
negative and the function no longer models AIDS cases. We’ve added an arrow to the 
graph at the far right to emphasize that it continues to decrease without bound. This 
far-right end behavior of the graph is one reason that this function is inappropriate for 
modeling AIDS cases into the future. 


Graph falls 
to the right. 
> 10 Is 7 Figure 5.4 By extending the viewing rectangle, we 


Years after 1983 see that y is eventually negative and the function 
(0, 22, 1] by [-10,000, 85,000, 5000] no longer models the number of AIDS cases. 


85,000 


Cases Diagnosed 


5000 


The behavior of the graph of a function to the far left or the far right is called its end 
behavior. Although the graph of a polynomial function may have intervals where it 
increases and intervals where it decreases, the graph will eventually rise or fall without 
bound as it moves far to the left or far to the right. 

How can you determine whether the graph of a polynomial function goes up or 
down at each end? The end behavior depends upon the leading term. In particular, the 
sign of the leading coefficient and the degree of the polynomial reveal the graph’s end 
behavior. With regard to end behavior, only the leading term—that is, the term of the 
greatest degree —counts, as summarized by the Leading Coefficient Test. 
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The Leading Coefficient Test 


As x increases or decreases without bound, the graph of a polynomial function eventually rises or falls. In particular, 


1. For odd-degree polynomials: 


If the leading coefficient 
is positive, the graph falls 
to the left and rises to the 
right. (“, 7) 


If the leading coefficient 
is negative, the graph 
rises to the left and falls 
to the right. (\, \\) 


2. For even-degree polynomials: 


If the leading coefficient 
is positive, the graph 
rises to the left and rises 
to the right. (N, 7) 


If the leading coefficient 
is negative, the graph 
falls to the left and falls 
to the right. (“, \) 


A 


Odd degree; positive 
leading coefficient 


Great Question! 


What’s the bottom line on 
the Leading Coefficient 
Test? 


Odd-degree polynomial 
functions have graphs 
with opposite behavior 

at each end. Even-degree 
polynomial functions 
have graphs with the same 
behavior at each end. 


y Rises right 


A 


Falls left 


Figure 5.5 The graph of 
f(x) = x8 + 8x2 - x -— 3 


f L > xX 


+—+—+—} > X 
2.3.4 5 


ay y y 
A A vy 


Rises left Rises right 
: Te Rises left Pe 


1 eS Cte? f 
\ ’ og 
Nia SY Falls left ) 


> X > xX > X 


A. | 
Odd degree; negative Even degree; positive Even degree; negative 
leading coefficient leading coefficient leading coefficient 


| EXAMPLE 3 | Using the Leading Coefficient Test 


Use the Leading Coefficient Test to determine the end behavior of the graph of 
f(x) = x3 + 3x? -— x - 3. 


Solution We begin by identifying the sign of the leading coefficient and the degree 
of the polynomial. 


f(x) = 24+ 3XP-x-3 


The degree of the 
polynomial, 3, is odd. 


The leading coefficient, 
1, is positive. 


The degree of the function f is 3, which is odd. Odd-degree polynomial functions have 
graphs with opposite behavior at each end. The leading coefficient, 1, is positive. Thus, the 
graph falls to the left and rises to the right (“, 7). The graph of f is shown in Figure 5.5. = 


\“| CHECK POINT3 Use the Leading Coefficient Test to determine the end 
behavior of the graph of f(x) = x* — 4x’. 


| EXAMPLE 44 | Using the Leading Coefficient Test 


Use end behavior to explain why 
f(x) = —49x? + 806x? + 3776x + 2503 


is only an appropriate model for AIDS cases for a limited time period. 


Solution We begin by identifying the sign of the leading coefficient and the degree 
of the polynomial. 


f(x) = 4933 + 806x2 + 3776x + 2503 


The degree of the 
polynomial, 3, is odd. 


The leading coefficient, 
—49, is negative. 
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[-8, 8, 1] by [-10, 10, 1] 
Figure 5.6 


Figure 5.8 


4 | Add polynomials. 


The degree of fin f(x) = —49x? + 806x? + 3776x + 2053 is 3, which is odd. Odd-degree 
polynomial functions have graphs with opposite behavior at each end. The leading 
coefficient, —49, is negative. Thus, the graph rises to the left and falls to the right (\, ‘\). 
The fact that the graph falls to the right indicates that at some point the number of 
AIDS cases will be negative, an impossibility. If a function has a graph that decreases 
without bound over time, it will not be capable of modeling nonnegative phenomena 
over long time periods. Model breakdown will eventually occur. & 


¥| CHECK POINT 4 The polynomial function 
f(x) = -0.27x? + 9.2x? — 102.9x + 400 


models the ratio of students to computers in U.S. public schools x years after 1980. Use 
end behavior to determine whether this function could be an appropriate model for 
computers in the classroom well into the twenty-first century. Explain your answer. 


If you use a graphing utility to graph a polynomial function, it is important to select 
a viewing rectangle that accurately reveals the graph’s end behavior. If the viewing 
rectangle, or window, is too small, it may not accurately show a complete graph with the 
appropriate end behavior. 


| EXAMPLE 5 | Using the Leading Coefficient Test 


The graph of f(x) = —x* + 8x° + 4x” + 2 was obtained with a graphing utility using 
a [-8, 8, 1] by [-10, 10, 1] viewing rectangle. The graph is shown in Figure 5.6. Is this a 
complete graph that shows the end behavior of the function? 


Solution We begin by identifying the sign of the 
leading coefficient and the degree of the polynomial. 


f(x) = —x4.+ 8x7 + 4x7 +2 


The leading coefficient, The degree of the 
—1, is negative. polynomial, 4, is even. 


The degree of f is 4, which is even. Even-degree 
polynomial functions have graphs with the same 
behavior at each end. The leading coefficient, —1, is 
negative. Thus, the graph should fall to the left and fall 
to the right (“, \\). The graph in Figure 5.6 is falling to the left, but it is not falling to 
the right. Therefore, the graph is not complete enough to show end behavior. A more 
complete graph of the function is shown in a larger viewing rectangle in Figure 5.7. 


[-10, 10, 1] by [-1000, 750, 250] 
Figure 5.7 


/| CHECK POINT5- The graph of f(x) = x° + 13x” + 10x — 4 is shown in a 
standard viewing rectangle in Figure 5.8. Use the Leading Coefficient Test to determine 
whether this is a complete graph that shows the end behavior of the function. Explain 
your answer. 


Adding Polynomials 


Polynomials are added by combining like terms. Here are two examples that illustrate 
the use of the distributive property in adding monomials and combining like terms: 


—9x3 + 13x39 = (-9 + 13)x3 = 4° 


Add coefficients and keep the same variable factor(s). 


Tx" + 4x3 y? =(-7+ Ajxy? = 3x7)", 


5 | Subtract polynomials. 
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| EXAMPLE 6 | Adding Polynomials 


Add: (—6x? + 5x” + 4) + (2x3 + 7x” — 10). 


Solution 
(—6x? + 5x” + 4) + (2x3 + 7x? — 10) 
= —6x? + 5x7 + 44+ 2x7 + 7x7 — 10 Remove the parentheses. Like terms 


are shown in the same color. 


= —6x? + 2x? + 5x7 + 7x7 + 4-10 Rearrange the terms so that like 
ee YY ; 
terms are adjacent. 


= —4x3 + 12x? —6 Combine like terms. 


= —4x3 + 12x? — 6 This is the same sum as above, 
written more concisely. Mf 


\/| CHECK POINT6 Add: (—7x? + 4x” + 3) + (4x? + 6x? — 13). 


Adding Polynomials 


Add: (5x°y — 4x?y — Ty) + (2x7y + 6x?y — 4y — 5). 


Solution 
(Sxy — 4x2y — Ty) + (2x3y + 6x*y — 4y — 5) The given problem involves adding 
polynomials in two variables. 


= 5x7y — 4x’y — Ty + 2x°y + 6x?y — 4y — 5 Remove the parentheses. Like 
terms are shown in the same color. 


= 5x3y + 2x3y — 4x?y + 6x?y — Ty — 4y — 5 Rearrange the terms so that like 
=-——_—_— Se easwn—«osnemsr OT ser are adjacent. 


= Txy + 2x7y -—lly -5 Combine like terms. 


Polynomials can be added by arranging like terms in columns. Then combine like 
terms, column by column. Here’s the solution to Example 7 using columns and a 
vertical format: 


5x3y — 4x*y — Ty 
2x7y + 6x*y — 4y — 5 
Txey + 2x°y - lly - 5 


\“| CHECK POINT7 Add: (7xy? — Sxy? — 3y) + (2xy> + 8xy? — 12y — 9). 


Subtracting Polynomials 


We subtract real numbers by adding the opposite, or additive inverse, of the number 
being subtracted. For example, 


8-3=8+(-3)=5. 
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We can apply this idea to polynomial subtraction. For example, 


Change the subtraction to addition. 


(6x + 5x — 3) — (4x? — 2x — 7) = (6x? + 5x — 3) + (-4x* + 2x + 7) 
Replace 4x* — 2x —7 with its opposite, or additive inverse. 


; = 6x* + 5x — 3 — 4x? + 2x +7 Remove the parentheses. 
Great Question! 
How do | find the 
opposite, or additive =2x7+7x+4 Combine like terms. 
inverse, of the polynomial 
being subtracted? 


= 6x7 — 4x2 + 5x + 2x —3+7 Rearrange the terms. 


To write the additive inverse, Subtracting Polynomials 


change the sign of each term To subtract one polynomial from another, add the opposite, or additive inverse, of 
of the polynomial. the polynomial being subtracted. 
Great Question! aN eee §=Subtracting Polynomials 
Can | use a vertical format 
to subtract polynomials, Subtract: (7x? — 8x? + 9x — 6) — (2x? — 6x? — 3x + 9). 
like we did with addition? 
Yes. Here’s the solution to Solution 
Example 8 with a vertical (7x3 — 8x? + 9x — 6) — (2x3 — 6x? — 3x + 9) 


format. Notice that you still 
distribute the negative sign, 
thereby adding the opposite. 


= (7x? — 8x? + 9x — 6) + (—2x? + 6x? + 3x — 9) — Add the opposite of the 
polynomial being subtracted. 


= 7x3 — 8x7 + 9x — 6 — 2x? + 6x7 + 3x -— 9 Remove the parentheses. Like 
7x3 — 8x? + 9x -— 6 terms are shown in the same 
(2x3 — 6x? — 3x+ 9) color. 
7g ee = 7x9 — 2x9 — 8x? + 6x2, +.9x + 3x - 6-9 Rearrange terms. 
By ai 2 
ar Ze ee 3x y) = 5x3 — 2x? + 12x — 15 Combine like terms. Ml 
Spe = Dye ak Iie = 115) 


|\/|| CHECK POINT8 Subtract: (14x° — 5x? + x — 9) — (4x3 — 3x? — 7x + 1). 


| EXAMPLE 9 | Subtracting Polynomials 


Great Question! Subtract —2x°y* — 3x°y + 7 from 3x°y” — 4x3y — 3. 
When | subtract one 
polynomial from another, 
as in Example 9, how can (3x°y* Ax3y 3) — ( 2x y? 3x3y +7) 

I tell which polynomial is ; 
being subtracted? = (3x°y? — 4x¢y — 3) + (2x5y? + 3x3y — 7) Add the opposite of the 
polynomial being subtracted. 


= 3x°y 4 — Ax 3y 3 2x “- + 3x3y =F Remove the parentheses. Like 
terms are shown in the same color. 


Solution 


Be careful of the order in 
Example 9. For example, 
subtracting 2 from 5 is 


equivalent to 5 — 2.In = 3x°y? + 2 y? — 4x4y + 3xey — 3-7 Rearrange terms. 
general, subtracting B ~ ~ a 
from A means A — B. a Sey — xy — 10 Combine like terms. 


The order of the resulting 


algebraic expression is not Z 
pene eee ae prec [/| CHECK POINT9 Subtract —7x?y> — 4xy? + 2 from 6x?y° — 2xy? — 8. 


English. 
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Achieving Success 


Form a study group with other students in your class. Working in small groups often 
serves as an excellent way to learn and reinforce new material. Set up helpful procedures 
and guidelines for the group. “Talk” math by discussing and explaining the concepts and 
exercises to one another. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


‘As 


ono TH PF & 


18. 


A polynomial is a single term or the sum of two or more terms containing variables with exponents that are 
numbers. 


It is customary to write the terms of a polynomial in the order of descending powers of the variable. This is called the 
form of a polynomial. 


A simplified polynomial that has exactly one term is called a/an 
A simplified polynomial that has two terms is called a/an 

A simplified polynomial that has three terms is called a/an 

Ifa # 0, the degree of ax” is 


Ifa # 0, the degree of ax"y’" is 


The degree of a polynomial is the degree of all the terms of the polynomial. If there is precisely one term of the 
greatest degree, it is called the term. Its coefficient is called the coefficient. 


True or false: Polynomial functions of degree 2 or higher have graphs that contain only rounded curves with no sharp corners. 


True or false: Polynomial functions of degree 2 or higher have breaks in their graphs. 


. The behavior of the graph of a polynomial function to the far left or the far right is called its behavior, which 
depends upon the term. 
The graph of f(x) = x? to the left and to the right. 
The graph of f(x) = —x? to the left and to the right. 
The graph of f(x) = x? to the left and to the right. 
. The graph of f(x) = —x? to the left and to the right. 


True or false: Odd-degree polynomial functions have graphs with opposite behavior at each end. 
True or false: Even-degree polynomial functions have graphs with the same behavior at each end. 


Terms of a polynomial that contain the same variables raised to the same powers are called terms. 


Add or subtract, if possible. 


19. 
21. 
23. 


—7x3 + 4x3 20. —4x7y + x3y 
Px 22. Tx°y? — (—3x°y’) 
12xy? — 12y? 


5.1 EXERCISE SET fm) Eten) Blo mrret creo 


Practice Exercises 4. —x* + x? 


In Exercises 1-10, determine the coefficient of each term, the 


degree of each term, the degree of the polynomial, the leading 
term, and the leading coefficient of the polynomial. 
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2. x° — 4x? 


3. 5x94 7x? —x4+9 


4. 11x° — 6x7 +x+3 


5. 3x2 — Txt -x +6 


6. 2x7 — 9x4 -x +5 


1h aye - Oiey + 6y” —3 


8. 12x4y — 5xty? — x? +4 


10. 3x° + 4x4y4 — x3y + 4x? — 5 


In Exercises 11-20, let 


fix) =x? — 5x +6 and g(x) = 2x7 — x? + 4x - 1. 


Find the indicated function values. 
11. (3) 12. f(4) toe eye) 
44. (2) 15. 9(3) 16. (2) 


17. g(-2) 18. g(—3) 

19. (0) 20. f(0) 

In Exercises 21-24, identify which graphs are not those of 
polynomial functions. 


21. y 22n 
A 


>< 


> X 


23. 24. 


In Exercises 25-28, use the Leading Coefficient Test to 
determine the end behavior of the graph of the given 
polynomial function. Then use this end behavior to match the 
polynomial function with its graph. [The graphs are labeled 
(a) through (d).] 

25. f(x) =—x4 + x? 

26. f(x) = x3 — 4x? 

27. f(x) =x? - 6x +9 

28. f(x) =—-x° -— x? + 5x -3 


In Exercises 29-40, add the polynomials. Assume that all 
variable exponents represent whole numbers. 


29. (—6x? + Sx? — 8x + 9) + (17x73 + 2x7 — 4x — 13) 


30. (—7x? + 6x? — 11x + 13) + (19x? — 11x? + 7x — 17) 
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2 4 1 2 3 1 5 a 4 ) 1 ( 
31. (2 T 3° T e od T 


il 4 i 1 i} i 3 2, 4 ) i ( 
32. (= T ae T ay 6 T 


33. (7x’y — Sxy) + (2x7y — xy) 
34. (—4x?y + xy) + (7x?y + 8xy) 
35. (5x7y + Oxy + 12) + (—3x’y + 6xy + 3) 


Pe ee 7) 28 yo yy — 4 oy — yr 1) 
3 a 50. (8x27 + x” — 4) — (9x2" — x” — 2) 
51. Subtract —5a7b* — 8ab* — ab from 3a7b* — 5ab? + Tab. 


52. Subtract —7a2b* — 8ab? — ab from 13a2b* — 17ab? + ab. 


53. Subtract —4x? — x?y + xy? + 3y? from x3 + 2x7y — y?, 


54. Subtract —6x7 + x7y — xy* + 2y? from x7 + 2xy? — y? 


Practice PLUS 

55. Add 6x* — 5x* + 2x to the difference between 4x? + 3x? — 1 
and x* — 2x7 + 7x — 3. 

56. Add 5x*-—2x3+ 7x to the difference between 
2x? + 5x? — 3and—x* — x? -—x-1. 

57. Subtract 9x?y” — 3x? — 5 fromthe sum of—6x’y? — x? — 1 
and 5x*y? + 2x” — 1. 

58. Subtract 6x*y?>-—2x7-7 from the sum _ of 
—5x7?y> + 3x? — 4 and 4x7y> — 2x? — 6. 

In Exercises 41-50, subtract the polynomials. Assume that all In Exercises 59-64, let 

variable exponents represent whole numbers. fs) = a Pp 


41. (17x? — 5x? + 4x — 3) — (5x3 — 9x? — 8x + 11) 


36. (8x7y + 12xy + 14) + (-2x?y + 7xy + 4) 


37. (9x4y? — 6x?y? + 3xy) + (—18x4y? — 5x7y — xy) 


38. (10x4y? — 3x?y* + 2xy) + (-lox*y? — 4x?y — xy) 


39. (x7" + 5x" — 8) + (4x — 7x” + 2) 
40. (6y™" + y" + 5) + (3y7" — 4y” — 15) 


g(x) =x — x7 — 5x -4 
h(x) = —2x3 + 5x? — 4x + 1. 
Find the indicated function, function value, or polynomial. 


43. (13y° + 9y* — Sy? + 3y + 6) — (-9y5 — Ty? + By? + 11) 59. (f — g)(x) and (f — g)(-1) 


42. (18x? — 2x? — 7x + 8) — (9x? — 6x” — 5x + 7) 


44. (12y° + Ty —3y? + 6y +7) — Cl0yS—8y2 +3y2+14 % & — W)@)and(g—h)C1) 


45. (x9 + Txy — Sy’) — (6x3 — xy + 4y?) 61. (f + g — h)(x) and (f + g — h)(-2) 


46. (x* — 7xy — Sy*) — (6x4 — 3xy + 4y°) 
47. (3x4y? + 5x3y — 3y) (2x*y* — 3x3y — 4y + 6x) 


62. (g + h — f)(x) and (g + h — f)(-2) 


63. 2f(x) — 3g(x) 
64. —2g(x) — 3h(x) 


48. (5x*y* + 6x3y — Ty) — xty? — 5x3y — 6y + 8x) 


Application Exercises 


As we noted in the chapter opener, experts fear that without conservation efforts, tigers could disappear from the wild by 2022. Just 
one hundred years ago, there were at least 100,000 wild tigers. By 2010, the estimated world tiger population was 3200. The bar graph 
shows the estimated world tiger population for selected years from 1970 through 2010. Also shown is a polynomial function, with its 
graph, that models the data. Use this information to solve Exercises 65-68. 


Vanishing Tigers 
Estimated World Tiger Population Graph of a Polynomial Model for the Data 
y 
40,000 --37,500 40,000 fix) = 0.76x3 — 30x? — 882x + 37,807 
= 35,000 = 35,000 
= 30,000 + 28,000 = 30,000 
5 D5 
B 25,000 - 2 25,000 
a io 
5 20,000 - 5 20,000 
= 15,000+ = 15,000 
= 10,000 + : 10,000 
= 5000+ = 5000 
> xX 


1970 1980 1990 
Year Years after 1970 


Source: World Wildlife Fund 
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(In Exercises 65-68, be sure to refer to the information on 
vanishing tigers at the bottom of the previous page.) 


65. a. 


66. 


67. 


68. 


69. 


70. 


71. 


Find and interpret f(40). Identify this information as a 
point on the graph of f. 


b. Does f(40) overestimate or underestimate the 
actual data shown by the bar graph? By how much? 


a. Find and interpret f(10). Identify this information as a 


point on the graph of f. 


b. Does f(10) overestimate or underestimate the 
actual data shown by the bar graph? By how much? 


Use the Leading Coefficient Test to determine the end 
behavior to the right for the graph of f. Will this function be 
useful in modeling the world tiger population if conservation 
efforts to save wild tigers fail? Explain your answer. 


Use the Leading Coefficient Test to determine the 
end behavior to the right for the graph of f. Might this 
function be useful in modeling the world tiger population 
if conservation efforts to save wild tigers are successful? 
Explain your answer. 


The common cold is caused by a rhinovirus. After x days 
of invasion by the viral particles, the number of particles 
in our bodies, f(x), in billions, can be modeled by the 
polynomial function 


fix) = 


Use the Leading Coefficient Test to determine the graph’s 
end behavior to the right. What does this mean about the 
number of viral particles in our bodies over time? 


0.75x* + 3x3 + 5. 


The polynomial function 
f(x) = —0.87x7 + 0.35x? 4 


models the number of thefts, f(x), in thousands, in the 
United States x years after 1987. Will this function be 
useful in modeling the number of thefts over an extended 
period of time? Explain your answer. 


81.62x + 7684.94 


A herd of 100 elk is introduced to a small island. The 
number of elk, f(x), after x years is modeled by the 
polynomial function 


f(x) = —x* + 21x? + 100. 
Use the Leading Coefficient Test to determine the graph’s 


end behavior to the right. What does this mean about what 
will eventually happen to the elk population? 
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Writing in Mathematics 


72. 
73. 


74. 
75. 


76. 
77. 


78. 


79. 


80. 


What is a polynomial? 

Explain how to determine the degree of each term of a 
polynomial. 

Explain how to determine the degree of a polynomial. 
Explain how to determine the leading coefficient of a 
polynomial. 

What is a polynomial function? 

What do we mean when we describe the graph of a 
polynomial function as smooth and continuous? 

What is meant by the end behavior of a polynomial 
function? 

Explain how to use the Leading Coefficient Test to 
determine the end behavior of a polynomial function. 
Why is a polynomial function of degree 3 with a negative 
leading coefficient not appropriate for modeling 


nonnegative real-world phenomena over a long period of 
time? 


81. Explain how to add polynomials. 

82. Explain how to subtract polynomials. 

83. In a favorable habitat and without natural predators, 
a population of reindeer is introduced to an 


island preserve. The reindeer population ¢ years after 
their introduction is modeled by the polynomial 
function 


f(t) = —0.125¢° + 3.125¢4+ + 4000. 


Discuss the growth and decline of the reindeer population. 
Describe the factors that might contribute to this 
population model. 


Technology Exercises 


Write a polynomial function that imitates the end 


behavior of each graph in Exercises 84-87. The dashed 
portions of the graphs indicate that you should focus 
only on imitating the left and right end behavior of the 
graph. You can be flexible about what occurs between 
the left and right ends. Then use your graphing 

utility to graph the polynomial function and verify 
that you imitated the end behavior shown in the given 
graph. 


84. 85. Us Les r 


SECTION 5.1 


86. 87. 


In Exercises 88-91, use a graphing utility with a viewing 
rectangle large enough to show end behavior to graph each 
polynomial function. 


88. f(x) = x3 + 13x7 + 10x — 4 

89. f(x) = —2x3 + 6x? + 3x 

90. f(x) = —x4 + 8x3 + 4x7 4+ 2 

91. f(x) = —x° + 5x4 — 6x3 + 2x + 20 


In Exercises 92-93, use a graphing utility to graph f and g in the 
same viewing rectangle. Then use the | ZOOM OUT 
to show that f and g have identical end behavior. 


feature 


92. f(x) =x - 6x +1, g(x) =x? 
93. f(x) =—x* + 2x7 — 6x, g(x) = —-x4 


Critical Thinking Exercises 


Make Sense? In Exercises 94-97, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


94. Many English words have prefixes with meanings similar 
to those used to describe polynomials, such as monologue, 
binocular, and tricuspid. 


95. I can determine a polynomial’s leading coefficient by 
inspecting the coefficient of the first term. 


96. When I’m trying to determine end behavior, it’s the 
coefficient of the first term of a polynomial function 
written in standard form that I should inspect. 


97. When] rearrange the terms of a polynomial, it’s important 
that I move the sign in front of a term with that term. 
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In Exercises 98-101, determine whether each statement is 
true or false. If the statement is false, make the necessary 
change(s) to produce a true statement. 


pad s sos 
98. 4x7 + 7x? — 5x + = is a polynomial containing four 
terms. = 


99. If two polynomials of degree 2 are added, the sum must 
be a polynomial of degree 2. 


100. (x? — 7x) — (x? - 4x) = 


101. All terms of a polynomial are monomials. 


11x for all values of x. 


In Exercises 102-103, perform the indicated operations. Assume 
that exponents represent whole numbers. 


102. (x2" — 3x” +5) + (4x7" — 3x" — 4) 


(2x?" — 5x” — 3) 


103. (y*" Ty" +3) ( 3y*” — 2y2” — 1) 4 (6y>" yn 4 10) 


104. From what polynomial must 4x? + 2x — 3 be subtracted 
to obtain 5x” — 5x + 8? 


Review Exercises 
105. Solve: 9x - 1) =1+3(x- 2). 
(Section 1.4, Example 3) 


106. Graph: 2x — 3y < —6. (Section 4.4, Example 1) 


107. Write the point-slope form and slope-intercept form 
of equations of a line passing through the point (—2, 5) 
and parallel to the line whose equation is 3x — y = 9. 
(Section 2.5, Example 4) 


Preview Exercises 


Exercises 108-110 will help you prepare for the material 
covered in the next section. 


108. Multiply: (2x3y’)(5x*y’). 
109. Use the distributive property to multiply: 2x4(8x* + 3x). 


110. Simplify and express the polynomial in standard form: 
3x(x? + 4x + 5) + T(x? + 4x + 5). 
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Objectives 


1 | Multiply monomials. 
2 | Multiply a monomial 
and a polynomial. 


a Multiply polynomials 
when neither is a 


monomial. 


4 | Use FOIL in polynomial 
multiplication. 


5 | Square binomials. 
6 | Multiply the sum and 


difference of two terms. 


Find the product of 
functions. 


8 | Use polynomial 
multiplication to 
evaluate functions. 


1 | Multiply monomials. 


| 2 | Multiply a monomial 
and a polynomial. 


Multiplication of Polynomials 


Can that be Axl, your author’s yellow lab, sharing a special moment 
with a baby chick? And if it is (it is), what possible relevance 
can this have to multiplying polynomials? An answer is 

promised before you reach the Exercise Set. For now, 
let’s begin by reviewing how to multiply monomials, 
a skill that you will apply in every polynomial 
multiplication problem. 


Multiplying Monomials 


To multiply monomials, begin by multiplying 
the coefficients. Then multiply the variables. Old Dog ... New Chicks 
Use the product rule for exponents to 

multiply the variables: Retain the variable and add the exponents. 


| EXAMPLE 1 | Multiplying Monomials 


Multiply: 

a. (5x3y*)(—6x7y8) bo (acy? \(2x7y"2"). 
Solution 

a. (5x*y*)(—6x"y*) = 5(-6)x?+x7-y*-y8 


Rearrange factors. This step is 
usually done mentally. 


= =x Multiply coefficients and add 
exponents. 
= —30xly¥ Simplify. 


be (49° y22°)(2°y2z4) = Ae 298 xr ey? y2e gre z4 Rearrange factors. 


=e Multiply coefficients and add 
exponents. 
= 8x8y429 Simplify. 


'/| CHECK POINT 1 
a. (6x°y’)(—3xy*) 


Multiply: 
b. (10x*y?z°)(3x°y3z’). 


Multiplying a Monomial and a Polynomial 
That Is Not a Monomial 


We use the distributive property to multiply a monomial and a polynomial that is not 
a monomial. For example, 


Sx7(2x° + Sx) = 3x2 2x? + Bx a5x = 36 2x 43252 = 69 + 15x%. 
Monomial Binomial Multiply coefficients and add exponents. 
To multiply a monomial and a polynomial, multiply each term of the polynomial by 


the monomial. Once the monomial factor is distributed, we multiply the resulting 
monomials using the procedure shown in Example 1. 


3 | Multiply polynomials 
when neither is a 
monomial. 
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| EXAMPLE 2 | Multiplying a Monomial and a Trinomial 


Multiply: 


a. 4x°(6x° — 2x” + 3) b. 5x°y4(2x’y — 6x4y? — 3). 


Solution 


a. 4x3(6x° — 2x7 + 3) = 4x° + 6x° — 4x°-2x7 + 4x3-+3 Use the distributive property. 
= 24x8 — 8x* + 1233 Multiply coefficients and add 
exponents. 


b. 5x°y*(2x7y — 6xty> — 3) 
= 5x°yt+2x7y — Sx*y*- 6xty? — 5x7y*+3 
= 10x!y> — 30x7y’ — 15x3y4 


Use the distributive property. 
Multiply coefficients and 
add exponents. 


[\Y| CHECK POINT2 Multiply: 


a. 6x4(2x° — 3x7 + 4) 
b. 2x*y3(Sxy® — 4x3y4 — 5). 


Multiplying Polynomials when Neither Is a Monomial 


How do we multiply two polynomials if neither is a monomial? For example, consider 
(3x + 7)(x? + 4x + 5). 
Binomial Trinomial 


One way to perform this multiplication is to distribute 3x throughout the trinomial 
3x(x? + 4x + 5) 

and 7 throughout the trinomial 
T(x? + 4x + 5). 


Then combine the like terms that result. 


Multiplying Polynomials when Neither Is a Monomial 


Multiply each term of one polynomial by each term of the other polynomial. Then 
combine like terms. 


| EXAMPLE 3 | Multiplying a Binomial and a Trinomial 


Multiply: (3x + 7)(x? + 4x + 5). 
Solution 


(3x + 7)(x? + 4x + 5) 


= 3x(x? + 4x + 5) + 7(x? + 4x + 5) Multiply the trinomial by each 


term of the binomial. 
= 3x-x? + 3x-4x + 3x°5 + 7x7 + 7-4x +7°5 Use the distributive property. 


= 3x3 + 12x? + 15x + 7x? + 28x + 35 Multiply monomials: Multiply 


coefficients and add exponents. 
Combine like terms: 

12° + 7X = 19% and 

15x + 28x = 43x. 


= 3x3 + 19x? + 43x + 35 
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4 | Use FOIL in polynomial 
multiplication. 


/| CHECK POINT3 Multiply: (3x + 2)(2x? — 2x + 1). 


Another method for solving Example 3 is to use a vertical format similar to that 
used for multiplying whole numbers. 


t+ 4x4 5 


3x + 7 
72 1 Ry 4 36 Tx? + 4x45) 
Write like terms Tx° + 28x + 35 
inthe same column. 3x° + 12x? + 15x 3x(x? + 4x +5) 


3x3 + 19x? + 43x + 35 Combine like terms. 


| EXAMPLE 4 | Multiplying a Binomial and a Trinomial 


Multiply: (2x?y + 3y)(Sx4y — 4x*y + y). 


Solution 
(2x7y + 3y)(Sx*y — 4x7y + y) 
= 2x’y(Sxty — 4x?y + y) + 3y(Sx4y — 4x*y + y) Multiply the trinomial by each 
term of the binomial. 
= 2x*y-5x4y — 2x?y-4x7y + 2x72y-y + 3y-Sx4y — 3y-4x?y + By-y 
Use the distributive property. 
10x°y? — 8x4y* + 2x?y? + 15x4y? — 12x7y? + 3y? Multiply coefficients and add 
exponents. 
10x®y? + iy = 10x*y? + 3y? Combine like terms: 
&x'y + 15xty = 7x* 
2% — 12° =-10%/. 


/| CHECK POINT4 Multiply: (4xy” + 2y)(3xy* — 2xy? + y). 


The Product of Two Binomials: FOIL 


Frequently we need to find the product of two binomials. One way to perform this 
multiplication is to distribute each term in the first binomial throughout the second 
binomial. For example, we can find the product of the binomials 7x + 2 and 4x + 5 as 
follows: 


(7x + 2)(4x + 5) = 7x(4x + 5) + 2(4x + 5) 
= 7x(4x) + 7x(5) + 2(4x) + 2(5) 


Distribute 7x Distribute 2 SHG 4. Bee Ry a UD 


over 4x + 5. over 4x + 5. 


We'll combine these like terms later. 
For now, our interest is in how to 
obtain each of these four terms. 


We can also find the product of 7x + 2 and 4x + 5 using a method called FOIL, 
which is based on our work shown above. Any two binomials can be quickly multiplied 
using the FOIL method, in which F represents the product of the first terms in each 
binomial, O represents the product of the outside terms, I represents the product of 
the two inside terms, and L represents the product of the last, or second, terms in 


SECTION 5.2 = Multiplication of Polynomials 331 


each binomial. For example, we can use the FOIL method to find the product of the 
binomials 7x + 2 and 4x + 5 as follows: 


last 
first F 0 | 


(7x + 2)(4x + 5) = 28x? + 35x + 8x + 10 


= 
inside Product Product Product Product 
of First of Outside — of Inside of Last 
outside terms terms terms terms 


= 28x? + 43x + 10 


Combine like terms. 


In general, here’s how to use the FOIL method to find the product of ax + b and 
cx + d: 


Using the FOIL Method to Multiply Binomials 


last 


“| 2 9 eg 


(ax + b)(cx + d) me. Bagi de ber tp d 


| 
ole 
of Outside 


Product 
terms 


inside 


me 
of First 
terms 


Product 
of Inside 
terms 


of Last 
terms 


outside 


GS7UEae Using the FOIL Method 


Multiply: 
a. (x + 3)(x + 2) b. (3x + Sy)(x — 2y) c. (5x? — 6)(4x7 — x). 
Solution 
last 
first F 0 | L 
Loo 4 


a. (x + 3)\(x +2) = x-x+x°24+3-+-x4+3+2 
Lt 7 = 24+2x+3x+6 


inside = x7 +5x+6 Combine like terms. 
outside 
last 
first F 0 | L 


Vv Vv Vv 


b. (3x + 5y)(x — 2y) = 3x+x + 3x(-2y) + 5y-x + S5y(-2y) 
ij Lay 7 = 3x? — 6xy + 5xy — 10y’ 


inside = 3x? — xy — 10y* Combine like terms. 
outside 
last 
first F 0 I L 
J 1 4 i, 


ce. (5x° — 6)(4x3 — x) = 5x9 + 40° + 5x3(—x) + (-6)(4x7) + (-6)(—x) 


t = 20x® — 5x4 — 24x + 6x There are no like terms 
inside tocombine. @ 


outside 
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5 | Square binomials. 


Great Question! 


When finding (x + 5)?, 
why can’t | just write 
x? + 57, or x? + 25? 


Caution! The square of a sum 
is not the sum of the squares. 


at term 
on AB is missing. 


Incorrect 


Show that (x + 5)? and 

x? + 25 are not equal by 
substituting 3 for x in each 
expression and simplifying. 


Z| CHECK POINTS = Multiply: 
(x + 5)(x + 3) b. (7x + 4y)(2x — y) 


c. (4x° — 5)(x? — 3x). 


The Square of a Binomial 


Let us find (A + B)’, the square of a binomial sum. To do so, we begin with the FOIL 


method and look for a general rule. 


(A+ BY =(A+B)(A+B)=A-A+A*B+A*B+B°B 


= A’ + 2AB + B? 


This result implies the following rule, which is often called a special-product formula: 


The Square of a Binomial Sum 
(A Fi Bio 2AB + B 


\ 
The square of plus last 
a binomial sum term 


squared. 
| EXAMPLE 6 | Finding the Square of a Binomial Sum 


2 times 
the product 
of the terms 


ae 
term 
squared 


(i) 


Multiply: 
a. (x + 5)? b. (3x + 2y)?. 
Solution Use the special-product formula shown. 
(A+ BY = A + 2AB + B? 
(First 2- Product of (Last 
Term)? + | the Terms + | Term)? = Product 
a. (x + 5)? = x ae 2+x°5 + 5? = x? + 10x + 25 
b. (3x + 2y)? = | (3x)* a 2+3x+2y te (2y)? | = 9x? + 12xy + 4y? 
| 
[4] CHECK POINT6 Multiply: 


a. (x + 8)? b. (4x + Sy)’. 


The formula for the square of a binomial sum can be interpreted geometrically by 


analyzing the areas in Figure 5.9. 


Area of the 
large square (A + By 


Sum of the areas A+B< 


of the four smaller A? + AB + AB + B? 
rectangles inside - A LARS RB 


the large square 
A B 


Conclusion: 


(A + B) = A* +2AB + B’ 
Figure 5.9 


6 | Multiply the sum and 
difference of two terms. 
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A similar pattern occurs for (A — B)*, the square of a binomial difference. Using 
the FOIL method on (A — B)’, we obtain the following rule: 


The Square of a Binomial Difference 
(A= 8) As 
A 


[+] 


= OWE ae ihe 
\ aE een 
minus 2 times plus last 
(on the product (re) term 
of the terms squared. 


first 
term 
squared 


a binomial 
difference 


| The square of 


Finding the Square of a Binomial Difference 


Multiply: 
1 2 
a. (x — 8)? b. (4x - wy) : 
Solution Use the special-product formula shown. 
(A - BY = a - 2AB + B? 
(First 2+ Product of (Last 
Term)? — | the Terms + | Term)? = Product 
a. (x — 8 = cal = 2°x+8 - 8° = x? — 16x + 64 
1 3 ‘ = 1 aE Ay3 3y2 = us 2_ 3 6 
p.(dx-4y) = | (Ex) 2-sxedy? | a | (ay | = Ga? - dry? + Loy 
a 


CHECK POINT7 Multiply: 
a. (x — 5) b. (2x — 6y)’. 


Multiplying the Sum and Difference of Two Terms 
We can use the FOIL method to multiply A + Band A — Bas follows: 


F 0 | L 


(A + B)(A — B) = A? — AB + AB — B’? = A? — B’. 


Notice that the outside and inside products have a sum of 0 and the terms cancel. 
The FOIL multiplication provides us with a quick rule for multiplying the sum and 
difference of two terms, which is another example of a special-product formula. 


The Product of the Sum and Difference of Two Terms 
(A + B)(A — B) = A* - B’ 


The product of the is the square of the first 
sum and the difference term minus the square 
of the same two terms of the second term. 


Finding the Product of the Sum and Difference 
of Two Terms 


Multiply: 
a. (x + 8)(x — 8) b. (9x + S5y)(9x — Sy) c. (6a°b — 3b)(6a*b + 3b). 
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Discover for Yourself 
Group (3x + y + 1)? as 
[3x + (y + 1)’. Verify 
that you get the same 
product as we obtained in 
Example 9(b). 


Find the product of 
functions. 


Polynomials, Polynomial Functions, and Factoring 


Solution Use the special-product formula shown. 


(A + B)(A — B) = A - B 
First Second 
term — term = Product 
squared squared 
a. (x + 8)(x — 8) = ~ - 8 = x? — 64 
b. (9x + S5y)(9x — 5y) = (9x)? — (Sy)? = 81x? — 25y? 


c. (6a°b — 3b)(6a2b + 3b) = (6a°b)? — (3b)? = 36a? — 9? om 


/| CHECK POINT 8 


Multiply: 


a. (x + 3)(x — 3) 
b. (5x + 7y)(5x — 7y) 
c. (Sab* — 4a)(Sab? + 4a). 


Special products can sometimes be used to find the products of certain trinomials, as 
illustrated in Example 9. 


| EXAMPLE 9 | Using the Special Products 


Multiply: 


a. (7x + 5 + 4y)(7x + 5 — 4y) b. (3x + y+ 1). 


Solution 
a. By grouping the first two terms within each set of parentheses, we can find the 
product using the form for the sum and difference of two terms. 


(AA = 8B) ° fA = BB) = 46 = 


[(7x + 5) + 4y]-[(7x + 5) - 4y] = (7x + 5)? - (4y?? 
= (7x)? +2+7x-5 + 5? — (4y)* 
= 49x? + 70x + 25 — 16y" 
b. We can group the terms so that the formula for the square of a binomial can be 
applied. 


(A + By = Be & AQ o A Ba Be 


[((3x + y) +1? = (3x + yP?+2+(3x4+ y)-14+ 2? 
= 9x7 + Oxy + yy? + 6xt+2y4+1 | 


'/| CHECK POINT 9 


a. (3x + 2 + 5y)(3x + 2 — 5y) 
b. (2x + y + 3). 


Multiply: 


Multiplication of Polynomial Functions 


In Chapter 2, we developed an algebra of functions, defining the product of functions 
f and gas follows: 


(fg)(x) = fx) - 8). 


Now that we know how to multiply polynomials, we can find the product of functions. 


8 | Use polynomial 
multiplication to 
evaluate functions. 
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Using the Algebra of Functions 


Let f(x) = x — Sand g(x) = x — 2. Find: 


a. (fg)(x) b. (fg)(1). 
Solution 
a. (fg)(x) = f(x): g(x) This is the definition of the product function, fg. 
= (x — 5)(x - 2) Substitute the given functions. 
F 0 I L 


= x? —2x —5x +10 Multiply by the FOIL method. 


= x7-—7x+ 10 Combine like terms. 


Thus, 
(fg)(x) = x? — 7x + 10. 


b. We use the product function to find (fg)(1)—that is, the value of the function fg 
at 1. Replace x with 1. 


(fg)1) =17-7-1+10=4 o 


Example 10 involved linear and quadratic functions. 
[iA) = 22 g(x) =x-2 (fg)(x) = x? — 7x + 10 


These are linear functions This is a quadratic function of 
of the form f(x) = mx + b. the form f(x) = ax? + bx +c. 


All three of these functions are polynomial functions. A linear function is a first-degree 
polynomial function. A quadratic function is a second-degree polynomial function. 


[/| CHECK POINT 10 [et f(x) = x — 3 and g(x) = x — 7. Find: 


a. (fg)(x) 
b. (fg)(2). 


If you are given a function, f, calculus can reveal how it is changing at any instant in 
time. The algebraic expression 


fla +h) - f@ 
h 


plays an important role in this process. Our work with polynomial multiplication can be 
used to evaluate the numerator of this expression. 


EXAMPLE 114 Using Polynomial Multiplication 

to Evaluate Functions 
Given f(x) = x* — 7x + 3, find and simplify each of the following: 
a. f(a+ 4) b. f(a + h) — f(a). 


Solution 


a. We find f(a + 4), read “f at a plus 4,” by replacing x with a + 4 each time that x 
appears in the polynomial. 


336 CHAPTER 5 _ Polynomials, Polynomial Functions, and Factoring 


f(x) = r = 7% + 3 
Replace x Replace x Replace x Copy the 3. There 
with a+ 4. with a+ 4. with a+ 4. is no x in this term. 
fla+4) = (a+4) -7(a+4) +2 


= @ + 8a + 16 — 7a — 28 + 3 Multiply as indicated. 


a+a-9 Combine like terms: 8a — 7a = a 
and16 —- 28+ 3=—9. 
b. To find f(a + h) — f(a), we first replace each occurrence of x in f(x) = x” — 7x +3 
with a + h and then replace each occurrence of x with a. Then we perform the 
resulting operations and simplify. 


This is f(a +h). Use This is f(a). Use 
flx) =x* — 7x +3 and f(x) =x? — 7x + 3 and 
replace x with a + h. replace x with a. 


f(a +h) - f(a) = (a+ h)* — 7(a+ h) + 3] - (a — 7a + 3) 


(a? +2ah + h? —7Ta-—Th+3)—(a? -—Ta +3) Perform the multiplications required by 


f(a +h). 

= (a* + 2ah + h* —7a —Th+3)+(—a? + 7a —3) Add the opposite of the polynomial being 
subtracted. Like terms are shown in the 
same color. 

= a —a?—-Tat+7at+3—3+2ah+h?—7T7h Group like terms. 

=2ah + h* — 7h Simplify. Observe that 


a* —a* =0,-7a + 7a= 0, and 
3-3=0. Of 


/| CHECK POINT 11 Given f(x) = x? — 5x + 4, find and simplify each of the 
following: 


a. f(a + 3) b. f(a +h) — f(a). 


Blitzer Bonus 


«>> 


Labrador Retrievers and Polynomial Multiplication 
The color of a Labrador retriever is determined by its pair of genes. A single gene is inherited 
at random from each parent. The black-fur gene, B, is dominant. The yellow-fur gene, Y, is 
recessive. This means that labs with at least one black-fur gene (BB or BY) have black coats. 
Only labs with two yellow-fur genes (YY) have yellow coats. 

Axl, your author’s yellow lab, inherited his genetic makeup from two black BY parents. 


Second BY parent, a black = 


with a recessive yellow-fur gene 


B Y 


First BY parent, a black lab = BBS BINS 


The table shows the four possible 
combinations of color genes that BY 


pI ULSI UL BY | YY. parents can pass to their offspring. 


Because YY is one of four possible outcomes, the probability that a yellow lab like Axl will be the offspring of these black parents is i 
The probabilities suggested by the table can be modeled by the expression ( 5B + ty), 


1 1 
a(5 8) 6 Y) 
il 
= —BB BY YY 


\ * 


The probability of a 
black lab with a 


recessive yellow gene is +. 


The probability of a 


yellow lab with two 
recessive yellow genes is + 


The probability of a 


black lab with two 


dominant black genes is ~ 


CONCEPT AND VOCABULARY CHECK 
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Fill in each blank so that the resulting statement is true. 

1. To multiply the variables in monomials, retain each variable and the exponents. 

2. To multiply 7x3(4x° — 8x? + 6), use the property to multiply each term of the trinomial by the 
monomial : 

3. To multiply (5x + 3)(x? + 8x + 7), begin by multiplying each term of x7 + 8x + 7 by . Then multiply each term 
of x? + 8x + 7 by . Then combine terms. 

4. When using the FOIL method to find (x + 7)(3x + 5), the product of the first terms is , the product of the 
outside terms is , the product of the inside terms is , and the product of the last terms is 

5. (A+ BY = . The square of a binomial sum is the first term plus 2 times the 
plus the last term 

6. (A- BY = . The square of a binomial difference is the first term squared 2 times the 


the last term squared. 


plus or minus? 


7. (A+ BY(A — B) = . The product of the sum and difference of the same two terms is the square of the first term 
the square of the second term. 


with 


8. If f(x) = x* — 4x + 7,we find f(a + h) by replacing each occurrence of 


; tH 
5.2 EXERCISE SET [MM NAMEWUn eel Mmmrntetrs 


Practice Exercises 


Throughout the practice exercises, assume that any variable 
exponents represent whole numbers. 


Download the 
MyDashBoard App 


19. —4x?y(3x4y? — 7xy3 + 6) 
20. —3x7y(10x7y* — 2xy3 + 7) 
i 
TAN 2n _ n = 
In Exercises 1-8, multiply the monomials. eet (2x pes =x) 


2 4 
Bee) 22. ~100"( 4x = By ae tx) 


2. (4x”)(6x*) 

3. (3x*y")\(Sxy’) In Exercises 23-34, find each product using either a horizontal 
4. (6x*y”)(3x’y) or a vertical format. 

5. (—3xy?z°)(2xy"z4) 23. (x — 3)(x? + 2x + 5) 

6. (11x*yz*)(—3xy°z°) 24. (x + 4)(x* — Sx + 8) 

: cays (—ly) 25. (x — 1x2 +x +1) 

4 26. (x — 2)(x? + 2x + 4) 
8. (oxry9)( Levy?) 27. (a — b)(a? + ab + b’) 
3 28. (a + b)(a? — ab + b?) 

In Exercises 9-22, multiply the monomial and the polynomial. 29. (x? + 2x — 1)(x* + 3x — 4) 

9. 4x?(3x + 2) 30. (x7 — 2x + 3)\(Qx2 +x + 1) 

10. 5x?(6x + 7) 31. (x — y)(x* — 3xy + y’) 

11. 2y(y? — Sy) 32. (x — y)(x? — 4xy + y?) 

12. 3y(y? — 4y) 33. (xy + 2)(x2y? — 2xy + 4) 

13. 5x3(2x° — 4x? + 9) 34. (xy + 3)(xy* — 2xy + 5) 

14. 6x3(3x° — Sx? + 7) In Exercises 35-54, use the FOIL method to multiply the binomials. 
15. 4xy(7x + 3y) 35. (x + 4)(x +7) 
16. 5xy(8x + 3y) 36. (x + 5)(x + 8) 
17. 3ab?(6a7b> + Sab) a7, (y= 5) = 6) 
18. 5ab?(10a*b? + Tab) 26, (yp Sy 8) 
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39) 6x 3)Qx 4b 1) In Exercises 83-94, find each product. 

40. (4x + 3)(5x + 1) 83. [(2x +3) + 4y][(2x + 3)— 4y] 

41. (3y — 4)(2y — 1) 84. [(3x + 2) + Sy][(3x + 2) — Sy] 

42. (Sy — 2)(3y — 1) Boe (ee yo) (tay =) 

43. (3x — 2)(5x — 4) 86. (xty+4)(x+y-—4) 

44. (2x — 3)(4x — 5) 87. (Ox 7y— 26x + Ty + 2) 

45. (x — 3y)(2x + Ty) 885 (Gr Oy = 2) (aa Oye 2) 

46. (3x — y)(2x + 5y) 89. [Sy + (2x + 3)][5y — (2x + 3)] 

47. (7xy + 1)(2xy — 3) 90. [8y + (3x + 2)][8y — (3x + 2)] 

48. (Gx = l)Oxy 2) 91. (x+y+1) 

49. (x — 4)(x? — 5) 92. (x+y +2) 

50. (x — 5)(x? — 3) 93. (x + 1) - 1)@? + 1) 

51. (8x? + 3)(x? — 5) 94. (x + 2)(x — 2)(x? + 4) 

52. (7x3 + 5)(x* — 2) 95. Let f(x) =x — 2 and g(x) = x + 6. Find each of the 

53. (3x7 — y")(x" + 2y”) following. 

54. (5x" — y")(x” + 4y”) a. (fg)(x) 

n Exercises 55-68, multiply using one of the rules for the b. (e)(-1) 

ee ofa sean ne Raines c. (fg)(0) 

55. (x + 3)? 96. Let f(x) = x — 4 and g(x) = x + 10. Find each of the 
2 following. 

56. (x + 4) 

ese a. (/g)(x) 

Soe b. (fg)(-1) 

a Aen ec. (/g)(0) 


97. Let f(x) = x — 3 and g(x) = x? + 3x + 9. Find each of 


Be 2 
60. (4x + y) : the following. 
61. (5x — 3y) a. (fg)(x) 
62. (3x — 4y)* b. (fg)(—2) 
: : 
63. (2x? + 3y) c. (fg)(0) 
Onis 2 , 
64. (4x ; Sy) P 98. Let f(x) =x + 3 and g(x) = x? — 3x + 9. Find each of 
65. (4xy~ — xy) the following. 
66. (5xy? — xy) a. (fg)(x) 
n n 2 
67. (a” + 4b") b. (fg)(—2) 
n n 2 
68. (3a" — b") c. (fg)(0) 
In Exercises 69-82, multiply using the rule for the product of In Exercises 99-102, find each of the following and simplify: 
the sum and difference of two terms. a. f(a + 2) b. fla + h) — fla) 


69. (x + 4)(x — 4) 

Ate (C2 Se SCE = 5) 

fas (Ox: 3) (Ox 3) 
M2 (Gx% a 2) (6X 2) 
73. (4x + 7y)(4x — Ty) 


99. fix) =x? -3x4+7 
100. f(x) =x?- 4x +9 
101. f(x) = 3x? +2x-1 
102. f(x) = 4x? + 5x-1 


74, (8x + 7y)(8x — Ty) Practice PLUS 

7. G +2)" = 2) In Exercises 103-112, perform the indicated operation or 
76. (y> + 3)(y3 - 3) operations. 

77. (1 —y)(1 + y) 103. (3x + 4y)? — (x — 4y)? 

78. (2 — y°)(2 + y°) 104. (5x + 2y)? — (5x — 2y)? 

79. (7xy* — 10y)(7xy* + 10y) 105. (5x — 7)(3x — 2) — (4x — 5)(6x— 1) 

80. (3xy* — 4y)(3xy? + 4y) 106. (3x + 5)(2x — 9) — (7x — 2) — 1) 

81> (a — 7)(sae. 7) 107. (2x + 5)(2x — 5)(4x? + 25) 

82. (10b” — 3)(10b” + 3) 108. (3x + 4)(3x — 4)(9x? + 16) 


109. (x — 1) 118. 
110. (x — 2) 

2x — 7) 

(2x — 7) 

(5x — 3)° 
2 =——<—<$—$ 

(5x = ae 119. 


Application Exercises 
In Exercises 113-114, find the area of the large rectangle in two 
ways: 

a. Find the sum of the areas of the four smaller rectangles. 


b. Multiply the length and the width of the large rectangle 
using the FOIL method. Compare this product with 


your answer to part (a). 
113. G 6 
x 
4 
114. x 4 
x 
3 


In Exercises 115-116, express each polynomial in standard 
form—that is, in descending powers of x. 
a. Write a polynomial that represents the area of the large 
rectangle. 
b. Write a polynomial that represents the area of the small, 
unshaded rectangle. 
c. Write a polynomial that represents the area of the 
shaded blue region. 


115. i x49 >| 


116. 


In Exercises 117-118, express each polynomial in standard form. 


a. Write a polynomial that represents the area of the 
rectangular base of the open box. 


b. Write a polynomial that represents the volume of the 
open box. 


117. 


10 —2x 
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8 -2x 
5 -2x 


A popular model of carry-on luggage has a length that 
is 10 inches greater than its depth. Airline regulations 
require that the sum of the length, width, and depth 
cannot exceed 40 inches. These conditions, with the 
assumption that this sum is 40 inches, can be modeled 
by a function that gives the volume of the luggage, V, in 
cubic inches, in terms of its depth, x, in inches. 


| Volume | = | depth | | length | 0 | width: 40 — (depth + length) | 
V 

V(x) = x + (x+10) + [40—- (x+x+10)] 

V(x) = x(x + 10)(30 — 2x) 


a. Perform the multiplications in the formula for 


V(x) and express the formula in standard form. 


b. Use the function’s formula from part (a) and the 


Leading Coefficient Test to determine the end 
behavior of its graph. 


c. Does the end behavior to the right make this function 


useful in modeling the volume of carry-on luggage as 
its depth continues to increase? 


d. Use the formula from part (a) to find V(10). Describe 


what this means in practical terms. 


e. The graph of the function modeling the volume 


of carry-on luggage is shown below. Identify your 
answer from part (d) as a point on the graph. 


f. Use the graph to describe a realistic domain, x, for 
the volume function, where x represents the depth of 
the carry-on luggage. Use interval notation to express 
this realistic domain. 
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120. Before working this exercise, be sure that you have read 
the Blitzer Bonus on page 336 . The table shows the four 
combinations of color genes that a YY yellow lab and a 
BY black lab can pass to their offspring. 


B Y 
Y BY Yor 
Y BY YY 


a. How many combinations result in a yellow lab with 
two recessive yellow genes? What is the probability 
of a yellow lab? 

b. How many combinations result in a black lab with a 
recessive yellow gene? What is the probability of a 
black lab? 

c. Find the product of Y and $B + 4Y. How does this 
product model the probabilities that you determined 
in parts (a) and (b)? 


Writing in Mathematics 


121. Explain how to multiply monomials. Give an example. 

122. Explain how to multiply a monomial and a polynomial 
that is not a monomial. Give an example. 

123. Explain how to multiply a binomial and a trinomial. 

124. What is the FOIL method and when is it used? Give an 
example of the method. 

125. Explain how to square a binomial sum. Give an example. 

126. Explain how to square a binomial difference. Give an 
example. 

127. Explain how to find the product of the sum and difference 
of two terms. Give an example with your explanation. 

128. How can the graph of function fg be obtained from the 
graphs of functions f and g? 

129. Explain how to find f(a +h) — f(a) for a given 


function f. 


Technology Exercises 


In Exercises 130-133, use a graphing utility to graph the 
functions y, and y>. Select a viewing rectangle that is 
large enough to show the end behavior of y2. What can 
you conclude? Verify your conclusions using polynomial 


multiplication. 
130. y, = (x — 2)* 
yo = x7 — 4x + 4 
131. y, = (x — 4)(x’ — 3x + 2) 
yy = x9 — Tx? + 14x -— 8 
132. y, =(x -Di’?+x+4+ 1) 
= ages 
133) yi — @ + IS) (Ge 15) 
yy = x7 — 2.25 
134. Graph f(x) =x + 4, g(x) =x — 2, and the product 


function, fg, in a [-6,6,1] by [-10,10,1] viewing 
rectangle. Trace along the curves and show that 


(fg)(1) = fA)+ (1). 


Polynomials, Polynomial Functions, and Factoring 


Critical Thinking Exercises 


Make Sense? In Exercises 135-138, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


135. Knowing the difference between factors and terms is 
important: In (3x2y)” , Ican distribute the exponent 2 on 
each factor, but in (3x7 + yy , cannot do the same thing 
on each term. 


136. Iused the FOIL method to find the product of x + 5 and 
x +2x 41. 


137. Instead of using the formula for the square of a binomial 
sum, I prefer to write the binomial sum twice and then 
apply the FOIL method. 


138. Special-product formulas have patterns that make 
their multiplications quicker than using the FOIL 
method. 


In Exercises 139-142, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


139. If f is a polynomial function, then 
fa+h) — f@ =f@ + fA) — f@ =f). 
140. (x — 5)? = x* — 5x + 25 


144. (x +12 =x? +1 

142. Suppose a square garden has an area represented by 
9x” square feet. If one side is made 7 feet longer and the 
other side is made 2 feet shorter, then the trinomial that 
represents the area of the larger gardenis 9x” + 15x — 14 
square feet. 


143. Express the area of the plane figure shown as a polynomial 
in standard form. 


x+3 


In Exercises 144-145, represent the volume of each figure as a 
polynomial in standard form. 


144. 


x+1 


145. 


x+2 
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146. Simplify: (y” + 2)(y” 


Gi = 3). Preview Exercises 


147. The product of two consecutive odd integers is 22 less Exercises 151-153 will help you prepare for the material covered 
than the square of the greater integer. Find the integers. in the next section. 


Review Exercises 


148. Solve: |3x + 4| = 10. 


(Section 4.3, Example 6) 


151. Replace each boxed question mark with a polynomial 
that results in the given product. 


a. ox | 2] = ox? 
by 23°")? |) Say" 


In Exercises 152-153, a polynomial is given in factored form. 
149. Solve:2 — 6x < 20. (Section 4.1, Example 2) Use multiplication to find the product of the factors. 


pO} 
150. Write in scientific notation: 8,034,000,000. (Section 1.7, 152. (x — 5)(x° + 3) 
Example 2) 


1532 (G+ 4)Gx = 2y) 


Objectives 


1 | Factor out the greatest 
common factor of a 
polynomial. 


2 | Factor out a common 
factor with a negative 
coefficient. 


3 | Factor by grouping. 


Greatest Common Factors 
and Factoring by Grouping 


The inability to understand 
numbers and their meanings 

is called innumeracy by 
mathematics professor John Allen 
Paulos. Paulos has written a book 
about mathematical illiteracy. 
Entitled Innumeracy, the book 
seeks to explain why so many 
people are numerically inept and 
to show how the problem can be 
corrected. 


0 Through 9, (1961), Jasper Johns. © 2011 
Jasper Johns/VAGA 


Did you know that one of the most common ways that you are given numerical 
information is with percents? Unfortunately, many people are innumerate when it 
comes to this topic. For example, a computer whose price has been reduced by 40% 
and then another 40% is not selling at 20% of its original price. 

To cure this bout of innumeracy (see Exercise 81 in Exercise Set 5.3), we turn to 
a process that reverses polynomial multiplication. For example, we can multiply 
polynomials and show that 


Tx(3x + 4) = 21x? + 28x. 
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1 | Factor out the greatest 
common factor of a 
polynomial. 


We can also reverse 7x(3x + 4) = 21x” + 28x and express the resulting polynomial as 
21x? + 28x = 7x(3x + 4). 


Factoring a polynomial consisting of the sum of monomials means finding an 
equivalent expression that is a product. 


Factoring 21x” + 28x 


Sum of Equivalent expression 
monomials that is a product 


21x” + 28x = 7x(3x + 4) 


The factors of 21x* + 28x 
are 7x and 3x + 4. 


In this chapter, we will be factoring over the set of integers, meaning that the 
coefficients in the factors are integers. Polynomials that cannot be factored using 
integer coefficients are called prime polynomials over the set of integers. 


Factoring Out the Greatest Common Factor 


In any factoring problem, the first step is to look for the greatest common factor. The 
greatest common factor, abbreviated GCF, is an expression with the greatest coefficient 
and of the highest degree that divides each term of the polynomial. Can you see that 7x 
is the greatest common factor of 21x” + 28x? 7 is the greatest integer that divides both 
21 and 28. Furthermore, x is the greatest power of x that divides x” and x. 

The variable part of the greatest common factor always contains the smallest power 
of a variable that appears in all terms of the polynomial. For example, consider the 
polynomial 


21x? + 28x. 


x', or x, is the variable raised 
to the smallest exponent. 


We see that x is the variable part of the greatest common factor, 7x. 

When factoring a monomial from a polynomial, determine the greatest common 
factor of all terms in the polynomial. Sometimes there may not be a GCF other than 1. 
When a GCF other than 1 exists, we use the following procedure: 


Factoring a Monomial From a Polynomial 
1. Determine the greatest common factor of all terms in the polynomial. 
2. Express each term as the product of the GCF and its other factor. 
3. Use the distributive property to factor out the GCF. 


| EXAMPLE 1 | Factoring Out the Greatest Common Factor 


Factor: 21x? + 28x. 


Solution The GCF of the two terms of the polynomial is 7x. 


21x? + 28x 


= 7x(3x) + 7x(4) Express each term as the product of 
the GCF and its other factor. 


= 7x(3x + 4) Factor out the GCF. 


We can check this factorization by multiplying 7x and 3x + 4, obtaining the original 
polynomial as the answer. & 
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|\“| CHECK POINT1 Factor: 20x? + 30x. 


| EXAMPLE 2 | Factoring Out the Greatest Common Factor 


Factor: 


a. 9x° + 15x3 b. 16x*y? — 24x y4 c. 12x yt — 4x4y3 + 2x3 y?, 


Solution 
a. First, determine the greatest common factor. 


3 is the greatest integer that divides 9 and 15. 
9x° + 15x3 
x? is the variable raised to the smallest exponent. 


The GCF of the two terms of the polynomial is 3x°. 


9x° + 15x3 


= 3x3 -3x? + 3x3°5 Express each term as the product 
of the GCF and its other factor. 


= 3x3(3x* + 5) Factor out the GCF. 
b. Begin by determining the greatest common factor. 


8 is the greatest integer that divides 16 and 24. 
16x? yp — 24x3 ye 
The variables raised to the smallest exponents are x* and y>. 


The GCF of the two terms of the polynomial is 8x”y°. 
16x7y> — 24x3y4 


= 8x7y3+2 — 8x7y3+3xy Express each term as the product 
of the GCF and its other factor. 


= 8x’y3(2 — 3xy) Factor out the GCF. 
c. First, determine the greatest common factor of the three terms. 


2 is the greatest integer that divides 12, 4, and 2. 
12x> yt — 4x4y? + 2x3 y? 
The variables raised to the smallest exponents are x? and y*. 


The GCF is 2x°y’. 
12x°y* — 4x4y> + 2x3 y? 
= ay 6x7 y" — 2x7? y? + 2xy + ox ol Express each term as the product 
of the GCF and its other factor. 


You can obtain the factors shown in black by dividing each term 
of the given polynomial by 2x?y?, the GCF. 
1ax5y4 ioe axtys axdyt 


= (64 2x 
22 y 28y2 yy 22 


= 2x3 y*(6x7y? — 2xy + 1) Factor outthe GCF. 
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| 2 | Factor out a common 
factor with a negative 
coefficient. 


Because factoring reverses the process of multiplication, all factorizations can be 
checked by multiplying. Take a few minutes to check each of the three factorizations in 
Example 2. Use the distributive property to multiply the factors. This should give the 
original polynomial. 


CHECK POINT 2 Factor: 


a. 9x* + 21x? 
b. 15x°y? — 25x*y3 
c. 16x4y> — 8x3y4 + 4x7y?, 


When the leading coefficient of a polynomial is negative, it is often desirable to 
factor out a common factor with a negative coefficient. The common factor is the GCF 
preceded by a negative sign. 


| EXAMPLE 3 | Using a Common Factor with 
a Negative Coefficient 
Factor: —3x° + 12x? — 15x. 


Solution The GCF is 3x. Because the leading coefficient, —3, is negative, we factor 
out a common factor with a negative coefficient. We will factor out the opposite of the 
GCF, or —3x. 

—3x7 + 12x? -— 15x 


= —3x(x*) — 3x(—4x) — 3x(5) Express each term as the product of the 
common factor and its other factor. 


= —3x(x? — 4x + 5) Factor out the opposite of the GCF. 


¥| CHECK POINT3 Factor out a common factor with a negative coefficient: 
—2x? + 10x? — 6x. 


Factoring by Grouping 


Up to now, we have factored a monomial from a polynomial. By contrast, in our next 
example, the greatest common factor of the polynomial is a binomial. 


| EXAMPLE 4_ Factoring Out the Greatest Common 
Binomial Factor 
Factor: 
a. 2(x — 7) + 9a(x — 7) b. 5y(a — b) — (a — b). 
Solution Let’s identify the common binomial factor in each part of the problem. 
2(x — 7) + 9a(x — 7) Sy(a — b) — (a — b) 


The GCF, a binomial, is x — 7. The GCF, a binomial, is a — b. 
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We factor out each common binomial factor as follows. 


a. 2(x — 7) + 9a(x — 7) 


= (x — 7)2 + (x — 7)9a This step, usually omitted, shows each term as the 
product of the GCF and its other factor, in that order. 
= (x — 7)(2 + 9a) Factor out the GCF. 


b. Sy(a — b) — (a — b) 
= S5y(a — b) — 1(a — b) Write —(a — b) as—1(a — b) to aid in the factoring. 
= (a — b)(S5y — 1) Factor out the GCF. Mi 


\/| CHECK POINT4 Factor: 
a. 3(x — 4) + Ta(x — 4) 
b. 7x(a + b) — (a + BD). 


& Factor by grouping. Some polynomials have only a greatest common factor of 1. However, by a suitable 
grouping of the terms, it still may be possible to factor. This process, called factoring by 
grouping, is illustrated in Example 5. 


| EXAMPLE 5 | Factoring by Grouping 


Factor: x° — 5x* + 3x — 15. 


Solution There is no factor other than 1 common to all four terms. However, we can 
group terms that have a common factor: 


Discover for Yourself 


In Example 5, group the 
terms as follows: 


x9 — 5x7) + 13x — 15 


Common factor is x?. Common factor is 3. 


Peas Sy Sie : : 
7 ei We now factor the given polynomial as follows: 


Factor out the common 3 2 
x” — 5x* + 3x -— 15 


factor from each group 


and complete the factoring = (x? — 5x”) + (3x — 15) Group terms with common factors. 
eer Resa what = x(x — 5) + 3(x — 5) _ Factor out the greatest common factor 

aloypieanis at can you from the grouped terms. The remaining two 
conclude? 


terms have x — 5 as acommon binomial factor. 


= (x — 5)(x? + 3). Factor out the GCF. 


Thus, x? — 5x? + 3x — 15 = (x — 5)(x” + 3). Check the factorization by multiplying 
the right side of the equation using the FOIL method. Because the factorization is 
correct, you should obtain the original polynomial. 


CHECK POINT5 Factor: x° — 4x7 + 5x — 20. 


Factoring by Grouping 
1. Group terms that have a common monomial factor. There will usually be two 
groups. Sometimes the terms must be rearranged. 
2. Factor out the common monomial factor from each group. 


3. Factor out the remaining common binomial factor (if one exists). 
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| EXAMPLE 6 | Factoring by Grouping 


Factor: 3x? + 12x — 2xy — 8y. 


Solution There is no factor other than 1 common to all four terms. However, we can 
group terms that have a common factor: 


3x7 + 12x] + |-2xy — 8y]. 


Common factor is 3x: Use —2y, rather than 2y, as the common factor: 
3x? + 12x = 3x(x + 4). —axy — By =—2y(x + 4). In this way, 
the common binomial factor, x + 4, appears. 


The voice balloons illustrate that it is sometimes necessary to use a factor with a 
negative coefficient to obtain a common binomial factor for the two groupings. We 
now factor the given polynomial as follows: 


3x? + 12x — 2xy — By 
= (3x? + 12x) + (—2xy — 8y) — Group terms with common factors. 


= 3x(x + 4) — 2y(x + 4) Factor out the common factors 
from the grouped terms. 
= (x + 4)(3x — 2y). Factor out the GCF. 


Thus, 3x? + 12x — 2xy — 8y = (x + 4)(3x — 2y). Using the commutative property of 
multiplication, the factorization can also be expressed as (3x — 2y)(x + 4). Verify the 
factorization by showing that, regardless of the order, FOIL multiplication gives the 
original polynomial. & 


/| CHECK POINT6 Factor: 4x” + 20x — 3xy — 15y. 


Factoring by grouping sometimes requires that the terms be rearranged before the 
groupings are made. For example, consider the polynomial 


3x? — 8y + 12x — 2xy. 


The first two terms have no common factor other than 1. We must rearrange the 
terms and try a different grouping. Example 6 showed one such rearrangement of two 
groupings. 


Achieving Success 


When using your professor’s office hours, show up prepared. If you are having 
difficulty with a concept or problem, bring your work so that your instructor can determine 
where you are having trouble. If you miss a lecture, read the appropriate section in the 
textbook, borrow class notes, and attempt the assigned homework before your office visit. 
Because this text has video lectures for every section, you might find it helpful to view 
them in MyMathLab to review the material you missed. It is not realistic to expect your 
professor to rehash all or part of a class lecture during office hours. 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The process of writing a polynomial containing the sum of monomials as a product is called 


2. An expression with the greatest coefficient and of the highest degree that divides each term of a polynomial is called the 
. The variable part of this expression contains the power of a variable that appears in all 


terms of the polynomial. 
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3. True or false: The factorization of 12x4 + 21x? is 3x2*4x? + 3x?+7. 
4. We factor —2x? + 10x” — 6x by factoring out 


5. True or false: The factorization of x7 — 4x? + 5x — 20 is x7(x — 4) + S(x — 4). 


5.3 EXERCISE SET [mM \ db elae) Wl rt mc ce 


Practice Exercises 338. —x? -— 7x +5 


Throughout the practice exercises, assume that any variable 34. —x? — 8x + 8 
exponents represent whole numbers. 


In Exercises 35-44, factor the greatest common binomial factor 


In Exercises 1-22, factor the greatest common factor from each from each polynomial. 


l ial. 
es pes ; 35. 4(x + 3) + a(x + 3) 
1. at 
oe 36. 5(x + 4) + a(x + 4) 
oe ae he 
a 37.) x(y— 6) = 1G 6) 
tee 38. x(y — 9) — 5(y — 9) 
- o _ oo EE shdGe ae 3) = (Gs ae) 
Pas “3 40. 7x(x + y) — (x + y) 
6. x° + 7x? 
i ; . 41. 4x?(3x - 1) + 3x-1 
a ee - 42. 6x*(5x — 1) + 5x -1 
Be 2 Be 43. (x + 2)(x + 3) + (x — I(x + 3) 
Sse es Bi 
j VA G2 se COGS as) an (ee — Gea ob) 
10. 9x4 + 18x? + 6x? 
1d Axe ye Bey In Exercises 45-68, factor by grouping. 
a oe 45. x7 + 3x + 5x + 15 
aS: ‘ AG 2 a 8 
13. 30x“y° — 10xy ; 
23 4 Al. xo ie = 4x > 28 
14. 27x“y° — 18xy P 
ZC Be ap spe ope — IIS) 
15. 12xy — 6xz + 4xw 
a0 on a 12 
16. 14xy — 10xz + 8xw E 5 
ewe A 5 505 3 Dye on, — 10) 
tive) Loeeye = Oxaya te lDicey 
nee a fan Si xy Ox 2y— 12 
18; oye Sry ety pete See ee 
19. 25x3y°z? — 15xty4z4 + 25x7y?z3 se 3 
435 3,54 44,3 ee aie al Via 
20: 49xiveg = JOG V2. SOK ye 
De = BAN coy eelGe =  S 
Pale llapee = 2 5pe > 2 
on eo 55. l0x= = 12%y 4 35uy = 42y 
; 56. 3x* — 6xy + Sxy — 10y? 
In Exercises 23-34, factor out the negative of the greatest Bie 4a? x = 1a 3 
common factor. 58. 3x° — 2x? — 6x + 4 
23. =4x%-- 12 59. x? — ax — bx + ab 
24. —5x + 20 60. x? + ax — bx — ab 
25. —8x — 48 Gl, = 12 — By ay 
26. Ix. = 63 62, 2 10 ae — Se 
27. —2x? + 6x — 14 63. ay — by + bx — ax 
28. —2x? + 8x — 12 64. ce — dx + dy —cy 
29. —Sy? + 40x 65. ay” + 2by” — 3ax — 6bx 
30. —9y? + 45x 66. 3a°x + 6a*y — 2bx — 4by 
31. —4x° + 32x? — 20x 67. x"y" + 3x7 + y" +3 
32. —5x? + 50x? — 10x GS ee yi ee 
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Practice PLUS 


In Exercises 69-78, factor each polynomial. 


69. 
70. 
TH 
72. 
73. 
74. 
75. 
76. 
TH le 


78. 


y= (0 =e sr 10) 

Aye = (ear Shs) 

x3 — 5 + 4x3y — 20y 

x3 — 2 + 3x3y — 6y 

2y7(3x — 1) — Ty°(3x — 1)4 

3y°(3x — 2)’ — 5y®(3x — 2)° 

ax* + Sax — 2a + bx? + 5bx — 2b 

ax* + 3ax — 1la + bx* + 3bx — 11b 

Dy AS OG — DV NOG GGG GY ote 


8 
tad 


Application Exercises 


79. 


80. 


81. 


A ball is thrown straight upward. The function 
f(t) = —162? + 40¢ 
describes the ball’s height above the ground, f(t), in feet, 
t seconds after it is thrown. 
a. Find and interpret f(2). 


b. Find and interpret f(2.5). 


c. Factor the polynomial —16/* + 40¢ and write the 
function in factored form. 

d. Use the factored form of the function to find f(2) and 
f (2.5). Do you get the same answers as you did in parts 
(a) and (b)? If so, does this prove that your factorization 
is correct? Explain. 


An explosion causes debris to rise vertically. The function 
f(t) = —1607 + 72t 

describes the height of the debris above the ground, f(a), 

in feet, t seconds after the explosion. 

a. Find and interpret f(2). 


b. Find and interpret (4.5). 


c. Factor the polynomial —16f* + 72¢ and write the 
function in factored form. 


d. Use the factored form of the function to find f(2) and 
f(4.5). Do you get the same answers as you did in parts 
(a) and (b)? If so, does this prove that your factorization 
is correct? Explain. 

Your computer store is having an incredible sale. The price 

on one model is reduced by 40%. Then the sale price is 

reduced by another 40%. If x is the computer’s original 

price, the sale price can be represented by 


(x — 0.4x) — 0.4(x — 0.4x). 
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a. Factor out (x — 0.4x) from each term. Then simplify 
the resulting expression. 


b. Use the simplified expression from part (a) to answer 
these questions. With a 40% reduction followed by 
a 40% reduction, is the computer selling at 20% of 
its original price? If not, at what percentage of the 
original price is it selling? 


82. Your local electronics store is having an end-of-the-year 
sale. The price on a plasma television had been reduced 
by 30%. Now the sale price is reduced by another 30%. 
If x is the television’s original price, the sale price can be 
represented by 


(e030) 0'3Ge 103%): 


a. Factor out (x — 0.3x) from each term. Then simplify 
the resulting expression. 


b. Use the simplified expression from part (a) to answer 
these questions. With a 30% reduction followed by 
a 30% reduction, is the television selling at 40% of 
its original price? If not, at what percentage of the 
original price is it selling? 


Exercises 83-84 involve compound interest. Compound 
interest is interest computed on your original savings as 
well as on any accumulated interest. 


83. After 2 years, the balance, A, in an account with 
principal P and interest rate r compounded annually is 
given by the formula 


AC—GP IEP (Pt enn 


Use factoring by grouping to express the formula as 
Ar — PO cer)e. 


84. After 3 years, the balance, A, in an account with 
principal P and interest rate r compounded annually is 
given by the formula 


A=P(1+)nr? + PO +7n)r. 


Use factoring by grouping to express the formula as 
A=P(1 +n). 


85. The area of the skating rink with semicircular ends shown 
is A = mr? + 2rl. Express the area, A, in factored form. 
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86. The amount of sheet metal 
needed to manufacture 
a cylindrical tin can, that 
is, its surface area, S, is 
S = 2ar? + 2arh. Express 
the surface area, S, in 
factored form. 


Writing in Mathematics 
87. 
88. 


What is factoring? 


If a polynomial has a greatest common factor other than 1, 
explain how to find its GCF. 

Using an example, explain how to factor out the greatest 
common factor of a polynomial. 


89. 


90. Suppose that a polynomial contains four terms and 


can be factored by grouping. Explain how to obtain the 


factorization. 
91. Use two different groupings to factor 
ao — dd Dd —1DG 
in two ways. Then explain why the two factorizations are 
the same. 
92. Write a sentence that uses the word factor as a noun. Then 


write a sentence that uses the word factor as a verb. 


Technology Exercises 


In Exercises 93-96, use a graphing utility to graph the function 
on each side of the equation in the same viewing rectangle. Use 
end behavior to show a complete picture of the polynomial 
function on the left side. Do the graphs coincide? If so, this 
means that the polynomial on the left side has been factored 
correctly. If not, factor the polynomial correctly and then use 
your graphing utility to verify the factorization. 


93. x7 — 4x = x(x — 4) 

94. x? — 2x + 5x — 10 = (x — 2)(x — 5) 
95. x7 + 2xn+x4+2=x(x+2)4+1 

96. x° — 3x7 + 4x — 12 = (x? + 4)(x — 3) 


Critical Thinking Exercises 


Make Sense? In Exercises 97-100, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


97. After I’ve factored a polynomial, my answer cannot always 
be checked by multiplication. 


98. The word greatest in greatest common factor is helpful 
because it tells me to look for the greatest power of a 


variable appearing in all terms. 


99. Although 20x? appears as a term in both 20x? + 8x? and 
20x? + 10x, I'll need to factor 20x? in different ways to 


obtain each polynomial’s factorization. 
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100. You grouped the polynomial’s terms using different 
groupings than I did, yet we both obtained the same 
factorization. 


In Exercises 101-104, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


101. Because the GCF of 9x° + 6x? + 3x is 3x, it is not necessary 
to write the 1 when 3x is factored from the last term. 

102. Some polynomials with four terms, such as 
x3 + x? + 4x — 4, cannot be factored by grouping. 

103. The polynomial 28x37 — 7x* + 36x — 9 can be factored 
by grouping terms as follows: 

(28x3 + 36x) + (—7x? — 9). 
104. x? — 2isa factor of 2 — 50x — x” + 25x°. 


In Exercises 105-107, factor each polynomial. Assume that all 
variable exponents represent whole numbers. 


105. x4 + x77 + x 

106. Beye = one tye” 

107. Syeaie a leyett = aye? 

In Exercises 108-109, write a polynomial that fits the given 


description. Do not use a polynomial that appeared in this 
section or in the exercise set. 


108. The polynomial has three terms and can be factored 
using a greatest common factor that has both a negative 
coefficient and a variable. 

109. The polynomial has four terms and can be factored by 


grouping. 


Review Exercises 


110. Solve by Cramer’s rule: 


ees 
2x = sy = 10: 


(Section 3.5, Example 2) 


111. Determine whether each relation is a function. 

aor (05). (G5 9) 159) ae =) 

b. {(1, 2), (3, 4), (5, 5), (5, 6)} (Section 2.1, Example 2) 
112. The length of a rectangle is 2 feet greater than twice its 


width. If the rectangle’s perimeter is 22 feet, find the 
length and width. (Section 1.5, Example 5) 


Preview Exercises 


Exercises 113-115 will help you prepare for the material 
covered in the next section. In each exercise, replace the boxed 
question mark with an integer that results in the given product. 
Some trial and error may be necessary. 


113. (x + 3)(x + |?) =x? 4+ 7x + 12 
114. (x — |. 2 |)(x — 12) = x7 — 14x + 24 
IES (Coase SyiCe ? ly) =x? — 4xy — 21y’ 
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Objectives 


Factor a trinomial 
whose leading 
coefficient is 1. 


Factor using a 
substitution. 


Factor a trinomial 
whose leading 
coefficient is not 1. 


Factor trinomials by 
grouping. 


Factor a trinomial 
whose leading 
coefficient is 1. 


x? + 7x + 12 = (x + 3)(x + 4) 


* 


The first term of each factor 
is x. The product of the First 
terms is xx =x 


2 


Factoring Trinomials 


A great deal of trial 
and error is involved 
in finding your way 
out of this maze. 
Trial and error 
play an important 
role in problem 
solving and can be 
helpful in leading 
to correct solutions. 
In this section, 
you will use trial 
and error to factor 
trinomials following 
a problem-solving 
process that is not 
very different from 
learning to traverse 
the maze. 


Factoring a Trinomial Whose Leading Coefficient Is 1 


In Section 5.2, we used the FOIL method to multiply two binomials. The product was 
often a trinomial. The following are some examples: 


Factored Form F Oo I L Trinomial Form 
(x + 3) + 4) = x? + 4 t+ Bx $12 = x? + Tx +: 12 
@-—3)@-4)= 2-4 -3e +12 =P - e+ 12 
(x + 3)(x — 5) = x? — 5x + 3x — 15 = x7 — 2x - 15 


Observe that each trinomial is of the form x? + bx + c, where the coefficient of the 
squared term is 1. Our goal in the first part of this section is to start with the trinomial 
form and, assuming that it is factorable, return to the factored form. 

The first FOIL multiplication shown in our list indicates that 


(x + 3)(x + 4) = x? + 7x + 12. 
Let’s reverse the sides of this equation: 
x? + Tx +12 = (x + 3)(x + 4). 


We can use x? + 7x + 12 = (x + 3)(x + 4) tomake several important observations 
about the factors on the right side. 


x? + 7x + 12 = (x + 3)(x + 4) x? + 7x + 12 = (x + 3)(x + 4) 
Ox—— (aah 


L__—oraz 


The sum of the Outside 
and Inside products is 
4x + 3x =7x. 


3 and 4 are factors of 12. The 
product of the Last terms is 
3°4=12. 


SECTION 5.4 — Factoring Trinomials 351 


These observations provide us with a procedure for factoring x* + bx + c. 


A Strategy for Factoring x2 + bx + c 
1. Enter x as the first term of each factor. 
(x \(x Jax + bet+e 
2. List pairs of factors of the constant c. 


3. Try various combinations of these factors. Select the combination in which the 
sum of the Outside and Inside products is equal to bx. 


(x +O)(x +0) =x + bxte 
ja 


I 
O 
Sum of O + I 


4. Check your work by multiplying the factors using the FOIL method. You 
should obtain the original trinomial. 


If none of the possible combinations yield an Outside product and an Inside 
product whose sum is equal to bx, the trinomial cannot be factored using integers 
and is called prime over the set of integers. 


Factoring a Trinomial Whose Leading 
Coefficient Is 1 


Factor: x? + 5x + 6. 
Solution 
Step 1. Enter x as the first term of each factor. 
x? +5x+6= (x \(x ) 


Step 2. List pairs of factors of the constant, 6. 


Factors of 6 6,1 3,2 —6,-1 35-2 


Step 3. Try various combinations of these factors. The correct factorization of 
x’ + 5x + 6 is the one in which the sum of the Outside and Inside products is equal 
to 5x. Here is a list of the possible factorizations. 


Possible Sum of Outside and 
Factorizations of Inside Products 
x2 +5x+6 (Should Equal 5x) 
ais ca This is the required 
(x + 3)(x + 2) 2x + 3x = 5x middle term. 
(x — 6)(x — 1) —x — 6x = —7x 
(x — 3)(x — 2) —2x — 3x = —5x 


Thus, 
x? + 5x +6 = (x + 3)(x + 2). 


Step 4. Check this result by multiplying the right side using the FOIL method. You 
should obtain the original trinomial. Because of the commutative property, the 
factorization can also be expressed as 


x? t+ 5x +6=(x+ 2)(x +3). 
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In factoring a trinomial of the form x? + bx + c, you can speed things up by listing 
the factors of c and then finding their sums. We are interested in a sum of b. For 
example, in factoring x” + 5x + 6, we are interested in the factors of 6 whose sum is 5. 


Factors of 6 6,1 | 3,2 | -6,—1 | —3,-2 


Sum of Factors 7 5 —7 =5 


This is the desired sum. 


Thus, x? + 5x + 6 = (x + 3)(x + 2). 


Using Technology 
Numeric and Graphic Connections Gin 
: : ; : ro : The factorization 
If a polynomial contains one variable, a graphing utility can be used to check polynomial we are checking 
its factorization. For example, the factorization in Example 1 can be checked 
graphically or numerically. + 5x +6 = (x + 3)(x +2) 
A A 
Enter y, =x? + 5x +6 Enter yo = (x + 3)(x + 2) 
in the p=] screen. in the [y=] screen. 

Numeric Check Graphic Check 
Use the | TABLE | feature. Use the | GRAPH | feature to display graphs for y; and y. 


The graphs are identical, 
showing that y, = y2 
for all values of x. This 
verifies that 
x? + 5x+6=(x + 3)[x +2). 


Rises right 


Me 


(y, =x? + 5x + 6 fy, = (+ 3) lx +2) 


[-7, 5, 1] by [-1, 10, 1] 


Scrolling through the 
table shows y; = ya 
for all displayed values 
of x. This verifies that 
x? + 5x +6 =(x + 3)(x + 2). 


Notice that the graph of the quadratic function is shaped like a bowl. The graph of the even-degree quadratic function exhibits 
the same behavior at each end, rising to the left and rising to the right (\, 7). 


CHECK POINT1 Factor: x? + 6x +8. 


Factoring a Trinomial Whose Leading 
Coefficient Is 1 


Factor: x? — 14x + 24. 


Solution 
Step 1. Enter x as the first term of each factor. 
x? - 14x + 24=(x \(x ) 
To find the second term of each factor, we must find two integers whose product is 24 
and whose sum is —14. 


Step 2. List pairs of factors of the constant, 24. Because the desired sum, —14, is 
negative, we will list only the negative pairs of factors of 24. 


Negative Factors of 24 24,-1 12,—-2 8,-3 —6,—4 
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Step 3. Try various combinations of these factors. We are interested in the factors 
whose sum is —14. 


Negative Factors of 24 24, -1 12, -2 8,-3 6, —4 


Sum of Factors —25 14 11 10 


This is the desired sum. 


Thus, x? — 14x + 24 = (x — 12)(x - 2). mu 


Great Question! 


Is there a way to eliminate some of the combinations of factors for x? + bx + c 
when c is positive? 

Yes. To factor x” + bx + c when c is positive, find two numbers with the same sign as the 
middle term. 


[ Same signs 


\/| CHECK POINT2 Factor: x? — 9x + 20. 


Factoring a Trinomial Whose Leading 
Coefficient Is 1 


Factor: y? + 7y — 60. 


Solution 
Step 1. Enter y as the first term of each factor. 


y+Ty-0O=(y ly) 


To find the second term of each factor, we must find two integers whose product is —60 
and whose sum is 7. 

Steps 2 and 3. List pairs of factors of the constant, — 60, and try various combinations 
of these factors. Because the desired sum, 7, is positive, the positive factor of —60 must 
be farther from 0 than the negative factor is. Thus, we will only list pairs of factors of 
—60 in which the positive factor has the larger absolute value. 


Some Factors of —60 60,—1 | 30,—2 | 20,-3 | 15,—-4 | 12,—-5 | 10,-6 


Sum of Factors 59 28 17 11 7 4 


This is the desired sum. 


Thus, y? + 7y — 60 = (y + 12)(y — 5). @ 
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Great Question! 


Is there a way to eliminate some of the combinations of factors for x? + bx + c 
when c is negative? 


Yes. To factor x7 + bx + c when c is negative, find two numbers with opposite signs 
whose sum is the coefficient of the middle term. 


y’ + Ty — 60 = (y + 12)(y — 5) 
A A A 


| Negative | | Opposite signs | 


|\¥| CHECK POINT3 Factor: y* + 19y — 66. 


| EXAMPLE 44 | Factoring a Trinomial in Two Variables 


Factor: x” — 4xy — 21y’. 


Solution 


Step 1. Enter x as the first term of each factor. Because the last term of the trinomial 
contains y’, the second term of each factor must contain y. 


x? — 4dxy — 21y? = (x ?y)(x ?y) 


The question marks indicate that we are looking for the coefficients of y in each factor. 
To find these coefficients, we must find two integers whose product is —21 and whose 
sum is —4. 

Steps 2 and 3. List pairs of factors of the coefficient of the last term, —21, and try 
various combinations of these factors. We are interested in the factors whose sum 
is —4. 


Factors of —21 | 1,—21 | 3,-7 1,21 3,7 


Sum of Factors —20 —4 20 4 


This is the desired sum. 


Thus, x? — 4xy — 21y” = (x + 3y)(x — Ty) or (x — Ty)(x + 3y). 
Step 4. Verify the factorization using the FOIL method. 


(x + 3y)(x — Ty) = x? — Ixy + 3xy — 21y”? = x? — 4xy — 21y’ 


Because the product of the factors is the original polynomial, the factorization is 
correct. 


CHECK POINT4 Factor: x? — Sxy + 6y’. 


Can every trinomial be factored? The answer is no. For example, consider 
v+x-S=(x \(x ). 


To find the second term of each factor, we must find two integers whose product is —5 
and whose sum is 1. Because no such integers exist, x7 + x — 5 cannot be factored. 
This trinomial is prime. 

To factor some polynomials, more than one technique must be used. Always begin 
by trying to factor out the greatest common factor. A polynomial is factored completely 
when it is written as the product of prime polynomials. 


Great Question! 


Can my graphing utility 
verify that a polynomial is 
factored completely? 


The technology box on 
page 352 shows how to use 
a graphing utility to check a 
polynomial’s factorization 
graphically or numerically. 
The graphing utility verifies 
that the factorization is 
equivalent to the original 
polynomial. However, a 
graphing utility cannot verify 
that the factorization is 
complete. 


2 | Factor using a 
substitution. 
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| EXAMPLE 5 | Factoring Completely 


Factor: 8x* — 40x? — 48x. 
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Solution The GCF ofthe three terms of the polynomial is 8x. We begin by factoring 
out 8x. Then we factor the remaining trinomial. 
8x° — 40x? — 48x 
= 8x(x* — 5x — 6) 
= 8x(x \(x ) Begin factoring x* — 5x — 6. Find two integers 
whose product is —6 and whose sum is —5. 
= 8x(x — 6)(x + 1) The integers are —6 and 1. 


Factor out the GCF. 


Thus, 


8x? — 40x 


48x = 8x(x — 6)(x + 1). 


Be sure to include the GCF in the factorization. 


You can check this factorization by multiplying the binomials using the FOIL method. 
Then use the distributive property and multiply each term in this product by 8x. Try 
doing this now. Because the factorization is correct, you should obtain the original 
polynomial. & 


Factor: 3x° — 15x* — 42x. 


'/| CHECK POINT 5 


Some trinomials, such as —x? + 5x + 6, have a leading coefficient of —1. Because it 
is easier to factor a trinomial with a positive leading coefficient, begin by factoring out 
—1. For example, 


—x? + 5x +6 =—-1(x? - 5x - 6) = -(x 


6)(x + 1). 


In some trinomials, the highest power is greater than 2, and the exponent in one of 
the terms is half that of the other term. By letting u equal the variable to the smaller 
power, the trinomial can be written in a form that makes its possible factorization more 
obvious. Here are some examples: 


Given Trinomial Substitution New Trinomial 
x® — 8x3 + 15 

or u=x uw? — 8u + 15 
(x3)? — 8x3 + 15 


xt — 8x7 — 9 


or u=x? uw — 8u-—9 
(x2)? — 8x7 -9 


In each case, we factor the given trinomial by working with the new trinomial on the 
right. If a factorization is found, we replace all occurrences of u in the factorization with 
the substitution shown in the middle column. 
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3 | Factor a trinomial 
whose leading 
coefficient is not 1. 


Great Question! 


Should | feel discouraged 
if it takes me a while 

to get the correct 
factorization? 


The error part of the 
factoring strategy plays 

an important role in the 
process. If you do not get the 
correct factorization the first 
time, this is not a bad thing. 
This error is often helpful 

in leading you to the correct 
factorization. 
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| EXAMPLE 6 | Factoring by Substitution 


Factor: x° — 8x° + 15. 


Solution Notice that the exponent on x? is half that of the exponent on x°. We will 


let uw equal the variable to the power that is half of 6. Thus, let u = x°. 


(x3) — 8x7 +15 This is the given polynomial, with x° written as (x?)?. 
{ { 
=u? — 8u+15 
(u—5)(u—-— 3) — Factor. 
= (x3 — 5)(x> — 3) Now substitute x? for u. 


Let u = x>. Rewrite the trinomial in terms of u. 


Thus, the given trinomial can be factored as 
6 — 8x3 + 15 = (x3 — 5)(x? — 3). 
Check this result using FOIL multiplication on the right. & 


/| CHECK POINT6~ Factor: x° — 7x? + 10. 


Factoring a Trinomial Whose Leading Coefficient Is Not 1 


How do we factor a trinomial such as 5x” — 14x + 8? Notice that the leading coefficient 
is 5. We must find two binomials whose product is 5x? — 14x + 8. The product of the 
First terms must be 5x7: 


(5x \(x ). 
From this point on, the factoring strategy is exactly the same as the one we use to factor 
a trinomial whose leading coefficient is 1. 


A Strategy for Factoring ax? + bx + c 


Assume, for the moment, that there is no greatest common factor. 


1. Find two First terms whose product is ax”: 


(Ox+ )\(Qx+ )=ax?+bxte. 


¥ v f| 


2. Find two Last terms whose product is c: 


(Ox + O)(Ox + O) = ax’? + bx +c. 


l u t 


3. By trial and error, perform steps 1 and 2 until the sum of the Outside product 
and Inside product is bx: 


(Ox )(Ox + =ax’+bx+e. 


bee 


Sum of O + I 


If no such combinations exist, the polynomial is prime. 
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Factoring a Trinomial Whose Leading 


it Coofficient Is Not 1 


Factor: 5x? — 14x + 8. 


Solution 
Step 1. Find two First terms whose product is 5x?. 


5x? — 14x + 8 = (5x \(x ) 


Great Question! Step 2. Find two Last terms whose product is 8. The number 8 has pairs of factors 
When factoring trinomials, that are either both positive or both negative. Because the middle term, —14x, is 
must | list every possible negative, both factors must be negative. The negative factorizations of 8 are —1(—8) 
factorization before and —2(—4). 


i ? er 
geting we colmect ones Step 3. Try various combinations of these factors. The correct factorization of 


With practice, you will find 5x” — 14x + 8 is the one in which the sum of the Outside and Inside products is equal 
that you don’t have to list a : : : Sad iee 
: yas to —14x. Here is a list of the possible factorizations: 
every possible factorization 
of the trinomial. As you : - 
practice factoring, you will Possible Sum of Outside and 
Factorizations of Inside Products 
5x? — 14x +8 (Should Equal —14x) 


be able to narrow down the 
list of possible factorizations 


to just a few. When it comes (5x — 1)(x — 8) 40x — x = —41x 
to factoring, practice makes (5x — 8)(x — 1) 5x — 8x = —13x 
perfect. (Sx — 2)(x — 4) 20x — 2x = —22x 
This is the required 
(5x — 4)(x — 2) 10x — 4x = -14x middle term. 


Thus, 
5x? — 14x + 8 = (5x — 4)(x — 2). 


Show that this factorization is correct by multiplying the factors using the FOIL 
method. You should obtain the original trinomial. & 


[Y|| CHECK POINT7 Factor: 3x” — 20x + 28. 


Factoring a Trinomial Whose Leading 


oie Coofficient Is Not 1 


Factor: 8x° — 10x° — 3x4. 


Solution The GCF of the three terms of the polynomial is x*. We begin by factoring 
out x’. 

8x° — 10x5 — 3x4 = x*(8x? — 10x — 3) 
Now we factor the remaining trinomial, 8x7 — 10x — 3. 


Step 1. Find two First terms whose product is 8x?. 


2 


8x? - 10x -3 = (8x Y)(x_~—Ss*N 

8x7 - 10x -3 2 (4x )(2x_ ?) 
Step 2. Find two Last terms whose product is —3. The possible factorizations are 
1(—3) and —1(3). 
Step 3. Try various combinations of these factors. The correct factorization of 


8x? — 10x — 3 is the one in which the sum of the Outside and Inside products is equal 
to —10x. At the top of the next page is a list of the possible factorizations. 
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Great Question! 


I space out reading your 
long lists of possible 
factorizations. Are there 
any rules for shortening 
these lists? 


Here are some suggestions 
for reducing the list of 
possible factorizations for 
ax? + bx + ¢. 


Ue 


If b is relatively small, 
avoid the larger factors 
of a. 


If c is positive, the signs 


in both binomial factors 
must match the sign of b. 


If the trinomial has 

no common factor, no 
binomial factor can 
have a common factor. 


Reversing the signs in 
the binomial factors 
reverses the sign of bx, 
the middle term. 
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Possible Sum of Outside and 

Factorizations of Inside Products 

8x? — 10x — 3 (Should Equal —10x) 
(8x + 1)(x — 3) —24x + x = —23x 
(8x — 3)(x + 1) 8x — 3x = 5x 
(8x — 1)(x + 3) 24x — x = 23x 
(8x + 3)(x — 1) —8x + 3x = —5x 

This is the required 

(4x + 1)(2x — 3) 12x + 2x = —10x middle term. 
(4x — 3)(2x + 1) 4x — 6x = —2x 
(4x — 1)(2x + 3) 12x — 2x = 10x 
(4x + 3)(2x — 1) —4x + 6x = 2x 


The factorization of 8x” — 10x — 3 is (4x + 1)(2x — 3). Now we include the GCF in 
the complete factorization of the given polynomial. Thus, 


8x° — 10x° — 3x4 = x4(8x* — 10x 


3) = x4(4x + 1)(2x — 3). 
This is the complete factorization with the GCF, x*, included. 


CHECK POINT8 Factor: 6x° + 19x° — 7x*. 


We have seen that not every trinomial can be factored. For example, consider 


6x? + 14x +7 = (6x + O)(x + O) 
6x? + 14x + 7 = (3x + O)(2x + O). 
The possible factors for the last term are 1 and 7. However, regardless of how these 


factors are placed in the boxes shown, the sum of the Outside and Inside products is 
not equal to 14x. Thus, the trinomial 6x? + 14x + 7 cannot be factored and is prime. 


Solution 
Step 1. Find two First terms whose product is 3x?. 


3x? — 13xy + 4y? = (3x ?y)(x 2y) 


The question marks indicate that we are looking for the coefficients of y in each factor. 
Steps 2 and 3. List pairs of factors of the coefficient of the last term, 4, and try various 
combinations of these factors. The correct factorization is the one in which the sum of 
the Outside and Inside products is equal to —13xy. Because of the negative coefficient, 


—13, we will consider only the negative pairs of factors of 4. The possible factorizations 
are —1(—4) and —2(—2). 


Sum of Outside and 
Inside Products 
(Should Equal —13xy) 


Possible 
Factorizations of 
3x? — 13xy + 4y? 
This is the required 

middle term. 


(3x — y)(x — 4y) 12xy — xy = -13xy 
(3x — 4y)(x — y) 3xy 
(3x — 2y)(x — 2y) 


4xy = —7xy 


—6xy — 2xy = —8xy 


Thus, 
3x? — 13xy + 4y* = (3x — y)(x —4y). 


4 | Factor trinomials by 
grouping. 
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\/| CHECK POINT9 Factor: 2x” — 7xy + 3y?. 


Factoring by Substitution 


Factor: 6y* + 13y? + 6. 


Solution Notice that the exponent on y? is half that of the exponent on y*. We will 
let uw equal the variable to the smaller power. Thus, let u = y’. 


6(y2)" + 13y? + 6 This is the given polynomial, with y* 
written as (7). 
= 6u? + 13u + 6 Let u = y’. Rewrite the trinomial in 
terms of u. 


= (3u + 2)(2u + 3) Factor the trinomial. 
= (3y? + 2)(2y” + 3) Now substitute y’ for u. 


Therefore, 6y* + 13y? + 6 = (3y* + 2)(2y” + 3). Check using FOIL multiplication. m 


'\¥| CHECK POINT10 Factor: 3y* + 10y? — 8. 


Factoring Trinomials by Grouping 


A second method for factoring ax” + bx + c,a # 1, is called the grouping method. 
This method involves both trial and error, as well as grouping. The trial and error 
in factoring ax* + bx + c depends upon finding two numbers, p and q, for which 
p + q = b. Then we factor ax” + px + qx + c using grouping. 

Let’s see how this works by looking at a particular factorization: 


15x? — 7x — 2 = (3x — 2)(5x + 1). 


If we multiply using FOIL on the right, we obtain 
(3x — 2)(5x + 1) = 15x? + 3x — 10x — 2. 


In this case, the desired numbers, p and q, are p = 3 and g = —10. Compare these 
numbers to ac and 5 in the given polynomial. 


15x = 7x = 2 
ac = 15(—2) = -30 
Can you see that p and q, 3 and —10, are factors of ac, or —30? Furthermore, p and q 


have a sum of b, namely —7. By expressing the middle term, —7x, in terms of p and q, 
we can factor by grouping as follows: 


15e° = 71k =2 

= 15x? + (3x — 10x) — 2 Rewrite —7x as 3x — 10x. 
= (15x? + 3x) + (-10x — 2) Group terms. 

= 3x(5x + 1) — 2(5x + 1) Factor from each group. 


= (5x + 1)(3x — 2). Factor out 5x + 1, the common binomial factor. 
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Discover for Yourself 


In step 2, we found that 

the desired numbers were 
—8 and 3. We wrote —5x as 
—8x + 3x. What happens if 
we write —5x as 3x — 8x? 
Use factoring by grouping on 


12x” — 5x — 2 
= 12x* + 3x — 8x — 2. 


Describe what happens. 


Polynomials, Polynomial Functions, and Factoring 


Factoring ax? + bx + c Using Grouping (a # 1) 

1. Multiply the leading coefficient, a, and the constant, c. 

2. Find the factors of ac whose sum is b. 

3. Rewrite the middle term, bx, as a sum or difference using the factors from step 2. 
4. Factor by grouping. 


[EXAMPLE 11, Factoring a Trinomial by Grouping 


Factor by grouping: 12x” — 5x — 2. 
Solution The trinomial is of the form ax” + bx + c. 


12x? — 5x -—2 


Step 1. Multiply the leading coefficient, a, and the constant, c. Using a = 12 and 
c=—-2, 

ac = 12(—2) = —24. 
Step 2. Find the factors of ac whose sum is b. We want the factors of —24 whose sum 
is b, or —5. The factors of —24 whose sum is —5 are —8 and 3. 
Step 3. Rewrite the middle term, —5x, as a sum or difference using the factors from 
step 2, —8 and 3. 


12x? — 5x — 2 = 12x? 


Step 4. Factor by grouping. 


8x + 3x -2 


= (12x? — 8x) + (3x — 2) Group terms. 
= 4x(3x — 2) + 1(3x — 2) Factor from each group. 


= (3x — 2)(4x + 1) Factor out 3x — 2, the 


common binomial factor. 
Thus, 
12x? — 5x 


2 = (3x —2)(4x +1). O 


\¥| CHECK POINT 11 Factor by grouping: 8x? — 22x + 5. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A polynomial is factored 


. We begin the process of factoring a polynomial by first factoring out the 


2 
3. x7 + 8x + 15 = (x + 30x 
5 


. x? + 13x 


7. 2x? — 30x? — 108x = 


8. 3x7 — 14x + 11 = (x — 1)(3x 
63 = (3x — 7)( 


9. 6x? + 13x 


48 = (x — 3)(x 


10. 63x? — 89xy + 30y? = (9x 


when it is written as a product of prime polynomials. 


, assuming that there is one other than 1. 


) 4. x? — 9x + 20 = (x — S)(x ) 
) 6. x? + 17xy — 60y? = (x + 20y)(x ) 
(x? — 15x — 54) = i) | en | 
) 
) 


| 
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eel = MyMathLab®  wesewe —oomenine 


Practice Exercises A 2 = 35e — 6 

In Exercises 1-30, factor each trinomial, or state that the trinomial 42. x4 — 4x? —5 

is prime. Check each factorization using FOIL multiplication. 43. (x +1)? + 6(x +1) +5(Letu=x+1,) 
1.7 4+ 5x +6 44. (x +1)? + 8(x+1)+7(Letu=x+1.) 
= a Walks In Exercises 45-68, use the method of your choice to factor 
3. xo + 8x + 12 each trinomial, or state that the trinomial is prime. Check each 
4. x2 + 8x + 15 factorization using FOIL multiplication. 
by xe ep Oye 20) a5. 34 on 
6.2 oie 24 M6. 2x? 9x 7 
7. y? + 10y + 16 47. 5x? + 56x + 11 
8 y? + 9y + 18 48. 5x* — 16x +3 
9. x7 — 8x + 15 49. 3y? + 22y — 16 

10. x7 -— 5x + 6 50. Sy? + 33y — 14 

11. y? — 12y + 20 51. 4y? + 9y +2 

12. y* — 25y + 24 52. 8y? + 10y + 3 

13. a 5a — 14 53) 10x? + 197 = G6 

14, eo ea — 12 54. 6x7 + 19x + 15 

152 ae oe 20) 55. 8x7 — 18x + 9 

lene ola 3 BG. 4 = Vie £18 

17. x? — 3x — 28 57. 6y* — 23y + 15 

18. x? — 4x — 21 58. 16y* — 6y — 27 

19. y* — 5y — 36 59. 6y? + 1l4y + 3 

20. y* — 3y — 40 60. 4y? + 22y — 5 

21. x7 -x4+7 61. 3x7 + 4xy + y’ 

22, x7 +3x+8 62. 2x? + 3xy + y* 

23. x7 — Oxy + 14y? 63. 6x? — 7xy — Sy? 

24. x? — 8xy + 15y? 64. 6x? — Sxy — 6y? 

25. x? — xy — 30y? 65. 15x — 31lxy + 10y" 

26. x? — 3xy — 18y? 66. 15x7 + 1lxy — 14y’ 

27. xv t+xy+y’ 67. 3a — ab — 14b? 

28. x7 — xy + y* 68. 15a? — ab — 6b? 

29. a” — 18ab + 80b? In Exercises 69-82, factor completely. 

30. a* — 18ab + 45b? 69. 150 = 252 = 10 

In Exercises 31-38, factor completely. 70. 10x? + 24x? + 14x 

ate Snes oa — 18 The 2a Me Ay 

24 SAS Gee lok = Bo de 

33. 2x? — 14x? + 24x 73. 15y° — 2y* — y3 

34. 2x? + 6x? + 4x 74. 10y> — 17y* + 3y? 

35. 3y? — 15y? + 18y 75. 24x" + 3xy — 27y? 

36. 4y? + 12y? — 72y 76. 12x* + 10xy — 8y? 

at. 2x = 26 = 96," 77. 6a*b — 2ab — 60b 

$8. 30 Ae ao 78. 8a°b + 34ab — 84b 

In Exercises 39-44, factor by introducing an appropriate 79, 12x*y — 34xy? + 14y° 

substitution. 80. 12x°y — 46xy” + 14y? 

39. x° — x — 6 81. 13x3y? + 39x3y? — 52x3y 


40. x° + x9 — 6 82. 4x7y> + 24x7y? — 64xy° 
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In Exercises 83-92, factor by introducing an appropriate 
substitution. 


83. 2x* — x? — 3 


Polynomials, Polynomial Functions, and Factoring 


c. Factor the expression for f(t) and write the function 
in completely factored form. 


d. Use the factored form of the function to find f(1) and 


f(2). 


84. 5x4 + 2x? — 3 
Be. Jes ie 4 1S 106. The function V(x) = 3x° — 2x? — 8x describes the 
6 3 volume, V(x), in cubic inches, of the box shown whose 
BB: 28 gis a height is x inches. 
87. 2y!° + 7y +3 
88. S5y!? + 29y° — 42 
89. 5(x +1)? + 12(,4+1)+7 (Letu=x+1,) 
90. 3(x + 1)?-—5@+1)+2 (etu=x4+1) | 
91. 2(x — 3)? — S5(x - 3) -7 x 
92. 3(x — 2)? — 5(x — 2) - 2 | 
Practice PLUS 
In Exercises 93-100, factor completely. a. Find and interpret V(4). 
$8, 4° — 05x + 0.06 
a4 2 + Oar — 004 b. Factor the expression for V(x) and write the function 
, ; ; in completely factored form. 
95. x? — nae a c. Use the factored form of the function to find V(4) 
a <l and V(5). 
96. x2— aes e 107. Find the area of the large rectangle shown below in two 
25 5 ways. 
97. acx? — bex + adx — bd i 
98. acx’ — bex — adx + bd —— er 
99. —4x>y? + Txty3 — 3x3y4 i 
100. —5x*y> + 7x3y* — 2xy9 
101. If (fg)(x) = 3x” — 22x + 39, find f and g. 4 | 
eee 
102. If (fg)(x) = 4x? —x —5, find f and g. 
Vy 
rly 
In Exercises 103-104, a large rectangle formed by a number ad 
of smaller rectangles is shown. Factor the sum of the areas of 
the smaller rectangles to determine the dimensions of the large a. Find the sum of the areas of the six smaller rectangles 
rectangle. and squares. 
Lisi ag b. Express the area of the large rectangle as the product 
a ae em 25 || oo | a7 || 2 of its length and width. 
c. Explain how the figure serves as a geometric model for 
& 1 x i aL) a the factorization of the sum that you wrote in part (a). 
ue | 1 
és | i 108. If x represents a positive integer, factor x° + 3x? + 2x to 


show that the trinomial represents the product of three 
consecutive integers. 


Application Exercises 
105. A diver jumps directly upward from a board that is 


32 feet high. The function 
f(t) = —16r? + 16r + 32 
describes the diver’s height above the water, f(t), in feet, 


after t seconds. 


a. Find and interpret f(1). 


b. Find and interpret f(2). 


109. 
110. 


Writing in Mathematics 
Explain how to factor x7 + 8x + 15. 
Give two helpful suggestions for factoring x” — 5x + 6. 


111. In factoring x* + bx + c, describe how the last term in 


112. 


each binomial factor is related to b and to c. 


Describe the first thing that you should try doing when 
factoring a polynomial. 


113. What does it mean to factor completely? 
114. Explain how to factor x° — 7x* + 10 by substitution. 


115. Is it possible to factor x° — 7x? + 10 without using 
substitution? How might this be done? 


116. Explain how to factor 2x” — x — 1. 


Technology Exercises 


In Exercises 117-120, use a graphing utility to graph the 
function on each side of the equation in the same viewing 
rectangle. Use end behavior to show a complete picture of the 
polynomial function on the left side. Do the graphs coincide? 
If so, this means that the polynomial on the left side has been 
factored correctly. If not, factor the polynomial correctly and 
then use your graphing utility to verify the factorization. 


117. x2 4+ 7x +12 = (x + 4x + 3) 


118. x? — 7x + 6 = (x — 2)(x — 3) 


119. 6x3 + 5x? — 4x = x(3x + 4)(2x - 1) 


120. xt —x? —20=(x? +5)(x? — 4) 


121. Use the | TABLE | feature of a graphing utility to 
verify any two of your factorizations in Exercises 39-44. 


Critical Thinking Exercises 


Make Sense? In Exercises 122-125, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


122. Although (x + 2)(x — 5) is the same as (x — 5)(x + 2), 
the factorization (2 — x)(2 + x) is not the same as 
9 = \eear 2s 

123. I’m often able to use an incorrect factorization to lead 
me to the correct factorization. 


124. My graphing calculator showed the same graph for 
y, = 20x37 — 70x? + 60x and y> = 10x(2x* — 7x + 6), 
so I can conclude that the complete factorization of 
20x — 70x? + 60x is 10x(2x* — 7x + 6). 


125. First factoring out the greatest common factor makes it 
easier for me to determine how to factor the remaining 
factor, assuming that it is not prime. 


Mid-Chapter Check Point 


In Exercises 126-129, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


126. Once a GCF is factored from 6y° — 19y° + 10y*, the 
remaining trinomial factor is prime. 

127. One factor of 8y* — Sly + 18 is 8y — 3. 

128. We can immediately tell that 6x? — 1lxy — 10y? is 


prime because 11 is a prime number and the polynomial 
contains two variables. 


129. A factor of 12x” — 19xy + Sy’ is 4x — y. 


In Exercises 130-131, find all integers b so that the trinomial 
can be factored. 


130. 4x7 + bx -—1 
131. 3x7 + bx +5 


In Exercises 132-137, factor each polynomial. Assume that all 
variable exponents represent whole numbers. 


132. 9x77 + x” — 8 

133. 4x2" — 9x" + 5 

134s ace a 860 
135. b2"*? + 3b"*2 — 10b7 
136. 3c”t? — 10c”*! + 3c” 
137 Odi 5d sd) 


Review Exercises 
138. Solve: —2x =6 and —2x+3<—7. (Section 4.2, 


Example 2) 
139. Solve the system: 
2K ay = 2a 
yi ee ell 
xt+ yt z= 4 


(Section 3.3, Example 2) 
140. Factor: 4x7 + 8x? — 5x — 10. (Section 5.3, Example 5) 


Preview Exercises 


Exercises 141-143 will help you prepare for the material 
covered in the next section. In each exercise, factor the 
polynomial. (You'll soon be learning techniques that will 
shorten the factoring process.) 


141. x7 + 14x + 49 
142, x* — 8x + 16 
143. x? — 25 (or x” + Ox — 25) 


MID-CHAPTER CHECK POINT Section 5.1-Section 5.4 


What You Know: We learned the vocabulary of 
polynomials and observed the smooth, continuous 
graphs of polynomial functions. We used the Leading 
Coefficient Test to describe the end behavior of these 


binomials, special-product formulas for squaring binomials 
[(A + B)? =A? + 2AB + B?;(A — BY = A? — 2AB + B?), 
and a special-product formula for the product of the sum and 
difference of two terms [(A + B)(A — B) = A? — B’]. We 
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graphs. We learned to add, subtract, and multiply polynomials. 
We used a number of fast methods for finding products of 
polynomials, including the FOIL method for multiplying 


learned to factor out a polynomial’s greatest common factor and 
to use grouping to factor polynomials with more than three 
terms. We factored polynomials with three terms, beginning with 
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trinomials with leading coefficient 1 and moving on to 13. 3(x +h)? — 2(x +h) 
ax’ + bx + c, witha # 1. We saw that the factoring process 
should begin by looking for a GCF and, if there is one, factoring 14. (x2 - 3) 


it out first. 


15. (x? — 3)(x° + Sx + 2) 


In Exercises 1-18, perform the indicated operations. 16: Qx + Sy) 


1. (—8x7 + 6x7 — x +5) — 7x3 


2. (6x°y24(—La'y*s) 

3. se°y( oxy" = ay 2) 
(3x — 5)(x? + 3x — 8) 
(x? — 2x + 1)(2x? + 3x 


(x? 2x + 1) 


NO OQ PF 


(2x? + 3x 


Oe = 74. = 12) 17. (x + 6 + 3y)(x + 6 
18. (x+y +5) 


In Exercises 19-30, factor completely, or state that the polynomial 


is prime. 

19. x7 — 5x — 24 

20. 1I5xy + 5x + 6y + 2 
21. 5x7 + 8x —4 

22. 35x* + 10x — 50 
23. 9x* — 9x — 18 


—(-x3y + 2y - 1) 
8. (2x + 5)(4x — 1) 
9. (2xy — 3)(Sxy + 2) 
10. (3x — 2y)(3x + 2y) 
14. (3xy + 1)(2x? — 3y) 
12, (7x7y + 5x)(7x7y — 5x) 


(6x7y — 11x?y — 4y) + (-11x3y 


bay yy — 6) 24. 10x°y? — 20x?y? + 35x7y 


25. 18x? + 21x + 5 


26. 12x? — Ixy — 16x + 12y 


27. 9x? — 15x + 4 

28. 3x° + 11x° + 10 

29. 25x° + 25x? — 14x 
30. 2x4 — 6x — xy + 3y 


Objectives 


@ Factor the difference of 
two squares. 


2 | Factor perfect square 
trinomials. 

| 3 | Use grouping to obtain 
the difference of two 
squares. 


4 | Factor the sum or 
difference of two 
cubes. 


Gy) Factor the difference of 
two squares. 


Factoring Special Forms 


Bees use honeycombs to store honey and 
house larvae. They construct honey storage 
cells from wax. Each cell has the shape of 
a six-sided figure whose sides are all the 
same length and whose angles all have the 
same measure, called a regular hexagon. 
The cells fit together perfectly, preventing 
dirt or predators from entering. Squares or 
equilateral triangles would fit equally well, 
but regular hexagons provide the largest 
storage space for the amount of wax used. 
In this section, we develop factoring 
techniques by reversing the formulas for 
special products discussed in Section 5.2. 
Like the construction of honeycombs, these 
factorizations can be visualized by perfectly 
fitting together “cells” of squares and 
rectangles to form larger rectangles. 


Factoring the Difference of 
Two Squares 


A method for factoring the difference of two squares is obtained by reversing the 


special product for the sum and difference of two terms. 
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The Difference of Two Squares 


If A and B are real numbers, variables, or algebraic expressions, then 
A — B?=(A + B)(A — B). 


In words: The difference of the squares of two terms factors as the product of asum 
and a difference of those terms. 


| EXAMPLE 1 | Factoring the Difference of Two Squares 


Factor: 


a. 9x? — 100 b. 36y° — 49x". 


Solution We must express each term as the square of some monomial. Then we use 
the formula for factoring A? — B?. 


a. 9x2 — 100 = (3x)? — 10? = (3x + 10)(3x — 10) 


se = B= (A + 2) iM = BB) 


b. 36y° — 49x* = (6y*)? — (7x)? = (6y? + 7x?)(6y? — 7x”) 


In order to apply the factoring formula for A? — B?, each term must be the square 
of an integer or a polynomial. 


e Anumber that is the square of an integer is called a perfect square. For example, 100 
is a perfect square because 100 = 107. 


e Any exponential expression involving a perfect-square coefficient and variables to 
even powers is a perfect square. For example, 100y° is a perfect square because 
100y° = (10y3)’. 


Great Question! 


You mentioned that because 100 = 107, 100 is a perfect square. What are some 
other perfect squares that | should recognize? 


It’s helpful to identify perfect squares. Here are 16 perfect squares, each printed in boldface. 


ele B= oy 81 = 97 169 = 137 
Mage 36 = 6 100 = 10? | 196 = 14 
9 = 32 49 = 7° l= i? || 2s = is? 
Gee 4s 144 = 12? | 256 = 16° 


CHECK POINT1 Factor: 
a. 16x” — 25 b. 100y° — 9x7. 


Be careful when determining whether or not to apply the factoring formula for the 
difference of two squares. 


Prime Over the Integers Factorable 
Even 
e 7-5 e x’ — 25 e 1 — x®y4 Lh 


5 is nota 7 is an odd power. Perfect square: ee. squares 
perfect square. x’ is not the square of 1=iF xy" = [x*y") 
any integer power of x. 
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Great Question! 
Why isn’t factoring 
81x* — 16 as 
(Ox? + 4)(9x? — 4) 
a complete factorization? 


The second factor, 9x7 — 4, 
is itself a difference of two 


squares and can be factored. 


When factoring, always check first for common factors. If there are common factors, 
factor out the GCF and then factor the resulting polynomial. 


| EXAMPLE 2. Factoring Out the GCF and Then Factoring 
the Difference of Two Squares 
Factor: 3y — 3x°y°. 


Solution The GCF of the two terms of the polynomial is 3y. We begin by factoring 
out 3y. 


By — 3x°y? = 3y(1 — x®y*) = 3y[1? — (2° y’)?] = 3y(1 + 2° y’)(1 — 2°’) 


Factor out the GCF. Ze = P= (A 4 FM = B 


[4] CHECK POINT2 Factor: 6y — 6x’y’. 


We have seen that a polynomial is factored completely when it is written as the 
product of prime polynomials. To be sure that you have factored completely, check 
to see whether any factors with more than one term in the factored polynomial can be 
factored further. If so, continue factoring. 


A Repeated Factorization 


Factor completely: 81x* — 16. 


Solution 
81x4 — 16 = (9x2)? — 4 Express as the difference of two squares. 
P 4 
= (9x7 + 4)(9x? — 4) The factors are the sum and difference of the 
expressions being squared. 
= (9x? + 4)[(3x)* — 27] The factor 9x* — 4 is the difference of two 


squares and can be factored. 


= (9x? + 4)(3x + 2)(3x — 2) The factors of 9x* — 4 are the sum and 
difference of the expressions being squared. Mi 


Are you tempted to further factor 9x? + 4, the sum of two squares, in Example 3? 
Resist the temptation! The sum of two squares, A’ + B?, with no common factor other 
than 1 is a prime polynomial. 


[| CHECK POINT3 Factor completely: 16x* — 81. 


In our next example, we begin with factoring by grouping. We can then factor further 
using the difference of two squares. 


| EXAMPLE 4 | Factoring Completely 


Factor completely: x* + 5x? — 9x — 45. 


Solution 
x? + 5x? — 9x — 45 
= (x? + 5x”) + (-9x — 45) — Group terms with common factors. 


x°(x + 5) — 9(x + 5) Factor out the common factor from each group. 


= (x + 5)(x? — 9) Factor out x + 5, the common binomial factor, 
from both terms. 


= (x + 5)(x + 3)(x — 3) Factor x” — 3°, the difference of two squares. Ml 


2 | Factor perfect square 
trinomials. 
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[“| CHECK POINT4 Factor completely: x* + 7x? — 4x — 28. 


In Examples 1-4, we used the formula for factoring the difference of two squares. 
Although we obtained the formula by reversing the special product for the sum and 
difference of two terms, it can also be obtained geometrically. 


B 
A |< A gi >| 
| A-B 
A 
K 
ie A+B— 
<—>| 
B 
We've rearranged the three purple 
The combined area of the three rectangles. Their combined area 
purple rectangles is A* — B?, is (A + B)(A — B). 


Because the three purple rectangles make up the same combined area in both figures, 


A — B? =(A+ B)(A — B). 


Factoring Perfect Square Trinomials 


Our next factoring technique is obtained by reversing the special products for squaring 
binomials. The trinomials that are factored using this technique are called perfect 
square trinomials. 


Factoring Perfect Square Trinomials 


Let A and B be real numbers, variables, or algebraic expressions. 
1.A7+2AB+ BP=(A+B) 2 A? —-2AB+ BP =(A- BY 


Same sign Same sign 


The two items in the box show that perfect square trinomials, A” + 2AB + B? and 
A’ — 2AB + B*, come in two forms: one in which the coefficient of the middle term is 
positive and one in which the coefficient of the middle term is negative. Here’s how to 
recognize a perfect square trinomial: 


1. The first and last terms are squares of monomials or integers. 
2. The middle termis twice the product of the expressions being squared in the first and 


last terms. 
| EXAMPLE 5 | Factoring Perfect Square Trinomials 
Factor: 
a. x’ + 14x + 49 b. 4x? + 12xy + 9y? c. 9y* — 12y? + 4. 
Solution 


ax? + 14x + 49 = x7 +2-x%-74+ 7 =(x +7) Themiddletermhasa positive sign. 


AC & AB & BP = (A & IF 
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3 | Use grouping to obtain 
the difference of two 
squares. 


b. Wesuspect that 4x? + 12xy + 9yisa perfect square trinomial because 4x” = (2x)? 
and 9y? = (3y)*. The middle term can be expressed as twice the product of 2x 
and 3y. 


4x? + 12xy + Dy = (2x)? + 2+2x-3y + (3y)? = (2x + 3y)? 
A? + 2AB + B? = (A + B/? 
c. 9y4 — 12y? + 4 = (3y’)? — 2-3y?-2 4+ 2? = (3y’ — 2)? The middle term has a 


negative sign. 
A? 2AB + B? = (A B)? 


CHECK POINT5 Factor: 


a. x? + 6x +9 b. 16x + 40xy + 25y? 
c. 4y4 — 20y? + 25. 


Using Special Forms When Factoring by Grouping 


If a polynomial contains four terms, try factoring by grouping. In the next example, we 
group the terms to obtain the difference of two squares. One of the squares is a perfect 
square trinomial. 


| EXAMPLE 6 | Using Grouping to Obtain the Difference 
of Two Squares 


Factor: x? — 8x + 16 — y’. 


Solution 
x’ — 8x + 16 — y* 
= (x* — 8x + 16) — y’ Group as a perfect square trinomial minus 
y* to obtain a difference of two squares. 
= (x — 4)? - y? Factor the perfect square trinomial. 


=(x-—4+y)(x-—4-y) — Factor the difference of two squares. The 
factors are the sum and difference of the 
expressions being squared. Mi 


|\/| CHECK POINT6 Factor: x7 + 10x + 25 — y?. 


Using Grouping to Obtain the Difference 
of Two Squares 


Factor: a* — b* + 10b — 25. 


Solution Grouping into two groups of two terms does not result in a common 
binomial factor. Let’s look for a perfect square trinomial. Can you see that the perfect 
square trinomial is the expression being subtracted from a7? 


a’ — b* + 10b — 25 
= a’ — (b* — 10b + 25) Factor out —1 and group as 


a’ — (perfect square trinomial) 
to obtain a difference of two squares. 


=a - (b - 5) Factor the perfect square trinomial. 


= [a+ (b—5)][a — (b — 5)] Factor the difference of squares. The 
factors are the sum and difference of 
the expressions being squared. 


=(a+b—5)\(a—b+5) Simplify. 


4 | Factor the sum or 
difference of two 
cubes. 


Great Question! 


What are some cubes that 
| should be able to identify? 


When factoring the sum 
or difference of cubes, it 
is helpful to recognize the 
following cubes: 


1s ie 
Fae 
Lf = SF 
64 = 4 
1S = 5 
MG = & 
1000 = 10°. 
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[/| CHECK POINT7 Factor: a* — b? + 4b - 4, 


Factoring the Sum or Difference of Two Cubes 


Here are two multiplications that lead to factoring formulas for the sum of two cubes 
and the difference of two cubes: 


(A + B)(A? — AB + B’) = A(A? — AB + B’) + B(A? — AB + B?’) 
= A? — A°B + AB? + A’B — AB? + BP 


= A? + B Combine like terms: 
—A*B + A*B = Oand 
The product results in the 2 e 
sum of two cubes. AB’ = AB- = 0, 


and 


(A — B)(A? + AB + B’) = A(A? + AB + B’) — B(A? + AB + B?) 
= A? + A?B + AB* — A2B — AB* -— BP 


= A? — B®, Combine like terms: 
A?B — A®B = Oand 
The product results in the i . 
difference of two cubes. ABS — AB* = O. 


By reversing the two sides of these equations, we obtain formulas that allow us to 
factor a sum or difference of two cubes. These formulas should be memorized. 


Factoring the Sum or Difference of Two Cubes 
1. Factoring the Sum of Two Cubes 


A? + B? = (A + B)(A’? — AB + B’) 
oe 


Same signs Opposite signs 


2. Factoring the Difference of Two Cubes 
A? — B? = (A — B)(A’? + AB + B’) 
ee 


Same signs Opposite signs 


Factoring the Sum of Two Cubes 


Factor: 


a. x? + 125 b. x° + 64y%. 


Solution We must express each term as the cube of some monomial. Then we use 
the formula for factoring A’ + B?. 


a. x? + 125 = x3 + 59 = (x + 5)(x? — x5 + 5*) = (x + 5)(x* — Sx + 25) 
Ae es B= WM + BB) ue = AB es 1) 
b. x° + 64y? = (x?)) + (Ay)? = (x? + dy)[(x?)?? — 2? + Ay + (4y)?] 


AC BPs (A + BB) We = AB 2 1A) 


= (ie + Ay)(x* — 4x’y + 16y’) a 
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'\/| CHECK POINT8 Factor: 


a. x° + 27 
b. x° + 1000y°. 


| EXAMPLE 9 | Factoring the Difference of Two Cubes 


Factor: 


a. x° — 216 b. 8 — 125x3y°, 


Solution We must express each term as the cube of some monomial. Then we use 
the formula for factoring A? — B°. 


a. x — 216 = x8 — @ = (x — 6)(x* + x6 + 6) = (x — 6)(x* + 6x + 36) 
= P= Ww - BM s AP = BF 
b. 8 — 125x°y? = 2? — (Sxy)? = (2 — S5xy)[2? + 2-S5xy + (S5xy)?] 
AP = Ps VW = B) WUE e AB = A 


= (2 — 5xy)(4 + 10xy + 25x’y’) 


[| CHECK POINT9 Factor: 


a x — 8 
b. 1 — 27x3y?. 


Great Question! 


The formulas for factoring A® + B® and A® — B° are difficult to remember and easy 
to confuse. Can you help me out? 


A Cube of SOAP 
When factoring sums or differences of cubes, observe the sign patterns. 


A’ + B= (A+ B)(A? — AB 


[ Opposite signs | [Always positive | 


A- B=(A mee + AB + B’) 


[ Opposite signs | | Always positive | 


The word SOAP is a way to remember these patterns: 


» O A P. 
Z. _\ \ 


Same Opposite Always 
signs signs Positive 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The formula for factoring the difference of two squares is A? — B* = 


2. A formula for factoring a perfect square trinomial is A? + 2AB + B? = 
3. A formula for factoring a perfect square trinomial is A? — 2AB + B? = 
4. The formula for factoring the sum of two cubes is A* + B? = 
5. The formula for factoring the difference of two cubes is A? — B? = 
6. 16x? — 49 = ( + 7) ( — 7) 
7. a —(b+3Y = [a4 lla - ] 
8 x7 — 14x + 49 = (x y 
9. 16x? + 40xy + 25y? = ( + Sy)? 
10. +27 =(x \(x? + 9) 
11. x? — 1000 = (x )(x? + 10x ) 
12. True or false: x” — 10 is the difference of two perfect squares. 
13. True or false: x7 + 8x + 16 is a perfect square trinomial. 
14, True or false: x” — 5x + 25 is a perfect square trinomial. 
15. True or false: x° + 1000y" is the sum of two cubes. 
16. True or false: x7 — 100 is the difference of two cubes. 


5.5 EXERCISE SET MyMathLab® — wornevincs sown 


Practice Exercises 10.7 = 25 
In Exercises 1-22, factor each difference of two squares. Assume 20. x7" — 36 
that any variable exponents represent whole numbers. 21. 1 —a2" 
1.x°-4 22. 4 — p2 
2. x* — 16 : : 
In Exercises 23-48, factor completely, or state that the polynomial 
3. 9x? — 25 is prime. 
4. 4x°— 9 23. 2x7 — 8x 
5. 9 — 25y" 24. 2x3 — 72x 
6. 16 — 49y? 25. 50 — 2y? 
7. 36x" — 49y? 26. 72 — 2y? 
8. 64x? — 25y” 27. 8x2 — 8y? 
ay 28. 6x? — by” 
10. x’y* — 100 29. 2x>y — 18xy 
11. 9x4 — 25y8 30. 2x3y — 32xy 
12. 25x4 — 9y® 31. @b2 — 49ac2 
13. xi — y* 32. 4a>c? — 16ax*y" 
14, x4 — yl? 33. Sy — 5x’y’ 
15. (x - 3) - y? 94. 2y — 2x5y3 
161 =O 35. 8x2 + 8y? 
UN sis (News) 36. 6x? + 6y” 
16. (bs) 37. x2 + 25y? 
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38. x* + 36y" 

39. x*— 16 

40. xt-1 

Aisin? 1 

a2. 1 = Bix* 

43. 2x° — 2xy* 

44. 3x° — 3xy4 

450 oy = a — 
46. x° + 3x? — 9x — 27 
47. x — 7x? —x +7 
48. x° — 6x7 —x + 6 
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In Exercises 49-64, factor any perfect square trinomials, or 
state that the polynomial is prime. 


49. x7 + 4x +4 

50. x7 + 2x +1 

Bie le 25 

52. x? — 14x + 49 

53. x4 — 4x7 + 4 

54. x+ — 6x7 + 9 

55. 9y7 + 6y + 1 

56. 4y? + 4y +1 

57. 64y? — loy +1 
58. 25y7—- 10y + 1 
59. x7 — 12xy + 36y7 
60. x* + l6xy + 64y7 
61. x? — 8xy + 64y? 
62. x? — Oxy + Bly? 
63. 9x? + 48xy + 64y? 
64. 16x* — 40xy + 25y? 


In Exercises 65-74, factor by grouping to obtain the difference 


of two squares. 


65. x7 — 6x +9 — y* 

66. x? — 12x + 36-y’ 
Cha a 20k 100 
68. x7 + 16x + 64 — x4 
69. 9x? — 30x + 25 — 36y” 
70. 25x? — 20x + 4 — 81y? 
71. x4-x?-2x-1 

72. xt -— x? - 6x —9 

73. 27 — x? + 4xy — 4y’ 
74. 27 — x? + 10xy — 25y? 


In Exercises 75—94, factor using the formula for the sum or 
difference of two cubes. 


75. x° + 64 
76. x°+1 
77. x° — 27 
78. x* — 1000 
79. 8y° +1 


80. 27y> +1 

81. 125.7 — 8 
82. 27x37 - 8 

83. x%y? + 27 
84. xy? + 64 
85. 64x — xt 

86. 216x — x? 
87. x° + 27y3 

88. x° + 8y? 

89. 125x° — 64y° 
90. 125x° — y® 
1. x +1 

92. x°-1 

93. @-—yyP-y? 
94. x3 4+ (x+y) 


Practice PLUS 
In Exercises 95-104, factor completely. 


95. 0.04x7 + 0.12% + 0.09 
96. 0.09x7 — 0.12% + 0.04 
x 
97. 8xt-— = 
Ene 
a 
98. 27xt + — 
se 
99. x° — 97° + 
100. x° + 9x3 
101. x® — 15x* — 16 
102. x8 + 15x47 — 16 
103. x —x° — 8&7 +8 
104. x — x9 + 27x? — 27 
105. The figure shows four purple rectangles that fit together 


to form a large square. 


—— A + B—> 


B 


}<——— 4 ——>}<—>| 


a. Express the area of the large square in terms of one 
of its sides, A + B. 


b. Write an expression for the area of each of the four 
rectangles that form the large square. 


c. Use the sum of the areas from part (b) to write a 
second expression for the area of the large square. 


d. Set the expression from part (c) equal to the 
expression from part (a). What factoring technique 
have you established? 


Application Exercises 


In Exercises 106-109, find the formula for the area of the 
shaded blue region and express it in factored form. 


107. 


In Exercises 110-111, find the formula for the volume of the 
region outside the smaller rectangular solid and inside the larger 
rectangular solid. Then express the volume in factored form. 


110. 


111. 


Writing in Mathematics 


112. Explain how to factor the difference of two squares. 


Provide an example with your explanation. 


113. What is a perfect square trinomial and how is it factored? 
114. Explain how to factor x7 — y? + 8x — 16. Should the 


expression be grouped into two groups of two terms? If 
not, why not, and what sort of grouping should be used? 


115. Explain how to factor x? + 1. 


Technology Exercises 


In Exercises 116-123, use a graphing utility to graph the 
function on each side of the equation in the same viewing 
rectangle. Use end behavior to show a complete picture of the 
polynomial function on the left side. Do the graphs coincide? 
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If so, this means that the polynomial on the left side has been 
factored correctly. If not, factor the polynomial correctly and 
then use your graphing utility to verify the factorization. 


116. 9x? — 4 = (3x + 2)(3x — 2) 
W417. 0° + 4x 4+ 4= (x4 4) 


118. 9x7 + 12x + 4 = (3x + 27 


119. 25 — (x7 + 4x + 4) = (x + 7)(x — 3) 


120. (2x + 3° — 9 = 4x(x + 3) 
121. (x — 3)? + 8(x — 3) + 16 = (x - 1) 


122, e —-1=(x- 1)? -x +1) 


123. (x +1 +1=(*+ D0? +x+4+1) 


124. Use the |TABLE| feature of a graphing utility to verify 


any two of your factorizations in Exercises 67-68 or 
77-78. 


Critical Thinking Exercises 


Make Sense? In Exercises 125-128, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


125. Although I can factor the difference of squares and 
perfect square trinomials using trial and error associated 
with FOIL, recognizing these special forms shortens the 
process. 

126. Although x* + 2x*—5x-—6 can be factored as 
(x + 1)(x + 3)(x — 2), [have not yet learned techniques 
to obtain this factorization. 

127. I factored 4x*?— 100 completely and obtained 
(2x + 10)(2x — 10). 

128. You told me that the area of a square is represented 
by 9x? + 12x + 4 square inches, so I factored and 
concluded that the length of one side must be 3x + 2 
inches. 


In Exercises 129-132, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


129. 9x? + 15x + 25 = (3x + 5) 
130. x° — 27 = (x — 3)(x? + 6x + 9) 
131. x° — 64 = (x - 4y° 

132. 4x? — 121 = (2x — 11) 


In Exercises 133-136, factor each polynomial completely. 
Assume that any variable exponents represent whole numbers. 


133. yotxtxrty 

134. 36x2" — y?" 

135. x3” at eee 

136. 4x7" + 20x"y" + 25y?” 
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137. Factor x° — y’ first as the difference of squares and then 141. Solve using matrices: 
as the difference of cubes. From these two factorizations, e 2-3 
: oes 4 a) 4 
determine a factorization for x" + x“y" + y". fo 4 


(Section 3.4, Example 2) 
142. Factor: 3x7 + 21x — xy — Ty. (Section 5.3, Example 6) 


In Exercises 138-139, find all integers k so that the trinomial is Preview Exercises 


a perfect square trinomial. Exercises 143-145 will help you prepare for the material 

138. kx? + 8xy + y? “ee Gee = aon Je covered in the next section. In each exercise, factor completely. 
143. 2x° + 8x? + 8x 

Review Exercises 144, 5x? — 40x?y + 35xy? 


-1 145. 9b?x + 9b?y — 16x — l6y 


2, 
140. Solve: 2x +2=12 and — = 7. (Section 4.2, 


Example 2) 


A General Factoring Strategy 


Successful problem solving involves understanding the problem, devising a 
plan for solving it, and then carrying out the plan. In this section, you will 


Objective learn a step-by-step strategy that provides a plan 
and direction for solving factoring problems. 


@ Use a general 
strategy for factoring A Strategy for Factoring 
polynomials. Polynomials 


It is important to practice factoring a wide variety 
of polynomials so that you can quickly select 
the appropriate technique. The polynomial is 
factored completely when all its polynomial 
factors, except possibly for monomial factors, 
are prime. Because of the commutative property, 
the order of the factors does not matter. 

Here is a general strategy for factoring 
polynomials: 


ia Use a general 


strategy for factoring 
polynomials. 1. If there is acommon factor, factor out the GCF or factor out a common factor 


with a negative coefficient. 


A Strategy for Factoring a Polynomial 


2. Determine the number of terms in the polynomial and try factoring as follows: 


a. If there are two terms, can the binomial be factored by using one of the 
following special forms? 


Difference of two squares: A? — B? = (A + B)(A — B) 
Sum of two cubes: A? + B? = (A + B)(A* — AB + B’) 
Difference of two cubes: A> — B? = (A — B)(A* + AB + B?) 


Using Technology 
Graphic Connections 
The polynomial functions 
yy = 2x? + 8x? + 8x and 
yo = 2x(x + 2)” have identical 
graphs. This verifies that 


Falls left 


y, = 2x? + 8x? + Bx 


[—4, 2, 1] by [-10, 10, 1] 


The degree of y, is 3, which is 
odd. Odd-degree polynomial 
functions have graphs with 


opposite behavior at each end. 


The leading coefficient, 2, is 
positive. The graph should fall 
to the left and rise to the right 
(Y, 7). The viewing rectangle 
used is complete enough to 
show this end behavior. 


8x = 2x(x + 2). 
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b. If there are three terms, is the trinomial a perfect square trinomial? If so, 
factor by using one of the following special forms: 
A’ + 2AB + B?=(A+ BY 
A’ — 2AB + B? = (A — BY’. 
If the trinomial is not a perfect square trinomial, try factoring by trial and 
error or grouping. 
c. If there are four or more terms, try factoring by grouping. 


3. Check to see if any factors with more than one term in the factored polynomial 
can be factored further. If so, factor completely. 


Remember to check the factored form by multiplying or by using the |TABLE 
or |GRAPH | feature of a graphing utility. 


The following examples and those in the Exercise Set are similar to the previous 
factoring problems. However, these factorizations are not all of the same type. They 
are intentionally mixed to promote the development of a general factoring strategy. 


| EXAMPLE 1 | Factoring a Polynomial 


Factor: 2x° + 8x? 4+ 8x. 


Solution 


Step 1. If there is a common factor, factor out the GCF. Because 2x is common to all 
terms, we factor it out. 


2x3 + 8x? + 8x = 2x(x* + 4x + 4) Factor out the GCF. 


Step 2. Determine the number of terms and factor accordingly. The factor 
x’ + 4x + 4 has three terms and is a perfect square trinomial. We factor using 
A’ + 2AB + B? = (A + BY. 


2x3 + 8x? + 8x = 2x(x? + 4x + 4) 
= 2x(x? + 2+x-2+4 27) 


AC se AA BP 


= 2x(x + 2)° A? + 2AB + B? = (A+ BP 


Step 3. Check to see if factors can be factored further. In this problem, they cannot. 
Thus, 


2x3 + 8x? + 8x = 2x(x + 2)7. 9 


Factor: 3x> — 30x? + 75x. 


'/| CHECK POINT 1 


| EXAMPLE 2 | Factoring a Polynomial 


Factor: 4x’y — léxy — 20y. 


Solution 


Step 1. If there is a common factor, factor out the GCF. Because 4y is common to all 
terms, we factor it out. 


4x’y — l6xy — 20y = 4y(x? — 4x — 5) Factor out the GCF. 
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Step 2. Determine the number of terms and factor accordingly. The factor x7 — 4x — 5 
has three terms, but it is not a perfect square trinomial. We factor it using trial and 
error. 


4x’y — l6xy — 20y = 4y(x? — 4x — 5) = 4y(x + 1)(x — 5) 


Step 3. Check to see if factors can be factored further. In this case, they cannot, so we 
have factored completely. & 


CHECK POINT 2 Factor: 3x’y — 12xy — 36y. 


| EXAMPLE 3 | Factoring a Polynomial 


Factor: 9b*x — 16y — 16x + 9b7y. 


Solution 


Step 1. If there is a common factor, factor out the GCF. Other than 1 or —1, there is no 
common factor. 


Step 2. Determine the number of terms and factor accordingly. There are four terms. 
We try factoring by grouping. Notice that the first and last terms have a common factor 
of 9b* and the two middle terms have a common factor of —16. Thus, we begin by 
rearranging the terms. 
9b*x — 16y — 16x + 9b7y 
= (9b*x + 9b’y) + (—16x — 16y) Rearrange terms and group terms with 
common factors. 

= 9b*(x + y) — 16(x + y) Factor from each group. 

= (x + y)(9b? — 16) Factor out the common binomial factor, x + y. 
Step 3. Check to see if factors can be factored further. We note that 9b* — 16 is the 
difference of two squares, (3b)” — 4? , so we continue factoring. 

9b*x — 16y — 16x + 9b7y 
= (x + y)[(3b) - 47] Express 9b” — 16 as the difference of squares. 


= (x + y)(3b + 4)(3b — 4) The factors of 9b* — 16 are the sum and 
difference of the expressions being squared. 


/| CHECK POINT3 Factor: 16a*x — 25y — 25x + 16a’y. 


| EXAMPLE 4 | Factoring a Polynomial 


Factor: x? — 25a2 + 8x + 16. 


Solution 


Step 1. If there is a common factor, factor out the GCF. Other than 1 or —1, there is no 
common factor. 


Step 2. Determine the number of terms and factor accordingly. There are four terms. 
We try factoring by grouping. Grouping into two groups of two terms does not result in 
a common binomial factor. Let’s try grouping as a difference of squares. 


x? — 25a” + 8x + 16 


= (x? + 8x + 16) — 25a? Rearrange terms and group as a perfect square 
trinomial minus 25a” to obtain a difference of 
squares. 

= (x + 4)? — (5a)’ Factor the perfect square trinomial. 


= (x + 4 + Sa)(x + 4 — 5a) Factor the difference of squares. The factors are 
the sum and difference of the expressions being 
squared. 
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Step 3. Check to see if factors can be factored further. In this case, they cannot, so we 
have factored completely. m 


\/| CHECK POINT4 Factor: x? — 36a? + 20x + 100. 


| EXAMPLE 5 | Factoring a Polynomial 


Factor: 3x! + 3x. 


Solution 


Step 1. If there is a common factor, factor out the GCF. Because 3x is common to both 
terms, we factor it out. 


3x9 + 3x = 3x(x? + 1) Factor out the GCF. 


Step 2. Determine the number of terms and factor accordingly. The factor x? + 1 has 
two terms. This binomial can be expressed as (x*)” + 13, so it can be factored as the 
sum of two cubes. 


3x10 + 3x = 3x(x? + 1) 
= 3x[(x°)3 + 13] = 3x(° + 1)[(P) - 8-1 + id 
sO se P= WW + B Ve = AD = BA 
= 3x(x3 + 1)(x°— x3 +1) simplify. 


Step 3. Check to see if factors can be factored further. We note that x° + 1 is the sum 
of two cubes, x* + 1°, so we continue factoring. 


3x10 + 3x 
= 3x(x° + 1)(x® — x3 + 1) This is our factorization in the 
previous step. 
A? + B= 


(A + B) (A? —AB + B?) 


= 3x(x + 1)(<? — xt Tha? as 1) Factor completely by factoring 
x° + 1°, the sum of cubes. 


[/|! CHECK POINT5 = Factor: x!° + 512x. Hint: 512 = 8°. 


Achieving Success 


In the next chapter, you will see how mathematical models involving quotients of polynomials 
describe environmental issues. Factoring is an essential skill for working with such models. 
Success in mathematics cannot be achieved without a complete understanding of factoring. 
Be sure to work all the assigned exercises in Exercise Set 5.6 so that you can apply each of 

the factoring techniques discussed in this chapter. The more deeply you force your brain to 
think about factoring by working many exercises, the better will be your chances of achieving 
success in the next chapter and in future mathematics courses. 
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CONCEPT AND VOCABULARY CHECK 


Here is a list of the factoring techniques that we have discussed. 


a. Factoring out the GCF b. Factoring out the negative of the GCF 
c. Factoring by grouping d. Factoring trinomials by trial and error or grouping 
e. Factoring the difference of two squares 


A’ — B’ = (A + B)(A — B) 


f. Factoring perfect square trinomials 
A’ + 2AB + B? =(A+ BY 
A’ — 2AB + B? =(A — BY 


g. Factoring the sum of two cubes 


A + B3 = (A + B)(A — AB + B’) 


h. Factoring the difference of two cubes 


A — B3 = (A — B)(A’ + AB + B’) 


Fill in each blank by writing the letter of the technique (a through h) for factoring the polynomial. 


4. —4x7 +20, 2. 9x7 — 16 
3. 1257-1 4. x7 + 7x xy + Ty 
5.x? -4y- 5 6.17 + 4x44 
7. 3x9 + 6x 8x9 +1 
eo & 
5.6 EXERCISE SET MyMathLab® warner comets 
Practice Exercises 19. 2x° + 54x? 
In Exercises 1-68, factor completely, or state that the 20. 3x° + 24x? 
ees is prime. 21. 3x4y — 48y° 
1. a lox 22. 32x4y — 2y> 
Phy Be 3 23. 12x3 + 36x2y + 27xy? 
2 
3. 3x7 + 18x + 27 24. 18x? + 48x7y + 32xy? 
4. 8x" + 40x + 50 25. x° — 12x + 36 — 49y" 
3 
5. 81x> -— 3 26. x° — 10x + 25 — 36y" 
6. 24x> — 3 27. 4x° + 25y* 
7. x’y — 16y + 32 — 2x? 28. 16x” + 49y? 
2 2 
8. Ve iy — axe 9 29. 12x3y — 12xy3 
9. 4a“b — 2ab — 30b 30. 9x7y? — 36y7 
10. 32y* — 48y + 18 31. 6bx* + 6by* 
May = 49 = 4)" = 16 32. 6x2 — 66 
2, 2: 
i2. av. — loa 2x. 32 33. x4 — xy os xy = y! 
BI 2 
132 tile — liny 34. x3 — xy? + xy — y3 
9 
14. 4x” — 400x 35. x? — 4a? + 12x + 36 
5) 
15. 4x° — 64x 36. x7 — 49a? + 14x + 49 
5) 
16. 7x? — 7x 37. 5x° + x° — 14 
3 2, 
17. x° — 4x? — 9x + 36 38. 6x° + x® — 16 
3) 2 
18. x — Sx" — 4x + 20 99. 4x — 14 + 2x? — 7x2 


SECTION 5.6 A General Factoring Strategy 379 


40. 3x° + 8x + 9x? + 24 Application Exercises 

41. 54x° — 16y? In Exercises 81-86, 

42. 54x3 — 250y? a. Write an expression for the area of the shaded blue region. 
43. x7 + 10x — y? + 25 b. Write the expression in factored form. 
44. x7 + 6x —y?+9 81. ay 

45. x® — y8 

46. x8 -1 

47. xy — l6xy? 

48. x°y — 100xy? x+y 

49. x + 8x 

50, 2 


51. 16y? — 4y — 2 

52. 32y? + 4y — 6 

53. 14y? + 7y? — 10y = 
54. Sy? — 45y? + 70y 

55. 27x? + 36xy + 12y? 

56. 125x? + 50xy + Sy? 

57. 12x? + 3xy? 

58. 3x4 + 27x? 

59. Kove — xy 83. ‘i 
60. x° — 2x7 -x+2 

61. (x + 5)(x — 3) + (x + 5)(x — 7) 
62. (x + 4)(x — 9) + (x + 4)(2x — 3) 
63. a*(x — y) + 4(y — x) 

64. b*(x — 3) + c2(3 — x) 

65. (c+ d)'-1 


84. 
66. (c + d)* — 16 
x+y 
67 


pr Srey rm 
85. y 


x ad tad 
(If 


6p =po —patg 


Practice PLUS 


In Exercises 69-80, factor completely. 
69. x4 — 5x7y? + 4y4 


70. x*— 10x2y? + 9y4 oe > 
71. (x+y + Ox +y) +9 2e 
72. (x — y)* — 8(x — y) + 16 & 

72. (= 9) = 4 — yy > S 
74. (x +y)* — 100(x + y)? » a 4 


75. 2x? — Txy* + 3y* 
76. 3x? + S5xy* + 2y* 


77. xeo-y-xty 
78. + y3 + x7 y? 


Writing in Mathematics 


87. Describe a strategy that can be used to factor polynomials. 


79. Py +a = key? = 8 88. Describe some of the difficulties in factoring polynomials. 
What suggestions can you offer to overcome these 
80. x°y? — x3 + xy3 - 1 difficulties? 
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Technology Exercises 


In Exercises 89-92, use a graphing utility to graph the function 
on each side of the equation in the same viewing rectangle. Use 
end behavior to show a complete picture of the polynomial on 
the left side. Do the graphs coincide? If so, the factorization 

is correct. If not, factor correctly and then use your graphing 
utility to verify the factorization. 


89. 4x? — 12x + 9 = (4x — 3) 


90. 2x? + 10x? — 2x 


10 = 2(x + 5)(x? +1) 


91. x4 — 16 = (x? + 4)(x + 2)(x — 2) 


92. 2 +1=(¢4+1) 


93. Use the|TABLE/feature of a graphing utility to 
verify any two of your complete factorizations in 
Exercises 15-20. 


Critical Thinking Exercises 


Make Sense? In Exercises 94-97, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


94. It takes a great deal of practice to get good at factoring a 
wide variety of polynomials. 


95. Multiplying polynomials is relatively mechanical, but 
factoring often requires a great deal of thought. 


96. The factorable trinomial 4x7 + 8x + 3 and the prime 
trinomial 4x7 + 8x + 1 are in the form ax* + bx +, 
but b* — 4ac is a perfect square only in the case of the 
factorable trinomial. 

97. You told me that the volume of a rectangular solid is 
represented by 5x* + 30x? + 40x cubic inches, so I 
factored completely and concluded that the dimensions 
are 5x inches, x + 2 inches, and x + 5 inches. 


In Exercises 98-101, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


98. x‘ — 16 is factored completely as (x? + 4)(x” — 4). 


99. The trinomial x? — 4x — 4 is a prime polynomial. 


Polynomials, Polynomial Functions, and Factoring 


100. x* + 36 = (x + 6) 
101. x«° — 64 = (x + 4)(x? + 4x — 16) 


In Exercises 102-104, factor completely. Assume that variable 
exponents represent whole numbers. 


102. x7"*3 — 10x"*3 + 25x3 
103. 3x74? — 13x"t1 + 4y” 
104. x47t1— yar 


105. In certain circumstances, the sum of two perfect squares 
can be factored by adding and subtracting the same 
perfect square. For example, 


x*+4=x4+4 4x7 + 4 — 4x7. Add and subtract 4x”. 
Use this first step to factor x+ + 4. 


3 


106. Express x* + x + 2x4 + 4x? + 2 as the product of two 
polynomials of degree 2. 


Review Exercises 
107. Solve: lett + eons 2 
5) 2} 10 

(Section 1.4, Example 4) 


108. Simplify: (4x3y7)2(2e3yy 


(Section 1.6, Example 9) 


OF S32 
109. Evaluate: 1 Bee eile 
—2 1 4 


(Section 3.5, Example 3) 


Preview Exercises 


Exercises 110-112 will help you prepare for the material 
covered in the next section. 


110. Evaluate (2x + 3)(x — 4) in your head for x = 4. 
111. Evaluate —16(t — 6)(t + 4) in your head for t = 6. 


112. Express as an equivalent equation with a factored 
trinomial on the left side and zero on the right side: 


x? + (x +7) = (x + 8). 
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Objectives 


1 | Solve quadratic 
equations by factoring. 


2 | Solve higher-degree 
polynomial equations 
by factoring. 


3) Solve problems using 
polynomial equations. 


1 | Solve quadratic 
equations by factoring. 


Polynomial Equations and Their 
Applications 


Motion and change are the very essence of life. Moving air 
brushes against our faces; rain falls on our heads; 


birds fly past us; plants spring from the earth, 
grow, and then die; and rocks thrown upward 
reach a maximum height before falling to the 
ground. In this section, you will use quadratic 
functions and factoring strategies to model 


and visualize motion. Analyzing the where 
and when of moving objects 
involves equations in which 
the highest exponent on the 
variable is 2, called quadratic 
equations. 


The Standard Form 
of a Quadratic 
Equation 

We begin by defining a 
quadratic equation. 


Definition of a Quadratic Equation 


A quadratic equation in x is an equation that can be written in the standard form 
ax? + bx +c=0, 


where a, b, and c are real numbers, with a ~ 0. A quadratic equation in x is also 
called a second-degree polynomial equation in x. 


Here is an example of a quadratic equation in standard form: 


x? — 12x + 27=0. 


“=| Foes 8 c=2/ 


Solving Quadratic Equations by Factoring 


We can factor the left side of the quadratic equation x? — 12x + 27 = 0. We obtain 
(x — 3)(x — 9) = 0. If a quadratic equation has zero on one side and a factored 
expression on the other side, it can be solved using the zero-product principle. 
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The Zero-Product Principle 


If the product of two algebraic expressions is zero, then at least one of the factors 
is equal to zero. 


If AB = 0, then A = Oor B = 0. 


For example, consider the equation (x — 3)(x — 9) =0. According to the 
zero-product principle, this product can be zero only if at least one of the factors is zero. 
We set each individual factor equal to zero and solve the resulting equations for x. 


(x — 3)(x — 9) = 0 
x-3=0 or x-9=0 
x=3 x=9 


The solutions of the original quadratic equation, x7 — 12x + 27 = 0, are 3 and 9. The 
solution set is {3, 9}. 


Solving a Quadratic Equation by Factoring 


1. If necessary, rewrite the equation in the standard form ax” + bx + c = 0, 
moving all terms to one side, thereby obtaining zero on the other side. 


2. Factor completely. 


3. Apply the zero-product principle, setting each factor containing a variable 
equal to zero. 


4. Solve the equations in step 3. 
5. Check the solutions in the original equation. 


| EXAMPLE 1 | Solving a Quadratic Equation by Factoring 


Solve: 2x? — 5x = 12. 


Solution 


Step 1. Move all terms to one side and obtain zero on the other side. Subtract 12 from 
both sides and write the equation in standard form. 


2x* — 5x —-12 = 12 - 12 
2x* — 5x - 12 =0 
Step 2. Factor. 
(2x + 3)\(x — 4) =0 
Steps 3 and 4. Set each factor equal to zero and solve the resulting equations. 
2x+3=0 or x-4=0 
2x = —-3 x=4 


x= 


WN | bo 
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Step 5. Check the solutions in the original equation. 


Check -3. Check 4: 
2x? — 5x = 12 2x? — 5x = 12 

3\? oy 4 ‘ 

2 5 2 12 2(4)? — 5(4) = 12 
(-3) -s(-3) (4)? = 5(4) 

9 3\ , 2 
2(—}-—5/-=] 4 12 = 2 
(2) ( >) 2(16) — 5(4) + 12 

2 eS 32 — 20 4 12 

2 2 
24, 
> = 12 12 = 12, true 
12 = 12, true 


The solutions are -3 and 4, and the solution set is {-3, 4} . of 


'\/| CHECK POINT1 Solve: 2x? — 9x = 5. 


Great Question! 
After factoring a polynomial, should | set each factor equal to zero? 


No. Do not confuse factoring a polynomial with solving a quadratic equation by factoring. 
Factoring a Polynomial Solving a Quadratic Equation 


Factor: 2x? — 5x — 12. Solve: 2x? — 5x — 12 =0. 


This is not an equation. This is an equation. 


There is no equal sign. There is an equal sign. 


Solution: (2x + 3)(x — 4) Solution: (2x + 3)(x — 4) =0 
A 2xF3=0 or x—-4=0 

Stop! Avoid the common error of 3 
setting each factor equal to zero. Lo ay x=4 


The solution set is - 2 : a}. 


There is an important relationship between a quadratic equation in standard form, such as 
2x7 — 5x -12 =0 
and a quadratic function, such as 
y = 2x? — 5x — 12. 


The solutions of ax? + bx + c = 0 correspond to the x-intercepts of the graph of the 
quadratic function y = ax? + bx + c. For example, you can visualize the solutions 
of 2x? — 5x — 12 = 0 by looking at the x-intercepts of the graph of the quadratic 
function y = 2x” — 5x — 12. The graph, shaped like a bowl, is shown in Figure 5.10. 
The solutions of the equation 2x” — 5x — 12 = 0, 3 and 4, appear as the graph’s 
x-intercepts. 


; ry 8 
X-intercept is 4. 


[-4, 6, 1] by [-16, 4, 1] Figure 5.10 
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| EXAMPLE 2 | Solving Quadratic Equations by Factoring 


Solve: 
a: Se = 20% b. x7 +4 = 8x - 12 c. (x — 7)(x + 5) = -20. 
; Solution 
x-intercept: 0 
a. Se = Dy This is the given equation. 
5x” — 20x = 0 Subtract 20x from both sides and write the equation 
x-intercept: 4 in standard form. 
5x(x — 4) = 0 Factor. 
y = 5x? — 20x 5x =0O or x-4=0 Set each factor equal to O. 
[-2, 6, 1] by [-20, 10, 1] x=0 x=4 Solve the resulting equations. 
Figure 5.11 The solution set of Check by substituting 0 and 4 into the given equation. The graph of y = 5x” — 20x, 


5x? = 20x, or 5x? — 20x = 0, is 


obtained with a graphing utility, is shown in Figure 5.11. The x-intercepts are 0 


0, 4}. : sips : . ; 
oe and 4. This verifies that the solutions are 0 and 4, and the solution set is {0, 4}. 
b. x+4=8x-12 This is the given equation. 
x? — 8x + 16 =0 Write the equation in standard form by subtracting 
&x and adding 12 on both sides. 
(x — 4)(x — 4) = 0 Factor. 
x-4=0 or x-4=0 Set each factor equal to O. 
x=4 x=4 Solve the resulting equations. 
Notice that there is only one solution (or, if you prefer, a repeated solution). The 
[-1, 10, 1] by [0, 20, 1] trinomial x? — 8x + 16 is a perfect square trinomial that could have been factored 

Figure 5.12 The solution as (x — 4)*. The graph of y = x” — 8x + 16, obtained with a graphing utility, is 
ae of x? + 4 = 8x — 12, or shown in Figure 5.12. The graph has only one x-intercept at 4. This verifies that the 
x" — 8x + 16 = 0, is {4}. equation’s solution is 4 and the solution set is {4}. 


c. Be careful! Although the left side of (x — 7)(x + 5) = —20 is factored, we cannot 
use the zero-product principle. Why not? The right side of the equation is not 0. So 
we begin by multiplying the factors on the left side of the equation. Then we add 
20 to both sides to obtain 0 on the right side. 


(x — 7)(x + 5) = —20 This is the given equation. 
x? — 2x — 35 = —20 Use the FOIL method to multiply on the left side. 
x?-2x-15=0 Add 20 to both sides. 

(x + 3)(x — 5) =0 Factor. 


x+3=0 or x-—5=0 Set each factor equal to 0. 


x=-3 x =5 Solve the resulting equations. 


Check by substituting —3 and 5 into the given equation. The graph of 
y = x’ — 2x — 15, obtained with a graphing utility, is shown in Figure 5.13. The 
x-intercepts are —3 and 5. This verifies that the solutions are —3 and 5, and the 
solution set is {—3, 5}. 


x-intercept: —3 x-intercept: 5 


Figure 5.13 The solution set of 
(x — 7)(x + 5) = —20, or 
[-5, 7, 1] by [-18, 5, 1] x? — 2x —-15=0,is{-3,5}. Bf 


2 | Solve higher-degree 
polynomial equations 
by factoring. 
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Great Questions! 


In Example 2(a), can | simplify 5x2 = 20x by dividing both sides by x? In Example 2(c), 
can I solve (x — 7)(x + 5) = -—20 by using the zero-product principle in the 
first step? 


No and no. Avoid the following errors: 


20x Never divide both sides of an equation by x. Division by zero is undefined 
x and x may be zero. Indeed, the solutions for this equation (Example 2a) are 
0 O and 4. Dividing both sides by x does not permit us to find both solutions. 


(Ge = U\G2 ar 3) = =20) 
==) Or 26 se 5 The zero-product principle cannot be used because 


= an a the right side of the equation is not equal to O. 


CHECK POINT2 Solve: 
a. 3x? = 2x 
b. x7 + 7 = 10x — 18 
c. (x — 2)(x + 3) = 6. 


Polynomial Equations 


A polynomial equation is the result of setting two polynomials equal to each other. 
The equation is in standard form if one side is 0 and the polynomial on the other side 
is in standard form, that is, in descending powers of the variable. The degree of a 
polynomial equation is the same as the highest degree of any term in the equation. 
Here are examples of three polynomial equations: 


3x +5=14 2x7 + 7x =4 e+ x= 444 4. 


This equation is of This equation is of This equation is of 
degree 1 because 1 is degree 2 because 2 is degree 3 because 3 is 
the highest degree. the highest degree. the highest degree. 


Notice that a polynomial equation of degree 1 is a linear equation. A polynomial 
equation of degree 2 is a quadratic equation. 

Some polynomial equations of degree 3 or higher can be solved by moving all terms 
to one side, thereby obtaining 0 on the other side. Once the equation is in standard 
form, factor and then set each factor equal to 0. 


| EXAMPLE 3 | Solving a Polynomial Equation by Factoring 


Solve by factoring: x° + x? = 4x + 4. 


Solution 
Step 1. Move all terms to one side and obtain zero on the other side. Subtract 4x and 
subtract 4 from both sides. 

we+x*—-4e -4=44+ 4-47 -4 

e+x?-4x -4=0 


Step 2. Factor. Use factoring by grouping. Group terms that have a common factor. 


x + x7] + |-4x -— 4] =0 


Common factor is x2. Common factor is —4. 
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Using Technology 
Numeric Connections 
A graphing utility’s 
TABLE | feature can 
be used to numerically 
verify that {-2, —1, 2} is the 
solution set of 


et+xr=44 +4 
A 


Enter y, =x? + x”. | | Enter v2 = 4x + 4. 


y, and y, are 
equal when 


Discover for Yourself 


Suggest a method involving 
intersecting graphs that can 
be used with a graphing 
utility to verify that 

{-2, -1, 2} is the solution 
set of 


et+xrr=4x4 4. 


Apply this method to verify 
the solution set. 


3 | Solve problems using 
polynomial equations. 


wet+x?-4x-4=0 Wehave repeated the equation from the 
bottom of the previous page. 


x(x +1) -—4(x +1) =0 Factor x? from the first two terms and 
—4 from the last two terms. 
(x + 1)(x* — 4) =0 Factor out the common binomial, x + 1, 
from each term. 
(x + 1)(x + 2)(x — 2) =0 Factor completely by factoring x* — 4 
as the difference of two squares. 
Steps 3 and 4. Set each factor equal to zero and solve the resulting equations. 
x+1=0 or x+2=0 or x-2=0 
x=-l x= —-2 x=2 


Step 5. Check the solutions in the original equation. Check the three solutions, —1, —2, 
and 2, by substituting them into the original equation. Can you verify that the solutions 
are —1, —2, and 2, and the solution set is {-2,—1,2}? @ 


Using Technology 
Graphic Connections 


You can use a graphing utility to check 
the solutions to.x7 + x7 — 4x —-4=0. 
Graph y = x° + x* — 4x — 4, as shown 
on the right. Is the graph complete? 
Because the degree, 3, is odd, and the 
leading coefficient, 1, is positive, it should 


fall to the left and rise to the right (Y, 7). 
The graph shows this end behavior and 


is therefore complete. The x-intercepts 


are —2, —1, and 2, corresponding to the [-5, 5, 1] by [-8, 2, 1] 
equation’s solutions. 


x-intercept: -1 


x-intercept: —2 


CHECK POINT 3 Solve by factoring: 2x? + 3x? = 8x + 12. 


Applications of Polynomial Equations 


Solving polynomial equations by factoring can be used to answer questions about 
variables contained in mathematical models. 


| EXAMPLE 4 | Modeling Motion 


You throw a ball straight up from a rooftop 384 feet high with an initial speed of 32 feet 
per second. The function 


s(t) = —161? + 32¢ + 384 


describes the ball’s height above the ground, s(4), in feet, f seconds after you throw it. 
The ball misses the rooftop on its way down and eventually strikes the ground. How 
long will it take for the ball to hit the ground? 


Solution The ball hits the ground when s(0), its height above the ground, is 0 feet. 
Thus, we substitute 0 for s(t) in the given function and solve for t. 


s(t) = —16t? + 32t + 384 This is the function that models 
the ball’s height. 
0 = —16t7 + 32t + 384 Substitute O for a(t). 


0 = -16(t? — 2t — 24) Factor out —16, the negative of 
the GCF. 


kK 80 + 2x >| 


Figure 5.15 The garden’s area is to 
be doubled by adding the path. 
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0 = —-16(t — 6)(t + 4) Factor t® — 2t — 24, the trinomial. 


Do not set the constant, 
—16, equal to zero: -16 #0. 


t-—6=0 or t+4=0 Set each variable factor equal to O. 
t=6 t=-—4 — Solve for t. 
Because we begin describing the ball’s height at t = 0, we discard the solution t = —4. 


The ball hits the ground after 6 seconds. 


Ball reaches its 


Figure 5.14 shows the graph of the s(t) 
500 4 maximum height. 


function s(t) = —161? + 32t + 384. The 
horizontal axis is labeled ¢, for the ball’s 


; : : ; oe t) =—16r? + 32t + 384 
time in motion. The vertical axis is 38 si au) 
labeled s(t), for the ball’s height above = 300 
: : 0) 
the ground at time ¢. Because time and 3 200 ates aati 


height are both positive, the function is ground. 

graphed in quadrant I only. 
The graph visually shows what we 0 1 2 3 4 5 6 7 

discovered algebraically: The ball hits Time (seconds) 

the ground after 6 seconds. The graph 

also reveals that the ball reaches its 


maximum height, 400 feet, after 1 second. Then the ball begins to fall. 


falling. 


Figure 5.14 


|\/| CHECK POINT4 Use the function s(t) = —16r? + 32t + 384 to determine 
when the ball’s height is 336 feet. Identify your meaningful solution as a point on the 
graph in Figure 5.14. 


In our next example, we use our five-step strategy for solving word problems. 


| EXAMPLE 5 | Solving a Problem Involving Landscape Design 


A rectangular garden measures 80 feet by 60 feet. A large path of uniform width is to 
be added along both shorter sides and one longer side of the garden. The landscape 
designer doing the work wants to double the garden’s area with the addition of this 
path. How wide should the path be? 


Solution 
Step 1. Let x represent one of the unknown quantities. We will let 


x = the width of the path. 


The situation is illustrated in Figure 5.15. The figure shows the original 80-by-60 foot 
rectangular garden and the path of width x added along both shorter sides and one 
longer side. 

Step 2. Represent other unknown quantities in terms of x. Because the path is added 
along both shorter sides and one longer side, Figure 5.15 shows that 


80 + 2x = the length of the new, expanded rectangle 


60 + x = the width of the new, expanded rectangle. 


Step 3. Write an equation that models the conditions. The area of the rectangle must 
be doubled by the addition of the path. 


the area of 
the garden. 


The area, or length times width, must twice 
of the new, expanded rectangle be that of 


(80 + 2x)(60 +x) = 2+ 80 + 60 
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K 80+ 2x >| 


Figure 5.15 (repeated) The 
garden’s area is to be doubled by 
adding the path. 


Step 4. Solve the equation and answer the question. 


(80 + 2x)(60 + x) = 2-80°60 This is the equation that models the 
problem’s conditions. 


4800 + 200x + 2x? = 9600 Multiply. Use FOIL on the left side. 
2x* + 200x — 4800 = 0 Subtract 9600 from both sides and 
write the equation in standard form. 
2(x? + 100x — 2400) = 0 Factor out 2, the GCF. 
2(x — 20)(x + 120) = 0 Factor the trinomial. 
x—-20=0 or x+120=0 Set each variable factor equal to O. 
x = 20 or x =-120 Solve for x. 


The path cannot have a negative width. Because —120 is geometrically impossible, we 
use x = 20. The width of the path should be 20 feet. 


Step 5. Check the proposed solution in the original wording of the problem. Has the 
landscape architect doubled the garden’s area with the 20-foot-wide path? The area of 
the garden is 80 feet times 60 feet, or 4800 square feet. Because 80 + 2x and 60 + x 
represent the length and width of the expanded rectangle, 


80 + 2x = 80 + 2:20 = 120 feet is the expanded rectangle’s length. 
60 + x = 60 + 20 = 80 feet is the expanded rectangle’s width. 
The area of the expanded rectangle is 120 feet times 80 feet, or 9600 square feet. 


This is double the area of the garden, 4800 square feet, as specified by the problem’s 
conditions. 


Y| CHECK POINT5 A rectangular garden 1o ft 
measures 16 feet by 12 feet. A path of uniform 

width is to be added so as to surround the entire 

garden. The landscape artist doing the work wants 

the garden and path to cover an area of 320 square 

feet. How wide should the path be? 12 ft 


The solution to our next problem relies on knowing the Pythagorean Theorem. The 
theorem relates the lengths of the three sides of a right triangle, a triangle with one 
angle measuring 90°. The side opposite the 90° angle is called the hypotenuse. The 
other sides are called legs. The legs form the two sides of the right angle. 


The Pythagorean Theorem B 


The sum of the squares of the lengths of the legs of 
a right triangle equals the square of the length of the 
hypotenuse. Hypotenuse Leg 

If the legs have lengths a and 5, and the hypotenuse has 
length c, then 


a’ + b* = c?. Leg 


x+7 


Figure 5.16 


Figure 5.17 
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| EXAMPLE 6 | Using the Pythagorean Theorem to Obtain 
a Polynomial Equation 


Figure 5.16 shows a tent with wires attached to help stabilize it. The length of each wire 
is 8 feet greater than the distance from the ground to where it is attached to the tent. 
The distance from the base of the tent to where the wire is anchored exceeds this height 
by 7 feet. Find the length of each wire used to stabilize the tent. 


Solution Figure 5.16 shows a right triangle. The lengths of the legs are x and x + 7. 
The length of the hypotenuse, x + 8, represents the length of the wire. We use the 
Pythagorean Theorem to find this length. 


leg? = + leg? = hypotenuse” 


2 2 2 
xo + (x+7)° = (x + 8) This is the equation arising from the 


Pythagorean Theorem. 


x2 +x? + 14x +49 =x? + 16x + 64 Squarex + 7andx + 8. 
2x? + 14x + 49 = x7 + 16x + 64 Combine like terms: % + % = 2x7. 


x2 —2x -15=0 Subtract x° + 16x + 64 from both 
sides and write the quadratic equation 
in standard form. 


(x — 5)\(x + 3) =0 Factor the trinomial. 
x-5=0 or x+3=0 Set each factor equal to O. 
4=5 x=-—3 Solve for x. 


Because x represents the distance from the ground to where the wire is attached, 
x cannot be negative. Thus, we only use x = 5. Figure 5.16 shows that the length of the 
wire is x + 8 feet. The length of the wire is 5 + 8 feet, or 13 feet. 

We can check to see that the lengths of the three sides of the right triangle, x, x + 7, 
and x + 8, satisfy the Pythagorean Theorem when x = 5. The lengths are 5 feet, 
12 feet, and 13 feet. 


leg? + leg? = hypotenuse? 
2+ 12 4 13 
25 + 144 = 169 

169 = 169, true m 


\/| CHECK POINT6 A guy wire is attached to a tree to help it grow straight. The 
situation is illustrated in Figure 5.17. The length of the wire is 2 feet greater than the 
distance from the base of the tree to the stake. Find the length of the wire. 


Achieving Success 


Be sure to use the chapter test prep video on YouTube to prepare for each 
chapter test. These videos contain worked-out solutions to every exercise in the chapter 
test and let you review any exercises you miss. 

Are you using any of the other textbook supplements for help and additional study? 
These include: 


e The Student Solutions Manual. This contains fully worked solutions to the 
odd-numbered section exercises plus all Check Points, Concept and Vocabulary 
Checks, Review/Preview Exercises, Mid-Chapter Check Points, Chapter Reviews, 
Chapter Tests, and Cumulative Reviews. 


e Lecture Videos on DVD. These are keyed to each section of the text and contain short 
video clips of an instructor working key text examples and exercises. 


e MyMathLab is a text-specific online course. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


4. An equation that can be written in the standard form ax” + bx + c = 0,a # 0, is called a/an equation. 

2. The zero-product principle states that if AB = 0, then 

3. The solutions of ax? + bx + c = O correspond to the for the graph of y = ax” + bx +c. 

4. The equation 5x* = 20x can be written in standard form by on both sides. 

5. The equation x? + 4 = 8x — 12 can be written in standard form by and on both sides. 

6. The result of setting two polynomials equal to each other is called a/an equation. The equation is in standard 
form if one side is and the polynomial on the other side is in standard form, or in powers of the 
variable. The degree of the equation is the degree of any term in the equation. 

7. A triangle with one angle measuring 90° is called a/an triangle. The side opposite the 90° angle is called the 


. The other sides are called 


8. The Pythagorean Theorem states that in any triangle, the sum of the squares of the lengths of the 
equals ; 
oa & 
5.7 EXERCISE SET MMMOAMEVGIE: OM Soramnarccr 
Practice Exercises 25. x(x — 3) = 18 
In Exercises 1-36, use factoring to solve each quadratic 26. x(x — 4) = 21 
equation. Check by substitution or by using a graphing utility 27. (x — 3)(x + 8) = —30 


and identifying x-intercepts. 
1-4 eS 12 = 


28. (x — I(x +4) = 14 


29. x(x + 8) = 16(x — 1) 
2. x7 -2x-15=0 
Re pac 30. x(x + 9) = 4(2x + 5) 
wane BI. (x + 1)? — 5(x + 2) =3x +7 
4. x7 — 4x = 45 2) 
325 (et Ws — 26 55) 
5. 3x7 + 10x -8 =0 
ag fA 33. x(8x + 1) = 3x? - 2x +2 
eae 34. 2x(x + 3) = —5x — 15 
7. 5x? = 8x - 3 5 
x x 
8. 7x? = 30x — 8 og LO 
9. 3x7 = 2 -5x 2 
x Dye 
10. 5x2 =2 + 3x Be OO 
Me so = Br 
12. x2 = 4x In Exercises 37-46, use factoring to solve each polynomial 
ee Se = ore equation. Check by substitution or by using a graphing utility 
, ee and identifying x-intercepts. 
Lace on tres 37. x3 + 4x? — 25x — 100 =0 
15. x7 +4x+4=0 3 2 
2 38) 6 = ae = 2 — 0 
16. x 6x +9=0 Ee : P 
{2 = the 9 39. . oe 
16: Go Se Se 40. x° + 2x = 16x + 32 
19. 9x2 = 30x — 5 41. 3x4 = 48x2 = 0 
20. 4x2 = 12x — 9 426 5x — 20.2 — 0) 
21. x7-25=0 43. x* = 4° £ 4527 =0 
22. x*- 49 =0 44. x* — 6x° + 9x7 = 0 
23. 9x? = 100 45. 2x° + 16x” + 30x = 0 


pede — 95 46. 3x° — 9x? — 30x = 0 


Ls) 
Ss 


In Exercises 47-50, determine the x-intercepts of the graph 
of each quadratic function. Then match the function with its 
graph, labeled (a)—(d). Each graph is shown in a [-10, 10, 1] 
by [-10, 10, 1] viewing rectangle. 


47. y=x*-6x +8 

48. y =x? — 2x — 8 

49. y=x*+6x+8 

50. y =x? + 2x —-8 
tae 
Pe 
li aa 
ee 


Practice PLUS 

In Exercises 51-54, solve each polynomial equation. 
51. x(x +1) — 42(x +1 =0 

52. x(x — 2)? — 35(x — 2)? =0 

53. —4x[x(3x — 2) — 8](25x? — 40x + 16) =0 
54. —7x[x(2x — 5) — 12](9x? + 30x + 25) =0 


In Exercises 55-58, find all values of c satisfying the given 
conditions. 


55. f(x) = x? — 4x — 27 and f(c) = 5. 


SECTION 5.7 


Polynomial Equations and Their Applications 391 


56. f(x) = 5x? — 11x + 6and f(c) = 4. 
57. f(x) = 2x? + x? — 8x + 2and f(c) = 6. 
58. f(x) = x3 + 4x? — x + 6 and f(c) = 10. 


In Exercises 59-02, find all numbers satisfying the given conditions. 


59. The product of the number decreased by 1 and increased 
by 4 is 24. 

60. The product of the number decreased by 6 and increased 
by 2 is 20. 

61. If5 is subtracted from 3 times the number, the result is the 
square of | less than the number. 


62. If the square of the number is subtracted from 61, the 
result is the square of 1 more than the number. 


In Exercises 63-64, list all numbers that must be excluded from 
the domain of the given function. 


3 

— —————— 

fe) x? + 4x — 45 
7 

64. —— 

TS aria ng 


Application Exercises 


A gymnast dismounts the uneven parallel bars at a height of 
8 feet with an initial upward velocity of 8 feet per second. The 
function 


s(t) = —16r? + 8t + 8 


describes the height of the gymnast’s feet above the ground, 
s(t), in feet, t seconds after dismounting. The graph of the 
function is shown, with unlabeled tick marks along the 
horizontal axis. Use the function to solve Exercises 65-66. 


s(t) 
A 
107 


Height (feet) 


Time (seconds) 


65. How long will it take the gymnast to reach the ground? 
Use this information to provide a number on each tick 
mark along the horizontal axis in the figure shown. 


66. When will the gymnast be 8 feet above the ground? 
Identify the solution(s) as one or more points on the 
graph. 


392 CHAPTER 5 


In a round-robin chess tournament, each player is paired with 


every other player once. The function 


x -x 


fe) =~ 

models the number of chess games, f(x), that must be played 
in a round-robin tournament with x chess players. Use this 
function to solve Exercises 67-68. 


67. Ina round-robin chess tournament, 21 games were played. 
How many players were entered in the tournament? 

68. Ina round-robin chess tournament, 36 games were played. 
How many players were entered in the tournament? 


The graph of the quadratic function in Exercises 67-68 is 
shown. Use the graph to solve Exercises 69-70. 


Number of Games Played 


> X 


12) 34525 6) 7 8 9D lO 2 
Number of Players 


69. Identify your solution to Exercise 67 as a point on the 
graph. 

70. Identify your solution to Exercise 68 as a point on the 
graph. 

71. The length of a rectangular sign is 3 feet longer than the 
width. If the sign’s area is 54 square feet, find its length 
and width. 

72. A rectangular parking lot has a length that is 3 yards 
greater than the width. The area of the parking lot is 
180 square yards. Find the length and the width. 


73. Each side of a square is lengthened by 3 inches. The area 
of this new, larger square is 64 square inches. Find the 
length of a side of the original square. 

74. Each side of a square is lengthened by 2 inches. The area 
of this new, larger square is 36 square inches. Find the 
length of a side of the original square. 

75. A pool measuring 10 meters by 20 meters is surrounded by a 
path of uniform width, as shown in the figure. If the area of 
the pool and the path combined is 600 square meters, what 
is the width of the path? 
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76. A vacant rectangular lot is being turned into a community 
vegetable garden measuring 15 meters by 12 meters. A 
path of uniform width is to surround the garden. If the 
area of the lot is 378 square meters, find the width of the 
path surrounding the garden. 


77. As part of a landscaping project, you put in a flower bed 
measuring 10 feet by 12 feet. You plan to surround the bed 
with a uniform border of low-growing plants. 


[" Pr geal e | 


12 feet 


2x +10 10 feet 


[ 


a. Write a polynomial that describes the area of the 
uniform border that surrounds your flower bed. Hint: 
The area of the border is the area of the large rectangle 
shown in the figure minus the area of the flower bed. 


b. The low growing plants surrounding the flower bed 
require 1 square foot each when mature. If you have 
168 of these plants, how wide a strip around the flower 
bed should you prepare for the border? 


78. As part of a landscaping project, you put in a flower bed 
measuring 20 feet by 30 feet. To finish off the project, 
you are putting in a uniform border of pine bark around 
the outside of the rectangular garden. You have enough 
pine bark to cover 336 square feet. How wide should the 
border be? 


20 feet 
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79. A machine produces open boxes using square sheets 


of metal. The figure illustrates that the machine cuts 
equal-sized squares measuring 2 inches on a side from the 
corners and then shapes the metal into an open box by 
turning up the sides. If each box must have a volume of 
200 cubic inches, find the length and width of the open 
box. 


en | 
2 


& 


Jt 


80. A machine produces open boxes using square sheets of 


81. 


metal. The machine cuts equal-sized squares measuring 
3 inches on a side from the corners and then shapes the 
metal into an open box by turning up the sides. If each box 
must have a volume of 75 cubic inches, find the length and 
width of the open box. 


The rectangular floor of a closet is divided into two right 
triangles by drawing a diagonal, as shown in the figure. 
One leg of the right triangle is 2 feet more than twice 
the other leg. The hypotenuse is 13 feet. Determine the 
closet’s length and width. 


13 feet 


2x +2 feet 


82. 


83. 


84. 


A piece of wire measuring 20 feet is attached to a telephone 
pole as a guy wire. The distance along the ground from the 
bottom of the pole to the end of the wire is 4 feet greater 
than the height where the wire is attached to the pole. 
How far up the pole does the guy wire reach? 


A tree is supported by a wire anchored in the ground 
15 feet from its base. The wire is 4 feet longer than the 
height that it reaches on the tree. Find the length of the 
wire. 


A tree is supported by a wire anchored in the ground 
5 feet from its base. The wire is 1 foot longer than the 
height that it reaches on the tree. Find the length of the 
wire. 


Writing in Mathematics 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


What is a quadratic equation? 
What is the zero-product principle? 
Explain how to solve x? — x = 6. 


Describe the relationship between the solutions of a 
quadratic equation and the graph of the corresponding 
quadratic function. 


What is a polynomial equation? When is it in standard 
form? 


What is the degree of a polynomial equation? What 
are polynomial equations of degree 1 and degree 2, 
respectively, called? 


Explain how to solve x7 + x7 =x + 1. 


If something is thrown straight up, or possibly dropped, 
describe a situation in which it is important to know how 
long it will take the object to hit the ground or possibly 
the water. 


A toy rocket is launched vertically upward. Using a 
quadratic equation, we find that the rocket will reach a 
height of 220 feet at 2.5 seconds and again at 5.5 seconds. 
How can this be? 


Describe a situation in which a landscape designer might 
use polynomials and polynomial equations. 


In your own words, state the Pythagorean Theorem. 
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Technology Exercises 106. If 4x(x* + 49) = 0, then 

In Exercises 96-99, use a graphing utility with a viewing 4x=0 or x7 +49=0 
rectangle large enough to show end behavior to graph each 
polynomial function. Then use the x-intercepts for the graph to 
solve the polynomial equation. Check by substitution. 


x=0 or x=7 or x=—7. 


107. If—4 is a solution of 7y* + (2k — 5)y — 20 = 0, thenk 
must equal 14. 


96. Use the graph of y = x” + 3x — 4 tosolve 108. Some quadratic equations have more than two 
x27 +3x-4=0. solutions. 
oe 2 
a Ese oes of - ~ a + 3x" — x — 3 to solve 109. Write a quadratic equation in standard form whose 
Be or oer ae o) = () 


solutions are —3 and 7. 


98. Use the graph of y = 2x? — 3x” — 11x + 6 to solve 
2x? — 3x? — 11x +6 =0. 110. Solve: |x? + 2x — 36] = 12. 
99. Use the graph of y = —x* + 4x? — 4x? to solve 
x4 + 4x3 — 4x? = 0. 
100. Use the | TABLE | feature of a graphing utility to verify | Review Exercises 

the solution sets for any two equations in Exercises 31-32 111. Solve: |3x — 2| =8. 

or 39-40. 


(Section 4.3, Example 1) 


112. Simplify: 3(5 — 7)? + V16 + 12 + (-3). 
(Section 1.2, Example 7) 


Critical Thinking Exercises 
Make Sense? In Exercises 101-104, determine whether each 


statement “makes sense” or “does not make sense” and explain 113. You invested $3000 in two accounts paying 5% and 8% 
your reasoning. annual interest. If the total interest earned for the year is 

$189, how much was invested at each rate? (Section 3.2, 
101. I’m working with a quadratic function that describes the Example 2) 


length of time a ball has been thrown into the air and its 
height above the ground, and I find the function’s graph 


more meaningful than its equation. Preview Exercises 
102. Iset the quadratic equation 2x? — 5x = 12 equal to zero 


Exercises 114-116 will help you prepare for the material 
and obtained 2x” — 5x = 0. 


covered in the first section of the next chapter. 


103. Because some trinomials are prime, some quadratic 120x 
equations cannot be solved by factoring. 114. If fix) = ie find f(20). 

104. I’m looking at a graph with one x-intercept, so it must be 4 
the graph of a linear function or a vertical line. 115. Find the domain of f(x) = yer A 


116. Factor the numerator and the denominator. Then 
simplify by dividing out the common factor in the 
numerator and the denominator. 


In Exercises 105-108, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


2 = 
105. Quadratic equations solved by factoring always have two eae 
different solutions. 2X sie OX 2 


GROUP PROJECT Divide the group in half. Without looking at any factoring problems in the book, 


each group should use polynomial multiplication to create five factoring problems. 
Make sure that some of your problems require at least two factoring strategies. Next, 
exchange problems with the other half of the group. Work to factor the five problems. 
After completing the factorizations, evaluate the factoring problems that you were 
given. Are they too easy? Too difficult? Can the polynomials really be factored? Share 
your responses with the half of the group that wrote the problems. Finally, grade each 
other’s work in factoring the polynomials. Each factoring problem is worth 20 points. 
You may award partial credit. If you take off points, explain why points are deducted 
and how you decided to take off a particular number of points for the error(s) that you 
found. 
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Definitions and Concepts 
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Examples 


Section 5.1 Introduction to Polynomials and Polynomial Functions 


A polynomial is a single term or the sum of two or more 
terms containing variables with whole-number exponents. A 
monomial is a polynomial with exactly one term; a binomial 
has exactly two terms; a trinomial has exactly three terms. 
Ifa # 0, the degree of ax” is n and the degree of ax"y"" is 

n + m. The degree of a nonzero constant is 0. The constant 

0 has no defined degree. The degree of a polynomial is the 
greatest degree of any term. The leading term is the term of 
greatest degree. Its coefficient is called the leading coefficient. 


In a polynomial function, the expression that defines the 
function is a polynomial. Polynomial functions have graphs 
that are smooth and continuous. The behavior of the graph of 
a polynomial function to the far left or the far right is called 
its end behavior. 


The Leading Coefficient Test 


1. Odd-degree polynomial functions have graphs with 
opposite behavior at each end. If the leading coefficient 
is positive, the graph falls to the left and rises to the 
right. If the leading coefficient is negative, the graph rises 
to the left and falls to the right. 


2. Even-degree polynomial functions have graphs with the 
same behavior at each end. If the leading coefficient is 
positive, the graph rises to the left and rises to the right. 
If the leading coefficient is negative, the graph falls to 
the left and falls to the right. 


To add polynomials, add like terms. 


To subtract two polynomials, add the opposite, or additive 
inverse, of the polynomial being subtracted. 


Txey — 4x y4 -— daxty 


A A A 
Degree is Degree is Degree is 
3+1=4. 5+4=9. 4+1=5. 


The degree of the polynomial is 9. The leading term is 
—4x>y*, The leading coefficient is —4. This polynomial is a 
trinomial. 


Describe the end behavior of the graph of each polynomial 
function: 
e f(x) = —2x3 + 3x? + 11x — 6 
The degree, 3, is odd. The leading coefficient, —2, is 
negative. The graph rises to the left and falls to the right. 


© f= -4 
The degree, 2, is even. The leading coefficient, 1, is 
positive. The graph rises to the left and rises to the right. 


(6x°y + 5x?y — Ty) + (—9x3y + x?y + 6y) 
= (6x3y — 9x3y) + (5x?y + x”y) + (-Ty + 6y) 
= —3x3y + 6x’y — y 


Sy) Gy lay) 
= (Sy? — 9y? — 4) + (-3y? + 12y? + 5) 
= (Sy? — 3y>) + (—9y? + 12y?) + (-4 + 5) 
= 2y3 + 3y7 +1 
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Definitions and Concepts Examples 


Section 5.2 Multiplication of Polynomials 


To multiply monomials, multiply coefficients and add (—2x’y4)(—3x3y) 
exponents. = (-2)(- By yt ee 6x5 y5 
To multiply a monomial and a polynomial, multiply each Tx7y(4x3y> — 2xy — 1) 


term of the polynomial by the monomial. = Ixy nays y> ~ 7x2y-2xy — Ixy 1 


= 28x y® = 14x3y? — 7x’y 


To multiply polynomials if neither is a monomial, multiply (x? + 2x)(5x? — 3x + 4) 
each term of one by each term of the other. = x3(5x? — 3x + 4) + 2x(5x?2 — 3x + 4) 


= 5x° — 3x4 + 4x3 + 10x? — 6x? + 8x 
= 5x° — 3x4 + 14x3 — 6x? + 8x 


The FOIL method may be used when multiplying two binomials: oy 
First terms multiplied. Outside terms multiplied. Inside terms 


multiplied. Last terms multiplied. (Sx — 3y)(2x + y) = Sx+2x + Sx+y + (—3y)+2x + (—3y)+y 


2: 


10x? + 5xy — 6xy — 3y 
= 10x” — xy — 3y’ 


The Square of a Binomial Sum (6) |) 22a 6 6 


= of 2 
(A + BY = A 4 2AB + B? fe 


The Square of a Binomial Difference (4x — 5)? = (4x)* — 2+4x-5 + 5? 
= 16x? — 40x + 25 


(A — BY = A? — 2AB + B? 


The Product of the Sum and Difference of Two Terms e (3x + Ty)(3x — Ty) = (3x)? — (Ty? 
= 9x? — 49y? 
1G 2) 4)(G 2) 4) 
= (x + 2 — (4yP? = x? + 4x + 4 - 16y? 


(A + B)(A — B) = 4 - B? 


Section 5.3 Greatest Common Factors and Factoring by Grouping 


Factoring a polynomial consisting of the sum of monomials Factor: 4x‘4y? — 12x?y? + 20xy”. 
means finding an equivalent expression that is a product. (GCF is 4xy’) 
Polynomials that cannot be factored using integer coefficients Om a 2 
: : : = 4xy*-x° — Axy*+3xy + 4xy*:5 
are called prime polynomials over the integers. The greatest ae 
common factor, GCF, is an expression that divides every term Ax ya(%e = 3XY a3) 
of the polynomial. The GCF is the product of the largest Factor: —25x? + 10x? — 15x. 


common numerical factor and the variable of lowest degree (Use —5x as a common factor.) 
common to every term of the polynomial. To factor a monomial 5 

from a polynomial, express each term as the product of the = ~Sx(5x°) — Sx(—2x) — 5x(3) 
GCF and its other factor. Then use the distributive property = 010% = 21S) 

to factor out the GCF. When the leading coefficient of a 

polynomial is negative, it is often desirable to factor out a 

common factor with a negative coefficient. 
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Section 5.3 Greatest Common Factors and Factoring by Grouping (continued) 


To factor by grouping, factor out the GCF from each group. 
Then factor out the remaining factor. 


xy + 14 — 2y — 4 
Say tl) = ly 7) 
=e Ge 2) 


Section 5.4 Factoring Trinomials 


To factor a trinomial of the form x? + bx + c, find two 
numbers whose product is c and whose sum is b. 
The factorization is 


(x + one number)(x + other number). 


In some trinomials, the highest power is greater than 2, and 
the exponent in one of the terms is half that of the other 
term. Factor by introducing a substitution. Let u equal the 
variable to the smaller power. 


To factor ax” + bx + c by trial and error, try various 
combinations of factors of ax” and c until a middle term of bx 
is obtained for the sum of the outside and inside products. 


To factor ax” + bx + c by grouping, find the factors of ac 
whose sum is b. Write bx as a sum or difference using these 
factors. Then factor by grouping. 


Factor: x? + 9x + 20. 


Find two numbers whose product is 20 and whose sum is 9. 
The numbers are 4 and 5. 


x? + Ox + 20 = (x + 4)(x + 5) 


Factor: x° — 7x° + 12. 
=) 2 
=u?—TJut+12 Letu =. 
= (u — 4)(u — 3) 
= (x7 — 4)\(x° - 3) 


Factor: 2x? + 7x — 15. 


\ \ 
Factors of 2x2: Factors of —15: 1 and —15, 
ZG —1 and 15, 3 and —5, —3 and 5 


(Gx 3) (GS) 
Sum of outside and inside products should equal 7x. 
Qe = she 7h 


Thus, 2x” + 7x — 15 = (2x — 3)(x + 5). 


Factor: 2x? + 7x — 15. 


Find the factors of 2(—15), or —30, whose sum is 7. They are 
10 and —3. 


2x? + 7x — 15 
= 2x? + 10x — 3x — 15 
= DGs ar Si) = ai6e a SD) = (=P SNOe = 8) 


Section 5.5 Factoring Special Forms 


The Difference of Two Squares 


A’ — BX = (A+ B)(A — B) 


Perfect Square Trinomials 


A? + 2AB 
A? — 2AB 


B? = (A+ BY 
B? = (A — BY 


Sum or Difference of Cubes 


A’ + B? = (A + B)(A’ — AB + B’) 
A’ — B® = (A — B)(A? + AB + B?) 


16x? — 9y? 
= (4x)? 


(3y)? = (4x + 3y)(4x — 3y) 


© x? + 20x + 100 = x7 + 2-x-10 + 10? = (x + 10)’ 
© 9x? — 30x + 25 = (3x)? — 2-3x-5 + 5% = (3x — 5)* 


125x3 — 8 = (5x)? - 2? 
= (5x — 2)[(Sx)? + 5x-2 + 27] 
= (5x — 2)(25x? + 10x + 4) 
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Definitions and Concepts Examples 


Section 5.5 Factoring Special Forms (continued) 


When using factoring by grouping, terms can sometimes be x se Bi) 25)" 
4 . —~_— 
grouped to obtain the difference of two squares. One of the = (x + 9% — (Sy) 


squares is a perfect square trinomial. 


= (x + 9 + Sy)(x + 9 — 5y) 


Section 5.6 A General Factoring Strategy 


A Factoring Strategy Factor: 3x4 + 12x? — 3x? — 12x. 
1. Factor out the GCF or a common factor with a negative The GCF is 3x. 
coefficient. 


3x4 + 12x3 — 3x7 — 12x 
2. a. If two terms, try 3x( 2c AD 4) 
= 3x(x° + 4x x 


A — B? =(A + B)(A — B) | A AA 
A + B? = (A + B)(A — AB + B?) | Four terms: Try grouping. | 
A — B= (A — B)(A? + AB + B?). 
b. If three terms, try 
A + 2AB + B* =(A+ BY 
A — 2AB + B* =(A — BY’. | This can be factored further. | 


If not a perfect square trinomial, try trial and error or oe aye ie = by 
grouping. 


= 3x[x?(x + 4) -— 1(x + 4)] 
= 3x(x + 4)(x? -— 1) 


c. If four terms, try factoring by grouping. 
3. See if any factors can be factored further. 


Section 5.7 Polynomial Equations and Their Applications 


A quadratic equation in x can be written in the standard form Solve: 5x” + 7x = 6. 
ax? + bx +c =0,a #0. oe a ort) 
A polynomial equation is the result of setting two polynomials (Sx — 3)(x + 2) =0 
equal to each other. The equation is in standard form if one 5x -3=0 or x+2=0 
side is 0 and the polynomial on the other side is in standard Ge el pa 
form, that is, in descending powers of the variable. In standard 3 
form, its degree is the highest degree of any term in the x= 
equation. A polynomial equation of degree 1 is a linear 5 
equation and of degree 2 a quadratic equation. Some The solutions are —2 and 2, and the solution set is {-2, 3} F 
polynomial equations can be solved by writing the equation (The solutions are the x-intercepts of the graph of 
in standard form, factoring, and then using the zero-product y = 5x7 + 7x — 6.) 
principle: If a product is 0, then at least one of the factors is 
equal to 0. 
CHAPTER 5 REVIEW EXERCISES 
5.1 In Exercises 1-2, determine the coefficient of each term, 2. 8x4y? — Txy® — x3y 


the degree of each term, the degree of the polynomial, the leading 
term, and the leading coefficient of the polynomial. 


1. —5x° + 7x? —x4+2 


3. If f(x) = x? — 4x? + 3x — 1, find f(-2). 


Review Exercises 399 


4. The bar graph shows the number of record daily high 9. The Brazilian Amazon rain forest is the world’s largest 


temperatures set across the United States, by decade. tropical rain forest, with some of the greatest biodiversity 
of any region. In 2009, the number of trees cut down in the 
Number of Record Daily High Temperatures Amazon dropped to its lowest level in 20 years. The line 
pe a tee ey cede graph shows the number of square kilometers cleared from 
350 2001 through 2009. 
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The data can be modeled by the function 2001 2002 2003 2004 2005 2006 2007 2008 2009 
fix) = 10x? — 200x? + 1230x — 2016, 


Year 


Source: Brazil’s National Institute for Space Research 
where f(x) is the number of record daily high temperatures 
in the United States, in hundreds of thousands, in decade x, 
with x = 6 = 1960s, 7 = 1970s, 8 = 1980s, 9 = 1990s, and 


The data in the line graph can be modeled by the following 
third- and fourth-degree polynomial functions: 


10 = 2000s. f(x) = 158x3 — 2845x? + 12,926x + 7175 
a. Find and interpret f(10). SA ff = -17x* + 508x> — 5180x” + 18,795x + 2889. 
A 
b. Does your answer in part (a) underestimate or overestimate Amazon deforestation, in square 
the number of record highs shown by the graph? By how ULC YEO ue LY 
° 
ea a. Use the Leading Coefficient Test to determine the end 
In Exercises 5-8, use the Leading Coefficient Test to determine behavior to the right for the graph of f- 
the end behavior of the graph of the given polynomial function. b. Assume that the rate at which the Amazon rain forest 


Then use this end behavior to match the polynomial function 


es is being cut down continues to decline. Based on your 
with its graph. [The graphs are labeled (a) through (d).] 


answer to part (a), will f be useful in modeling Amazon 


5. f(x) = —x3 + x? + 2x deforestation over an extended period of time? Explain 
6. f(x) = x® — 6x* + 9x? your answer. 
7. = - 5x3 +4 

fx) = x i me - c. Use the Leading Coefficient Test to determine the end 
8. fx) =—x" +1 behavior to the right for the graph of g. 

s y Pe A d. Assume that the rate at which the Amazon rain forest 
is being cut down continues to decline. Based on your 
answer to part (c), will g be useful in modeling Amazon 
deforestation over an extended period of time? Explain 

ey your answer. 
x In Exercises 10-11, add the polynomials. 
10. (—8x> + 5x? — 7x + 4) + (9x9 — 11x? + 6x — 13) 

ce y d. y 

A 14. (7x3 y — 13x7y — 6y) + (Sx3y + 11x?y — 8y — 17) 
In Exercises 12-13, subtract the polynomials. 
oe ae 12. (7x? — 6x? + 5x — 11) — (—8x? + 4x? — 6x — 3) 
13. (4x3y? — 7x3y — 4) — (6x3y? — 3x3y + 4) 


14. Subtract —2x3 — x?y + xy? + 7y? from x? + 4x?y — y?. 
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5.2 In Exercises 15-27, multiply the polynomials. 50. (x + 5)* + 10(x + 5) + 24 

15. (4x?yz°)(—3x4yz?) 51. 5x° + 17x3 + 6 

16. o(5 Ay 2) 5.5 In Exercises 52-55, factor each difference of two squares. 
= 52.04 = 25 

17. Txy?(3x*y* — Sxy — 1) 53. 1 — 81x2y? 

18. (2x + 5)(3x? + 7x — 4) 54. x8 — yé 


19. (x7 + x — 1)(x? + 3x + 2) 
20: (x = 1)Gx = 5) 


55. (x — 1) - y’ 
In Exercises 56-60, factor any perfect square trinomials, or state 


21. (3xy — 2)(Sxy + 4) that the polynomial is prime. 
22. (3x + Ty)’ 56. x2 + 16x + 64 
25 Gr = Sy 57. 9x2 — 6x +1 
24. (2x + Ty)(2x — Ty) 58. 25x? + 20xy + 4y? 
25. (3xy” — 4x)(3xy” + 4x) 59. 49x? + 7x + 1 
26. [(x + 3) + S5y][@ + 3) — Sy] 60. 25x? — 40xy + 16y? 
27. (xty+4y In Exercises 61-62, factor by grouping to obtain the difference 
28. Let f(x) =x —3 and g(x) = 2x + 5. Find (fg)(x) and of two squares. 

(fg)(-4). 61. x7 + 18x + 81 — y? 
29. Let f(x) = x? — 7x + 2. Find each of the following and 62. z? — 25x? + 10x — 1 

simplify: In Exercises 63-65, factor using the formula for the sum or 

a. f(a — 1) difference of two cubes. 

b. fla + h) — fla). 63. 64x + 27 

64. 125x7 — 8 
5.3 In Exercises 30-33, factor the greatest common factor 3.3 
p G6Sr a ya cell 
from each polynomial. 
30. 16x° + 24x? 5.6 In Exercises 66-90, factor completely, or state that the 
i Oe = S68 polynomial is prime. 
66. isi > 3x 


32. 21x7y? — 14xy? + 7xy 


a 2 
33. 18)? — 27x y G7. ee Br 


62.20 — 24 a 1 
69. x? — 15x? + 26x 

70. —2y4 + 24y? — 54y? 

Ole, Oxo = 30g 25 

(2 5t- —45) 

73, 2x3 — x7 — 18x + 9 

74. 6x? — 23xy + Ty’ 

75. 2y> + 12y* + 18y 

76. x? + 6x + 9 — 4a? 

5.4 In Exercises 39-47, factor each trinomial completely, or Th Be = 27 


In Exercises 34-35, factor out a common factor with a negative 
coefficient. 


34. —12x* + 8x — 48 
35. —x?-— 11x + 14 


In Exercises 36-38, factor by grouping. 
36. x — x2 - 2x +2 

Si ou = ove lp 

38. Sax — 15ay + 2bx — 6by 


state that the trinomial is prime. 78. xO —x 

55,3 Sx ds 79. x or = 9 

40. x? + 16x — 80 80. x7 + xy + y’ 

41. x? + léxy — 17y? 81. 4a> + 32 

Ag, Se = Gn oax 82. x° = 6 

43. 3x7 + 22x +7 83. ax + 3bx — ay — 3by 
48. 6 — 1304 6 84. 27x? — 125y° 

45. 5x? — 6xy — By? 85. 10x°y + 22x?y — 24xy 
46. 6x? + 5x? — 4x 86. 6x° + 13x3 — 5 

47. 2x? + 11x + 15 87. 2x + 10 + x’y + 5xy 

In Exercises 48-51, factor by introducing an appropriate substitution. 88. y> + 2y? — 25y — 50 

48. x° + x° — 30 89. a® — 1 


49. x* — 10x? — 39 90. 9x — 4) + y°(4 - x) 


Test 401 


In Exercises 91-92, where d(x) is the stopping distance, in feet, for a car traveling 
a. Write an expression for the area of the shaded blue region. at x miles per hour. 
b. Write the expression in factored form. a. If it takes you 40 feet to come to a complete stop, how 
91 fast was your car traveling? 


b. The graph of the quadratic function that models stopping 
distance is shown. Identify your solution from part (a) 
as a point on the graph. 


de) Stopping Distance of a Car 


450 - 
400 - 
350 + 
300 - 
250 
200 
150 - 
100 F 

20)= 


Stopping Distance (feet) 


eee A Ne eas 
10 20 30 40 50 60 70 80 


Speed (miles per hour) 


5.7 In Exercises 93-97, use factoring to solve each polynomial 
equation. c. Describe the trend shown by the graph. 
93. x? + 6x +5 =0 


100. The length of a rectangular sign is 3 feet longer than the 
94. 3x7 = 22x —7 


width. If the sign has space for 54 square feet of advertising, 


95: @ > 3)e = 2) — 50 find its length and its width. 

96. 3x? = 12x 101. A painting measuring 10 inches by 16 inches is surrounded 

97. x? + 5x7 = 9x + 45 by a frame of uniform width. If the combined area of the 

98. A model rocket is launched from the top of a cliff 144 feet ia dine Reames 280) eae inches. determaineathe 
width of the frame. 


above sea level. The function 
102. A lot is in the shape of a right triangle. The longer leg of 


s(t) = —16t7 + 1281 + 144 the triangle is 20 yards longer than twice the length of the 


describes the rocket’s height above the water, s(2), in feet, shorter leg. The hypotenuse is 30 yards longer than twice 
t seconds after it is launched. The rocket misses the edge the length My the shorter leg. What are the lengths of the 
of the cliff on its way down and eventually lands in the three sides? 


ocean. How long will it take for the rocket to hit the water? 


99. How much distance do you need to bring your car to 
a complete stop? A function used by those who study 
automobile safety is 


CHAPTER 


Step-by-step test solutions are found on the Chapter Test Prep Videos 
CHAPTER 5 TEST (e) Test Prep available in MyMathLab’ or on Youf{Jj (search “BlitzerinterAlg” and click 


VIDEOS on “Channels”). 


In Exercises 1-2, give the degree and the leading coefficient of 5. f(x) = 4x9 + 12x27 - x —3 
the polynomial. 


1. 7x —5 + x? — 6x? 
2. 4xy? + Tx4y> — 3xy4 


In Exercises 6-13, perform the indicated operations. 
6. (4x3y — 19x?y — Ty) + (Bx3y + xy + 6y — 9) 


3. If f(x) = 3x7 + 5x” — x + 6, find f(0) and f(—2). 7. (6x2 — 7x — 9) — (-5x? + 6x — 3) 
In Exercises 4-5, use the Leading Coefficient Test to describe 8. (—7x°y)(—5x4y?) 
the end behavior of the graph of the polynomial function. 9. (x — y)(x2 — 3xy — y?) 


4. f(x) = —16x? + 160x 10. (7x — 9y)(3x + y) 
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WW. (x = Sy)(@x + Sy) In Exercises 34-37, solve each polynomial equation. 
12. (4y —7) 34. 3x? = 5x +2 
13.) (Gop 2) Bylo 2) — 3y] 35) (6x AG = 1) = 2 
14. Let f(x) =x +2 and g(x) = 3x — 5. Find (fg)(x) and 36. 15x” — 5x = 0 
(fg)(-S). 37. x — 4x7 -x+4=0 


15. Let f(x) = x° — Sx + 3. Find f(a + h) — f(a) and simplify. 3g, baseball is thrown straight up from a rooftop 448 feet 
high. The function 

In Exercises 16-33, factor completely, or state that the polynomial s(t) = —161? + 48¢ + 448 

is prime. ; : ; 

462 de = ise? describes the ball’s height above the ground, s(t), in feet, 


t seconds after it is thrown. How long will it take for the ball 


17. Bly? — 25 to hit the ground? 

18. x° + 3x? — 25x — 75 39. An architect is allowed 15 square yards of floor space to add 

19. 25x? — 30x + 9 a small bedroom to a house. Because of the room’s design 

20. x2 + 10x + 25 — 9y? in relationship to the existing structure, the width of the 

oe eal rectangular floor must be 7 yards less than two times the 
; = length. Find the length and width of the rectangular floor 

22. y° — l6y — 36 that the architect is permitted. 

23. 14x* + 41x + 15 40. Find the lengths of the three sides of the right triangle in 

24. 5x3 — 5 the figure shown. 

25. 12x? — 3y* 

26. 12° — 34x: 10 

21, 34° — 3 

28. x8 — ys - a ee 


29. 12x*y* + 8x3y? — 36x7y 
2052) = 12 = 28 

Six xe 04 

32. 12x’y — 27xy + 6y 

33. y? — 3y? + 2y? — by 


CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-5) 


In Exercises 1-7, solve each equation, inequality, or system of equations. In Exercises 11-13, graph each equation or inequality in a 
1. 8(x + 2) — 3(2 — x) = 42x +6) -2 rectangular coordinate system. 
2. ne ae ‘ a! ox 
2237-5 1. f(x) = 3% 
3. (2x -—y+3z=0 12. 4x — S5y < 20 
2y+z=1 13. y<-1 
i aes 14 Sips 
4. 2x + 4< 10and3x-1>5 a ie 
5. |2x—-5| =9 15. Write in scientific notation: 0.0000706. 
6. 2x7 = 7x —5 ee 
7. 2x3 + 6x2 = 20x In Exercises 16-17, perform the indicated operations. 
ax +b 16. Gx? = 3) 
8. Solve forx: x = B 2 2 
c 17. (3x° — y)(3x° + y) 
9. Use function notation to write the equation of the line 
passing through (—2, —3) and (2, 5). In Exercises 18-20, factor completely. 
10. In acampuswide election for student government president, 18. x? — 3x2 — 9x + 27 


2800 votes were cast for the two candidates. If the winner 
had 160 more votes than the loser, how many votes were cast ies ae 
for each candidate? 20. 14x°y* — 28x"y 


19. x° — x? 


CHAPTER 


Rational Expressions, 
Functions, and Equations 


few candy factoids: 


e Despite the fact that eating lots of candy has negative effects on health and teeth, the average 
American spends $84 per year on candy, consuming 23.9 pounds annually. 

e 55% of candy sales are “impulse buys.” 

e The 1978 criminal defense of the man who murdered Harvey Milk, America’s first openly gay elected 
official, was based on the perpetrator’s temporary insanity due to overconsumption of candy and 
junk food. 

e The word candy originated with the Sanskrit word khanda, meaning “pieces of crystallized sugar.” 

e A function consisting of the quotient of two rational expressions models what happens in your mouth 
after eating “pieces of crystallized sugar.” 


In this chapter, you will see how functions involving fractional expressions provide insights into 
phenomena as diverse as the aftereffects of candy on your mouth, the cost of environmental cleanup, the 
relationship between heart rate and life span, and even our ongoing processes of learning and forgetting. 


Here’s where you’ll encounter these applications: 
e Sugar and your mouth: Exercise Set 6.1, 
Exercises 109-112 
e Environmental cleanup: ion 6.1, Example 1, 
P . ee 
rate and lif se Set 6.8, 
exercises 29-32 ene ’ 
ig and f 
53 
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Rational Expressions, Functions, and Equations 


Objectives 


4 | Evaluate rational 
functions. 


©) Find the domain of a 
rational function. 


3 | Interpret information 
given by the graph of a 
rational function. 

4 | Simplify rational 
expressions. 


5 | Multiply rational 
expressions. 


6 | Divide rational 
expressions. 


1 | Evaluate rational 
functions. 


Rational Expressions and Functions: 
Multiplying and Dividing 


Environmental __ scientists be. * 
and municipal planners 7 
often make decisions 
using cost-benefit models. 
These mathematical 
models estimate the cost 
of removing a_ pollutant 
from the atmosphere as a 
function of the percentage 
of pollutant removed. What 
kinds of functions describe | 
the cost of reducing © 
environmental pollution? | 
In this section, we introduce 
this new category of 
functions, called rational 
functions. 


Rational Expressions 
A rational expression consists of a polynomial divided by a nonzero polynomial. Here 
are some examples of rational expressions: 


120x 2x +1 
100 -— x’ 2x7-x-1’ 


3x? + 12xy — 15y? 
6x? — 6xy” ; 


Rational Functions 


A rational function is a function defined by a formula that is a rational expression. 


Using a Cost-Benefit Model 


The rational function 
120x 


IQ) = t99 — x 


models the cost, f(x), in thousands of dollars, to remove x% of the pollutants that a city 
has discharged into a lake. Find and interpret each of the following: 


a. f(20) b. (80). 


Solution We use substitution to evaluate a rational function, just as we did to evaluate 
other functions in Chapter 2. 


120x 
= IM) i —@ 


This is the given rational function. 


20) = ee To find f of 20 I ith 20. 

f(20) = 100 — 20 o find f of 20, replace x wit ; 
2400 

= —>— = 30 Perform the indicated operations. 


80 


1000 - No amount of ie 
money can remove 1 

900 L 100% of the 
pollutants. 
i} 

i} 

| 

1 

1 

| 

i} 

i} 

| 

i} 

1 

| 

i} 

i} 

| 
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Percentage of 
Pollutants Removed 


Figure 6.1 


©) Find the domain of a 
rational function. 


> X 
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Thus, f(20) = 30. This means that the cost to remove 20% of the lake’s pollutants is 
$30 thousand. Figure 6.1 illustrates the solution by the point (20, 30) on the graph of 
the rational function. 


b. f(x) = eS This is the gi tional functi 
: x) = 100 — x is is the given rational function. 
120(80) 9600 
0) = a = 480 To find f of 80, repl ith 0. 
f(80) 100 — 80 0 o find f of 80, replace x with 80 


Thus, f(80) = 480. This means that the cost to remove 80% of the lake’s pollutants is 
$480 thousand. Figure 6.1 illustrates the solution by the point (80, 480) on the graph of 
the cost-benefit model. The graph illustrates that costs rise steeply as the percentage of 
pollutants removed increases. 


\“| CHECK POINT1 Use the rational function in Example 1 to find and interpret: 
a. f(40) _b. f(60). Identify each solution as a point on the graph of the rational function 
in Figure 6.1. 


The Domain of a Rational Function 
Does the cost-benefit model 


120x 
IO) F009 4 


indicate that the city can clean up its lake completely? To do this, the city must remove 
100% of the pollutants. The problem is that the rational function is undefined for 
x = 100. 


120x 
ia) = 100 — x If x = 100, the value 
of the denominator is 0. 


Notice how the graph of the rational function in Figure 6.1 approaches, but never 
touches, the dashed green vertical line whose equation is x = 100. The graph continues 
to rise more and more steeply, visually showing the escalating costs. By never touching 
the dashed vertical line, the graph illustrates that no amount of money will be enough 
to remove all pollutants from the lake. 

In Chapter 2, we learned to exclude from a function’s domain real numbers that 
cause division by zero. Thus, the domain of a rational function is the set of all real 
numbers except those for which the denominator is zero. We can find the domain by 
determining when the denominator is zero. For the cost-benefit model, the denominator 
is zero when x = 100. Furthermore, for this model, negative values of x and values of 
x greater than 100 are not meaningful. The domain of the function is [0, 100) and 
excludes 100. 

Inspection can sometimes be used to find a rational function’s domain. Here are two 
examples. 


This numerator can be zero, 
so there is no need to exclude 


= 4 _ x —3 3 from the domain. 
f(x) SO era eee 


This denominator would This factor would This factor would 
equal zero if x = 2. equal zero if x =—1. equal zero if x =1. 


The domain of f, which excludes 2, can be expressed in interval notation: 


Domain of f = (—%, 2) U (2,%). 
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x —-3 Likewise, the domain of g, which excludes both —1 and 1, can be expressed in interval 
g(x) = (x + 1)(x — 1) notation: 


Domain of g = (~~,—-1) U(-1,1) U1, &). 
This factor This factor 
would equal would equal 


og) einet | EXAMPLE 2 | Finding the Domain of a Rational Function 


Function g (repeated) 


Find the domain of f if 


2x +1 


AS a rae 


Solution The domain of f is the set of all real numbers except those for which the 
denominator is zero. We can identify such numbers by setting the denominator equal 
to zero and solving for x. 


2x2 -x-1=0 Set the denominator equal to O. 
(2x + 1)(x — 1) =0_ Factor. 
2x+1=0 or x-—1=0 Set each factor equal to O. 


2x =—-1 x= 1 Solve the resulting equations. 
1 

x=-> 
2 


Because — f and 1 make the denominator zero, these are the values to exclude. Thus, 


Domain of f= ( 00, Jul 51) UC, =), | 


Using Technology 
We can use the |TABLE] feature of 


a graphing utility (with ATbl = .5) to ue 
verify our work with -7 Od 
se se il a ; 
f(x) = = a % te are oe ae 
Se F that —> and 1 must be 
Enter ' c excluded from the domain. 
& 


yy = 2), xX] [+]1)} le 


(2 [se | Alea xe P= aD 


and press |TABLE}. 


CHECK POINT 2 Find the domain of f if 


Does every rational function have values to exclude? The answer is no. For example, 
consider 


No real-number values of x cause 
this denominator to equal zero. 


3 | Interpret information 
given by the graph of a 
rational function. 


Using Technology 


When using a graphing 
utility to graph a rational 
function, you might not be 
pleased with the quality of 
the display. The graph of the 
rational function 


Phe ae Al 


= Rape) 


is shown using the | DOT 
mode in a [—6, 6, 1] by 
[-6, 6, 1] viewing rectangle. 
In this mode, the utility 
displays unconnected points 
that have been calculated. 
Would you agree that the 
graph’s behavior is better 
illustrated by the hand-drawn 
graph in Figure 6.2? 


4 | Simplify rational 
expressions. 
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The domain of f consists of the set of all real numbers. Recall that this set can be 
expressed in three different ways: 


Domain of f = {x|x is a real number} or R or (—~, ~). 


What Graphs of Rational Functions Look Like 


In everyday speech, a continuous process is one that goes on without interruption and 
without abrupt changes. In mathematics, a continuous function has much the same 
meaning. The graph of a continuous function does not have interrupting breaks, such 
as holes, gaps, or jumps. Thus, the graph of a continuous function can be drawn without 
lifting a pencil off the paper. 

Most rational functions are not continuous functions. For example, the graph of the 
rational function 


2x +1 
Oa 


is shown in Figure 6.2. In Example 2, we 
excluded —} and 1 from this function’s domain. 
Unlike the graph of a polynomial function, this 
graph has two breaks in it—one at each of the 
excluded values. At —5, a hole in the graph 
appears. The graph is composed of two distinct 
branches. Each branch approaches, but never 
touches, the dashed vertical line drawn at 1, the 
other excluded value. 

A vertical line that the graph of a function 
approaches, but does not touch, is said to be a 
vertical asymptote of the graph. In Figure 6.2, 
the line x = 1 is a vertical asymptote of the 
graph of f. A rational function may have no 
vertical asymptotes, one vertical asymptote, or several vertical asymptotes. The graph 
of a rational function never intersects a vertical asymptote. 

Unlike the graph of a polynomial function, the graph of the rational function in 
Figure 6.2 does not go up or down at each end. At the far left and the far right, the 
graph is getting closer to, but not actually reaching, the x-axis. This shows that as x 
increases or decreases without bound, the function values are approaching 0. The line 
y = 0 (that is, the x-axis) is a horizontal asymptote of the graph. Many, but not all, 
rational functions have horizontal asymptotes. 

For the remainder of this section, we will focus on the rational expressions that 
define rational functions. Operations with these expressions should remind you of 
those performed in arithmetic with fractions. 


Figure 6.2 


Simplifying Rational Expressions 


A rational expression is simplified if its numerator and denominator have no common 
factors other than 1 or —1. The following procedure can be used to simplify rational 
expressions: 


Simplifying Rational Expressions 
1. Factor the numerator and the denominator completely. 
2. Divide both the numerator and the denominator by any common factors. 
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Figure 6.3 Visualizing the 


difference between 


andx + 3 +4 


x? + 4x +3 


| EXAMPLE 3 | Simplifying a Rational Expression 


x2 + 4x +3 


implify: 
Simplify aot 
Solution 


x +4x4+3 (e+ D+ 3) 
= Factor the numerator and denominator. 


xt+1 1(x + 1) 


_ Cetti(x + 3) 
1-4-4 


=x+3 


Divide out the common factor, x + 1. 


Simplifying a rational expression can change the numbers that make it undefined. 
For example, we just showed that 


x +4x4 3 
Bien ae | 


=x+3. 


This is undefined The simplified form is defined 
for x =—1. for all real numbers. 


Thus, to equate the two expressions, we must restrict the values of x in the simplified 
expression to exclude —1. We can write 


x? + 4x +3 
———— = x4+3,x # -1. 
x+1 


Without this restriction, the expressions are not equal. The slight difference between 
them is illustrated using the graphs of 


2+ 4x +3 
f(x) = ee and g(x)=x+3 
in Figure 6.3. 
y ¥ 
A A 
—1 is excluded Al 1 is not excluded >| 


from the domain. * | from the domain. 


2 g(x) =x +3 
Gheaee) 
i 
1 
+ }> xX +—}+—+—}+—}+ > x 
1.2.3..4.5 1.2.3..4..5 
25 I 29.) 
At At 
54 54 


Hereafter, we will assume that a simplified rational expression is equal to the original 
rational expression for all real numbers except those for which either denominator is 0. 


x? + 7x + 10 


“| CHECK POINT 3 
x+2 


Simplify: 
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| EXAMPLE 4 | Simplifying Rational Expressions 


Simplify: 
x’ — 7x — 18 ’ 3x? + 12xy — 15y? 
a: => ; : 
2x7 + 3x —2 6x? — 6xy’ 
Solution 


a x*-7x-18 (-—9)(x + 2) 
" 2x2 +3x-2 (2x —1)x + 2) 


Factor the numerator and denominator. 


KD 
= Sener) Divide out the common factor, x + 2. 
(2x — 1)(x-+2) 
x= 9 
2x — 1 
3x7 + 12xy — 15y? 3 (x* + 4xy — Sy? 
; y 5 y = ( 3 y 5 ud ) Factor out the GCF in the numerator and 
6x? — 6xy 6x" = y*) denominator. 


_ 3@ + Sy) — y) . 
= Factor the numerator and denominator 
6x(x + y)(x — y) completely. 


1 
_ 3x + Sy). 
6x(x + WE) 
xt Sy It is not necessary to carry 


= —___- _ out the multiplication in 
2x(x + y) the denominator. 


Divide out the common factor, 3(x — y). 


CHECK POINT 4 _ Simplify: 


x? — 2x — 15 3x? + Oxy — 12y? 
a. So art ee a b. 3 2 . 
3x? + 8x — 3 9x° — Oxy 


Great Question! 


x+4 
Can | simplify ae by dividing the numerator and the denominator by x? 


No. When simplifying rational expressions, you can only divide out, or cancel, factors 
common to the numerator and denominator. It is incorrect to divide out common terms 
from the numerator and denominator. 


Incorrect! 


The first two expressions have no common factors in their numerators and denominators. 
Only when expressions are multiplied can they be factors. If you can’t factor, then don’t 
try to cancel. The third rational expression can be simplified as follows: 


Correct 
7-9 (Ge sh Sees) eA 
w= 3g ee) 


| Divide out the common factor, x — 3. ] 
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5 | Multiply rational 
expressions. 


Rational Expressions, Functions, and Equations 


Multiplying Rational Expressions 


The product of two rational expressions is the product of their numerators divided by 
the product of their denominators. For example, 


x2 x+5 _ cae + 5) Multiply numerators. 
yes FST (era). 


Multiply denominators. 


Here is a step-by-step procedure for multiplying rational expressions. Before 
multiplying, divide out any factors common to both a numerator and a denominator. 


Multiplying Rational Expressions 
1. Factor all numerators and denominators completely. 
2. Divide numerators and denominators by common factors. 


3. Multiply the remaining factors in the numerators and multiply the remaining 
factors in the denominators. 


Multiplying Rational Expressions 


oe = 28 
—4 2-9 


Multiply: 


Solution 


x+3 x7 -2x-8 

x-4 ; x7 - 9 
— ia t+ 3) &—4)(% + 2) — Factor all numerators and denominators 
as 1(x — 4) ° (x + 3)(x — 3) completely. 


14+ 3) (e-~4)(x + 2) Divide numerators and denominators by 
° common factors. 
l(x—4) (&4+-3)(x — 3) 


x+2 Multiply the remaining factors in the 
x—-3 numerators and in the denominators. Hf 


x+4 x? - 4-21 
x=7 x7 — 16 


\“| CHECK POINT5 Multiply: 


Some rational expressions contain factors in the numerator and denominator that 
are opposites, or additive inverses. Here is an example of such an expression: 


(2x + 5)(2x — 5) The factors 2x — 5 and 


5 — 2x are opposites. 
3(5 — 2x) They differ only in sign. 


Although you can factor out —1 from the numerator or the denominator and then 
divide out the common factor, there is an even faster way to simplify this rational 
expression. 


Simplifying Rational Expressions with Opposite Factors 
in the Numerator and Denominator 


The quotient of two polynomials that have opposite signs and are additive inverses 
is—1. 


6 | Divide rational 
expressions. 
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For example, 


(-1) 
(28+ Se = 5) (ae Seas) (2a + 5) a er at —2x%-— 5 
3(5 — 2x) 3(5 —2x) 3 3 . 


Factoring out —1 is done mentally: 
(2x + 5) (1) [5—exy 
3(5—2x] ‘ 


| EXAMPLE 6 | Multiplying Rational Expressions 


5x +5 on tea 3 
Ix — 7x2 4x? — 9 


Multiply: 


Solution 
5x+5 22x7?+x-3 
Ix — Te 4x2 —9 
= S(x +1) (2x + 3) — I) Factor all numerators and denominators 
~ Tx(1 — x) : (ax + 3)(Qx — 3) completely. 


(-1) 
_ aie 1) Gree sya-)) Divide numerators and denominators by common 
Tx(t-—~x), (2x-+-3)(2x — 3) factors. Because 1 — x and x — 1 are opposites, 


their quotient is —1. 


—5(x + 1) S(x +1) — Multiply the remaining factors in the numerators 
= ———— or -——~ : ; 
Tx(2x — 3) 7Tx(2x — 3) and inthe denominators. Ml 


4x +8 3x7 — 4x — 4 
6x — 3x2 9x2 - 4 


CHECK POINT6 Multiply: 


Dividing Rational Expressions 


The quotient of two rational expressions is the product of the first expression and the 
multiplicative inverse, or reciprocal, of the second expression. The reciprocal is found 
by interchanging the numerator and the denominator of the expression. 


Dividing Rational Expressions 
If P, Q, R, and S are polynomials, where Q # 0,R # 0,and S # 0, then 


oy ie ye ay 


Op S07 RK, OR 
Change division to \ 
multiplication. Replace & with its reciprocal by 


interchanging its numerator and denominator. 


Thus, we find the quotient of two rational expressions by inverting the divisor and 
multiplying. For example, 
x 6 x yy _ xy 


Ty, y Ty 6, 42° 


Change the division 
to multiplication. 


Replace © with its reciprocal by 


interchanging its numerator and denominator. 
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Great Question! Dividing Rational Expressions 
If ’m multiplying 
or dividing rational Divide: 
expressions and an Oy 5 go Fe SAG. 44? SEL 
expression appears a. (4x? — 25) + b. : 5 
14 2x x" — 3x 


without a denominator, 
what should | do? 


‘ : Solution 
When performing operations 
: : : : 24D 
with rational expressions, if a a. (4x? = 25) < 
rational expression is written 14 
without a denominator, it is 4x2 — 25 x +5 
helpful to write the expression = 1 : 14 Write 4x* — 25 with a denominator of 1. 
with a denominator of 1. In 
Example 7(a), we wrote Ax? — 25 14 
; Ax? — 25 = I 7 45 Invert the divisor and multiply. 
Ane — Ds) a 
(2x + 5)(2x — 5) 14 ‘ 
= : actor. 
1 1(2x + 5) 
_ Berar = 5) 14 Divide the numerator and denominator by the 
1 , 1(2x-+-5) common factor, 2x + 5. 
= 14(2x — 5) Multiply the remaining factors in the 


numerators and in the denominators. 


‘ x+3x-10 x*-5x +6 


2x "x? — 3x 
_x*+3x-10 x? - 3x : 
= De . Ga eeae Invert the divisor and multiply. 
(x + 5)(x — 2) x(x — 3) i 
= * tor. 
2x C=G—2), 


(x + 5)\(x-—2). x (xe — 3) ae a ie 
= . ivide numerators and denominators 
2x Lea). -sennian tapbere, 


x+5 Multiply the remaining factors in the 
2 numerators and in the denominators. 


“| CHECK POINT 7 Divide: 
3x — 7 


a. (9x? — 49) + 


bp Po 2 _ x? — 10x + 24 


5x x? — 6x 


Achieving Success 


Analyze the errors you make on quizzes and tests. For each error, write out the 
correct solution along with a description of the concept needed to solve the problem 
correctly. Do your mistakes indicate gaps in understanding concepts or do you at times 
believe that you are just not a good test taker? Are you repeatedly making the same 
kinds of mistakes on tests? Keeping track of errors should increase your understanding 
of the material, resulting in improved test scores. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A rational expression consists of a/an divided by a nonzero 
2. The domain of a rational function is the set of all real numbers except those for which the denominator is 
3. A vertical line that the graph of a function approaches, but does not touch, is said to be a vertical of the graph. 
4. A horizontal line that the graph of a rational function approaches at the far left or the far right is called a horizontal 
of the graph. 
5. We simplify a rational expression by the numerator and the denominator completely. Then we divide the 


numerator and the denominator by any 
(x + 3)(x + 5) 
eS 


6. The rational expression 
2 


simplifies to ifx # —3. 


x si Hts 
7. True or false: simplifies to x? — 1. 


—5 
8. The rational expression : 


simplifies to 


=x 
9. The product of two rational expressions is the product of their divided by the product of their 
10. The quotient of two rational expressions is the product of the first expression and the of the second: 
ee ee Q#0,R 40,5 40 
a) = Ss a) a > > > . 
11 e ae = 
“710 __ 
a oa) 
6.1 EXERCISE SET MyMathLab* .-/ & 
Ss y in MyMathLab MyDashBoard App 
Practice Exercises 10. f(x) = OE 
In Exercises 1-6, use the given rational function to find the One 
indicated function values. If a function value does not exist, so state. We f= @ 52 
x7-9 2% 
1. = sf(-2), FO), FS : ————— 
fe) = SB ICD.FO.FO) % f= Go 
<= ie ee 
= wie 13. = 
2. f(x) = 4 fC2), FO), F6) LS sara eee 
3x 
x7 — 2x -3 14. jee 
I) Se) FO) Fx) sre aes 36 
peel 
on 15. f(x) = —————_ 
Ai tO) ea 
eae ie 4= Ge 1) 
21> — 5 CIM EP 1B 4 
S50 — 7, Ye eu) pe se a ts ee 
ae Al The graph of a rational function, f, is shown in the figure. Use 
DI the graph to solve Exercises 17-26. 
6. g(t) = =—— 38-1), 80), 8(2) 
pA Y 
en eee | 
ee 
In Exercises 7-16, find the domain of the given rational Ory 
function. Peete 
2 see 
Cet can See Se she eS ee > 
7 0) = 3% aA 
jac eestor 
= 3 Na pe ee a 
a) err | ‘Ee eee 
re al 
9. = 
PO ae) i 
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(In Exercises 17-26, use the graph on the previous page.) In Exercises 51-72, multiply as indicated. 
17. Find f(4). 18. Find f(1). ee 3 3x + 21 tye 2 2x+6 
19. What is the domain of f? What is the range of f? “eT 26-6 “eS be = 10 
Pe HAO Beis 
20. What are the equations of the vertical asymptotes of the x4 ees 
graph of f? x-25 x42 
21. Describe the end behavior of the graph at the far left. mt a ee (ee 
: : : 9 
What is the equation of the horizontal asymptote? iad) ieee ¢ 
ee = 
: : : Me AO eee ate 
22. Describe the end behavior of the graph at the far right. Bp BOs 6 
What is the equation of the horizontal asymptote? Be a 


x-—4 x? -2x -3 


aA 
23. Explain how the graph shows that f(—2) does not exist. 57. x? + 4x + 4 : Goa) 


x? + 8x +16 (x + 2) 
24. Explain how the graph shows that f(2) does not exist. 58 No eal . (= 2) 
" x2 — 4x +4 (x - 17 
25. How can you tell that this is not the graph of a polynomial as sya 2 3 y 
function? Ss ae 
oye ay 
26. List two real numbers that are not function values of f. 60. — 1 u 3y2 
aa Va aeey, 
- y-8 Be ap 2 
In Exercises 27-50, simplify each rational expression. If the ead ey 
rational expression cannot be simplified, so state. 62 yes oye 8 a eb 
eee og, % 25 * tay yrs 
=e © ae=25 ertxt) 
Cee (Ge Sem, 
Soap ear al ae She Bp 6 
a 302 San 
GX 10 = he 3) Gai Gea): oe ae 2 
31, 2%. 20 go, 22+ 30 , ee 6 
"x? + 5x x? + 6x ee x? + xy ; 4x — 4y 
4y — 20 6y — 42 eye x 
335) oe 342 Se Oe ee De ate 
= 5) y” — 49 66 eee oe ey 
os abe = 5) ee Spe 2 , a8 Cay 
"25 — 9x? "4 = 25x? é x? + 2xy + y? : 4x — 4y 
37 eee) 38 y =9 “x? — Ixy + y? 3x + 3y 
" y? — 14y + 49 " y? —6y +9 6G 2x? — 3xy — 2y? 3x? — 2xy — y? 
x? + 7x — 18 x? — 4x —5 "3x? — dxy + y? x? + xy — 6y? 
oa x? — 3x +2 a x? + 5x +4 4a* + 2ab + b? 4a” — b? 
69. 5 
41 Leal) 2a cD 8a? — b> 
© 3x + 10 wo; Lie =e he = Ses 
a 2x + 3 ” bp? — b — 6 3ac — 2bc — 3a + 2b 
2s 94 Wg 133 Qe Be Be a, Woe = OB t 5 
43, X27 get ee "322 =82+5 2527-102 + 1 4z? — 9 
= Mee = ae o Wea 1 A ee ae 
qe ee 4g, 7 2 3y” eo es ee 7 
ane) ae 2 ieee) mere) 
> Txy + 2y = + Sxy — 3y In Exercises 73-90, divide as indicated. 
a7, 78 oe x+5 4x +20 eo yas 
2 2 73. = aa 74 Sr 
ee oe 2 ee ae. 
3 Da 
4, 7 Wa” Be ae, a es 
a “y-6° Ty—42 "y-5  3y-15 
xe — 2x? +x-2 2 2 
50... Lee, ene eo) ye Se oe Il 
Xe, Tiles = 78 + 


in 9 5 — 1b 5 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 
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Y= 25 yy 5 
2y-2 y2?+4y—5 
i ee ee 
y-4 y+5y+6 
> x +3x-—4 
(O16). P44 

Bg 5) 
(x? + 4x — 5) + yh 
yo Ay ON a 
7-1 eo: 7 oy 5 
y+4y-—21 y+ 14y 4+ 48 
ye sy— 28 yo dy = 30 
88-1  x-1 
4x2+2x+1 (x-1P 
r= 9 x? + 6x +9 
Me ee) | 
x? — 4y’ x? — Axy + 4y? 
yay ey Xe) 
xy — y? 2x? + xy — 3y’ 
x° + 2x41 2x? + Sxy + By? 
xt—y8 32 — y! 
oy 3x? 
Ca oe aay 
ey ry 


Practice PLUS 


In Exercises 91-98, perform the indicated operation or operations. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


w-— 4x7 +x -—4 2x3 + 2x7 4x41 


2x3 


8x? + x 
yt yt yz2 + 2 


4 xt—-x4+x7-x 
aa daa 


ypyty+1 2y? + 2yz — yz* — 23 
Oa OViris SX tan SV NADI SDI AG 1 OC 
e+ y : xo-xr-y 
a+b ab — a? — b? 


ay eee ae ee ee ea 


abt+b a’ + 5a : ab? 
3a? — 4a — 20 2a? + 1la+5  6a* — 17a — 10 
a’ —8a+15 2a7+3a  14a+21 

2a>-— 10a? 3a°— 27a =a? — 6a — 27 
@— D2 (ba a — 0 

4c : Cc . C2 
oo . a) 5 a= ly 

4c (a ge 

ah) h(a 
In Exercises 99-102, find ACB Beat AC) and simplify. 


99. f(x) = 7x —4 
100. f(x) =—3x +5 


h 
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101. f(x) =x? -5x +3 
102. f(x) = 3x? - 4x +7 
In Exercises 103-104, let 


103. Find (2) (x) and the domain of f 
& 


(x + 27 
Ihe 


and 


f(x) = 


& 


104. Find (Z) (x) and the domain of a 


Application Exercises 


The rational function 


130x 


PC) = Tog — x 


models the cost, f(x), in millions of dollars, to inoculate x% of 
the population against a particular strain of flu. The graph of 
the rational function is shown. Use the function’s equation to 
solve Exercises 105-108. 


105. 


106. 


107. 


108. 


Cost (millions of dollars) 


Ly x 
100 


60 


0 20 40 
Percentage of 


Population Inoculated 


80 


Find and interpret f(60). Identify your solution as a point 
on the graph. 


Find and interpret (80). Identify your solution as a point 
on the graph. 


What value of x must be excluded from the rational 
function’s domain? Does the cost model indicate that 
we can inoculate all of the population against the flu? 
Explain. 


What happens to the cost as x approaches 100%? How is 
this shown by the graph? Explain what this means. 
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The function 


_ 6a — 2045 “2 234 
x? + 36 


f(x) 


models the pH level, f(x), of the human mouth x minutes after 
a person eats food containing sugar. The graph of this function 
is shown in the figure. Use the function’s equation or graph, as 
specified, to solve Exercises 109-112. 


y 
A 
TO 
(Go Ee SS aie > 


6.0 \ 


55) 
6.5x* — 20.4x + 234 


5.0 
Xx 
4.57 Fle) x? + 36 


4.0 


pH Level of the 
Human Mouth 


SS Se ee ee, 

0 6 12 18 24 30 36 42 48 54 60 66 
Number of Minutes after 

Eating Food Containing Sugar 


109. After eating sugar, when is the pH level the lowest? Use 
the function’s equation to determine the pH level, to the 
nearest tenth, at this time. 


110. Use the graph to obtain a reasonable estimate, to the 
nearest tenth, of the pH level of the human mouth 
42 minutes after a person eats food containing sugar. 


111. According to the graph, what is the normal pH level of 
the human mouth? What does the end behavior at the 
far right of the graph indicate in terms of the mouth’s pH 
level over time? 


112. Use the graph to describe what happens to the pH level 
during the first hour. 


Among all deaths from a particular disease, the percentage that 
are smoking related (21-39 cigarettes per day) is a function of 
the disease’s incidence ratio. The incidence ratio describes the 
number of times more likely smokers are than nonsmokers to 
die from the disease. The following table shows the incidence 
ratios for heart disease and lung cancer for two age groups. 


Incidence Ratios 

Heart Disease 
Ages 55-64 1.9 10 
Ages 65-74 17 9 


Source: Alexander M. Walker, Observation and Inference, Epidemiology Resources 
Inc., 1991. 


Lung Cancer 


For example, the incidence ratio of 9 in the table means that 
smokers between the ages of 65 and 74 are 9 times more likely 
than nonsmokers in the same age group to die from lung 
cancer. 

The rational function 


OO Ge 40 
P(x) = a ) 
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models the percentage of smoking-related deaths among all 
deaths from a disease, P(x), in terms of the disease’s incidence 
ratio, x. The graph of the rational function is shown. Use this 
function to solve Exercises 113-116. 


100 


ie) 
i) 


Dy 
=) 


100(x — 1) 
Xi 


Plx) = 


os 
S 


N 
Oo 


Percentage of Deaths from the 
Disease that are Smoking Related 


Ot 2 34 Ss 6 8 oF 10 


The Disease’s Incidence Ratio: 
The number of times more likely smokers are 
than nonsmokers to die from the disease 


113. Find P(10). Describe what this means in terms of the 
incidence ratio, 10, given in the table. Identify your 
solution as a point on the graph. 


114. Find P(9). Round to the nearest percent. Describe what 
this means in terms of the incidence ratio, 9, given in the 
table. Identify your solution as a point on the graph. 


115. What is the horizontal asymptote of the graph? Describe 
what this means about the percentage of deaths caused by 
smoking with increasing incidence ratios. 


116. According to the model and its graph, is there a disease 
for which all deaths are caused by smoking? Explain 
your answer. 


Writing in Mathematics 


117. What is a rational expression? Give an example with 
your explanation. 


118. What is a rational function? Provide an example. 
119. What is the domain of a rational function? 


120. If you are given the equation of a rational function, 
explain how to determine its domain. 


121. Describe two ways the graph of a rational function differs 
from the graph of a polynomial function. 


122. What is a vertical asymptote? 
123. What is a horizontal asymptote? 
124. Explain how to simplify a rational expression. 


125. Explain how to simplify a rational expression with 
opposite factors in the numerator and the denominator. 


126. Explain how to multiply rational expressions. 


127. Explain how to divide rational expressions. 
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128. Although your friend has a family history of heart 
disease, he smokes, on average, 25 cigarettes per day. He 
sees the table showing incidence ratios for heart disease 
(see Exercises 113-116) and feels comfortable that they 
are less than 2, compared to 9 and 10 for lung cancer. 
He claims that all family deaths have been from heart 
disease and decides not to give up smoking. Use the 
given function and its graph to describe some additional 
information not given in the table that might influence 
his decision. 


Technology Exercises 


In Exercises 129-132, determine if the multiplication or 
division has been performed correctly by graphing the function 
on each side of the equation in the same viewing rectangle. If 
the graphs do not coincide, correct the expression on the right 
side and then verify your correction using the graphing utility. 


r+x Ox 


129. =2 
? 3% esi : 
x? — 25x Soa 
130. | : =x+5 
Seo 1 89 (0) x 
Here ee 3 
: : =x 
Bea A) 3 ap al 
2x? — 11x + 5 
132201 5) 7 “ =2x-1 


4x? — 1 


133. Use the |TABLE] feature of a graphing utility to verify 
the domains that you determined for any two functions in 
Exercises 7-16. 


2 
-x-2 
134. a. Graph f(x) = 


the same viewing rectangle. What do you observe? 


and g(x)=x+1 in 


b. Simplify the formula in the definition of function f. Do 
f and g represent exactly the same function? Explain. 


c. Display the graphs of f and g separately in the utility’s 
viewing rectangle. |TRACE]| along each of the 
curves until you get to x = 2. What difference do you 
observe? What does this mean? 


Critical Thinking Exercises 

Make Sense? In Exercises 135-138, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


135. I cannot simplify, multiply, or divide rational expressions 
without knowing how to factor polynomials. 
DN Ge se) = 1G8cr Il) 
(cat 2) Geer il) 
and the denominator by (x + 2)(x + 1). 


136. I simplified by dividing the numerator 
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=e) 
137. The values to exclude from the domain of f(x) = = 7 
= 


are 3 and 7. 


138. When performing the division 
se (Gear Dye 
oe Bos 
I began by dividing the numerator and the denominator 
by the common factor, x + 2. 


In Exercises 139-142, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


x? — 25 
139. — i) 
x5 
2 
+ 
Vie ee 
i 
: 7 : 
141. The domain of f(x) = is 


(—%,3) UG, ~). x(x — 3) + 5(x — 3) 


142. The restrictions on the values of x when performing the 
division 
f(x), h(x) 
g(x) k(x) 
are g(x) # 0, k(x) ~ 0, and h(x) # 0. 


i a = 


143. Graph: f(x) = 


C2, 
: ips 6x3” a 6x2"y" 
144. Simplify: [fae 
2n 2n n 
Sl ar = i2 
145. Divide: — z é = ad : 
Vee aneo ae Ne (6) 


146. Solve for x in terms of a and write the resulting rational 
expression in simplified form. Include any necessary 
restrictions on a. 


a(x — 1) = 4(x 


Review Exercises 
147. Graph: 4x — 5y = 20. (Section 4.4, Example 1) 


148. Multiply:(2x — 5)(x? — 3x — 6).(Section5.2,Example3) 


ape cme 


=) 
a) . (Section 1.6, Example 9) 


149. Simplify: ( 


Preview Exercises 


Exercises 150-152 will help you prepare for the material 
covered in the next section. In each exercise, perform the 
indicated operation. Where possible, reduce the answer to its 
lowest terms. 
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Rational Expressions, Functions, and Equations 


Objectives 


@ Add rational 
expressions with the 
same denominator. 

2 | Subtract rational 
expressions with the 
same denominator. 

3 | Find the least common 
denominator. 

4 | Add and subtract 
rational expressions 
with different 
denominators. 

5 | Add and subtract 
rational expressions 
with opposite 
denominators. 


1 | Add rational 
expressions with the 
same denominator. 


Adding and Subtracting Rational 


Expressions 


Did you know that 
people in California 
are at far greater risk 
of injury or death from 
drunk drivers than 
from earthquakes? 
According to the U.S. 
Bureau of Justice 
Statistics, half the 
arrests for driving 
under the influence 
of alcohol involve 
drivers ages 25 


SOMETIMES IT TAKES A FAMILY OF FOUR 


TO STOP A DRUNK DRIVER. 


through 34. The rational function 


27,725(x — 14) 
= = — 5x 
x +9 


F(x) 


models the number of arrests for driving under the influence, f(x), per 100,000 drivers, 
as a function of a driver’s age, x. 

The formula for function f involves the subtraction of two expressions. It is possible 
to perform this subtraction and express the function’s formula as a single rational 
expression. In this section, we will draw on your experience from arithmetic to add and 
subtract rational expressions. We return to the driving-under-the-influence model and 
its graph in Exercise 83 in the section’s Exercise Set. 


Addition and Subtraction when 
Denominators Are the Same 


To add rational numbers having the same denominators, such as § and 3, we add the 
numerators and place the sum over the common denominator: 


2 2D 
+i= =-—, 
9 9 9 9 


We add rational expressions with the same denominator in an identical manner. 


Adding Rational Expressions with Common Denominators 


12 
If R and e are rational expressions, then 


a eae 
Ro Rk aR 


To add rational expressions with the same denominator, add numerators and 
place the sum over the common denominator. If possible, factor and simplify the 


result. 


2 | Subtract rational 
expressions with the 
same denominator. 
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| EXAMPLE 1 | Adding Rational Expressions when 
Denominators Are the Same 


x7 +2x-2 7 5x + 12 
x>+3x-10 x*+3x- 10 


Add: 


Solution 
x2 +2x -2 5x + 12 
2 + 
x +3x-10 x°+3x- 10 
a eH 2 tort 


Add numerators. Place this sum over the 


x’ + 3x — 10 common denominator. 
2 

_* + 7x + 10 Combine like terms: 2x + 5x = 7xand 

x* + 3x — 10 —2 + 12 = 10. 
_ (x + 2)G+5) Factor and simplify by dividing out the common 

(x — 2)(x-+S) factor, x + 5. 
—x+2 

x-2 8 


x2 — 5x — 15 2x + 5 
+ : 
xw+5xt+6 x*74+5x4+6 


[\Y| CHECK POINT1 Ada: 


The following box shows how to subtract rational expressions with the same 
denominator: 


Subtracting Rational Expressions with Common Denominators 
IB 
If — and Q are rational expressions, then 


lak pel OL aa ©) 
R RR 


To subtract rational expressions with the same denominator, subtract numerators 
and place the difference over the common denominator. If possible, factor and 
simplify the result. 


| EXAMPLE 2 | Subtracting Rational Expressions when 
Denominators Are the Same 
ay = Se Ay = bx 


ry ey 


Subtract: 


Subtract numerators and include 
Solution parentheses to indicate that 
3 _ «3 3 ¢,3 5 3) 3 _ ¢.3) both terms are subtracted. Place 
28 = — a a = 3y Sx : (4y 6x ) this difference over the common 
x" — y x"— y xy denominator. 


_ 3y? — 5x3 — 4y? + 6x? 


Remove parentheses and then 
distribute the minus to change 


x y? the sign of each term. 
yo y3 Combine like terms: 
== 5 —5X° + 6x° = ° and 
x= y By? — 4y? = -y3, 
_ (x—y)(x? + xy + y*) Factor and simplify by dividing 
7 (x + y)(x—y) out the common factor, x — y. 
x? + xy + Cad 
= ————— i 


x+y 
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3 | Find the least common 
denominator. 


Great Question! 


When subtracting a numerator containing more than one term, do | just subtract 
the first term? 


No. When a numerator is being subtracted, be sure to subtract every term in that 
expression. 


The — sign applies to the Insert parentheses The sign of every term 
entire numerator, 4y? — 6x°. to indicate this. of 4y? — 6x? changes. 


3y3 — 5x3 4y> — 6x? os 3y3 — 5x3 - (4y? = 6x°) = 3y> — 5x3 — 4y3 + 6x3 
ey ry ry ry 


The entire numerator of the second rational expression must be subtracted. Avoid the 
common error of subtracting only the first term. 


Incorrect! —6x? must also 
be subtracted. 


x—-y 4x — 2y 


CHECK POINT 2 Subtract: ———, 
Xe ay coy 


Finding the Least Common Denominator 


We can gain insight into adding rational expressions with different denominators by 
looking closely at what we do when adding fractions with different denominators. For 
example, suppose that we want to add 5 and $. We must first write the fractions with 
the same denominator. We look for the smallest number that contains both 2 and 3 as 
factors. This number, 6, is then used as the least common denominator, or LCD. 

The least common denominator of several rational expressions is a polynomial 
consisting of the product of all prime factors in the denominators, with each factor 
raised to the greatest power of its occurrence in any denominator. 


Finding the Least Common Denominator 
1. Factor each denominator completely. 
2. List the factors of the first denominator. 


3. Add to the list in step 2 any factors of the second denominator that do not 
appear in the list. 


4. Form the product of each different factor from the list in step 3. This product is 
the least common denominator. 


| EXAMPLE 3 | Finding the Least Common Denominator 


Find the LCD of 


Solution 

Step 1. Factor each denominator completely. 
10x? = 42x" (or5*2+x*x) 
15x = 5-3x 


Great Question! 


What’s the relationship 
between the powers in the 
factored denominators 
and the LCD? 


After factoring 
denominators completely, 
the LCD can be determined 
by taking each factor to the 
highest power it appears 

in any factorization. The 
Mathematics Teacher 
magazine accused the LCD 
of keeping up with the 
Joneses. The LCD wants 
everything (all of the factors) 
the other denominators 
have. 


4 | Add and subtract 
rational expressions 
with different 
denominators. 
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Step 2. List the factors of the first denominator. 
5,2, x7 (or 5, 2, x, x) 


Step 3. Add any unlisted factors from the second denominator. Two factors from 5 - 3x 
are already in our list. These factors include 5 and x. We add the unlisted factor, 3, to 
our list. We have 


35,208, 
Step 4. The least common denominator is the product of all factors in the final list. 
Thus, 

3°5+2+ x7, 


or 30x’, is the least common denominator. = 


Find the LCD of 


'/| CHECK POINT 3 


7 2 
ae) and Ox! 


Finding the Least Common Denominator 


Find the LCD of 
9 11 
Tx” + 28x x? + 8x+16 
Solution 
Step 1. Factor each denominator completely. 
Tx? + 28x = Tx(x + 4) 
x? + 8x + 16 = (x + 4)? 
Step 2. List the factors of the first denominator. 
7,x, (x + 4) 


Step3. Add any unlisted factors from the second denominator. The second denominator 
is (x + 4)’, or (x + 4)(x + 4). One factor of x + 4 is already in our list, but the other 
factor is not. We add a second factor of x + 4 to the list. We have 


7,x,(x + 4), (x + 4). 


Step 4. The least common denominator is the product of all factors in the final list. 
Thus, 


Tx(x + 4)(x + 4), or 7x(x + 4), 


is the least common denominator. & 


'/| CHECK POINT4 Find the LCD of 


7 9 
5x? + 15x r+ 6x +9" 


Addition and Subtraction when Denominators Are Different 


Finding the least common denominator for two (or more) rational expressions is 
the first step needed to add or subtract the expressions. For example, to add 5 and 
$, we first determine that the LCD is 6. Then we write each fraction in terms of 
the LCD. 
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Great Question! 


Can’t | just simplify 
things and add rational 
expressions by adding 
numerators and adding 
denominators? 


No. It is incorrect to add 
rational expressions by 
adding numerators and 
adding denominators. Avoid 
this common error. 


Incorrect! 


eo 


1 2 1 3 2 2 Multiply the numerator 
3 7° 3 q° % and denominator of each 
fraction by whatever extra 
3 a factors are required to 


z = land 5 =1. Multiplying farm G. thelLD. 
by 1 does not change a 
fraction’s value. 


_ 3 nm a Perform the required 

6 6 multiplications. 

_ 3+4 Add numerators. Place 

~ 5G this sum over the LCD. 
ig . . 

= . Simplify. 


We follow the same steps in adding or subtracting rational expressions with different 
denominators. 


Adding and Subtracting Rational Expressions That Have Different 
Denominators 


1. Find the LCD of the rational expressions. 


2. Rewrite each rational expression as an equivalent expression whose denominator is 
the LCD. To do so, multiply the numerator and the denominator of each rational 
expression by any factor(s) needed to convert the denominator into the LCD. 


3. Add or subtract numerators, placing the resulting expression over the LCD. 


4. If possible, simplify the resulting rational expression. 


| EXAMPLE 5 | Adding Rational Expressions with Different 
Denominators 


3 7 


+ . 
10x? 15x 
Solution 


Add: 


Step 1. Find the least common denominator. In Example 3, we found that the LCD for 
these rational expressions is 30x”. 


Step 2. Write equivalent expressions with the LCD as denominators. We must rewrite 
each rational expression with a denominator of 30x’. 


3 a. 9 7 2x _ 14x 
10° 3 30x 15x 2x 30x? 
Multiply the numerator and denominator © Multiply the numerator and denominator 
by 3 to get 30x%, the LCD. by 2x to get 30.7, the LCD. 


Because ; = land x = 1, we are not changing the value of either rational expression, 
only its appearance. In summary, we have 
2 
10x? 15x 
3 3 Ts 
Sf . 
10x? 3 15x 2x 


The LCD is 30x". 


Write equivalent expressions with the LCD. 


9 14x 
Sat + ae Perform the required multiplications. 
30x 30x 
Steps 3 and 4. Add numerators, putting this sum over the LCD. Simplify, if possible. 
_ 9+ 14x 14x + 9 


6r The numerator is prime and further 
30x? 30x? simplification is not possible. Ml 
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'/| CHECK POINT5 Adda: ae 
6x2 9x 


| EXAMPLE 6_ Adding Rational Expressions with Different 
Denominators 


Add: 


Solution 
Step 1. Find the least common denominator. Begin by factoring the denominators. 
x —3= 1(x — 3) 
x +3 = 1(x + 3) 
The factors of the first denominator are 1 and x — 3. The only factor from the 
second denominator that is unlisted is x + 3. Thus, the least common denominator is 
1(x — 3)(x + 3), or (x — 3)(x + 3). 
Step 2. Write equivalent expressions with the LCD as denominators. 
x x= 1 


x= 3 x43 
Multiply each numerator and denominator 
= x(x + 3) («= 1)@ = 3) by the extra factor required to form 


(x —3)x +3) (x — 3) +3)  (* — 3)(x + 3), the LCD. 


Steps 3 and 4. Add numerators, putting this sum over the LCD. Simplify, if possible. 
_ ere) Fee Ss) 


(x — 3)(x + 3) 
— x? + 3x + x7 -— 4x + 3 Perform the multiplications using the distributive 
7 (e=3)Gr 3) property and FOIL. 
eae Basse 2 
= (x — 3)(x + 3) Combine like terms: x“ + x“ = 2x“ and 3x — 4x =—x. 
x — x 


The numerator is prime and further simplification is not possible. m 


x x —2 
+ : 
x-4 x+4 


'/| CHECK POINT6 = Ada: 


Subtracting Rational Expressions 
with Different Denominators 


x-1 ya, 
vrt+x-6 x7 +4443 


Subtract: 


Solution 

Step 1. Find the least common denominator. Begin by factoring the denominators. 
xt+x—6= (x + 3)(x - 2) 
x? t+ 4x +3 = (x + 3)(x +1) 

The factors of the first denominator are x + 3 and x — 2. The only factor from the 


second denominator that is unlisted is x + 1. Thus, the least common denominator is 
(x + 3)(x — 2)(x + 1). 
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Step 2. Write equivalent expressions with the LCD as denominators. 


1. = 2 
wr+tx-6 x27+ 4x43 
_ x-1 X= 2 Factor denominators. 
(x + 3\(x -2 x+3)\(x+1 The LCD is 
eae a) eee 2) (x + 3)(x — 2)(x + 1). 
(x — 1)(x + 1) (x — 2)(x — 2) 


= Multiply each numerator 
(+ 3)x— 2) +1) @&+3)%—-—2)@+1) and denominator by the 
extra factor required to form 


(«+ 3)(«— 2)(« + 1), the LED. 


Steps 3 and 4. Subtract numerators, putting this difference over the LCD. Simplify, if 
possible. 


_ (x — 1)(x + 1) — (x — 2)(x — 2) 
(x + 3)(x — 2)(x + 1) 


= se ae ie — 4x + 4) Perform the multiplications in the numerator. 
(x + 3)(x — 2)(x + 1) Don’t forget the parentheses. 
_ x1 =x? + 4x—4 Remove parentheses and change the sign of 
~ (x + 3)(x _ 2)(x 4 1) each term in parentheses. 
4x —5 


Combine like terms. 


~ +3) —- Det D 
The numerator is prime and further simplification is not possible. & 


2% = 3 x+4 
x —S5xt+6 x7 -2x-3 


CHECK POINT7 Subtract: 


Adding and Subtracting Rational Expressions 
with Different Denominators 


Perform the indicated operations: 
sy +2 | 4 Ty? + 24y + 28 
y-5 3y+4 3y?- 1ly - 20° 


Solution 
Step 1. Find the least common denominator. Begin by factoring the denominators. 

PaaS ys) 

3y + 4 = 1(3y + 4) 

3y? — 11ly — 20 = By + 4)(y — 5) 

The factors of the first denominator are 1 and y — 5. The only factor from the second 
denominator that is unlisted is 3y + 4. Adding this factor to our list, we have 1, y — 5, 
and 3y + 4. We have listed all factors from the third denominator. Thus, the least 
common denominator is 1(y — 5)(3y + 4), or (y — 5)(3y + 4). 
Step 2. Write equivalent expressions with the LCD as denominators. 


3y +2 4 Ty? + 24y + 28 
y-5 3y+4 3y? — 11y — 20 
2 
= 3y +2 4 Ty” + 24y + 28 Factor denominators. The LCD is 
-5 3y+4 3y + 4)(y — 5 — 5)(3y + 4). 
y i Gy + 4) — 5) (y - 5)(By + 4) Multiply the first 
_ Gy + 2)Gy + 4) A(y — 5) Ty? + 24y + 28 — two numerators and 


(y — 5)(y + 4) (y — 5)(y + 4) (By + 4)(y — 5) denominators by the 


extra factor required 
to form the LCD. 


5 | Add and subtract 
rational expressions 
with opposite 
denominators. 
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Steps 3 and 4. Add and subtract numerators, putting this result over the LCD. Simplify, 
if possible. 


_ (3y + 2)(3y + 4) + 4(y — 5) — (Ty? + 24y + 28) 
Gy — 5)Gy + 4) 
Oy? + 18y + 8 + 4y — 20 — Ty” — 24y — 28 
= Perform multiplications. 


(y — 5)(y + 4) Remove parentheses and 
change the sign of each term. 


_ 2y? — 2y — 40 


= Combine like terms: 
= SGP 4) 9y* — Ty* = 2y*, 1By + 4y — 24y = —2y, 
and & — 20 — 28 = —40. 
2(y? — y — 20 
= 20° e ) Factor out the GCF in the numerator. 
(y — 5)@Gy + 4) 
_ 207 + QS) 
G—S)B3y + 4) 
_ 2(y + 4) 
By +4 


Factor completely and simplify. 


|\/| CHECK POINT8 Perform the indicated operations: 
y-1l y-6 yH#tl 
y= 2. y = 4. ye? 


Insome situations, we need to add or subtract rational expressions with denominators 
that are opposites, or additive inverses. Multiply the numerator and the denominator 
of either of the rational expressions by —1. Then they will have the same denominators. 


| EXAMPLE 9 | Adding Rational Expressions when 
Denominators Are Opposites 
4x — loy 4 x — 6y 


Add: : 
x — Sy Sy — x 


Solution 


4x —loy x-—6y 
=F The denominators, x — 5y and Sy — x, are 
x — Sy Sy — x opposites, or additive inverses. 


_ 4x—-16y (-1) x — 6y 
x — 5y C1) Sy =x 


4x —loy —x + 6y 

= + Perform the multiplications by —1. 
x — Sy —Sy+x 
4x —loy —x + 6y 

= + Rewrite —5y + x asx — 5y. Both rational 
x — Sy x — Sy expressions have the same denominator. 
4x — loy — x + 6y 

= Add numerators. Place this sum over the common 

x — 5y denominator. 

3x — 10y 

= — Combine like terms. 


x — Sy 


Multiply the numerator and denominator of the 
second rational expression by —1. 


4x —7Ty x-—2y 


'/| CHECK POINT9 = Ada: 


x-3y 3y-x' 


426 CHAPTER 6 _ Rational Expressions, Functions, and Equations 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 


9. 


P ‘ ; : ; 

R + £ = : To add rational expressions with the same denominator, add and place the sum 
over the 

P_ @Q : : : : 

RR : To subtract rational expressions with the same denominator, subtract and place the 
difference over the 

x S7y 

3 3 


When adding or subtracting rational expressions with denominators that are opposites, or additive inverses, multiply either 


expression by to obtain a common denominator. 


The first step in finding the least common denominator of is to 


and 
5x? + 15x x? + 6x +9 
Consider the following subtraction problem: 
x1 x= 2 
e+x-6 x + 4x43 


The factors of the first denominator are . The factors of the second denominator are . The LCD is 
r . 7 . ke 2 . iw . i’ 
An equivalent expression for sx with a denominator of 30x* can be obtained by multiplying the numerator and denominator by 
x 


+2 
5 with a denominator of (3y + 4)(y — 5) can be obtained by multiplying the numerator and 
= 


An equivalent expression for 
denominator by 

, een ae ; ee 
An equivalent expression for 3 with a denominator of x — 3y can be obtained by multiplying the numerator and 
denominator by 


6.2 EXERCISE SET MyMathLab® — werrevincs — comeatine 


Practice Exercises a 25 — 10y 
In Exercises 1-16, perform the indicated operations. These e y? — 25 y? — 25 
exercises involve addition and subtraction when denominators 3x Se = i 
are the same. Simplify the result, if possible. 9. Was. as 
ieee 40 3x ax — 1 
Jae a ee | 
2 +4 Pe x7 -2 19 — 4x 
4 “2 +6x-7 x? + 6x -7 
3. x, x +3 a x? + 6x +2 el 
x-5 x-5 “+x -6 xX +x-6 
4 2 gees ig 2 a ay = ey = 5 
x—3 x—3 " 6 +y-2 6y7+y—-2 
‘ x2- 2x x? +x yy+3y-6 4y-4-2y 
- 3 °) 14. 5) 7) 
Ket BK Xe 3x y—S5y+4 y?-S5y +4 
6 x + 7x x? — 4x iB 2x3 — 3y3 x3 - 2y3 
“x2 — 5x x? — 5x R ae ey? 
2 3 3 3 3 
9-6 4y” — 3x ay = Aas 
7. z ale - 16. Z id 


y-9 y-9 y= x? yy x? 


SECTION 6.2 


In Exercises 17-28, find the least common denominator of the 
rational expressions. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


jl ond at 
25x 35x 
q 9 
er d— 
152 Dax 
2; 3 
d 
25°" x? -— 25 
2; 5 
ie and PG 
7 13 
5 and 
y° — 100 ~~ yy — 10) 
a ills 
5 and 
y= 4 yy +2) 
8 
and as 
x* — 16 x? — 8x + 16 
3 
5 and 5 i 
5 = 5) ie te) 
qi 
5 and 5 a 
eS Sy = © We = Ahn 6) 
3) 
5 and 5 z 
Vay 20) 2y° + Ty — 4 
Ty 3 =i 


s , and 
2y>+ Ty +6 y*-4 2y* — 3y -— 2 


5y 8 Oy 
5 = yand =, 
Viet ey acts OV sp) IDs 3) 


In Exercises 29-66, perform the indicated operations. These 
exercises involve addition and subtraction when denominators 
are different. Simplify the result, if possible. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


3) 10 
5x2 x 
7 4 
2x? x 
4 3 
x=O RE 
2 7 
r= 3 93 
Bhe ; DD 
ee), 5 Sa 8 
71x ; 3) 
a ae 
G1 Ome Gas) 
re5 26 
LG oe oe af 
eE7 x So 
3% 4 
r—25 xt5 
8x 5) 
~?-16 x+4 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 7 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


Sar 7 


Adding and Subtracting Rational Expressions 


as 
2y 9 


2 


ye = hy ae Le 


x - 6 


y= 3 
Yael 


x? + 9x + 18 
x — 39 


0 
xe Se 7/ 


x? + 3x — 10 
Aye all 


Xie, 
Dre 8) 


x? + 7x +12 
353 = ; 


45x44 
4x — 3 


vr-—-x-6 


Xa 


x7 -— 9 


2c 3 


xv—-x-2 


Dx 


x7 +2x-8 
Nese 


x — Tx +6 


4+ 


4 5) 
i 


x7 — 5x —6 


Seay) 


y? — 16 
ves 


16 — y? 
ys) 


y? — 25 


3x 6 
ae Sy 


25 — y* 

Neate a, x 
+ 

4— x? 


x 


4x +12 


9 — x? 


Dee 64 


se 


33 Sl 


x* — 16 


x+4 


x Ree, 4 


ys 
Dye 


x? — 2x -3 
7 
7 — Be 


Boor Jl 


9x 10 


v= x 
3 4 


; x =% 
T 


Bee ap (0) 


ll 


Xi 2 


5x? — 4x — 12 
3 2G 


x +2x4+1 
ov, 


22, 
2y 


x? — Oxy + 20y7 


x + 2y 


x? — 25y? 
2x 


x? + dxy + 4y? 
5x 3 


x = 4y? 


vrt+x-2 


x? -— 4x +4 
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a il 4 2 
a x? — 2x 
6a + 5b @ 12D 
63. 2 2 D o 
6a“ + 5ab — 4b 9a“ — 16b 
es SY 40) 3a + 2b 
“a +ab—2b* ~ a* + 5ab — 6b? 
il 3 2 
65. —, 5 t 5 
i aR ih Oe PAI ae ia 2 eae A 
5 3 iL 
66. 5 + 5 5 
Di P= = 8) De ae Oe a Se © 


Practice PLUS 


In Exercises 67-74, perform the indicated operations. Simplify 


the result, if possible. 


x+3 x74+4%—-5 2 
x+1 2x74+x-3 x +2 


ea 1 -( iL s) 
“y2-2r-8 \x-4 2x42 


69. 


70. 


( 

( 
Were, 

( 

( 


72. ae 5) + Gx +25) 

= 1 nad = ben be) c-d 

ee = 1 a? +ab+ b? 
a ab ; ac — ad — bc + bd Ue ie 
"a +ab+b? ac—ad+be-bd  g3 +53 


) 


, find 


2x -—3 x? — 4x — 19 
75. If = d = fi 
8. If f()= = and g(x) = find (f — g)(x) 
and the domain of f — g. 
2 Il a6 
76. If = > d = = 
FO) x +x-6 aude) x7 + 5x +6 


(f — g)(x) and the domain of f — g. 
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Application Exercises 


You plan to drive from Miami, Florida, to Atlanta, Georgia. 
Your trip involves approximately 470 miles of travel in 
Florida and 250 miles in Georgia. The speed limit is 

70 miles per hour in Florida and 65 miles per hour in 
Georgia. If you average x miles per hour over these speed 
limits, the total driving time, T(x), in hours, is given by the 
function 


470 
1) 70 


250 
x +65" 


The graph of T is shown in the figure. Use the function’s 
equation to solve Exercises 77-82. 


77. 


78. 


79. 


80. 


81. 


82. 


1a) Driving Time from Miami to Atlanta 
ii 
Mile 
PelOe 
2 9p 
= 8 
Fi 470 250 
© = 
E 6b TW) = 5570 * e+ 65 
ia gE 
2 
BOS 
i) = 
4 3 
2D . 
il = 
| | | | | ty 
0 5 10 15 20 2) 30 


Average Rate over the Speed Limits 


Find and interpret 7(0). Round to the nearest hour. 
Identify your solution as a point on the graph. 


Find and interpret 7(5). Round to the nearest hour. 
Identify your solution as a point on the graph. 


Find a simplified form of T(x) by adding the rational 
expressions in the function’s formula. Then use this form 
of the function to find T(0). 


Find a simplified form of T(x) by adding the rational 
expressions in the function’s formula. Then use this form 
of the function to find 7(5). 


Use the graph to answer this question. If you want the 
driving time to be 9 hours, how much over the speed limits 
do you need to drive? Round to the nearest mile per hour. 
Does this seem like a realistic driving time for the trip? 
Explain your answer. 


Use the graph to answer this question. If you want the 
driving time to be 8 hours, how much over the speed limits 
do you need to drive? Round to the nearest mile per hour. 
Does this seem like a realistic driving time for the trip? 
Explain your answer. 
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83. In the section opener, we saw that the rational function 87. Explain how to subtract rational expressions when 
denominators are the same. Give an example with your 
fa) = 27,725(x — 14) 5x explanation. 
a : 5: ; 
aia 88. Explain how to find the least common denominator for 
models the number of arrests, f(x), per 100,000 drivers, denominators of x7 — 100 and x? — 20x + 100. 
for driving under the influence of alcohol as a function of 89. Explain how to add rational expressions that have 
a driver’s age, x. The graph of f for an appropriate domain 5 
is shown in the figure. different denominators. Use aaa ate ay in your 
explanation. 
7 Driving Under the Influence of Alcohol 90. Explain how to add rational expressions when 
A ul Ee te denominators are opposites. Use an example to support 
400 L your explanation. 
on 2 27,725 (x — 14) : . : ; 
S 3 350 F = Explain the error in Exercises 91-92. Then rewrite the right 
= 5 300 L / cash : side of the equation to correct the error that now exists. 
ia 
2S 250+ Se eee 
SPO ; ak. 
B g 200 + a b Qari 
6S 150- ih 3 4 
5 92, —+= = 
£2 100 pe nine yi) ee 7 
Ee 
Bae SO 
! ! > X 
10 15 20 25 30 35 40 45 50 55 60 65 Critical Thinking Exercises 
Age of Driver Make Sense? In Exercises 93-96, determine whether each 


statement “makes sense” or “does not make sense” and explain 


a. Use the function’s equation to find and interpret YO" reasoning. 


f(20). Round to the nearest whole number. Identify 


your solution as a point on the graph. 93. When a numerator is being subtracted, I find that 


inserting parentheses helps me to distribute the negative 


b. Find a simplified form of f(x) by subtracting the sign to every term. 


rational expressions in the function’s formula and 


writing the equation as a single rational expression. 94. The reason I can rewrite rational expressions with a 


common denominator is that 1 is the multiplicative 
identity. 


Cc: Use the graph to determine the age, to the nearest 95. The fastest way for me to add 4 
five years, that corresponds to the greatest number (x — 7)(7 — x) asthe LCD. * ~ TT >x 
of arrests. Then use the form of the function that i 
you obtained in part (b) to determine the number of 3 2 3 2 
arrests, per 100,000 drivers, for this age group. Round 96. Although oa! oe looks more 
to the nearest whole number. iy 3 x+3 


is by using 


+ 
ee a) ) ae 8) 


complicated than , it takes me more steps 


In Exercises 84-85, express the perimeter of each rectangle as a 


single rational expression. to perform the less complicated-looking addition. 


84. % 85. x 
x+5 x+8 In Exercises 97-100, determine whether each statement is 
a true or false. If the statement is false, make the necessary 
. Pay) change(s) to produce a true statement. 
x+4 
re 2a eee 
"y4+3  xt+4  w+7 
oe =.) 
bec by se 
=ge - . 1 — 7 
Writing in Mathematics a eee a ee 
86. Explain how to add rational expressions when 
denominators are the same. Give an example with your 100. L ee eS L f eo) =14 Lee 


explanation. x+3 2 +3) 2 22 
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In Exercises 101-103, perform the indicated operations. 


1 


1 


Rational Expressions, Functions, and Equations 


1 


101. 


eee 


1 


x 


105. Solve: |3x — 1| < 14. (Section 4.3, Example 4) 
106. Factor completely: 50x° — 18x. (Section 5.5, Example 2) 


(i 


teste 


It 


103. — yy! ae (Ge yy? 


Review Exercises 


104. Simplify: ( 


Objectives 


2, 


y3 


=e, 


2 
) . (Section 1.6, Example 9) 


Preview Exercises 
Exercises 107-109 will help you prepare for the material 
covered in the next section. 


il 
107. Multiply and simplify: vy(? 


1 1 

108. Multiply and simplify: +h =p 

ultiply and simplify: x(x (+, 7 
xv-1. x? -4e +3 


x2 x2 


109. Divide: 


1 | Simplify complex 
rational expressions by 
multiplying by 1. 

| 2 | Simplify complex 
rational expressions by 


dividing. 


Complex Rational Expressions 


One area in finance of great 
interest to us ordinary 
folks when we buy 
a new car is the 
amount of each 
monthly payment. 
If P is the principal, 
or the amount 
borrowed, i is the 
monthly interest 
rate, and n is the 
number of monthly 
payments, then the 
amount, A, of each 
monthly payment is 


> 


Do you notice anything unusual about the rational expression for the amount of each 
payment? It has a separate rational expression in its denominator. 


Numerator Pi 
1 


Main fraction bar 


1- 


Denominator 


A separate rational expression occurs in the denominator. 


1 | Simplify complex 
rational expressions by 
multiplying by 1. 
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Complex rational expressions, also called complex fractions, have numerators or 
denominators containing one or more rational expressions. Here is another example 
of such an expression: 


Numerator 
1 
nee 
Main fraction bar x ia . 
1 a x 
25 2 
y y 


Denominator 


In this section, we study two methods for simplifying complex rational expressions. 


Simplifying Complex Rational Expressions by Multiplying by 1 


One method for simplifying a complex rational expression is to find the least common 
denominator of all the rational expressions in its numerator and denominator. 
Then multiply each term in its numerator and denominator by this least common 
denominator. Because we are multiplying by a form of 1, we will obtain an equivalent 
expression that does not contain fractions in the numerator or denominator. 


Simplifying a Complex Rational Expression by Multiplying by 1 in 


LCD 
the Form LOD 


1. Find the LCD ofall rational expressions within the complex rational expression. 


2. Multiply both the numerator and the denominator of the complex rational 
expression by this LCD. 


3. Use the distributive property and multiply each term in the numerator and 
denominator by this LCD. Simplify each term. No fractional expressions 
should remain within the numerator or denominator of the main fraction. 


4. If possible, factor and simplify. 


| EXAMPLE 1 | Simplifying a Complex Rational Expression 


Simplify: 


Solution The denominators in the complex rational expression are x, x”, y, and y’. 
The LCD is x*y”. Multiply both the numerator and the denominator of the complex 
rational expression by x7y’. 


1 4 + ae aera eee Multiply the numerator 
x xo wy \x a and the denominator by 
1 x ey 1 ae 
oo on ae 
ye NS 
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Great Question! 


It’s been a while since I’ve 
seen negative exponents. 
Can you refresh my 
memory and tell me what 
they mean? 


In Section 1.6, we introduced 
the negative-exponent rule: 


1 
pe = =.) == 
ip’ 
See pages 72-74 if you need 
to review negative integers 
as exponents. 


Rational Expressions, Functions, and Equations 


Use the distributive property on 


1 y 
EPy? =+ ey ( s) 
— x Pa ee 
In all four rational - 1, 1 a x xy i Ae a 
expressions, we have xy + atx “3 OY 1 x 
divided numerators y BA ae y 
and denominators by 2 3 i Z 1 
common boxed factors. = xy ty Simplify: ¥ y+ = xy; pe = =: 
y+ x0 x ¥ 
2 y 
S yle+9) Ss ae a: ae 
x“(y +X) y ‘a 
Factor and simplify. 
2 
se 
an | 
/| CHECK POINT 1 Simplify: 
= 
y 
5 : 
<--1 
y 


Complex rational expressions are often written with negative exponents. For 
example, 


xitx? y 
2 


= +> means 
yo + xy 


This is the expression that we simplified in Example 1. If an expression contains 
negative exponents, first rewrite it as an equivalent expression with positive exponents. 
Then simplify by multiplying the numerator and the denominator by the LCD. 


| EXAMPLE 2 | Simplifying a Complex Rational Expression 


Simplify: 
1 
x+h x 
a 9 
Solution The denominators in the complex rational expression are x + hand x. The 
LCD is x(x + h). Multiply both the numerator and the denominator of the complex 
rational expression by x(x + /). 


1 ot (4, -4) 
x Mer Al \e th =x 


es 
h x(x + h) h 


Multiply the numerator and the 
denominator by x(x + h). 


1 1 
x(x + h)- Ts ae er { Use the distributive property in the 
= - numerator to multiply every term by 


x(x + h)h the LCD. 
1 

_x- (+h) Simplify: x (x +H) - =% 

x(x + h)h io 

and x(x + ae =x tA. 

et R h d change th 
= ——— emove parentheses and change the 

x(x + hyjh sign of each term. 
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—h 
= sz S~CCé*Sitplify:x—- x—- kh >A. 
x(x + h)h pity 
= Hh Divide the numerator and the denominator by the 


7 x(x + hb) ~~ common factor, h. 


a 
x(x + h) 


|\“| CHECK POINT 2 Simplify: 


1 ut 
x+7 Xx 
7 ; 
2 | Simplify complex Simplifying Complex Rational Expressions by Dividing 


rational expressions 


Feake: A second method for simplifying a complex rational expression is to combine its 
by dividing. 


numerator into a single rational expression and combine its denominator into a single 
rational expression. Then perform the division by inverting the denominator and 
multiplying. 


Simplifying a Complex Rational Expression by Dividing 
1. Ifnecessary, add or subtract to get a single rational expression in the numerator. 
2. Ifnecessary, add or subtract to get a single rational expression in the denominator. 


3. Perform the division indicated by the main fraction bar: Invert the denominator 
of the complex rational expression and multiply. 


4. If possible, simplify. 


| EXAMPLE 3 | Simplifying a Complex Rational Expression 


Simplify: 
xt+1 x41 
+ 
x R= A 
x+2 a 2 
x x= 1 
Solution 


Step 1. Add to get a single rational expression in the numerator. 


x+1 xt+1 
+ 
x x= 1 


The LCD is x(x — 1). 


_@+D@-1)  x@4+1) @+D@-1)t+ee—4+1) xr -1txttx 2x? 4+x-1 


x= 1) x(x — 1) x(x — 1) x(x — 1) x(x — 1) 
Step 2. Subtract to get a single rational expression in the denominator. 
x+2 _ 2 
x x—-1 
The LCD is x(x — 1). 
_ &+2)e—-1) © 2 WA THe eee ee 2 


x(x — 1) xQ@-1) x(x — 1) xx-1) — x(«-1) 
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Steps 3 and 4. Perform the division indicated by the main fraction bar: Invert and 
multiply. If possible, simplify. 


+1 xl 2x7 +x-—1 


x x-1 x(x _ 1) These are the single 
> rational expressions 
x+2 2 Ko 2, from steps 1 and 2. 

x x-1 x(x — 1) 


_ ee eel. aG=1)._ Cr= Doe) . ae Ty) .28=1 
x(x — 1) xv—x-—2 xtx—T) (x — 2)@-+D. x= 2 


Invert and multiply. 


“| CHECK POINT 3 Simplify: 
x+1 x-1 
x-1 xb 1 
x-1 x41 
x+1 x= 1 


Which of the two methods do you prefer? Let’s try them both in Example 4. 
| EXAMPLE 4 | Simplifying a Complex Rational Expression: 
Comparing Methods 


Simplify: 
1-x? 


1 — 4x1 4+ 3x?" 


Solution First rewrite the expression without negative exponents. 


1 
2 1 = “2 
—= ~The negati t 
= — e negative exponents 
1 2 
1 — 4x" + 3x { — us ale 3. affect only the variables 
x2. and not the constants. 
Method 1 Multiplying by 1 Method 2 _ Dividing 
1 1 fe ‘i’ Ss Get a single rational 
= 42 at a x2 Multiply the numerator x2 2 x2 erpreeeion tl the 
a ee rr and denominator by x”, 4 3. a oa 2 vicbenad and tn the 
1--4+— ¥ (y_~44 3.) the Len of all fractions. 1--+5 22.245 denominator. 
x x? x x2 x x 2 ex x2 
1 2 
x2+1 — oe Bs : 1 
— S Apply the distributive = = 
a 2,4 2,3 7_ dx + 3 
x7°1 — x7-— + x?- — property. x Xx 
x x? < 
_ x? - 1 ee _ v1 x? : 
~ 2 _ Ay +3 Simplify. cr ee Invert and multiply. 
(x + 1) x+1 od 
= @—3)\@-4y = wee Factor and simplify. _ ( a. G6 23) Factor and simplify. 
_ eH _xti 
x3 x—3 


CHECK POINT 4 


SECTION 6.3 


Simplify by the method of your choice: 


1-—- 


4x? 


1- 7x7! 


+ 10x?" 


Complex Rational Expressions 


435 


Achieving Success 


According to the Ebbinghaus retention model, you forget 50% of processed information 
within one hour of leaving the classroom. You lose 60% to 70% within 24 hours. After 


30 days, 70% is gone. Reviewing and rewriting class notes is an effective way to counteract 


this phenomenon. At the very least, read your lecture notes at the end of each day. The 
more you engage with the material, the more you retain. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A rational expression whose numerator or denominator or both contains rational expressions is called a/an 


rational expression or a/an fraction. 
75 ee : id 
—-+—> 2 see a x ea ae, ae 5 
x x? x x x x x + 
ae oo. = ==— 
aan | . e + 1) x? + x71 _ 
x Xx 
1 o4 ( 1 1) 
5 FAR x _ et xt+3 xf _ x(x +3)-__—x(x+3)-_ _~( | 
, 3 x(x + 3x(x + 3) 3x(x + 3) 3x(x + 3) 
= 
% HH 
6.3 EXERCISE SET MMMOAME ti) EMEC A ti gmmccte 
Practice Exercises 1 ii ee 
In Exercises 1-40, simplify each complex rational expression Pe ee Sx fa, 6 x 
by the method of your choice. 5 6 
2 2 4 7 
ae S x fa) aes 4 ye ie 
We 3 2. T . 1 E iI . 1 ~ i 
5p oe a6 ary 8% Bee I 8% 
tl ul 
Le x5 1 = 
x 3 5 x fe il eae Ah 
cy 4. 15. 1 16. 1 
oe 1,1 =a Sl 
3 x 5 x Naa alll jel 
-1 =1 
RS 
cae Lae 17. = 18. tty ty! 
ae! eee (x + y) 
oe Oe ek on ee ieee al 
a x x Nias Ot =a Gta 
19. 20. 
8x Dae 2x1 12x 2 = 3x71 ae ai = all Xa 
. ie SG . Toone x2 x =2 ceil eS il 
2 5 3 2 
: ! ee eee 
=o x+2 my ay ye ky 
10. 2A. 22. 
1 7 So ree 
1- ee aa re ar 
x-2 x+2 xy xy xy xy? 
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Rational Expressions, Functions, and Equations 


od 
Mote) ae 2 
Raby 24. 
5) 
x - 4 
Bs 3a 1+ 3b 
" 4a? — 9b? 
5a! — 2p1 
26. = s 27. 
250a= — AD 
2 Bye 
ae 29 
28, ~ a 29. 
4 2 
ae a 8) ge 8} 
Sy 
D 
Vee OV a0 
30. 31. 
235 gee. 
Vie SY) ae 
areas 
b2 ab az 
2. 5 
3 Daa 33. 
b2 ab az 
TK x 
Xe 2, x27 -—1 
34. 
4 = 1 
star Il Shean ss) 
3} 2y 
xt+2y x? + Ixy 
35. 
a ae 
yo aay Xk 
il 
ey 
36. 
1 if 
Xo iy x? + xy + y? 
2 ; 2 
ee ey emer eee 
37, @ 3m+2 m Mee 2 
2 ; 2) 
m—1. m2 +4m+3 
m 2, 
2 es mn 
38. m 9 m 4m +4 
3) ; m 
m—5m+6 m+tm—6 
2 il 
2 = ed) 
go, “+ 24 Se Ga- oar 4 
1 ; 2 
ep =5446 @o6=2 
3 il 
a*+10a+25 a?-a-2 
40. 
4 2 
at+6at+5 a*+3a-—10 


Practice PLUS 


In Exercises 41-46, perform the indicated operations. Simplify 
the result, if possible. 


Niel 

aa il 
ee rT [=> 

= 7 

18) 

x? — 16 1 
al a pt ea 
Ment 
43. z : 

3 3 
. Syee) 18) ie 
5 5 
a 5 ; 
Dare: Soe 
45. - 
ue 
oe 
x 
1 
e Reaeallt 
foe 
Beale ox 
x 
In Exercises 47-48, let f(x) = : = _ 


1 
47. Find f ( 5) and simplify. 


Cor 
: 1 eee 
48. Find f| ——— ] and simplify. 
e = 6 
In Exercises 49-50, use the given rational function to find and 


simplify 
fla+h) -f@ 


h 
49. f(x) = , 
50. f(x) = 5 


Application Exercises 


51. How much are your monthly payments on a loan? If P 
is the principal, or amount borrowed, i is the monthly 
interest rate (as a decimal), and n is the number of 
monthly payments, then the amount, A, of each monthly 
payment is 


a. Simplify the complex rational expression for the 
amount of each payment. 


b. You purchase a $20,000 automobile at 1% monthly 
interest to be paid over 48 months. How much do you 
pay each month? Use the simplified rational expression 
from part (a) and a calculator. Round to the nearest 
dollar. 


52. The average rate on a round-trip commute having 
a one-way distance d is given by the complex rational 
expression 


Mi i) 
in which r; and r, are the rates on the outgoing and return 
trips, respectively. 
a. Simplify the complex rational expression. 


b. Find your average rate if you drive to campus averaging 
30 miles per hour and return home on the same route 
averaging 40 miles per hour. Use the simplified rational 
expression from part (a). 


53. If three resistors with resistances R,,R, and R3 are 
connected in parallel, their combined resistance, R, is 


given by the formula 
R, 


Simplify the complex rational expression on the right side 
of the formula. Then find R, to the nearest hundredth of an 
ohm, when R, is 4 ohms, R, is 8 ohms, and R;3 is 12 ohms. 


54. 


A camera lens has a measurement called its focal length, f- 
When an object is in focus, its distance from the lens, p, 
and its image distance from the lens, q, satisfy the formula 


il 
ioe 
1 il 
— + a 
P 4 
iF Pp >|< qd 
| 
| 
| 
| 
\ TU 
\ Image 
4 on film 
Object Lens 


Simplify the complex rational expression on the right side 
of the formula. 
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Writing in Mathematics 


55. What is a complex rational expression? Give an example 
with your explanation. 


yD 
= + = 
% 

56. Describe two ways to simplify —— 
xy 


57. Which method do you prefer for simplifying complex 


rational expressions? Why? 


58. Of the four complex rational expressions in Exercises 
51-54, which one do you find most useful? Explain how 


you might use this expression in a practical situation. 


Technology Exercises 


In Exercises 59-62, use a graphing utility to determine if the 
simplification is correct by graphing the function on each side 
of the equation in the same viewing rectangle. If the graphs do 
not coincide, correct the expression on the right side and then 
verify your correction using the graphing utility. 


eel 
Dhee il 
59. Z =2x-1 
oe 
Dye lt 
—+4+1 
60. ~—— =2 
al 
% 
1 1 
— + — 
ee 
: a x 3 
3x 
oe 
2) 3645 all 
62. = ( ) 
2; p} 
x 


Critical Thinking Exercises 


Make Sense? In Exercises 63-66, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


63. I simplified 
ox 
xy 
5 + 4y 
by multiplying the numerator by xy. 


64. By noticing that 
1 1 


PET x 
q 


repeats x and 7 twice, it’s fairly easy to simplify the 
complex fraction in my head without showing all the steps. 
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65. I simplified 1 
cae an ? 69. If flx) = ——, find f(f(a)) and simplify. 
3 = 
sear 5) 70. Let x represent the first of two consecutive integers. Find 
{it 7 a simplified expression that represents the reciprocal of 
x—4 the sum of the reciprocals of the two integers. 
fmuiieiinety tendeneined — 
multiplyin, and obtained —___—.. F : 
a ek ees 1 7G 25) Review Exercises 
eee 71. Solve: x? + 27 = 12x. (Section 5.7, Example 2) 
66. Before simplifying (2a I wrote the complex fraction 72. Multiply: (4x2 — y)?. (Section 5.2, Example 7) 
without negative exponents as 
ie a 73. Solve: —4 < 3x — 7 < 8. (Section 4.2, Example 4) 
2 
ee ve 
ay Preview Exercises 
Exercises 74-76 will help you prepare for the material covered 
67. Simplify: in the next section. 
ae If) x Saaline oy" 
xtht+1 x41 28, oun ny: Ax3y2 
pao u 75. Divide 737 by 21 without using a calculator. Write the 
68. Simplify: answer as 
Gea ! remainder 
al QUOtCnt sy cams 
sp dk divisor 
es 76. Simplify: 6x? + 3x — (6x? — 4x). 
Division of Polynomials 
Objectives 


Divide a polynomial by 
a monomiial. 


Use long division to 
divide by a polynomial 
containing more than 
one term. 


During the 1980s, the controversial economist Arthur Laffer promoted the idea that 
tax increases lead to a reduction in government revenue. Called supply-side economics, 
the theory uses rational functions as models. One such function 


fy =8 


Ox — 8000 


yp? 30 =x = 100 


| Divide a polynomial by 
a monomial. 
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models the government tax revenue, f(x), in 


>< 


tens of billions of dollars, as a function of the | Fle) = 80% = 8000 

tax rate, x. The graph of the rational function 2 § 807 ate 

is shown in Figure 6.4. The graph shows tax 35 Bale 

revenue decreasing quite dramatically as the tax ne L 

rate increases. At a tax rate of (gasp) 100%, the © 2 agb 

government takes all our money and no one has 3 = Lt At a 100% tax rate, 

an incentive to work. With no income earned, £ 207 er a it 

zero dollars in tax revenue is generated. 3 5 ame oe 
Like all rational functions, the Laffer SC- 9 2 40 60 80 100 


model consists of the quotient of polynomials. Tax Rate 

Although the rational expression in the model Figure 6.4 

cannot be simplified, it is possible to perform 

the division, thereby expressing the function in another form. In this section, you will 
learn to divide polynomials. 


Dividing a Polynomial by a Monomial 


We have seen that to divide monomials, we divide the coefficients and subtract the 
exponents when bases are the same. For example, 
LS 60x*y? 60 
= =xP?4 = 5x8 and = —— x4 2y3-1 = —2y7y?, 
5x4 B) —30x*y  —30 - 3 
How do we divide a polynomial that is not a monomial by a monomial? We divide 
each term of the polynomial by the monomial. For example, 


Polynomial 
dividend 8 6 8 6 
10x° + 15x 10x 4 15x 10 3-3 m 1S 6-3 oo 4.448 
= = a = 2x Xe. 
— 5x3 axe 5 
Monomial 
divisor Divide the first Divide the second 
term by 5x3, term by 5x3, 


Dividing a Polynomial That Is Not a Monomial by a Monomial 


To divide a polynomial by a monomial, divide each term of the polynomial by the 
monomial. 


Dividing a Polynomial by a Monomial 


Divide: (15x? — 5x2 + x + 5) + (5x). 


Solution 
15x? — 5x7 +445 Rewrite the division in a vertical 
5x format. 
_ 15x 5x? x 5 Divide each term of the 
ee? ag 5x + 5x polynomial by the monomial. 
> 1 1 
= 3x° -—xt+ 5 + Simplify each quotient. Ml 


\¥] CHECK POINT1 Divide: (16x? — 32x? + 2x + 4) = 4x. 


| EXAMPLE 2 | Dividing a Polynomial by a Monomial 


Divide 8x*y> — 10x*y? + 12x*y? by 4x3y”. 
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2 Use long division to 
divide by a polynomial 
containing more than 
one term. 


Rational Expressions, Functions, and Equations 


Solution 
Express the division of 


ra Bx'y? — 10x*y? + 12%y? by 4x°y7 
4x i F 
y in a vertical format. 


_ 8x4y° 10x4y3 12x")? Divide each term of the 
~ a polynomial by the monomial. 


8x4y? — 10xty3 + 12x7y3 


Simplify each quotient. Ml 


[Y]| CHECK POINT 2 Divide 15x*4y> — 5x3y* + 10xy? by 5x7y*. 


Dividing by a Polynomial Containing More Than One Term 


We now look at division by a polynomial containing more than one term, such as 


x — 2)x2 — 14x + 24. 


The polynomial dividend has 
three terms and is a trinomial. 


Divisor has two terms 
and is a binomial. 


When a divisor has more than one term, the four steps used to divide whole numbers — 
divide, multiply, subtract, bring down the next term— form the repetitive procedure for 
polynomial long division. 


| EXAMPLE 3 | Dividing a Polynomial by a Binomial 


Divide x* — 14x + 24 byx — 2. 


Solution The following steps illustrate how polynomial division is very similar to 
numerical division. 


~ x2 — 14x + 24 Arrange the terms of the dividend 
eae ine Pee (x* — 14x + 24) and the divisor (x — 2) in 


descending powers of x. 


x DIVIDE x* (the first term in the dividend) by x 
gia Nx? — 14x + 24 (the first term in the divisor): 


— = x. Align like terms. 
x 


MULTIPLY each term in the divisor (x — 2) byx, 


x 
x(x-2)=x2-2 x —2 v2 — 14x + 24 aligning terms of the product under like terms 
Nee 2 2 in the dividend. 
an! 


SUBTRACT x — 2x from % — 14x by changing 


x 
= 2) x2 — 14x +24 the sign of each term in the lower expression 
87 6 and adding. 
Change signs of x 2x 


the polynomial = 
being subtracted. ie 


x BRING DOWN 24 from the original dividend 
aos )x2 — 14x + 24 = jy eo and add algebraically to form a new dividend. 
2. 


4 
x-— x | 
—12x + 24 
x — 12 Find the second term of the quotient. 
— Nx — 14x + 24 14x + 34 DIVIDE the first term of a 24 by x, the 
y= first term of the divisor: i = —-12. 


—12x + 24 
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xo 12 


-12(x—2) =-1ax+24 xX — 2)x? — 14x + 24 


2 


x2 — 2x MULTIPLY the divisor (x — 2) by —12, aligning 


under like terms in the new dividend. Then 
—12x + 24 subtract to obtain the remainder of O. 


® e 
—12x + 24 
0 


Remainder 


The quotient is x — 12. Because the remainder is 0, we can conclude that x — 2 isa 
factor of x? — 14x + 24 and 


x? — 14x + 24 
=X 


12. 
Pe 


After performing polynomial long division, the answer can be checked. Find the 
product of the divisor and the quotient, and add the remainder. If the result is the 
dividend, the answer to the division problem is correct. For example, let’s check our 
work in Example 3. 


Dividend x2 — 14x + 24 Quotient to 
oad =x 12 be checked 


Divisor 
Multiply the divisor and the quotient, and add the remainder, 0: 
(x — 2)(x — 12) +0 = x? — 12x —-2x + 244+0= x7 — 14x + 24. 


Divisor Quotient Remainder Theneithedividends 


Because we obtained the dividend, the quotient is correct. 


[/|| CHECK POINT3 Divide 3x? — 14x + 16 by x — 2. 


Before considering additional examples, let’s summarize the general procedure for 
dividing by a polynomial that contains more than one term. 


Long Division of Polynomials 
1. Arrange the terms of both the dividend and the divisor in descending powers 
of any variable. 


2. Divide the first term in the dividend by the first term in the divisor. The result 
is the first term of the quotient. 


3. Multiply every term in the divisor by the first term in the quotient. Write the 
resulting product beneath the dividend with like terms lined up. 


4. Subtract the product from the dividend. 


5. Bring down the next term in the original dividend and write it next to the 
remainder to form a new dividend. 


6. Use this new expression as the dividend and repeat this process until the 
remainder can no longer be divided. This will occur when the degree of the 
remainder (the highest exponent on a variable in the remainder) is less than 
the degree of the divisor. 


In our next long division, we will obtain a nonzero remainder. 


| EXAMPLE 4 | Long Division of Polynomials 


Divide 4 — 5x — x” + 6x7 by 3x — 2. 
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Solution In order to divide 4 — 5x — x” + 6x by 3x — 2, we begin by writing the 
dividend in descending powers of x. 


4 — 5x — x? + 6x9 = 6x? — x? —5x +4 


Te 


2x? Divide: — = De 
x 
2x? =) = a Mew i} 2. 
dea) 3X oe a - Sx + 4 Multiply: 2x2(3x — 2) = 6x® — 4x”. 
+ 6x" = 4x | Subtract Gx? — 4x? from Gx? — x? 


Change signs of 2 
the polynomial 3x" = DX 
being subtracted. 


and bring down —5x. 


Now we divide 3x by 3x to obtain x, multiply x and the divisor, and subtract. 


2x? + t 
x(3x — 2) = 3x? — ax 3x ~ 2)6x3 a ee 


6x7 — 4x? = 
— 5x 
337 = 2x | © 2x Multiply: x(3x — 2) = 3x* — 2x. 


Change signs of ae eA Subtract 3x” — 2x from 3x” — 5x 


the polynomial . 
being subtracted. and bring down 4. 


By2 
Divide: Se Ms 
3x 


Now we divide —3x by 3x to obtain —1, multiply —1 and the divisor, and subtract. 


1(3x — 2) =-3x +2 tS 
oe — 4x? 
2 — 5x 
3x* — 2x 
= 
Pe Divide: = = +1, 
® cS) . 
3x t+ 2 Multiply: -1(3x — 2) = —3x + 2. 
Ch ignsof = 
fhe alrmealt 2 Subtract —3x + 2 from —3x + 4, 
being subtracted. leaving a remainder of 2. 
Remainder 


The quotient is 2x” + x — 1 and the remainder is 2. When there is a nonzero remainder, 
as in this example, list the quotient, plus the remainder above the divisor. Thus, 


a 2 Remainder 
6x < = +4 _ 2 +x —-14 ; 2 ; above divisor 
y= —M—,—~_ x 
Quotient 


Check this result by showing that the product of the divisor and the quotient, 
(3x — 2)(2x7 + x - 1), 


plus the remainder, 2, is the dividend, 6e0—x7-S5x+4 of 


/| CHECK POINT4 Divide —9 + 7x — 4x? + 4x3 by 2x — 1. 
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If a power of x is missing in either a dividend or a divisor, add that power of x with a 
coefficient of 0 and then divide. In this way, like terms will be aligned as you carry out 
the long division. 


=> Ne --me = Long Division of Polynomials 


Divide 6x* + 5x? + 3x — 5 by 3x? — 2x. 


Solution We write the dividend, 6x* + 5x* + 3x —5, as 6x4 + 5x? + Ox? + 3x —5 to 
keep all like terms aligned. 


Multiply. 


2x7 + 3x42 


ere — 4x3 
2x*(3x? — 2x) = 6x4 — 4x? 
iS 9x3 + Ox? 
3x (3x? — 2x) = 9x3 — 6x? Ot — 6x2 
2 
2(3x? — 2x) = 6x? — 4x got ki 3x 
6x2 — 4x 
: Tx —5 
Remainder 


The division process is finished because the degree of 7x — 5, which is 1, is less than the 
degree of the divisor 3x? — 2x, which is 2. 
We see that the answer is 


6x* + 5x° + 3x — 5 —5 
* * = 2x2 +34 24+—5— 2. 
3x" = 2% 3x° — 2x 


\¥] CHECK POINTS Divide 2x* + 3x3 — 7x — 10 by x? — 2x. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. To divide 16x? — 32x? + 2x + 4 by 4x, divide each term of by 


2. Consider the following long division problem: 


x + ox — 4 + 2x3. 


We begin the division process by rewriting the dividend as 


3. Consider the following long division problem: 


3x — 16x? + 7x2 + 12x — 5. 


We begin the division process by dividing by . We obtain . We 
write this result above in the dividend. 


4. In the following long division problem, the first step has been completed: 
2x? 
5x — 2)10x3 + 6x? — 9x + 10. 


The next step is to multiply and . We obtain . We write this result 
below 


444 
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In the following long division problem, the first two steps have been completed: 


2x 
3x — 5)6x? + 8x — 4. 
6x? — 10x 
The next step is to subtract from . We obtain 
down and form the new dividend 


In the following long division problem, most of the steps have been completed: 


. Then we bring 


se 5 
2x + 1)6x? — 7x + 4: 
6x? + 3x 
—10x + 4 
=10x;= 5 
? 
Completing the step designated by the question mark, we obtain . Thus, the quotient is 
and the remainder is . The answer to this long division problem is 
After performing polynomial long division, the answer may be checked by multiplying the by the 
, and then adding the . You should obtain the 


6.4 EXERCISE SET [medi Ela0) elo mncrret ne 


Practice Exercises 


In 


alate 


12. 


In Exercises 13-36, divide as indicated. Check at least five of 


Exercises 1-12, divide the polynomial by the monomial. your answers by showing that the product of the divisor and the 
7 5 3 quotient, plus the remainder, is the dividend. 
20% = lox lx 
1. 5x3 13. (x? + 8x + 15) + (x + 5) 
49x7 — 28x° + 14x3 14. (x? + 3x — 10) + (x - 2) 
Tx 15. (x? — 2x” — 5x + 6) + (x — 3) 
18x3 + 6x? — 9x — 6 4 a 
3 UCR (Ce ae ore ar pe ae 2) ae (Ge ar 2) 
mG 
3 a 
2 Ue 17. (x? — 7x + 12) + (x — 5) 
5x 
2 + — = — 
(28x? — 7x? — 16x) + (4x”) ae a2) 
2 ? 
(70x3 pee 10x? = 14x) = (7x?) 19. (2x ilshe T 5) . (2x 3) 
2 : 
(25x8 50x! \ 3x6 40x°) : ( 502) 20. (8x 6x 25) (4x 9) 
21. (x? + 3x? + 5x + 4) + (x + 1) 
7 (of ai 5) Ata 4 
(Cleve Chars 0k es a Oe) (oe) Bo: ey = be ay GS ah 
23. (4y? + 12y? + Ty — 3) = (2y + 3) 
18a*b* — 9a?b — 27ab*) + (9ab 
ee ae Beane) 24. (6y? + Ty? + 12y — 5) + Gy — 1) 
(12a7b? + 6a7b — 15ab?) + (3ab) 
25. (9x — 3x* — 3x + 4) + (3x + 2) 
36x4ty? — 18x32 — 12x? + (6x3y3 
Ca Dee ee ae 26. (2x3 + 13x? + 9x — 6) = (2x +3) 
(40x*y? — 20x3y” — 50x”y) + (10x33) 27. (4x? — 6x — 11) + (2x - 4) 


28. (2x3 + 6x — 4) + (x + 4) 
29. (4y’ — Sy) + (2y — 1) 


30. (6) = Sy) = 2 = 1) 


31. (4y4— 17y? + 14y — 3) + (2y - 3) 


32. (2y4— y? + 16y* — 4) + 2y —- 1) 


33. (4x4 + 3x3 + 4x? + 9x — 6) = (x? + 3) 


34. (3x9 — x9 + 4x? — 12x — 8) + (x? — 2) 


35. (15x + 3x7 + 4x? + 4) + (3x? - 1) 


36. (18x* + 9x3 + 3x7) + (3x7 + 1) 


In Exercises 37-40, find a simplified expression for (Z)eo, 


37. f(x) = 8x° — 38x? + 49x — 10, 
g(x) = 4x - 1 


38. f(x) = 2x° — 9x” — 17x + 39, 
g(x) = 2x — 3 

39. f(x) = 2x* — 7x? + 7x? — 9x + 10, 
g(x) = 2x — 5 


40. f(x) = 4x4 + 6x3 + 3x - 1, 
g(x) = 2x7 +1 


Practice PLUS 


In Exercises 41-50, divide as indicated. 


4 4 
5h ae 
41. Z 
xry 
5 5 
Ge) ae 
42. = 
Many 
3x4 + 5x3 + 7x? + 3x — 2 
43. 7) 
Ne aheX ste 
Se = 5p = he = hy = 
44, 5) 
Ke = ope 
4x3 — 3x7 +x4+1 
45. °) 
Be ap 5 or Ak 
Soe ee i 
0 ears 
Ma teeta all 
r-1 
47. 


x*>—-x+2 
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5 eax — 20x e 28rd 
Al 


4x3 — 7x*y — 16xy? + 3y? 
49. = 2 Z 


i — Sy 
fa 12x? — 19x*y + 13xy? — 10y? 
: Aye SY) 
In Exercises 51-52, find (Fw and the domain of = 


51. f(x) = 3x9 + 4x? — x — 4, 9(x) = 5x3 + 22x? — 28x — 12, 
h(x) = 4x +1 


52. f(x) =x° + 9x? — 6x + 25, g(x) = —3x7 + 2x? — 14x +5, 
h(x) = 2x + 4 


In Exercises 53-54, solve each equation for x in terms of a and 
simplify. 

53. ax + 2x + 4 = 3a? + 10a” + 6a 

54. ax — 3x + 6 =a? — 6a’ + 1la 


Application Exercises 


In the section opener, we saw that 


80x — 8000 
= = = 
f(x) =r, 30 = x = 100 


models the government tax revenue, f(x), in tens of billions 
of dollars, as a function of the tax rate percentage, x. Use this 
function to solve Exercises 55-58. Round to the nearest ten 
billion dollars. 


55. Find and interpret (30). Identify the solution as a point 
on the graph of the function in Figure 6.4 on page 439. 


56. Find and interpret f(70). Identify the solution as a point 
on the graph of the function in Figure 6.4 on page 439. 


57. Rewrite the function by using long division to perform 
(80x — 8000) + (x — 110). 


Then use this new form of the function to find (30). Do 
you obtain the same answer as you did in Exercise 55? 
Which form of the function do you find easier to use? 


58. Rewrite the function by using long division to perform 
(80x — 8000) + (x — 110). 


Then use this new form of the function to find (70). Do 
you obtain the same answer as you did in Exercise 56? 
Which form of the function do you find easier to use? 
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Writing in Mathematics 


59. Explain how to divide a polynomial that is not a monomial 
by a monomial. Give an example. 


60. In your own words, explain how to divide by a polynomial 
2 


containing more than one term. Use 
explanation. 


in your 
oe 


61. When performing polynomial long division, explain when 
to stop dividing. 


62. After performing polynomial long division, explain how to 
check the answer. 


63. When performing polynomial long division with missing 
terms, explain the advantage of writing the missing terms 
with zero coefficients. 


64. The idea of supply-side economics is that an increase in 
the tax rate may actually reduce government revenue. 
What explanation can you offer for this theory? 


Technology Exercises 


In Exercises 65-67, use a graphing utility to determine if the 
division has been performed correctly. Graph the function on 
each side of the equation in the same viewing rectangle. If the 
graphs do not coincide, correct the expression on the right side 
by using polynomial long division. Then verify your correction 
using the graphing utility. 

65. (6x? + lox + 8) + (3x + 2) =2x +4 


if 
66. (4x3 + 7x? + 8x + 20) + (2x + 4) = 2x? 5x +3 


67. (3x4 + 4x3 — 32x? — 5x — 20) + (x + 4) = 3x9 — 8x7 + 5 


68. Use the |TABLE} feature of a graphing utility to 
verify any two division results that you obtained in 
Exercises 13-36. 


Critical Thinking Exercises 

Make Sense? In Exercises 69-72, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


69. When performing the division 
(2x3 + 13x? + 9x 


= a 3), 


I mentally cover up the +3, the second term of the 
binomial divisor, before dividing into the dividend. 


70. When performing the division (x° + 1) + (x + 1), there’s 
no need for me to follow all the steps involved in polynomial 
long division because I can work the problem in my head 
and see that the quotient must be x* + 1. 


71. Because of exponential properties, the degree of the 
quotient must be the difference between the degree of the 
dividend and the degree of the divisor. 
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72. When performing the division (x? + 1) + (x + 2), the 
purpose of rewriting x7 + 1 as x7 + Ox? + Ox + 1 is to 
keep all like terms aligned. 


In Exercises 73-76, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


73. All long-division problems can be done by the alternative 
method of factoring the dividend and canceling identical 
factors in the dividend and the divisor. 


74. Polynomial long division always shows that the answer is a 
polynomial. 


75. The long division process should be continued until the 
degree of the remainder is the same as the degree of the 
divisor. 


76. If a polynomial long-division problem results in a 
remainder that is zero, then the divisor is a factor of the 
dividend. 


In Exercises 77-78, divide as indicated. 


77. (x3" = 4x7" — 2x" — 12) + (x" — 5) 
78. (x°" + 1) + (x" + 1) 


79. When2x? — 7x + 9is divided by a polynomial, the quotient 
is 2x — 3 and the remainder is 3. Find the polynomial. 


80. Find k so that the remainder is 0: 
(20x + 23x? — 10x + k) + (4x + 3). 


Review Exercises 
81. Solve: |2x — 3| > 4. (Section 4.3, Example 6) 


82. Write 40,610,000 in scientific notation. 
(Section 1.7, Example 2) 


83. Simplify: 2x — 4[x — 3(2x + 1)]. (Section 1.2, Example 14) 


Preview Exercises 


Exercises 84-86 will help you prepare for the material covered 

in the next section. 

5x3 + 6x + 8 
pope 

b. Find the sum of the numbers in each column, designated 
by [| in the following array of numbers. Then 
describe the relationship between the four numbers in 
the bottom row of the array and your answer to the 
division problem in part (a). 


84. a. Divide: 


3x? — Ax? + 2x — 1 


85. a. Divide: 


Peal 
b. Find the sum of the numbers in each column, designated 
by [1], in the following array of numbers. Then 


describe the relationship between the four numbers in 
the bottom row of the array and your answer to the 
division problem in part (a). 


What You Know: We learned that the domain of a 
WA rational function is the set of all real numbers except 

those for which the denominator is zero. We saw that 
graphs of rational functions have vertical asymptotes or breaks at 
these excluded values. We learned to simplify rational expressions 
by dividing the numerator and the denominator by common 
factors. We performed a variety of operations with rational 
expressions, including multiplication, division, addition, and 
subtraction. We used two methods (multiplying by 1 and dividing) 
to simplify complex rational expressions. Finally, we used long 
division when dividing by a polynomial with more than one term. 


vr-—x-6 


1. Simplify; ———-———.. 
es x? + 3x — 18 


In Exercises 2-19, perform the indicated operation(s) and, if 
possible, simplify. 


P ae = Be 11. x de = 13 
"x2 43x -—4 : x? +3x—-4 
P aD ay 
“Ax? — dx x — 3 
45a! 
eS 2 
4 
os 
x +6 
5. 
1 + 
x +6 * 
6. (2x4 — 13x39 + 17x* + 18x — 24) + (x — 4) 
x3 Sy, a8 
2 ~y ye 
x’y — xy” 


8. (28x8y> — 14x%y? + 3x?y?) + (7x7y) 
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86. Divide 2x? — 3x7 — 11x + 6 by x — 3. Use your answer 


9. 


10. 


14. 


15. 


16. 


Whe 


18. 


19. 


20. 


to factor 2x? — 3x? — 11x + 6 completely. 
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2x-1 x+3 
+6 nS 2 
3 2 x 
x-2 x+2 x%-4 
3x27 -7x-6 | 2x?-x-1 
3x2 —13x-—10 4x? — 18x — 10 
3 H=— 2 
+ 
PSX. x= 7 
(6x* — 3x7 — 11x? + 2x + 4) + (3x? - 1) 
5+- 
x 
1 
3-— 
x 
x x 
x*>-Txt+6 x7-2x-24 
3 
+ — 
x+1l x 
4 
x 
x*—-x-6 i ae S| 
x+1 x7-1 x+3 
(64x37 + 4) + (4x + 2) 
x+1 1 ; 2x 
xvt+x-2 ve—3x4+2 2-4 
Find the domain of f(x) aL att Then simplify the 
x) = =———_.. 
x7 + 5x —-14 a 


function’s equation. 
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Objectives 


1 | Divide polynomials 
using synthetic 
division. 

2 | Evaluate a polynomial 
function using the 
Remainder Theorem. 


3 | Show that a number 
is a solution of a 
polynomial equation 
using the Remainder 
Theorem. 


1 | Divide polynomials 


using synthetic division. 


Synthetic Division and the Remainder 
Theorem 


A moth has moved _ into 
your closet. She appeared in 
your bedroom at night, but 
somehow her relatively stout 
body escaped your clutches. 
Within a few weeks, swarms 
of moths in your tattered 
wardrobe suggest that Mama 
Moth was in the family way. 
There must be at least 200 
critters nesting in every crevice 
of your clothing. 

Two hundred plus moth- 
tykes from one female moth— 
is this possible? Indeed it is. The number of eggs, f(x), in a female moth is a function of 
her abdominal width, x, in millimeters, modeled by 


f(x) = 14x3 — 17x? -— lox + 34, 15s x = 3.5. 


Because there are 200 moths feasting on your favorite sweaters, Mama’s abdominal 
width can be estimated by finding the solutions of the polynomial equation 


14x37 — 17x? — 16x + 34 = 200. 


With mathematics present even in your quickly disappearing attire, we move from rags 
to a shortcut for long division, called synthetic division. In the Exercise Set, you will use 
this shortcut to find Mama Moth’s abdominal width. 


Dividing Polynomials Using Synthetic Division 
We can use synthetic division to divide polynomials if the divisor is of the form x — c. 
This method provides a quotient more quickly than long division. Let’s compare the 
two methods showing x* + 4x” — 5x + 5 divided by x — 3. 
Long Division Synthetic Division 
Quotient 


x? + 7x + 16 


x3) +42 — 5x4 5 3|1 +S 2 
= 3x2 Dividend 3 21 48 
ee ae 7 Sy 1 7 16 53 
Ca3 Tx? —21x 
16x + 5 
“16x = 48 


Remainder 
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Notice the relationship between the polynomials in the long division process and the 
numbers that appear in synthetic division. 


These are the coefficients of the 
dividend x? + 4x? — 5x +5. 


The divisor is x — 3. 


This is 3, orc, inx—c. 3| 14-5 5 
3 21 48 
1 7 16 53 


These are the coefficients of This is the 
the quotient x? + 7x + 16. remainder. 


Now let’s look at the steps involved in synthetic division. 


Synthetic Division To divide a polynomial by x — c: 


Example 


=— 


. Arrange polynomials in descending 
powers, with a 0 coefficient for any = Be ae eS 
missing term. 


2. Write c for the divisor, x — c. To 
the right, write the coefficients of a) ol wl Ss 5 
the dividend. _ 
3. Write the leading coefficient of the 1a Re eee ae 
dividend on the bottom row. ee | ; 
Bring down 1. 
il 
4. Multiply c (in this case, 3) times the 2 eee 5a 
value just written on the bottom aq 3 
row. Write the product in the next Tae 
column in the second row. [Maltily jieni=s | 
5. Add the values in this new column, at die sees 
writing the sum in the bottom row. a 3 | Add. 
17 
6. Repeat this series of multiplications 2 iia e=5 1S 
and additions until all columns are a 3 24 | Add. 
filled in. ee: (16 
| Multiply by 3: 3-7 = 21. 
ld Ass 
cee.) haa 
=o Ee 
iy 16\53 
| Multiply by 3: 3 + 16 = 48. 
7. Use the numbers in the last row to Written from 
write the quotient, plus the remainder Nea ae 
above the divisor. The degree of the the last row of the synthetic division IN 
first term of the quotient is one less \ 5 \ N 53 
than the degree of the first term of the a aes 


dividend. The final value in this row is 


ES Jo 
the remainder. x—3)34+ 4x2 -—5x4+ 5 
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| EXAMPLE 1 | Using Synthetic Division 
Use synthetic division to divide 5x* + 6x + 8 by x + 2. 


Solution The divisor must be in the form x — c. Thus, we write x + 2 as x — (—2). 
This means that c = —2. Writing a 0 coefficient for the missing x?-term in the dividend, 
we can express the division as follows: 


x — (—2) )5x3 + Ox? + 6x + 8. 


Now we are ready to set up the problem so that we can use synthetic division. 


Use the coefficients of the dividend 
5x? + Ox? + 6x + 8 in descending powers of x. 


This is ci 
pee 2; 5 0 6 8 


We begin the synthetic division process by bringing down 5. This is followed by a series 
of multiplications and additions. 


1. Bring down 5. 2. Multiply: —2(5) = —10. 3. Add:0 + (—10) = —10. 
-2|5 0 6 8B 2/5 0 6 8 -2)5 0 6 8 
\. -~10 —10 | Add. 
5 re 5 =10 
Multiply 5 by —2. 
4. Multiply: —2(—10) = 20. 5. Add: 6 + 20 = 26. 
215 0 6 8 -2|5 0 6.8 
as 20 —-10 20 [aaa 
>. 10 5 -10 26 
Multiply —10 by —2. 
6. Multiply: —2(26) = —52. 7. Add: 8 + (—52) = —44. 
25 0 6 8 215 0 6 8 
—10 ae —-10 20 =52 aa 
5 —10 ,26 5 -10 26 —44 


Multiply 26 by —2. 


The numbers in the last row represent the coefficients of the quotient and the 
remainder. The degree of the first term of the quotient is one less than that of the 
dividend. Because the degree of the dividend, 5x°7 + 6x + 8, is 3, the degree of 
the quotient is 2. This means that the 5 in the last row represents 5x”. 


-2| 5 06 8 


—10 20 —52 
5 —10 26 —44 


The quotient is The remainder 
5x* — 10x + 26. is —44, 


Thus, 


44 
x+2 
x+2)5x3+ 6x+ 8 | 


5x? — 10x + 26 — 


| 2 | Evaluate a polynomial 
function using the 
Remainder Theorem. 


3 | Show that a number 
is a solution of a 
polynomial equation 
using the Remainder 
Theorem. 
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'/| CHECK POINT1 Use synthetic division to divide 
x3 — 7x — 6byx + 2. 


The Remainder Theorem 


We have seen that the answer to a long division problem can be checked: Find the 
product of the divisor and the quotient and add the remainder. The result should be the 
dividend. If the divisor is x — c, we can express this idea symbolically: 


f(x) = (x — €)q(x) + 6. 


Dividend Divisor Quotient The remainder, r, is a 
constant when dividing by x —c. 
Now let’s evaluate f at c. 


f(c) = (ce — c)g(c) + r_ Find F(c) by letting x = cin f(x) = (x — e)q(x) +r. 
This will give an expression for r. 

f(c) = 0-q(c) +r ¢c-—c=0 

f(c) =r O-q(c)=OandOt+r=r. 


What does this last equation mean? If a polynomial is divided by x — c, the remainder 
is the value of the polynomial at c. This result is called the Remainder Theorem. 


The Remainder Theorem 
If the polynomial f(x) is divided by x — c, then the remainder is f(c). 


Example 2 shows how we can use the Remainder Theorem to evaluate a polynomial 
function at 2. Rather than substituting 2 for x, we divide the function by x — 2. The 
remainder is f(2). 


| EXAMPLE 2 | Using the Remainder Theorem to Evaluate 
a Polynomial Function 
Given f(x) = x? — 4x? + 5x + 3, use the Remainder Theorem to find f(2). 


Solution By the Remainder Theorem, if f(x) is divided by x — 2, then the remainder 
is f(2). We’ll use synthetic division to divide. 


2-4 2 Remainder 
2 1 5 


The remainder, 5, is the value of f(2). Thus, f(2) = 5. We can verify that this is correct 
by evaluating f(2) directly. Using f(x) = x° — 4x? + 5x + 3, we obtain 


f2Q)=2B- 4:2 4+5-24+3=8-164+10+3=5. om 


CHECK POINT 2 Given f(x) = 3x? + 4x? — 5x + 3, use the Remainder 
Theorem to find f(—4). 


If the polynomial f(x) is divided by x — c and the remainder is zero, then f(c) = 0. 
This means that c is a solution of the polynomial equation f(x) = 0. 
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Using Technology 
Graphic Connections 


Because the solution set of 


2x3 — 3x7 - 11x +6=0 


is {-2, 5s 3 } , this implies 
that the polynomial function 


fix) = 2x3 — 3x — 11x + 6 


1 


has x-intercepts at —2, 5, 
and 3. This is verified by the 
graph of f. 


x-intercept: 3 


x-intercept: —2 


[-10, 10, 1] by [-15, 15, 1] 


| EXAMPLE 3 | Using the Remainder Theorem 


Show that 3 is a solution of the equation 
te = 3 = 11k 6 = 0, 
Then solve the polynomial equation. 


Solution One way to show that 3 is a solution is to substitute 3 for x in the equation 
and obtain 0. An easier way is to use synthetic division and the Remainder Theorem. 


2x7 + 3x-2 


Proposed 


solution 3] 2-3 11 6 x — 3)2x3 — 3x” — 11x + 6 
6 9 -6 
2 > =2 0 Equivalently, 
Epaimnes 2x3 — 3x? — 11x + 6 = (x — 3)(2x? + 3x — 2). 


Because the remainder is 0, the polynomial has a value of 0 when x = 3. Thus, 3 is a 
solution of the given equation. 

The synthetic division also shows that x — 3 divides the polynomial with a zero 
remainder. Thus, x — 3 is a factor of the polynomial, as shown to the right of the 
synthetic division. The other factor is the quotient found in the last row of the synthetic 
division. Now we can solve the polynomial equation. 


2x3 — 3x27 - 11x +6=0 This is the given equation. 
(x — 3)(2x? + 3x — 2) =0 Factor using the result from 
the synthetic division. 
(x — 3)(2x — 1)(x + 2) =0 Factor the trinomial. 


x-3=0 or 2x-1=0 or x+2=0 Set each factor equal to O. 


x=3 Ss x =-—2 Solve for x. 


The solutions are —2, 5, and 3, and the solution set is {-2, , 3 ie | 


¥| CHECK POINT3 Use synthetic division to show that —1 is a solution of the 
equation 


15x> + 14x* — 3x -2 = 0. 


Then solve the polynomial equation. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. To divide x? + 5x* — 7x + 1 by x — 4 using synthetic division, the first step is to write 


2. To divide 4x? — 8x — 2 by x + 5 using synthetic division, the first step is to write 


3. True or false: 


-1) 3 -4 2 -1 


—-3 7 —9 means 


3 =f 9. =10 


3x3 — 4x? + 2x - 1 10 
Fea a7 6 
x+1 x+1 


4. The Remainder Theorem states that if the polynomial f(x) is divided by x — c, then the remainder is 
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MyMachLab 


Practice Exercises 


In Exercises 1-18, divide using synthetic division. In the first 
two exercises, begin the process as shown. 


1. (Qx?+x-10)+(%-2) 2| 2 1 -10 
2 G+x—-2)+(@-1) 1] 11 -2 


3. (3x2 + 7x — 20) + (x + 5) 


4. (5x? — 12x — 8) + (x + 3) 


5. (4x° — 3x? + 3x —- 1) + (&« - 1) 


10. (x? — 6x — 6x3 + x4) + (6 + x) 


44. (3x7 + 2x? — 4x + 1) = (: >) 


1 
12, (2x4 — x3 + 2x” — 3x + 1) = (: ) 


43 go aL sl = @ 
; alk 
x) Ex = 10x? = 12 
14. 
Kea 
46 x* — 256 
“xy -4 
4a x’ — 128 
“ x¥-2 
2 — 3x0 ae = x 
17. 


36 ee on 


18. 
ge) 


In Exercises 19-26, use synthetic division and the Remainder 
Theorem to find the indicated function value. 


19. f(x) = 2x7 — 11x? + 7x — 5; f(4) 
20. f(x) =x — 7x? + 5x -— 6; f(3) 
21. f(x) = 3x3 — 7x? — 2x + 5; f(-3) 


22. f(x) = 4x3 + 5x? — 6x — 4; f(—2) 
23. f(x) = x4 + 5x3 + 5x? - 5x - 6; f(3) 
24. f(x) = x1 - 5x7 6; f(2) 
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Watch the videos 
in MyMathLab 


25. f(x) = 2x* — 5x? — x? + 3x + 2; sf 5) 


Download the 
MyDashBoard App 


26. f(x) = 6xt + 10x? + 5x7 +x +1; sf =) 


In Exercises 27-32, use synthetic division to show that the 
number given to the right of each equation is a solution of the 
equation. Then solve the polynomial equation. 


27. x° — 4x? +x + 6 = 0; 1 


28. x° — 2x7 —x 


02 
Pile he? = Spe et tp 


30. 2x? — 3x? — 11x +6=0; -2 


31. 6x? + 25x? — 24x +5 =0; —5 


32. 3x Ix? — 22x 


Practice PLUS 


In Exercises 33-36, use the graph or the table to determine 

a solution of each equation. Use synthetic division to verify 
that this number is a solution of the equation. Then solve the 
polynomial equation. 


33. x9 + 2x? — 5x 


25 


6=0 


[0, 4, 1] by [-25, 25, 5] 
34. 2x7 + x7 - 13x +6=0 


[-4, 0, 1] by [-25, 25, 5] 


35. 6x? — 11x* + 6x -1=0 


[ yy = 6x8 — 11x? + 6x - 1) 
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36. 2x° + 11x* - 7x -6=0 


[ yy = 203 + 11x? - 7x - 6 | 


In Exercises 37-38, perform the given operations. 
37. (22x — 24 + 7x3 — 29x? + 4x + 4971 


38. (9 — x7 + 6x + 2x°)(x + 1) 


In Exercises 39-40, write a polynomial that represents the 
length of each rectangle. 


eo: The width is 
X + 0.2 units. 


The area is 
0.5x? — 0.3x7 + 0.22x + 0.06 


square units. 
The width is 
wear 3 units. 


40. 


The area is 
8x? — 6x? — 5x +3 
square units. 


Application Exercises 


41. a. Use synthetic division to show that 3 is a solution of the 
polynomial equation 


14x3 — 17x* — 16x — 177 = 0. 


b. Use the solution from part (a) to solve this problem. The 
number of eggs, f(x), in a female moth is a function of 
her abdominal width, x, in millimeters, modeled by 

f(x) = 14x73 — 17x? — 16x + 34. 
What is the abdominal width when there are 
211 eggs? 
42. a. Use synthetic division to show that 2 is a solution of the 
polynomial equation 
2h? + 14h? — 72 = 0. 

b. Use the solution from part (a) to solve this problem. The 
width of a rectangular box is twice the height and the 
length is 7 inches more than the height. If the volume 
is 72 cubic inches, find the dimensions of the box. 
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Writing in Mathematics 


43. Explain how to perform synthetic division. Use the 
division problem 


(2x3 — 3x? 


Ube se Wy se(Ge = 8) 
to support your explanation. 
44. State the Remainder Theorem. 


45. Explain how the Remainder Theorem can be used to 
find f(—6) if f(x) = x* + 7x? + 8x? + 11x + 5. What 
advantage is there to using the Remainder Theorem in 
this situation rather than evaluating f(—6) directly? 


46. Explain how the Remainder Theorem and synthetic 
division can be used to determine whether —4 is a solution 
of the following equation: 


28 = 0. 


Technology Exercise 


47. For each equation that you solved in Exercises 27-32, use 
a graphing utility to graph the polynomial function on 
the left side of the equation. Use end behavior to obtain 
a complete graph. Then use the graph’s x-intercepts to 
verify your solutions. 


Critical Thinking Exercises 


Make Sense? In Exercises 48—51, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


48. There are certain kinds of polynomial divisions that I 
can perform using long division, but not using synthetic 
division. 

49. Every time I divide polynomials using synthetic 
division, I am using a highly condensed form of the long 
division procedure where omitting the variables and 
exponents does not involve the loss of any essential data. 


50. The only nongraphic method that I have for evaluating a 
function at a given value is to substitute that value into the 
function’s equation. 


51. The Remainder Theorem gives me a method for 
factoring certain polynomials that I could not factor 
using the factoring strategies from the previous chapter. 


52. Synthetic division is a process for dividing a polynomial 
by x — c. The coefficient of x is 1. How might synthetic 
division be used if you are dividing by 2x — 4? 


53. Use synthetic division to show that 5 is a solution of 


xt — 4x3 — 9x? + 16x + 20 = 0. 


Then solve the polynomial equation. Hint: Use factoring 
by grouping when working with the quotient factor. 


Review Exercises 


54. Solver4x + 3 = 13x — 7 <2 — 4x). 


(Section 4.1, Example 3) 
55: Solve? 2x(x + 3) <> 6@ = 3) = —28. 
(Section 5.7, Example 2) 
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Preview Exercises 


Exercises 57-59 will help you prepare for the material covered 
in the next section. In each exercise, find the LCD of the 
rational expressions. 


Beak Ges, 


E20) 


57. eae 
56. Solve by Cramer’s rule: 2x 3x BX 
ie — 6y=17 Ds 6 28 
59. ; a 
3x + y= 18. be 8) Bear 8) pe ©) 


(Section 3.5, Example 2) 


Objectives 


@ Solve rational 
equations. 

2 | Solve problems 
involving rational 
functions that model 
applied situations. 


a Solve rational 
equations. 


Rational Equations 


The lake is in one of the city’s favorite 
parks and the time has come to clean it 
up. Voters in the city have committed 
$80 thousand for the cleanup. We 
know that 


120x 

IO) = 09 x 
models the cost, f(x), in thousands 
of dollars, to remove x% of the 
lake’s pollutants. What percentage 
of the pollutants can be removed for 
$80 thousand? 

To determine the percentage, we use the given cost-benefit model. Voters have 
committed $80 thousand, so substitute 80 for f(x): 


_ 120x 
100 — x’ 


80 


This equation contains a rational expression. 


Now we have to solve the equation and find the value for x. This variable represents 
the percentage of the pollutants that can be removed for $80 thousand. 

A rational equation, also called a fractional equation, is an equation containing one or 
more rational expressions. The equation shown above is an example of a rational equation. 
Do you see that there is a variable in a denominator? This is a characteristic of many 
rational equations. In this section, you will learn a procedure for solving such equations. 


Solving Rational Equations 


We have seen that the LCD is used to add and subtract rational expressions. By 
contrast, when solving rational equations, the LCD is used as a multiplier that clears 
an equation of fractions. 


| EXAMPLE 1 | Solving a Rational Equation 


x+4 <x+20 
ie = 
x 3x 


Solve: 3. 
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Solution Notice that the variable x appears in both denominators. We must avoid 
any values of the variable that make a denominator zero. 


BA MO 
2% 3x 


3 


This denominator would = This denominator would 
equal zero if x = 0. equal zero if x = 0. 


We see that x cannot equal zero. 
The denominators are 2x and 3x. The least common denominator is 6x. We begin 


by multiplying both sides of the equation by 6x. We will also write the restriction that 
x cannot equal zero to the right of the equation. 


x+4 x+20 
+ 


= 3,x #0 This is the given equation. 


2x 3x 
6x =6x:3 Multiply both sides by Gx, the LCD. 
2x 3x 
Ox x4 ox xt 20_ 4, ee aiiciaddis ” 
| oe i ax x se the distributive property. 
3(x + 4) + 2(x + 20) = 18x Divide out common factors in the 


multiplications. 
Observe that the equation is now cleared of fractions. 


3x + 12 + 2x + 40 = 18x Use the distributive property. 
5x + 52 = 18x Combine like terms. 
52 = 13x Subtract 5x from both sides. 
4=x Divide both sides by 13. 


The proposed solution, 4, is not part of the restriction x # 0. It should check in the 
original equation. 
Check 4: 
x+4 x+ 20 
+ _ 
2x 3x 
4+4 “ 4+ 20 , 
2°4 3-4 
8 24 5 


ane) 
1+243 
3 = 3, true 
This true statement verifies that the solution is 4 and the solution set is {4}. ™ 


3 


LEG), AD 
2x 5x 


/| CHECK POINT 1 Solve: 2. 


The following steps may be used to solve a rational equation: 


Solving Rational Equations 


1. List restrictions on the variable. Avoid any values of the variable that make a 
denominator zero. 


2. Clear the equation of fractions by multiplying both sides by the LCD of all 
rational expressions in the equation. 


3. Solve the resulting equation. 


4. Reject any proposed solution that is in the list of restrictions on the variable. 
Check other proposed solutions in the original equation. 
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| EXAMPLE 2 | Solving a Rational Equation 


eeL  we=2 


x—-2 This denominator would 


a aig eee 

Solution 

Step 1. List restrictions on the variable. 
This denominator would x+1 = 
equal zero if x =—10. x +10 


The restrictions are x # —10 andx # —4. 


x+4 equal zero if x = —4. 


Step 2. Multiply both sides by the LCD. The denominators are x + 10 and x + 4. Thus, 


the LCD is (x + 10)(x + 4). 
+1 X= 2 
x+10 x+4 
xt+1 


(x + 1oy(x + 4)-( 2 ra = (x + tox + 4)- (22) 


(x + 4)(x + 1) = (x + 10)(x — 2) 


Step 3. Solve the resulting equation. 


(x + 4)(x + 1) = (& + 10)(x — 2) 


x +5x+4=x7 + 8x — 20 
5x + 4 = 8x — 20 


—3x + 4 = -20 
—3x = —24 
x=8 


x #-10,x ~ —-4 


This is the given equation. 


Multiply both sides by 
the LCD. 


Simplify. 


x+4 


This is the equation cleared of fractions. 
Use FOIL multiplication on each side. 
Subtract x* from both sides. 

Subtract &x from both sides. 

Subtract 4 from both sides. 

Divide both sides by —3. 


Step 4. Check the proposed solution in the original equation. The proposed solution, 
8, is not part of the restriction that x # —10 and x ¥ —4. Substitute 8 for x in the 
given equation. You should obtain the true statement 4 = }. The solution is 8 and the 


solution set is {8}. ™ 


'/| CHECK POINT 2 Solve: 


X= 3. KH 2 
x+1 «+6 


Great Question! 


Earlier in the chapter, | learned how to add and subtract rational expressions. In this section, I’m solving equations that 
contain addition and subtraction of rational expressions. Can you do a side-by-side comparison of the two procedures? 


We simplify rational expressions. We solve rational equations. Notice the differences between the procedures. 


Simplifying a Rational Expression 


Solving a Rational Equation 


Simplify: Te sera 


This is not an equation. 


There is no equal sign. 


This is an equation. 
There is an equal sign. 


Solution The LCD is 4x. Rewrite each 


expression with this LCD and retain the LCD. 


Y) Dm, Fe) 


ue OMS 

Ax 4x Ax 

Or OS xe SA 3x 
4x 4x 


Solution The LCD is 4x. Multiply both 
sides by this LCD and clear the fractions. 


a(2 S| = 4-3 
Ae Phe 


4 
4x 9 4x 5 ie 
Wels doe ad 
9-10 3x 
—1 = 3x 

ieee 

-i=2 


The solution set is {-3}. 


You only eliminate the denominators when solving a rational equation with an equal sign. You should never begin by eliminating 
the denominators when simplifying a rational expression involving addition or subtraction with no equal sign. 
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Great Question! 


Cut to the chase: When 

do | get rid of proposed 
solutions in rational 
equations? 

Reject any proposed solution 
that causes any denominator 
in a rational equation to 
equal 0. 


| EXAMPLE 3 | Solving a Rational Equation 


Solve: a + 9, 
x 


Solution 
Step 1. List restrictions on the variable. 


These denominators are zero if x = 3. 


The restriction is x # 3. 
Step 2. Multiply both sides by the LCD. The LCD is x — 3. 


3 
- “ 3 = 2u5 +9, x #3 This is the given equation. 
 % 

(= 3) ~_ = eS 3)( + 3 Multiply both sides by the LCD. 

x= 3 x= 3 
x 3 
(x3): = (x—3): + 9(x — 3) Use the distributive property on 
x3 x3 the right side. 
x =3 + 9(x — 3) Simplify. 


Step 3. Solve the resulting equation. 


x = 3+ 9(%« — 3) This is the equation cleared of fractions. 


x=3+4+9x —27 Use the distributive property on the right side. 


x = 9x — 24 Combine numerical terms. 
—8x = —24 Subtract 9x from both sides. 
x=3 Divide both sides by —8. 


Step 4. Check proposed solutions. The proposed solution, 3, is not a solution because 
of the restriction that x ~ 3. Notice that 3 makes both of the denominators zero in 
the original equation. There is no solution for this equation. The solution set is @, the 
empty set. & 


8x =A 8 
x+1 x+1° 


'/| CHECK POINT3 Solve: 


Examples 4 and 5 involve rational equations that become quadratic equations after 
clearing fractions. 


| EXAMPLE 4 | Solving a Rational Equation 


x 
Solve: = + 
olve 3 


% |.O 


Using Technology 
Graphic Connections 
The graphs of 


v= 


uo | 
* 1.0 


and 


y2=4 


have two intersection points. 


The x-coordinates of the 
points are 3 and 9. This 
verifies that 

Be 9) 

— + 

SB Be 


has both 3 and 9 as solutions. 


[-2, 12, 1] by [-1, 5, 1] 
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Solution 
Step 1. List restrictions on the variable. 


x 
~ + 
3 


This denominator would equal zero if x = 0. 


The restriction is x # 0. 


Step 2. Multiply both sides by the LCD. The denominators are 3 and x. Thus, the 
LCD is 3x. 


x 9 
3 + re 4, x #0 This is the given equation. 
x, 9 
3x ei + oo oe 3x-4 Multiply both sides by the LCD. 
x 9 
3x° 3 + 3x - = 12x Use the distributive property on the left side. 
ep OT = 12x Simplify. 


Step 3. Solve the resulting equation. Can you see that we have a quadratic equation? 
Write the equation in standard form and solve for x. 


x? +27 = 12x This is the equation cleared of fractions. 
x? — 12x +27=0 Subtract 12x from both sides. 
(x — 9)\(x — 3) = 0 Factor. 


x-9=0 or x-3=0 Set each factor equal to 0. 
x=9 x =3 Solve the resulting equations. 


Step 4. Check proposed solutions in the original equation. The proposed solutions, 
9 and 3, are not part of the restriction that x # 0. Substitute 9 for x, and then 3 for x, 
in the given equation. In each case, you should obtain the true statement 4 = 4. The 
solutions are 3 and 9, and the solution set is {3,9}. ™ 


1 
+35, 
Xx 


'/| CHECK POINT4 Solve: 


Nis 


| EXAMPLE 5 | Solving a Rational Equation 


2x 6 28 
+ = , 
x-3 x+3 x2 -—9 


Solve: 


Solution 


Step 1. List restrictions on the variable. By factoring denominators, it makes it easier 
to see values that make the denominators zero. 


2x 4 6 | 28 
x=3 #3 (x + 3)(x — 3) 


This denominator is zero 
if x =-3 or x = 3. 


This denominator This denominator 
is zero if x = 3. is zero if x =—3. 


The restrictions are x # —3 and x # 3. 
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Step 2. Multiply both sides by the LCD. The LCD is (x + 3)(x — 3). 
2x * 6 | 28 
x-3 x+3 (x + 3)(x — 3)’ 


x #—-3,x #3 Thisis the given 
equation with 
a denominator 


factored. 
2x 4 6 = (x + 3)(x - 2 28 Multiply both sides 
x —3 ba ares (x + 3)(x — 3) by the LCD. 


(x + aay 


2 | Solve problems 
involving rational 
functions that model 
applied situations. 


6 28 
+ (x +3)(x — 3) <a = (+303 ( ) Use the distributive 


(x -+-3) 3) property on the 
left side. 
2x(x + 3) + 6(x — 3) = —28 Simplify. 
Step 3. Solve the resulting equation. 
2x(x + 3) + 6(x — 3) = —28 This is the equation cleared of fractions. 
2x* + 6x + 6x — 18 = —28 Use the distributive property twice on 
the left side. 
2x* + 12x —18 =-28 — Combine like terms. 
2x? + 12x +10 =0 Add 28 to both sides and write the 
quadratic equation in standard form. 
2(x* + 6x +5) =0 Factor out the GCF. 
2(x + 5)\(x + 1) =0 Factor the trinomial. 
x+5=0 or x+1=0 Set each variable factor equal to O. 
x=-5 x=-l Solve for x. 


Step 4. Check the proposed solutions in the original equation. The proposed solutions, 
—5 and —1, are not part of the restriction that x ~ —3 and x #¥ 3. Substitute —5 for x, 
and then —1 for x, in the given equation. The resulting true statements verify that —5 
and —1 are the solutions, and {—5, —1} is the solution set. & 


5  *x-20 
x-4 x%-—%x +127 


3 
/| CHECK POINT 5 Solve: : + 
t= 


Applications of Rational Equations 


Solving rational equations can be used to answer questions about variables contained 
in rational functions. 


Using a Cost-Benefit Model 


The function 


120x 


I®) = 399 — x 


models the cost, f(x), in thousands of dollars, to remove x% of a lake’s pollutants. If 
voters commit $80 thousand for this project, what percentage of the pollutants can be 
removed? 
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Solution Substitute 80, the cost in thousands of dollars, for f(x) and solve the 
resulting rational equation for x. 


80 = eee The LCD is 100 — 
100 —x e is x, 
(100 — )80 = (400 —xy- 20 Multiply both sides by the LCD 
x = x = ultiply both sides by the LCD. 
80(100 — x) = 120x Simplify. 
8000 — 80x = 120x Use the distributive property on 
the left side. 
8000 = 200x Add 80x to both sides. 
40 =x Divide both sides by 200. 


If voters commit $80 thousand, 40% of the lake’s pollutants can be removed. 


[/] 


CHECK POINT6 Use the cost-benefit model in Example 6 to answer this 


question: If voters in the city commit $120 thousand for the project, what percentage 
of the lake’s pollutants can be removed? 


Achieving Success 


Assuming that you have done very well preparing for an exam, there are certain things you 
can do that will make you a better test taker. 


Get a good sleep the night before the exam. 
Have a good breakfast that balances protein, carbohydrates, and fruit. 
Just before the exam, briefly review the relevant material in the chapter summary. 


Bring everything you need to the exam, including two pencils, an eraser, scratch paper 
(if permitted), a calculator (if you’re allowed to use one), water, and a watch. 

Survey the entire exam quickly to get an idea of its length. 

Read the directions to each problem carefully. Make sure that you have answered the 
specific question asked. 

Work the easy problems first. Then return to the hard problems you are not sure of. 
Doing the easy problems first will build your confidence. If you get bogged down on 
any one problem, you may not be able to complete the exam and receive credit for the 
questions you can easily answer. 

Attempt every problem. There may be partial credit even if you do not obtain the correct 
answer. 

Work carefully. Show your step-by-step solutions neatly. Check your work and answers. 
Watch the time. Pace yourself and be aware of when half the time is up. Determine how 
much of the exam you have completed. This will indicate if you’re moving at a good pace 
or need to speed up. Prepare to spend more time on problems worth more points. 


Never turn in a test early. Use every available minute you are given for the test. If you 
have extra time, double check your arithmetic and look over your solutions. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. We clear a rational equation of fractions by multiplying both sides by the of all rational expressions in the 


equation. 


2. We reject any proposed solution of a rational equation that causes a denominator to equal 
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3. The first step in solving 


is to multiply both sides by 


4. The first step in solving 


x-6 x*=3 
KES 4+ 1 


is to multiply both sides by 


5. The restrictions on the variable in the rational equation 
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1 2 ed 
x-2 x+4  x7+2x-8 
are and 
‘ Dy ee Oe ne 12x +9 
; x+4 x43 («+ 4)(x +3) 
5 3 12x + 9 
(x + 4)(x 4 (Fy som: ;) (x + 4)(x ASS) 


The resulting equation cleared of fractions is 


7. True or false: A rational equation can have no solution. 


MyMachLab 


Practice Exercises 


In Exercises 1-34, solve each rational equation. If an equation 
has no solution, so state. 
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In Exercises 35-38, a rational function g is given. Find all 
values of a for which g(a) is the indicated value. 


20 


x 
35; g(x) = 2 aig ee g(a) =7 

5S) 
96. g(x) = 5+ 2 e(@) =3 

5 Ws) 

Whe + : = 20 
ore 1g) xt+2 x? 4+ 4x4 78) 

eo 2 sear D 
38. BO ag ape =e 


Practice PLUS 


In Exercises 39-46, solve or simplify, whichever is appropriate. 
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pons 4 ee 
ag Sy, (x — 1)? + x + 1) txt] 


In Exercises 47-48, find all values of a for which 
fia) = g(a) +1. 


ae op 2 38 ae A 
OP ete Ot) oe 
4 10 
ag) — ae ap 


In Exercises 49-50, find all values of a for which 
(f + g)(a) = h(a). 
5 x= 20 
49. = 
fe) x- x2 -— 7x +12 
28 


=) 


8) 
780) = 5. ha) = 


6 2 
=a > 


Application Exercises 
The function 


250x 

FO) = 700 — x 

models the cost, f(x), in millions of dollars, to remove x% of a 
river’s pollutants. Use this function to solve Exercises 51-52. 


51. If the government commits $375 million for this project, 
what percentage of the pollutants can be removed? 


52. If the government commits $750 million for this project, 
what percentage of the pollutants can be removed? 


In an experiment about memory, students in a language class are 
asked to memorize 40 vocabulary words in Latin, a language with 
which they are not familiar. After studying the words for one day, 
students are tested each day thereafter to see how many words they 
remember. The class average is then found. The function 


models the average number of Latin words remembered by the 
students, f(x), after x days. The graph of the rational function is 
shown. Use the function to solve Exercises 53-56. 


Average Number of Words 
, Remembered Over Time 


Remembers 


Average Number 
of Words the Group 


5 10 15 20 25 30 
Number of Days 
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(In Exercises 53-56, be sure to refer to the rational function 


oe ce OU) 
f(x) = 24 = and its graph on the previous page.) 
eG 


53. 


54. 


55. 


56. 


After how many days do the students remember 8 words? 
Identify your solution as a point on the graph. 


After how many days do the students remember 7 words? 
Identify your solution as a point on the graph. 


What is the horizontal asymptote of the graph? Describe 
what this means about the average number of Latin words 
remembered by the students over an extended period of time. 


According to the graph, between which two days do 
students forget the most? Describe the trend shown by the 
memory function’s graph. 


Rational functions can be used to model learning. Many of 
these functions model the proportion of correct responses as a 
function of the number of trials of a particular task. One such 
model, called a learning curve, is 


0.9x — 0.4 
A) = ox + 01 


where f(x) is the proportion of correct responses after x trials. 
Tf f(x) = 0, there are no correct responses. If f(x) = 1, all 
responses are correct. The graph of the rational function is 
shown. Use the function to solve Exercises 57-60. 


Proportion of Correct Responses 


57. 


58. 


59. 


60. 


y A Learning Curve 
gO a a a a a alge em pa > 
0.9 
0.8 
ne fle) = 2:9%= 0.4 


0.9x + 0.1 


ee 
45 6) 7 8) 9 10M 2 1S 14s 
Number of Learning Trials 


> X 


How many learning trials are necessary for 0.95 of the 
responses to be correct? Identify your solution as a point 
on the graph. 


How many learning trials are necessary for 0.5 of the 
responses to be correct? Identify your solution as a point 
on the graph. 

Describe the trend shown by the graph in terms of 
learning new tasks. What happens initially and what hap- 
pens as time increases? 


What is the horizontal asymptote of the graph? Once 
the performance level approaches peak efficiency, what 


61. 


62. 
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effect does additional practice have on performance? 
Describe how this is shown by the graph. 


A company wants to increase the 10% peroxide content 
of its product by adding pure peroxide (100% peroxide). 
If x liters of pure peroxide are added to 500 liters of its 
10% solution, the concentration, C(x), of the new mixture 
is given by 


te x + 0.1(500) 

©) = SF 500 

How many liters of pure peroxide should be added to 

produce a new product that is 28% peroxide? 

Suppose that x liters of pure acid are added to 200 liters of 

a 35% acid solution. 

a. Write a function that gives the concentration, C(x), of 
the new mixture. (Hint: See Exercise 61.) 


b. How many liters of pure acid should be added to 
produce a new mixture that is 74% acid? 


Writing in Mathematics 


63. 
64. 
65. 


66. 


67. 


68. 


69. 


What is a rational equation? 
Explain how to solve a rational equation. 


Explain how to find restrictions on the variable in a 
rational equation. 


Why should restrictions on the variable in a rational 
equation be listed before you begin solving the equation? 


Describe similarities and differences between the 


procedures needed to solve the following problems: 
2 3 
=+=, 
oe 


Add: ies =1. 
x 


4 

Rational functions model learning and forgetting. Use 
the graphs in Exercises 53-56 and in Exercises 57-60 
to describe one similarity and one difference between 
learning and forgetting over time. 


Solve: 


Does the graph of the learning curve shown in Exercises 
57-60 indicate that practice makes perfect? Explain. Does 
this have anything to do with what psychologists call “the 
curse of perfection”? 


Technology Exercises 

In Exercises 70-74, use a graphing utility to solve each rational 
equation. Graph each side of the equation in the given viewing 
rectangle. The solution is the first coordinate of the point(s) of 
intersection. Check by direct substitution. 


+— = 6;[-5, 10, 1] by [-5, 10, 1] 


= 2x; [-10, 10, 1] by [-20, 20, 2] 


72. x + © =-5;[-10, 10,1) by -7, 10,1] 
x 
a 
73. =x + 1;[-5,5, 1] by [-5, 5, 1] 
De 
ce ee 
74. Z = >. [-5,5, 1] by [-5, 5, 1] 
x 3x 3 


Critical Thinking Exercises 


Make Sense? In Exercises 75-78, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


75. I must have made an error if a rational equation produces 
no solution. 


76. I added two rational expressions and found the solution 
set. 


40 lS) 
77. Ican solve the equation — = a by multiplying both 
a Ds 


sides by the LCD or by setting the cross product of 40 and 
x — 20 equal to the cross product of 15 and x. 


78. I’m solving a rational equation that became a quadratic 
equation, so my rational equation will have two solutions. 


In Exercises 79-82, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

79. Once a rational equation is cleared of fractions, all 
solutions of the resulting equation are also solutions of the 
rational equation. 


80. We find 


Ay 2) 
ge pee il 


by multiplying each term by the LCD, x(x + 1), thereby 
clearing fractions. 
2S 


7 
81. All real numbers satisfy the equation — — — = —. 
BGs et eX 


82. In order to find a number to add to the numerator and 
denominator of % to result in 5, we could solve the 


following rational equation: 


Sige all 


16+x 2 
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il B5 x il 
83. Solve: (4+) +(S aa ills 


zai =2 
BG ar ae) 3) 


85. Write an original rational equation that has no solution. 


Ge a 


84. Solve: 


86. Solve 


by introducing the substitution u = ae 
Review Exercises 
87. Graph the solution set: 
as 2ye= 2 
2 = ye a4, 
(Section 4.4, Example 5) 
88. Solve: 
x-4 


(Section 1.4, Example 4) 
89. Solve for F: 
_ 5F— 160 


Gc 
9 
(Section 1.5, Example 8) 


Preview Exercises 


Exercises 90-92 will help you prepare for the material covered 
in the next section. 


90. Solvefor p: gf + pf = pq. 


40 
=2 
x + 30 
92. A plane flies at an average rate of 450 miles per hour. It can 


travel 980 miles with the wind in the same amount of time 
as it travels 820 miles against the wind. Solve the equation 


980 820 
450+ x 450-—x 


to find the average rate of the wind, x, in miles per hour. 


40 
91. Solve: —+ 
x 
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Objectives 


Solve a formula with a 
rational expression for 
a variable. 


Solve business 
problems involving 
average cost. 


Solve problems 
involving time in 
motion. 

Solve problems 
involving work. 


Solve a formula with a 
rational expression for 
a variable. 


Formulas and Applications of Rational 
Equations 


Your grandmother appears to be slowing down. Enter ... Mecha-— 
Grandma! Japanese researchers have developed the robotic 
exoskeleton shown here to help the elderly and disabled walk 
and even lift heavy objects. It’s called the Hybrid Assistive Limb, 
or HAL. (The inventor has obviously never seen 2001: A Space 
Odyssey.) HAL’s brain is a computer housed in a back-pack 
that learns to mimic the wearer’s gait and posture. Bioelectric 
sensors pick up signals transmitted from the brain to the 
muscles, so it can anticipate movements the moment the 
wearer thinks of them. A commercial version is available at 

a hefty cost ranging between $14,000 and $20,000. (Source: 
sanlab.kz.tsukuba.ac.jp) 

The cost of manufacturing robotic exoskeletons can be 
modeled by rational functions. In this section, you will see Po 
that high production levels of HAL can eventually make VA 
this amazing invention more affordable for the elderly and “ 


people with disabilities. ? 
& > 4 
A & 


Formulas and mathematical models frequently contain rational expressions. We solve 
for a specified variable using the procedure for solving rational equations. The goal 
is to get the specified variable alone on one side of the equation. To do so, collect 
all terms with this variable on one side and all other terms on the other side. It is 
sometimes necessary to factor out the variable you are solving for. 


| EXAMPLE 1 | Solving for a Variable in a Formula 


The formula 


| 


~ 


Solving a Formula for a Variable 


describes a product’s selling price, S, in terms of its cost to the seller, C, and its markup 
rate, r, in decimal form. 
a. Solve the formula for r. 


b. What is the markup rate on a textbook costing the campus bookstore $140 and 
selling for $200? 


Solution 


a. Our goal is to isolate the variable r. 


C i 
F< We need r by itself on 


17 one side of the formula. 


We begin by multiplying both sides by the least common denominator, 1 — r, to 
clear the equation of fractions. 


I~ 


Figure 6.5 
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This is the given formula. 


Multiply both sides by 1— r, the 


1l-r LCD. 
S-Sr=C Use the distributive property on 
the left side. On the right side, 
Cc 
——s |i =. 
val) 


Observe that the formula is now cleared of fractions. The term with r, the specified 
variable, is already on the left side of the equation. To isolate this term, subtract S$ 
from both sides. 


S-—Sr=C This is the equation cleared of fractions. 
—-Sr=C-S Subtract S from both sides. 
-Sr C-S 
5 = —$ Divide both sides by —S and solve for r. 
a 2 lify 
r= — implify. 
= P 


Great Question! 


Now that we’ve solved the formula for r, it looks weird with a negative sign in the 
denominator. Is there another way to write this formula? 


Yes. Multiply the numerator and the denominator by —1. 
ee Or Seat) 6 §S -C+S S-C 
= (al) ky S S 


b. Now we find the markup rate on a textbook costing the campus bookstore $140 
and selling for $200. 


C=140 
— Cc = S . . 
r= 5 ~S=200 This is the formula solved for r from 
part (a). 
_ 140-200 -60 3 0.3 = 30% 
7 ""=200 ~~ ~=200°«10—~Ct ° 
The bookstore’s markup rate is 30%. 
b 
\/| CHECK POINT1 Solve forx: a= 
x2 


ON a -eee §=Solving for a Variable in a Formula 


If you wear glasses, did you know that each lens has a measurement called its focal 
length, f? When an object is in focus, its distance from the lens, p, and the distance 
from the lens to your retina, g, satisfy the formula 


+ : 
Pp o@ of 
(See Figure 6.5.) Solve this formula for p. 


468 CHAPTER 6 _ Rational Expressions, Functions, and Equations 


2 | Solve business 
problems involving 
average cost. 


Solution Our goal is to isolate the variable p. We begin by multiplying both sides by 
the least common denominator, pqf, to clear the equation of fractions. 


1 1 1 
2 + e = f This is the given formula. 
ys 1 \ Multiply both sides by pqf, the LCD 
paf re = paf } ultiply both sides by paf, the LCD. 
P q 
1 1 1 
= =)= - se the distributive property on the left side. 
Pa 5 + Pa a Pat\ = Use the distributive property on the left sid 
af + pf = pq Simplity. 


Observe that the formula is now cleared of fractions. Collect terms with p, the specified 
variable, on one side of the equation. To do so, subtract pf from both sides. 
af + pf = pq This is the equation cleared of fractions. 
af = pq — pf Subtract pf from both sides. 
af = p(q—f) — Factor out p, the specified variable. 
qf _P@a-f 
a>F GT 
of 
q-f 


Divide both sides by q — f and solve for p. 


=p Simplify. gy 


'/| CHECK POINT 2 Solve ~ + y = ~ for x 


Business Problems Involving Average Cost 
We have seen that the cost function for a business is the sum of its fixed and variable costs: 
C(x) = (fixed cost) + cx 


Cost per unit times the 
number of units produced, x 


The average cost per unit for a company to produce x units is the sum of its fixed and 
variable costs divided by the number of units produced. The average cost function is a 
rational function that is denoted by C. Thus, 


Cost of producing x units: 
fixed plus variable costs 


(fixed cost) + cx 


C(x) = 


Number of units produced 


| EXAMPLE 3 | Average Cost for a Business 


We return to the robotic exoskeleton described in the section opener. Suppose a 
company that manufactures this invention has a fixed monthly cost of $1,000,000 and 
that it costs $5000 to produce each robotic system. 

a. Write the cost function, C, of producing x robotic systems. 

b. Write the average cost function, C, of producing x robotic systems. 


c. How many robotic systems must be produced each month for the company to 
reach an average cost of $5500 per system? 
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Solution 


a. The cost function, C, is the sum of the fixed cost and and the variable costs. 
C(x) = 1,000,000 + 5000x 


Fixed cost is Variable cost: $5000 for 
$1,000,000. each robotic system produced 


b. The average cost function, C, is the sum of fixed and variable costs divided by the 
number of exoskeletons produced. 
1,000,000 + 5000x 
x 


C(x) = 


c. We are interested in the company’s production level that results in an average cost 
of $5500 per robotic system. Substitute 5500, the average cost, for C(x) and solve 
the resulting rational equation for x. 


1,000,000 + S5000x 


5500 = 7 Substitute 5500 for C(x). 
5500x = 1,000,000 + 5000x = Multiply both sides by the LCD, x. 
500x = 1,000,000 Subtract 5000x from both sides. 
x = 2000 Divide both sides by 500. 


The company must produce 2000 robotic exoskeletons each month for an average 
cost of $5500 per robotic system. & 


Figure 6.6 shows the 4 Walk Man: HAL’s Average Cost 
graph of the average cost Sins 
function in Example 3. , 
As the production level 2 $9000 |- 
increases, the average cost Z Z $8000 + 
of producing each robotic 4 2 a 1,000,000 + 5000x 
= & $7000+ ON 
exoskeleton decreases. 38 a 
The horizontal asymptote, 22 $6000 
= . . id) oe 
y 3000, is also shown in 25 $5000 
the figure. This means that = 
the more robotic systems aon 
< A OD a 


produced each month, the 


closer the Bete COSE DEE Number of Robotic Exoskeletons 
system for the company Produced per Month 
comes to $5000. The least 


possible cost per robotic 
exoskeleton is approaching 
$5000. Competitively low prices take place with high production levels, posing a major 
problem for small businesses. 


| 
1000 §=2000 3000 4000 5000 6000 


Figure 6.6 


'/| CHECK POINT3 A company is planning to manufacture wheelchairs that are 
light, fast, and beautiful. Fixed monthly cost will be $500,000 and it will cost $400 to 
produce each radically innovative chair. 


a. Write the cost function, C, of producing x wheelchairs. 
b. Write the average cost function, C, of producing x wheelchairs. 


c. How many wheelchairs must be produced each month for the company to reach 
an average cost of $450 per chair? 
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Problems Involving Motion 


We have seen that the distance, d, covered by any moving body is the product of its 
average rate, r, and its time in motion, f: d = rt. Rational expressions appear in motion 
problems when the conditions of the problem involve the time traveled. We can obtain 
an expression for f, the time traveled, by dividing both sides of d = rt by r. 


d= rt Distance equals rate times time. 
drt 
— =— _ Divide both sides by r. 
r a 
d 
—=t Simplify. 
r 
Time in Motion 
d 


t=— 
F 


Distance traveled 


Time traveled = 
Rate of travel 


| EXAMPLE 4 | A Motion Problem Involving Time 


You commute to work a distance of 40 miles and return on the same route at the end 
of the day. Your average rate on the return trip is 30 miles per hour faster than your 
average rate on the outgoing trip. If the round trip takes 2 hours, what is your average 
rate on the outgoing trip to work? 


Solution 
Step 1. Let x represent one of the unknown quantities. Let 
x = the rate on the outgoing trip. 


Step 2. Represent other unknown quantities in terms of x. Because the average rate on 
the return trip is 30 miles per hour faster than the average rate on the outgoing trip, let 


x + 30 = the rate on the return trip. 


Step 3. Write an equation that models the conditions. By reading the problem again, 
we discover that the crucial idea is that the time for the round trip is 2 hours. Thus, the 
time on the outgoing trip plus the time on the return trip is 2 hours. 


Distance | Rate | Time = Stance 
Rate 

i i 40 
Outgoing Trip 40 7 40 aa 
= of these 
times is 

40 
40 + 30 2 hours. 

Return Trip x a0 


We are now ready to write an equation that models the problem’s conditions. 


Time on the time on the — equals 


outgoing trip plus return trip 
2 hours. 


Using Technology 
Graphic Connections 


The graph of the rational 
function for the time for the 
round trip, 


40 
x + 30’ 


fx) = + 


is shown in a [0, 60, 30] by 
[0, 10, 1] viewing rectangle. 


At an outgoing rate 
of 30 miles per hour, 
the trip takes 2 hours. 


PR 
So 


Time for Round Trip 
(hours) 
nn 


0 30 60 


Rate on Outgoing Trip 
(miles per hour) 


The graph is falling from 
left to right. This shows 
that the time for the round 
trip decreases as the rate 
increases. 


4 | Solve problems 
involving work. 
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Step 4. Solve the equation and answer the question. 


40 40 
—- = This is the equation that models 
x x + 30 the problem’s conditions. 

40 40 

x(x + 30)| — + = 2x(x + 30) — Multiply both sides by the LCD, 
x x + 30 
x(x + SO), 
40 40 2 
xX (x + 30): > + x(x+-30) + ree as 2x° + 60x Use the distributive property 


on each side. 
40(x + 30) + 40x = 2x? + 60x 
40x + 1200 + 40x = 2x* + 60x 

80x + 1200 = 2x? + 60x 


Simplify. 
Use the distributive property. 


Combine like terms: 
40x + 40x = 80x. 


Subtract 8Ox + 1200 
from both sides. 


Factor out the GCF. 


0 = 2x* — 20x — 1200 


0 = 2(x2 — 10x — 600) 
0 = 2(x — 30)(x + 20) 


Factor completely. 


x -30=0 or x+20=0 Set each variable 
factor equal to O. 
x = 30 x = —20 Solve for x. 


Because x represents the rate on the outgoing trip, we reject the negative value, —20. 
The rate on the outgoing trip is 30 miles per hour. At an outgoing rate of 30 miles per 
hour, the round trip should take 2 hours. 


Step 5. Check the proposed solution in the original wording of the problem. Does the 
round trip take 2 hours? Because the rate on the return trip is 30 miles per hour faster 
than the rate on the outgoing trip, the rate on the return trip is 30 + 30, or 60 miles 
per hour. 


Time on the outgoing trip = Dini hours 
Bene ep Rate a0 3 
Distance 40 2 
Ti th t trip = = =-—h 
ime on the return trip Rate 60 3 our 


4 2 6 
The total time for the round trip is > + > = x, or 2 hours. This checks with the original 
és 3.7 3 38 
conditions of the problem. & 


'/| CHECK POINT4 After riding at a steady speed for 40 miles, a bicyclist had a 
flat tire and walked 5 miles to a repair shop. The cycling rate was 4 times faster than 
the walking rate. If the time spent cycling and walking was 5 hours, at what rate was the 
cyclist riding? 


Problems Involving Work 


You are thinking of designing your own Web site. You estimate that it will take 15 hours 
to do the job. In 1 hour, is of the job is completed. In 2 hours, % of the job is completed. 
In 3 hours, the fractional part of the job done is id, or i In x hours, the fractional part 
of the job that you can complete is 75. 

Your friend, who has experience developing Web sites, took 10 hours working on 
her own to design an impressive site. You wonder about the possibility of working 
together. How long would it take both of you to design your Web site? 

Problems involving work usually have two (or more) people or machines working 
together to complete a job. The amount of time it takes each person to do the job 
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working alone is frequently known. The question deals with how long it will take both 
people working together to complete the job. 

In work problems, the number 1 represents one whole job completed. For example, 
the completion of your Web site is represented by 1. Equations in work problems are 
often based on the following condition: 


Fractional part of fractional part of 
the job done by a the job done by = 
the first person the second person 


| EXAMPLE 5 | Solving a Problem Involving Work 


You can design a Web site in 15 hours. Your friend can design the same site in 10 hours. 
How long will it take to design the Web site if you both work together? 


1 (one whole job 
completed). 


Solution 
Step 1. Let x represent one of the unknown quantities. Let 


x = the time, in hours, for you and your friend 
working together to design the Web site. 


Step 2. Represent other unknown quantities in terms of x. Because there are no other 
unknown quantities, we can skip this step. 


Step 3. Write an equation that models the conditions. We construct a table to help find 
the fractional parts of the task completed by you and your friend in x hours. 


Fractional part Time Fractional part 
of job completed | working | of job completed 
in 1 hour together in x hours 
You can design the 1 x 
ite i ; You — x — 
site in 15 hours 5 15 
Your friend can design outacea al x 
ite i our frien ss x ices 
the site in 10 hours. 10 10 
Fractional part of fractional part of the one whole 
the job done by you job done by your friend = job. 
Xx Xx 
— + aos = alt 
15 10 
Step 4. Solve the equation and answer the question. 
Xx Xx 
15 + 10 =1 This is the equation that models the problem’s conditions. 


x x 
“+47 )=39- F F 
20( 5 x) 30°1 Multiply both sides by 30, the LCD 


x x 
30-—— + 30:-~ = 30 Use the distributive property on the left side. 
2 3 


" i 30 20 
x x 
+ 3x = implify: ——-—— = -~ = 3x, 
2x + 3x = 30 Simplify: 16 2x and 140 3x. 
5x = 30 Combine like terms. 
x=6 Divide both sides by 5. 


If you both work together, you can design your Web site in 6 hours. 

Step 5. Check the proposed solution in the original wording of the problem. Will you 
both complete the job in 6 hours? Because you can design the site in 15 hours, in 
6 hours, you can complete 4, or 2, of the job. Because your friend can design the site in 
10 hours, in 6 hours, she can complete +, or 2, of the job. Notice that 3 + 2 = 1, which 
represents the completion of the entire job, or one whole job. & 
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Great Question! 


Is there an equation that models all the work problems in this section? 
esslket 


a = the time it takes person A to do a job working alone, and 


b = the time it takes person B to do the same job working alone. 


If x represents the time it takes for A and B to complete the entire job working together, 
then the situation can be modeled by the rational equation 


[“| CHECK POINT5 A new underwater tunnel is being built using tunnel-boring 
machines that begin at opposite ends of the tunnel. One tunnel-boring machine can 
complete the tunnel in 18 months. A faster machine can tunnel to the other side in 
9 months. If both machines start at opposite ends and work at the same time, in how 
many months will the tunnel be finished? 


| EXAMPLE 6 | Solving a Problem Involving Work 


After designing your Web site, you and your friend decide to go into business setting 
up sites for others. With lots of practice, you can now work together and design a 
modest site in 4 hours. Your friend is still a faster worker. Working alone, you require 
6 more hours than she does to design a site for a client. How many hours does it take 
your friend to design a Web site if she works alone? 


Solution 
Step 1. Let x represent one of the unknown quantities. Let 
x = the time, in hours, for your friend to design a Web site working alone. 


Step 2. Represent other unknown quantities in terms of x. Because you require 6 more 
hours than your friend to do the job, let 


x + 6 = the time, in hours, for you to design a Web site working alone. 


Step 3. Write an equation that models the conditions. Working together, you and your 
friend can complete the job in 4 hours. We construct a table to find the fractional part 
of the task completed by you and your friend in 4 hours. 


Fractional part Time Fractional part 
of job completed | working | of job completed 
in 1 hour together in 4 hours 

Your friend can design 1 4 

the site in x hours. Your friend — 4 — 

Es x 

You can design the 1 4 
site in x + 6 hours. You 4 

x+6 x +6 


Because you can both complete the job in 4 hours, 


Fractional part of the fractional part of one whole 
job done by your friend a the job done by you = job. 


4 
x +6 
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Step 4. Solve the equation and answer the question. 


4 4 
ie =1 This is the equation that 
x x+6 models the problem’s 
conditions. 
fx ™, ; 
x(x + 6)[— + Tay ies x(x + 6)-1 Multiply both sides by 
x x 
x(x + 6), the LCD. 
4 4 
X(x + 6)°— + x(e-+-6) * ——— = x? + & Use the distributive 
x (+ 6) property on each side. 
A(x + 6) + 4x = x? + 6x Simplify. 
4x + 24+ 4x = x? + 6x Use the distributive 
property. 
8x + 24 = x? + 6x Combine like terms: 
4x + 4x = &x. 


0 =x? — 2x — 24 Subtract 8x + 24 from 
both sides and write the 
quadratic equation in 
standard form. 


O = (x — 6)(x + 4) Factor. 


x-6=0 or x+4=0 Set each factor equal 
to O. 
x =6 x=-4 Solve for x. 


Because x represents the time for your friend to design a Web site working alone, we 
reject the negative value, —4. Your friend can design a Web site in 6 hours. 


Step 5. Check the proposed solution in the original wording of the problem. Will you both 
complete the job in 4 hours? Working alone, your friend takes 6 hours. Because you require 
6 more hours than your friend, you require 12 hours to complete the job on your own. 

In 4 hours, your friend completes = 4 of the job. 

In 4 hours, you complete 4 = t of the job. 


Notice that 5 + t = 1, which represents the completion of the entire job, or the design 
of one Web site. & 


'/| CHECK POINT6 An experienced carpenter can panel a room 3 times faster 
than an apprentice can. Working together, they can panel the room in 6 hours. How 
long would it take each person working alone to do the job? 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1 1 21 
1. The first step in solving — + — = — for z is to multiply both sides of the equation by the least common denominator, which is 
x y Z 


ao ao FF YS ND 


In work problems, the number 


The cost function for a business, C(x), is the sum of the cost and the costs. 
The average cost function for a company, C(x), is its cost function divided by the 


d 
The formula ¢t = — states that time traveled is divided by 
r 


represents the whole job completed. 


If you can complete a job in 19 hours, the fractional part of the job that you can complete in x hours is represented by 
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Was aesssme MyMathLab® wrens comeatin 


Practice Exercises 


In Exercises 1-14, solve each formula for the specified variable. 


Yo 


ke \ = no P, (chemistry) 
VY, P; 
2. y = p, or V, (chemistry) 
al 1 
3. —+— = —for f (optics) 
Bog Ff 
1 1 al 
4. — + — = —for q (optics 
aa FE (optics) 
5. P= oe for r (investment) 
6. S= i “for r (mathematics) 
=i 
Gm\m 
7 F= a * for m, (physics) 
Gm 
8. F= rs for m2 (physics) 
9. 2 =~“ for x (statistics) 
=i Logs 
10. z= for s (statistics) 
1. [= for R (electronics) 
IN Ar ie 
12, [= E for r (electronics) 
-1=Z7, fore 
fih 
13. f= for f; (optics 
fi th fi (optics) 
14. f= fhe for f, (optics) 
Nibeeibs 


Application Exercises 


15. How many wheelchairs must be produced each month 
for the company to have an average cost of $410 per 
chair? 

16. How many wheelchairs must be produced each month 
for the company to have an average cost of $425 per 
chair? 

17. What is the equation of the horizontal asymptote shown 
by the dashed green line? What is the meaning of the 
horizontal asymptote as production level increases? 


18. Describe the end behavior of the graph at the far right. 
Is there a production level that results in an average cost 
of $400 per chair? Explain your answer. 


19. A company is planning to manufacture mountain bikes. 
Fixed monthly cost will be $100,000 and it will cost $100 to 
produce each bicycle. 

a. Write the cost function, C, of producing x mountain 
bikes. 

b. Write the average cost function, C, of producing 
xX mountain bikes. 

c. How many mountain bikes must be produced each 
month for the company to have an average cost of $300 
per bike? 

20. A company is planning to manufacture small canoes. 
Fixed monthly cost will be $20,000 and it will cost $20 to 
produce each canoe. 


a. Write the cost function, C, of producing x canoes. 


b. Write the average cost function, C, of producing x 
canoes. 

c. How many canoes must be produced each month 
for the company to have an average cost of $40 per 
canoe? 


It’s vacation time. You drive 90 miles along a scenic highway 


The figure shows the graph of the average cost function for and then take a 5-mile run along a hiking trail. Your driving 


the company described in Check Point 3 that manufactures 
wheelchairs. Use the graph to solve Exercises 15-18. 


Average Cost per Wheelchair 
for the Company 
ae 
N 
nn 
T 


ye | 


| 
10,000 50,000 100,000 


Number of Wheelchairs 
Produced per Month 


rate is nine times that of your running rate. The graph shows 
the total time you spend driving and running, f(x), as a 
function of your running rate, x. Use the graph of this rational 
function to solve Exercises 21-24. 


y 

A 
@ lr 
Sele 
fs) 
= 10+ 
ad ol 
eof 
2 L 
3 6F 
Bee 
Bg 4p 
E Bie 
A ot 
oO 
2 if 
= a Se 


0 223 45 6 7 8 9 10 11 12 
Running Rate (miles per hour) 
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(Be sure to use the graph of the rational function at the bottom 
of the previous page to solve Exercises 21-24.) 


21. 


22. 


23. 


24. 


If the total time for driving and running is 3 hours, what is 
your running rate? 

If the total time for driving and running is 5 hours, what is 
your running rate? 

Describe the behavior of the graph as x approaches 0. 
What does this show about the time driving and running 
as your running rate is close to zero miles per hour (a 
stupefied crawl)? 


The graph is falling from left to right. What does this 
show? 


Use a rational equation to solve Exercises 25-36. Each exercise 
is a problem involving motion. 


25. 


26. 


27. 


28. 


29. 


A car can travel 300 miles in the same amount of time it 
takes a bus to travel 180 miles. If the rate of the bus is 
20 miles per hour slower than the rate of the car, find the 
average rate for each. 


A passenger train can travel 240 miles in the same amount 
of time it takes a freight train to travel 160 miles. If the 
rate of the freight train is 20 miles per hour slower than 
the rate of the passenger train, find the average rate of 
each. 


You ride your bike to campus a distance of 5 miles and 
return home on the same route. Going to campus, you ride 
mostly downhill and average 9 miles per hour faster than 
on your return trip home. If the round trip takes one hour 
and ten minutes—that is, Z hours—what is your average 
rate on the return trip? 


An engine pulls a train 140 miles. Then a second engine, 
whose average rate is 5 miles per hour faster than the first 
engine, takes over and pulls the train 200 miles. The total 
time required for both engines is 9 hours. Find the average 
rate of each engine. 


In still water, a boat averages 7 miles per hour. It takes the 
same amount of time to travel 20 miles downstream, with 
the current, as 8 miles upstream, against the current. What 
is the rate of the water’s current? 


Distance 


Rat 
us Rate 


Distance Time = 
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31. The rate of the jet stream is 100 miles per hour. Traveling 
with the jet stream, an airplane can fly 2400 miles in the 
same amount of time as it takes to fly 1600 miles against the 
jet stream. What is the airplane’s average rate in calm air? 


32. The wind is blowing at an average rate of 10 miles per 
hour. Riding with the wind, a bicyclist can cycle 75 miles in 
the same amount of time it takes to cycle 15 miles against 
the wind. What is the bicyclist’s average rate in calm air? 


33. A moving sidewalk at an airport glides at a rate of 1.8 feet 
per second. Walking on the moving sidewalk, you travel 
100 feet forward in the same time it takes to travel 40 feet 
in the opposite direction. Find your walking speed on a 
nonmoving sidewalk. 


34. A moving sidewalk at an airport glides at a rate of 1.8 feet 
per second. Walking on the moving sidewalk, you travel 
105 feet forward in the same time it takes to travel 50 feet 
in the opposite direction. Find your walking speed on a 
nonmoving sidewalk. Round to the nearest tenth. 


35. Two runners, one averaging 8 miles per hour and the other 
6 miles per hour, start at the same place and run along 
the same trail. The slower runner arrives at the end of the 
trail a half hour after the faster runner. How far did each 
person run? 


36. Two sailboats, one averaging 20 miles per hour and the 
other 18 miles per hour, start at the same place and follow 
the same course. The slower boat arrives at the end of the 
course é of an hour after the faster sailboat. How far did 
each boat travel? 


Use a rational equation to solve Exercises 37-48. Each exercise 
is a problem involving work. 


37. You promised your parents that you would wash the 
family car. You have not started the job and they are due 
home in 20 minutes. You can wash the car in 45 minutes 
and your sister claims she can do it in 30 minutes. If you 
work together, how long will it take to do the job? Will this 
give you enough time before your parents return? 


38. You must leave for campus in half an hour, or you will 
be late for class. Unfortunately, you are snowed in. You 


With 


the current _ 


tax 


These 


times are 


Against 
the current 


ox 


equal. 


30. In still water, a boat averages 8 miles per hour. It takes 
the same amount of time to travel 30 miles downstream, 
with the current, as 18 miles upstream, against the current. 
What is the rate of the water’s current? 


Distance Rate | Time = Disnee 
Rate 
With 
the current 30 ee These 
times are 
Against equal. 
the current 18 8x 


40. 


41. 


can shovel the driveway in 45 minutes and your brother 
claims he can do it in 36 minutes. If you shovel together, 
how long will it take to clear the driveway? Will this give 
you enough time before you have to leave? 


A pool can be filled by one pipe in 6 hours and by a second 
pipe in 12 hours. How long will it take using both pipes to 
fill the pool? 


A pond can be filled by one pipe in 8 hours and by a 
second pipe in 24 hours. How long will it take using both 
pipes to fill the pond? 


Working with your cousin, you can refinish a table in 
3 hours. Working alone, your cousin can complete the job 
in 4 hours. How long would it take you to refinish the table 
working alone? 


42. 


43. 


44. 


45. 


46. 


47. 


48. 
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Working with your cousin, you can split a cord of firewood 
in 5 hours. Working alone, your cousin can complete the 
job in 7 hours. How long would it take you to split the 
firewood working alone? 


An earthquake strikes and an isolated area is without food 
or water. Three crews arrive. One can dispense needed 
supplies in 20 hours, a second in 30 hours, and a third in 
60 hours. How long will it take all three crews working 
together to dispense food and water? 


A hurricane strikes and a rural area is without food or 
water. Three crews arrive. One can dispense needed 
supplies in 10 hours, a second in 15 hours, and a third in 
20 hours. How long will it take all three crews working 
together to dispense food and water? 


An office has an old copying machine and a new one. 
Working together, it takes both machines 6 hours to make 
all the copies of the annual financial report. Working 
alone, it takes the old copying machine 5 hours longer 
than the new one to make all the copies of the report. How 
long would it take the new copying machine to make all 
the copies working alone? 


A demolition company wants to build a brick wall to 
hide from public view the area where they store wrecked 
cars. Working together, an experienced bricklayer and 
an apprentice can build the wall in 12 hours. Working 
alone, it takes the apprentice 10 hours longer than the 
experienced bricklayer to do the job. How long would it 
take the experienced bricklayer to build the wall working 
alone? 


A faucet can fill a sink in 5 minutes. It takes twice as long 
for the drain to empty the sink. How long will it take 
to fill the sink if the drain is open and the faucet is on? 


A pool can be filled by a pipe in 3 hours. It takes 3 times 
as long for another pipe to empty the pool. How long will 
it take to fill the pool if both pipes are open? 


Exercises 49-56 contain a variety of problems. Use a rational 
equation to solve each exercise. 


49. 


50. 


51. 


52. 


53. 


54. 


What number multiplied by the numerator and added 
to the denominator of 3 makes the resulting fraction 
equivalent to 3? 


What number multiplied by the numerator and subtracted 
from the denominator of 7; makes the resulting fraction 
equivalent to — 2? 


The sum of 2 times a number and twice its reciprocal is 7. 
Find the number(s). 


If 2 times the reciprocal of a number is subtracted from 
3 times the number, the difference is 1. Find the number(s). 


You have 35 hits in 140 times at bat. Your batting average 
is x. or 0.25. How many consecutive hits must you get to 


increase your batting average to 0.30? 
You have 30 hits in 120 times at bat. Your batting average 
is ah or 0.25. How many consecutive hits must you get to 
increase your batting average to 0.28? 


55. 


56. 


If one pipe can fill a pool in a hours and a second pipe can 
fill the pool in b hours, write a formula for the time, x, in 
terms of a and b, for the number of hours it takes both 
pipes, working together, to fill the pool. 


If one pipe can fill a pool in a hours and a second pipe can 
empty the pool in b hours, write a formula for the time, x, 
in terms of a and b, for the number of hours it takes to fill 
the pool with both of these pipes open. 


Writing in Mathematics 


57. 


61. 


62. 


63. 


Without showing the details, explain how to solve the 
formula 


1 1 1 


= 
RR Bw 


for R,. (The formula is used in electronics.) 


Explain how to find the average cost function for a business. 


How does the average cost function illustrate a problem 
for small businesses? 


What is the relationship among time traveled, distance 
traveled, and rate of travel? 


If you know how many hours it takes for you to do a job, 
explain how to find the fractional part of the job you can 
complete in x hours. 


If you can do a job in 6 hours and your friend can do the 
same job in 3 hours, explain how to find how long it takes 
to complete the job working together. It is not necessary 
to solve the problem. 


When two people work together to complete a job, describe 
one factor that can result in more or less time than the time 
given by the rational equations we have been using. 


Technology Exercises 


64. 


65. 


66. 


For Exercises 19-20, use a graphing utility to graph 
the average cost function described by the problem’s 
conditions. Then |TRACE] along the curve and find 
the point that visually shows the solution in part (c). 


For Exercises 45-46, use a graphing utility to graph the 
function representing the sum of the fractional parts 
of the job done by the two machines or the two people. 
Then |TRACE| along the curve and find the point that 
visually shows the problem’s solution. 


A boat can travel 10 miles per hour in still water. The boat 
travels 24 miles upstream, against the current, and then 
24 miles downstream, with the current. 


a. Let x = the rate of the current. Write a function in 
terms of x that models the total time for the boat to 
travel upstream and downstream. 


b. Use a graphing utility to graph the rational function in 
part (a). 

c. |TRACE| along the curve and determine the current’s 
rate if the trip’s time is 5 hours. Then verify this result 
algebraically. 
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Critical Thinking Exercises 


Make Sense? Read this excerpt from an advertisement for 
bikes with aerodynamic coverings. 


Our high-performance bicycles have the aerodynamic 
design of custom racing bikes, but are practical for 
everyday riding. The aerodynamic covering will increase 
your average speed by 10 miles per hour. Cyclists using 
our bicycles, versus bikes without aerodynamic coverings, 
reduced time on a 75-mile test run by 2 hours. 


Now you are interested in finding the average rate of the 
bikes with the aerodynamic coverings on the 75-mile test run. 
With this goal in mind, determine whether each statement in 
Exercises 67-70 “makes sense” or “does not make sense” and 
explain your reasoning. 


67. I decided to organize the critical information from the 
advertisement in a table with the following entries: 


Distance Rate Time 
s E 15 
With covering 1S je ae 10) a0 
Xi 


Without covering 75 ae — 


68. The ad stated that bikes with coverings reduced time on the 
75-mile test run by 2 hours, so I used my table from Exercise 67 
and modeled this condition with the rational equation 

i= Sb 


x x+10— 


69. The equationin x that modeled the conditions had a 
positive and a negative value for x, so I rejected the 
negative solution. 


70. My professor verified that 15 is the correct value for x in 
the equation modeling the conditions, so I used my table 
from Exercise 67 and concluded that the average rate of 
the covered bikes on the 75-mile test run was 15 miles per 
hour. 


In Exercises 71-74, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


71. As production level increases, the average cost for a company 
to produce each unit of its product also increases. 


72. To solve gf + pf = pq for p, subtract gf from both sides 
and then divide by f. 
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73. Ifyou plana theater trip that costs $300 to rent a limousine 
and $25 per ticket, the cost per person, f(x), for a group of 
x people is modeled by the rational function 


A= 300 + 25x 


x 
74. Ifyoucan clean the house in 3 hours and your sloppy friend 


: : EG et 
can completely mess it up in 6 hours, then — — Pos 1 can 


be used to find how long it takes to clean the house if you 
both “work” together. 


75. Solve = =frt J tor WE 

76. A new schedule for a train requires it to travel 351 miles in 
; hour less time than before. To accomplish this, the rate of 
the train must be increased by 2 miles per hour. What should 
the average rate of the train be so that it can keep on the new 
schedule? 


77. It takes Mr. Todd 4 hours longer to prepare an order of pies 
than it takes Mrs. Lovett. They bake together for 2 hours 
when Mrs. Lovett leaves. Mr. Todd takes 7 additional hours 
to complete the work. Working alone, how long does it take 
Mrs. Lovett to prepare the pies? 


Review Exercises 
78. Factor: x7 + 4x + 4 — 9y*. (Section 5.6, Example 4) 


79. Solve using matrices: 


ee aS)? = = 5) 
Gap lye le 


(Section 3.4, Example 2) 
80. Solve the system: 
Seo ae 4 
Die a Spy =1 
x= yo 24 — 0) 
(Section 3.3, Example 3) 


Preview Exercises 


Exercises 81-83 will help you prepare for the material covered 
in the next section. 


81. a. If y = kx’, find the value of k using x =2 and 
y = 64. 
b. Substitute the value for k into y = kx? and write the 
resulting equation. 


c. Use the equation from part (b) to find y when 
25 ok 
ke : 
82. a. If y = — ,findthe value ofk usingx = 8 andy = 12. 
x 


: , k : 
b. Substitute the value for k into y = — and write the 
resulting equation. * 


c. Use the equation from part (b) to find y when 
x =3. 
GAN : 
83. If S = ?P? find the value of k using A = 60,000, P = 40, 
and § = 12,000. 


SECTION 
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Objectives 


1 | Solve direct variation 
problems. 


2 | Solve inverse variation 
problems. 

3 | Solve combined 
variation problems. 


4 | Solve problems 


involving joint variation. 


1 | Solve direct variation 
problems. 


Modeling Using Variation 


Have you ever wondered how telecommunication 
companies estimate the number of phone calls 
expected per day between two cities? The formula 


0.02P, P5 
= a 
shows that the daily number of phone calls, C, increases as the populations of the cities, 
P, and P;, in thousands, increase, and decreases as the distance, d, between the cities 
increases. 

Certain formulas occur so frequently in applied situations that they are given 
special names. Variation formulas show how one quantity changes in relation to other 
quantities. Quantities can vary directly, inversely, or jointly. In this section, we look at 
situations that can be modeled by each of these kinds of variation. 


Cc 


Direct Variation 


When you swim underwater, the pressure in your ears depends on the depth at which 
you are swimming. The formula 


p = 0.43d 


describes the water pressure, p, in pounds per square inch, at a depth of d feet. We can 
use this linear function to determine the pressure in your ears at various depths. 
In each case, use p = 0.43d: 


If d = 20, p = 0.43(20) = 8.6. At a depth of 20 feet, water pressure is 
8.6 pounds per square inch. 


Doubling the depth doubles the pressure. 


Ifd = 40, p = 0.43(40) = 17.2. — Ata depth of 40 feet, water pressure is 
17.2 pounds per square inch. 


Doubling the depth doubles the pressure. 


Ifd = 80, p = 0.43(80) = 34.4. — Ata depth of 80 feet, water pressure is 
34.4 pounds per square inch. 


The formula p = 0.43d illustrates that water pressure is a constant multiple of your 
underwater depth. If your depth is doubled, the pressure is doubled; if your depth is 
tripled, the pressure is tripled; and so on. Because of this, the pressure in your ears is 
said to vary directly as your underwater depth. The equation of variation is 


p = 0.434. 
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Generalizing, we obtain the following statement: 


Direct Variation 


If a situation is described by an equation in the form 
Vey 2 


where k is a nonzero constant, we say that y varies directly as x or y is directly 
proportional to x. The number k is called the constant of variation or the constant 
of proportionality. 


Can you see that the direct variation equation, y = kx, is a special case of the linear 
function y = mx + b? Whenm = kandb = 0,y = mx + bbecomes y = kx. Thus, 
the slope of a direct variation equation is k, the constant of variation. Because b, the 
y-intercept, is 0, the graph of a direct variation equation is a line passing through the 
origin. This is illustrated in Figure 6.7, which shows the graph of p = 0.43d: Water 
pressure varies directly as depth. 


Pp 
A 
70 
60 > 
50 - 


Unsafe for 


40 amateur divers 


30 
20 F 


= 0.43d 
10b Bie 


Pressure in Diver's Ears 
(pounds per square inch) 


| L | L | | | iy g 
20 40 60 80 100 120 140 160 


Depth (feet) 


Figure 6.7 Water pressure at various depths 


Problems involving direct variation can be solved using the following procedure. 
This procedure applies to direct variation problems, as well as to the other kinds of 
variation problems that we will discuss. 


Solving Variation Problems 
1. Write an equation that models the given English statement. 


2. Substitute the given pair of values into the equation in step 1 and find the value 
of k, the constant of variation. 


3. Substitute the value of k into the equation in step 1. 


4. Use the equation from step 3 to answer the problem’s question. 


Solving a Direct Variation Problem 


Many areas of Northern California depend on the snowpack of the Sierra Nevada 
mountain range for their water supply. The volume of water produced from melting 
snow varies directly as the volume of snow. Meteorologists have determined that 
250 cubic centimeters of snow will melt to 28 cubic centimeters of water. How much 
water does 1200 cubic centimeters of melting snow produce? 


Solution 
Step 1. Write an equation. We know that y varies directly as x is expressed as 


y= kx. 
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By changing letters, we can write an equation that models the following English 
statement: Volume of water, W, varies directly as volume of snow, S. 


W=ks 


Step 2. Use the given values to find k. We are told that 250 cubic centimeters of 
snow will melt to 28 cubic centimeters of water. Substitute 28 for W and 250 for S in the 
direct variation equation. Then solve for k. 


W=ks Volume of water varies directly as volume of 
melting snow. 


28 = k(250) 250 cubic centimeters of snow melt to 
28 cubic centimeters of water. 


2 = a Divide both sides by 250 
350 = 50 ivide both sides by : 
0.112 =k Simplify. 


Step 3. Substitute the value of k into the equation. 


W=ksS This is the equation from step 1. 


W = 0.1128 Replace k, the constant of 
variation, with 0.112. 


Step 4. Answer the problem’s question. How much water does 1200 cubic centimeters 
of melting snow produce? Substitute 1200 for § in W = 0.112S and solve for W. 


W = 0.1128 Use the equation from step 3. 


W = 0.112(1200) Substitute 1200 for 5. 


W = 134.4 Multiply. 


A snowpack measuring 1200 cubic centimeters will produce 134.4 cubic centimeters of 
water. & 


\/| CHECK POINT1 The number of gallons of water, W, used when taking a 
shower varies directly as the time, ¢, in minutes, in the shower. A shower lasting 
5 minutes uses 30 gallons of water. How much water is used in a shower lasting 
11 minutes? 


The direct variation equation y = kv is a linear function. If k > 0, then the slope 
of the line is positive. Consequently, as x increases, y also increases. 

A direct variation situation can involve variables to higher powers. For example, 
y can vary directly as x’(y = kx’) or as x3 (y = kx’). 


Direct Variation with Powers 


y varies directly as the nth power of x if there exists some nonzero constant k such 
that 


y = kx". 
We also say that y is directly proportional to the nth power of x. 
Direct variation with exponents that are whole numbers is modeled by polynomial 


functions. In our next example, the graph of the variation equation is the graph of a 
quadratic function. 


482 CHAPTER 6 __ Rational Expressions, Functions, and Equations 


Distance Skydivers 
s(t) Fall over Time 
A 


400 - 
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Distance the Skydivers Fall (feet) 
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Time the Skydivers Fall (seconds) 


Figure 6.8 The graph of 
s(t) = 16t? 


2 | Solve inverse variation 
problems. 


| EXAMPLE 2 | Solving a Direct Variation Problem 


The distance, s, that a body falls from rest varies directly as the square of the time, f, of 
the fall. If skydivers fall 64 feet in 2 seconds, how far will they fall in 4.5 seconds? 


Solution 


Step 1. Write an equation. We know that y varies directly as the square of x is 
expressed as 


y= ke. 


By changing letters, we can write an equation that models the following English 
statement: Distance, s, varies directly as the square of time, ft, of the fall. 


s = kt? 


Step 2. Use the given values to find k. Skydivers fall 64 feet in 2 seconds. Substitute 
64 for s and 2 for ¢ in the direct variation equation. Then solve for k. 


.= Ke Distance varies directly as the square of time. 
64 = k+2? Skydivers fall 64 feet in 2 seconds. 
64 = 4k Simplify: 27 = 4. 


eee 
4 4 
16=k Simplify. 


Divide both sides by 4. 


Step 3. Substitute the value of k into the equation. 


s=kF Use the equation from step 1. 


s = 1622 Replace k, the constant of variation, with 16. 


Step 4. Answer the problem’s question. How far will the skydivers fall in 4.5 seconds? 
Substitute 4.5 for fin s = 16f7 and solve for s. 


s = 16(4.5)? = 16(20.25) = 324 
Thus, in 4.5 seconds, the skydivers will fall 324 feet. m 
We can express the variation equation from Example 2 in function notation, writing 
s(t) = 1617. 


The distance that a body falls from rest is a function of the time, f, of the fall. The graph 
of this quadratic function is shown in Figure 6.8. The graph increases rapidly from left 
to right, showing the effects of the acceleration of gravity. 


CHECK POINT 2 The distance required to stop a car varies directly as the 
square of its speed. If it requires 200 feet to stop a car traveling 60 miles per hour, how 
many feet are required to stop a car traveling 100 miles per hour? 


Inverse Variation 


The distance from San Francisco to Los Angeles is 420 miles. The time that it takes 
to drive from San Francisco to Los Angeles depends on the average rate at which one 
drives and is given by 

420 

Rate’ 


Time = 


y=*, k>Oadx>0 


Figure 6.10 The graph of the 
inverse variation equation 
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volume. 


2P 


SECTION 6.8 Modeling Using Variation 483 


For example, if you average 30 miles per hour, t 420 
the time for the drive is Be et 
420 ¢ Averaging 30 mph, 
Time = 30. = 14, 2 207 the trip takes 14 hours. 
: = 1S 
or 14 hours. If you average 50 miles per hour, the & Averaging 50 mph, 
time for the drive is % 10P the trip takes 8.4 hours. 
420 e 7 
Time = —— = 8.4, B ce a ee 
50 0 20 40 60 80 100 120 
or 8.4 hours. As your rate (or speed) increases, Driving Rate (miles per hour) 


the time for the trip decreases and vice versa. Figure 6.9 
This is illustrated by the graph in Figure 6.9. 

We can express the time for the San Francisco—Los Angeles trip using ft for time and 
r for rate: 


420 
t=—. 
r 


This equation is an example of an inverse variation equation. Time, ¢, varies inversely 
as rate, r. When two quantities vary inversely, one quantity increases as the other 
decreases, and vice versa. 

Generalizing, we obtain the following statement: 


Inverse Variation 
If a situation is described by an equation in the form 


k 


ee ae 


where k is a nonzero constant, we say that y varies inversely as x or y is inversely 
proportional to x. The number x is called the constant of variation. 


Notice that the inverse variation equation 


k k 
y=, or fix) = 5, 
is a rational function. For k > 0 and x > 0, the graph of the function takes on the 
shape shown in Figure 6.10. 
We use the same procedure to solve inverse variation problems as we did to solve 
direct variation problems. Example 3 illustrates this procedure. 


| EXAMPLE 3 | Solving an Inverse Variation Problem 


When you use a spray can and press the valve at the top, you decrease the pressure of 
the gas in the can. This decrease of pressure causes the volume of the gas in the can 
to increase. Because the gas needs more room than is provided in the can, it expands 
in spray form through the small hole near the valve. In general, if the temperature is 
constant, the pressure, P, of a gas in a container varies inversely as the volume, V, of 
the container. The pressure of a gas sample in a container whose volume is 8 cubic 
inches is 12 pounds per square inch. If the sample expands to a volume of 22 cubic 
inches, what is the new pressure of the gas? 


Solution 


Step 1. Write an equation. We know that y varies inversely as x is expressed as 
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By changing letters, we can write an equation that models the following English 
statement: The pressure, P, of a gas in a container varies inversely as the volume, V. 


Step 2. Use the given values to find k. The pressure of a gas sample in a container 
whose volume is 8 cubic inches is 12 pounds per square inch. Substitute 12 for P and 
8 for V in the inverse variation equation. Then solve for k. 

k 


P= Pressure varies inversely as volume. 


The pressure in an 8-cubic-inch 


V 
k 
= 8 container is 12 pounds per square inch. 
k 
8 
k 


12-8 = —-8 Multiply both sides by 8. 


96 = Simplify. 


Step 3. Substitute the value of k into the equation. 


P= 


Use the equation from step 1. 


Replace k, the constant of variation, 
with 96. 


Step 4. Answer the problem’s question. We need to find the pressure when the volume 
expands to 22 cubic inches. Substitute 22 for V and solve for P. 
96 96 4 
P — i — — 
Vo 22 11 
When the volume is 22 cubic inches, the pressure of the gas is 4;; pounds per 
square inch. & 


/| CHECK POINT 3 _ The length of a violin string varies inversely as the frequency 
of its vibrations. A violin string 8 inches long vibrates at a frequency of 640 cycles per 
second. What is the frequency of a 10-inch string? 


E} solve combined Combined Variation 


variation problems. 5 egy : : wi : 
p In combined variation, direct and inverse variation occur at the same time. For example, 


as the advertising budget, A, of a company increases, its monthly sales, S, also increase. 
Monthly sales vary directly as the advertising budget: 


S = ka. 


By contrast, as the price of the company’s product, P, increases, its monthly sales, S, 
decrease. Monthly sales vary inversely as the price of the product: 


We can combine these two variation equations into one equation: 


Monthly sales , S, vary directly 
kA as the advertising budget, A, 
Ss = —. and inversely as the price of 
the product, P. 
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The following example illustrates an application of combined variation. 


| EXAMPLE 4 | Solving a Combined Variation Problem 


The owners of Rollerblades Now determined that the monthly sales, S, of its skates 
vary directly as its advertising budget, A, and inversely as the price of the skates, P. 
When $60,000 is spent on advertising and the price of the skates is $40, the monthly 
sales are 12,000 pairs of rollerblades. 

a. Write an equation of variation that models this situation. 


b. Determine monthly sales if the amount of the advertising budget is increased to 
$70,000. 


Solution 
a. Write an equation. 
cA Translate “sales vary directly as 


S= the advertising budget and 
P ~ inversely as the skates’ price.” 


Use the given values to find k. 


k(60,000) 
12,000 = ————__ When $60,000 is spent on advertising 


si (A = 60,000) and the price is $40 
(P = 40), monthly sales are 12,000 units 
(S = 12,000). 


12,000 = k- 1500 Divide 60,000 by 40. 


12,000 — k-+1500 
1500 1500 


8=k Simplify. 


Divide both sides of the equation by 1500. 


Therefore, the equation of variation that models monthly sales is 

_ 8A 
Pp: 

b. The advertising budget is increased to $70,000, so A = 70,000. The skates’ price is 
still $40, so P = 40. 


kA 
S Substitute & for kin S = = 


8A 

S= Pp This is the equation from part (a). 
8(70,000) 

sS= |; a Substitute 70,000 for A and 40 for P. 


S = 14,000 Simplify. 


With a $70,000 advertising budget and $40 price, the company can expect to sell 
14,000 pairs of rollerblades in a month (up from 12,000). m 


'\/| CHECK POINT4 The number of minutes needed to solve an Exercise Set 
of variation problems varies directly as the number of problems and inversely as the 
number of people working to solve the problems. It takes 4 people 32 minutes to solve 
16 problems. How many minutes will it take 8 people to solve 24 problems? 
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©3 solve problems Joint Variation 


involving joint variation. Joint variation is a variation in which a variable varies directly as the product of two or 
more other variables. Thus, the equation y = kxz is read “y varies jointly as x and z.” 
Joint variation plays a critical role in Isaac Newton’s formula for gravitation: 


mim 
da 
The formula states that the force of gravitation, F, between two bodies varies jointly 
as the product of their masses, m, and mm), and inversely as the square of the distance 
between them, d. (G is the gravitational constant.) The formula indicates that 
gravitational force exists between any two objects in the universe, increasing as the 
distance between the bodies decreases. One practical result is that the pull of the moon 
on the oceans is greater on the side of Earth closer to the moon. This gravitational 
imbalance is what produces tides. 


| EXAMPLE 5 | Modeling Centrifugal Force 


The centrifugal force, C, of a body moving in a circle varies jointly with the radius 
of the circular path, r, and the body’s mass, m, and inversely with the square of the 
time, f, it takes to move about one full circle. A 6-gram body moving in a circle with 
radius 100 centimeters at a rate of 1 revolution in 2 seconds has a centrifugal force of 
6000 dynes. Find the centrifugal force of an 18-gram body moving in a circle with radius 
100 centimeters at a rate of 1 revolution in 3 seconds. 


FH=G 


Solution 
C= krm Translate “Centrifugal force, C, varies jointly with 
a radius, r, and mass, m, and inversely with the 
square of time, t.” 

\ ; __ k(100)(6) A 6-gram body (m = 6) moving in a circle with 
y 4 yA 6000 = 22 radius 100 centimeters (r = 100) at 1 revolution 
Ne. ee in 2 seconds (t = 2) has a centrifugal force of 

z ‘ bs 6000 dynes (C = 6000). 
100(6 600 
6000 = 150k Simplify: m Bes = 150. 
40=k Divide both sides by 150 and solve for k. 
40rm 
CH= Substitute 40 for k in the model for centrifugal 
t force. 


fx 40(100)(18) Find centrifugal force, C, of an 18-gram body 


32 (m = 18) moving in a circle with radius 100 
centimeters (r = 100) at1 revolution in 3 seconds 
(t= B). 
= 8000 Simplify. 


The centrifugal force is 8000 dynes. & 


¥| CHECK POINT5 The volume of a cone, V, varies jointly as its height, h, and 
the square of its radius, r. A cone with a radius measuring 6 feet and a height measuring 
10 feet has a volume of 1207 cubic feet. Find the volume of a cone having a radius of 
12 feet and a height of 2 feet. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. y varies directly as x can be modeled by the equation 
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, where k is called the 


2. y varies directly as the nth power of x can be modeled by the equation 


3. y varies inversely as x can be modeled by the equation 


4. y varies directly as x and inversely as z can be modeled by the equation 


5. y varies jointly as x and z can be modeled by the equation 


as P. 


8A 
6. In the equation S = ?P? S varies as A and 
. 0.02P,P, . 
7. In the equation C = ——,—, C varies 
d 


as the square of d. 


as P, and P, and 


MyachLab 


Practice Exercises 


Use the four-step procedure for solving variation problems 
given on page 480 to solve Exercises I-10. 


1. y varies directly as x. y = 65 when x = 5. Find y when iti: 


x = 12. 


12. 


2. y varies directly as x. y = 45 when x = 5. Find y when 
x = 13. 


3. y varies inversely as x. y = 12 when x = 5. Find y when 13. 


x = 2. 


4. y varies inversely as x. y = 6 when x = 3. Find y when 


2 12), an. 


5. y varies directly as x and inversely as the square of z. 
y=20 when x =50 and z=5. Find y when x =3 and 
Z 10: 


6. a varies directly as b and inversely as the square of c. 


a = 7 when b= 9 and c = 6. Find a when b = 4 andc= 8. 16. 


7. y varies jointly as x and z. y = 25 when x = 2 and z = 5. 


Find y when x = 8 and z = 12. 17. 


8. C varies jointly as A and T. C = 175 when A = 2100 and 
T = 4. Find C when A = 2400 and T = 6. 


18. 


9. y varies jointly as a and b, and inversely as the square root 
of c. y = 12 whena = 3,b = 2,andc = 25. Find y when 
a=5,b = 3,andc = 9. 


19. 


10. y varies jointly as m and the square of n, and inversely 
as p. y = 15 whenm = 2,n = 1, and p = 6. Find y when 
m = 3,n = 4,and p = 10. 


15. 


20. 


' ‘ 
HH 
Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


Practice PLUS 


In Exercises 11-20, write an equation that expresses each 
relationship. Then solve the equation for y. 


x varies jointly as y and z. 


xX varies jointly as y and the square of z. 


x varies directly as the cube of z and inversely as y. 


x varies directly as the cube root of z and inversely as y. 


X varies jointly as y and z and inversely as the square root 
of w. 


x varies jointly as y and z and inversely as the square of w. 


X varies jointly as z and the sum of y and w. 


x varies jointly as z and the difference between y and w. 


x varies directly as z and inversely as the difference between 


yand w. 


x varies directly as z and inversely as the sum of y and w. 
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Application Exercises 
Use the four-step procedure for solving variation problems 


given on page 480 to solve Exercises 21-28. 


21. An alligator’s tail length, 7, varies directly as its body 
length, B. An alligator with a body length of 4 feet has a 
tail length of 3.6 feet. What is the tail length of an alligator 
whose body length is 6 feet? 


ae or 


|x——_ Body length, B ———_>|x——- Tail length, T ——+>| 


22. An object’s weight on the moon, M, varies directly as its 
weight on Earth, £. Neil Armstrong, the first person to 
step on the moon on July 20, 1969, weighed 360 pounds on 
Earth (with all of his equipment on) and 60 pounds on the 
moon. What is the moon weight of a person who weighs 
186 pounds on Earth? 


23. The height that a ball bounces varies directly as the height 
from which it was dropped. A tennis ball dropped from 
12 inches bounces 8.4 inches. From what height was the 
tennis ball dropped if it bounces 56 inches? 


24. The distance that a spring will stretch varies directly as 
the force applied to the spring. A force of 12 pounds is 
needed to stretch a spring 9 inches. What force is required 
to stretch the spring 15 inches? 


25. If all men had identical body types, their weight would 
vary directly as the cube of their height. Shown below 
is Robert Wadlow, who reached a record height of 
8 feet 11 inches (107 inches) before his death at age 22. Ifa 
man who is 5 feet 10 inches tall (70 inches) with the same 
body type as Mr. Wadlow weighs 170 pounds, what was 
Robert Wadlow’s weight shortly before his death? 


26. On a dry asphalt road, a car’s stopping distance varies 
directly as the square of its speed. A car traveling at 
45 miles per hour can stop in 67.5 feet. What is the stopping 
distance for a car traveling at 60 miles per hour? 


Rational Expressions, Functions, and Equations 


27. The figure shows that a bicyclist tips the cycle when making 
a turn. The angle B, formed by the vertical direction and 
the bicycle, is called the banking angle. The banking angle 
varies inversely as the cycle’s turning radius. When the 
turning radius is 4 feet, the banking angle is 28°. What is 
the banking angle when the turning radius is 3.5 feet? 


28. The water temperature of the Pacific Ocean varies 
inversely as the water’s depth. At a depth of 1000 meters, 
the water temperature is 4.4° Celsius. What is the water 
temperature at a depth of 5000 meters? 


Heart rates and life spans of most mammals can be modeled 
using inverse variation. The bar graph shows the average heart 
rate and the average life span of five mammals. You will use 
the data to solve Exercises 29-30. 


Heart Rate and Life Span 
MM Average Heart Rate [J Average Life Span 
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Animal 

Source: The Carnegie Library of Pittsburg, THE HANDY SCIENCE ANSWER 

BOOK, Centennial Edition. © 2003 

29. a. A mammal’s average life span, L, in years, varies 
inversely as its average heart rate, R, in beats per 
minute. Use the data shown for horses to write the 
equation that models this relationship. 


b. Is the inverse variation equation in part (a) an exact 
model or an approximate model for the data shown for 
lions? 

c. Elephants have an average heart rate of 27 beats per 
minute. Determine their average life span. 


30. 


a. A mammal’s average life span, L, in years, varies 
inversely as its average heart rate, R, in beats per 
minute. Use the data shown for cats at the bottom of 
the previous page to write the equation that models 
this relationship. 


b. Is the inverse variation equation in part (a) an exact 
model or an approximate model for the data shown for 
squirrels? 

c. Mice have an average heart rate of 634 beats per 
minute. Determine their average life span, rounded to 
the nearest year. 


The figure shows the graph of the inverse variation model that 
you wrote in Exercise 29(a) or Exercise 30(a). Use the graph of 
this rational function to solve Exercises 31-32. 


31. 


32. 


The Graph of an Inverse Variation 
L Model for Heart Rate and Life Span 


Life Span (years) 
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a. Ifamammal has a life span of 20 years, use the graph to 
estimate its heart rate, rounded to the nearest 10 beats 
per minute. 


b. Use the inverse variation equation that you wrote in 
Exercise 29(a) or Exercise 30(a) to determine the heart 
rate, rounded to the nearest beat per minute, for a 
mammal with a life span of 20 years. 


c. The bar graph at the bottom of the previous page 
uses two bars to display the data for horses. How is 
this information shown on the graph of the inverse 
variation model? 


a. Ifamammal has a life span of 50 years, use the graph to 
estimate its heart rate, rounded to the nearest 10 beats 
per minute. 


b. Use the inverse variation equation that you wrote in 
Exercise 29(a) or Exercise 30(a) to determine the heart 
rate, rounded to the nearest beat per minute, for a 
mammal with a life span of 50 years. 


c. The bar graph at the bottom of the previous page 
uses two bars to display the data for lions. How is 
this information shown on the graph of the inverse 
variation model? 


Continue to use the four-step procedure for solving variation 
problems given on page 480 to solve Exercises 33—40. 


33. 


Radiation machines, used to treat tumors, produce an 
intensity of radiation that varies inversely as the square 
of the distance from the machine. At 3 meters, the 
radiation intensity is 62.5 milliroentgens per hour. What 
is the intensity at a distance of 2.5 meters? 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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The illumination provided by a car’s headlight varies 
inversely as the square of the distance from the 
headlight. A car’s headlight produces an illumination 
of 3.75 footcandles at a distance of 40 feet. What is the 
illumination when the distance is 50 feet? 


Body-mass index, or BMI, takes both weight and height 
into account when assessing whether an individual is 
underweight or overweight. BMI varies directly as one’s 
weight, in pounds, and inversely as the square of one’s 
height, in inches. In adults, normal values for the BMI are 
between 20 and 25, inclusive. Values below 20 indicate 
that an individual is underweight and values above 30 
indicate that an individual is obese. A person who weighs 
180 pounds and is 5 feet, or 60 inches, tall has a BMI 
of 35.15. What is the BMI, to the nearest tenth, for a 
170 pound person who is 5 feet 10 inches tall. Is this person 
overweight? 


One’s intelligence quotient, or IQ, varies directly as 
a person’s mental age and inversely as that person’s 
chronological age. A person with a mental age of 25 and 
a chronological age of 20 has an IQ of 125. What is the 
chronological age of a person with a mental age of 40 and 
an IQ of 80? 


The heat loss of a glass window varies jointly as the 
window’s area and the difference between the outside and 
inside temperatures. A window 3 feet wide by 6 feet long 
loses 1200 Btu per hour when the temperature outside 
is 20° colder than the temperature inside. Find the heat 
loss through a glass window that is 6 feet wide by 9 feet 
long when the temperature outside is 10° colder than the 
temperature inside. 


Kinetic energy varies jointly as the mass and the square 
of the velocity. A mass of 8 grams and velocity of 
3 centimeters per second has a kinetic energy of 36 ergs. 
Find the kinetic energy for a mass of 4 grams and velocity 
of 6 centimeters per second. 


Sound intensity varies inversely as the square of the 
distance from the sound source. If you are in a movie 
theater and you change your seat to one that is twice as 
far from the speakers, how does the new sound intensity 
compare to that of your original seat? 


Many people claim that as they get older, time seems to 
pass more quickly. Suppose that the perceived length of a 
period of time is inversely proportional to your age. How 
long will a year seem to be when you are three times as old 
as you are now? 


The average number of daily phone calls, C, between two 
cities varies jointly as the product of their populations, 
P, and P;, and inversely as the square of the distance, d, 
between them. 


a. Write an equation that expresses this relationship. 
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42. 


43. 


b. The distance between San Francisco (population: 
777,000) and Los Angeles (population: 3,695,000) is 
420 miles. If the average number of daily phone calls 
between the cities is 326,000, find the value of k to two 
decimal places and write the equation of variation. 


c. Memphis (population: 650,000) is 400 miles from 
New Orleans (population: 490,000). Find the average 
number of daily phone calls, to the nearest whole 
number, between these cities. 


The force of wind blowing on a window positioned at a 
right angle to the direction of the wind varies jointly as the 
area of the window and the square of the wind’s speed. It is 
known that a wind of 30 miles per hour blowing on a window 
measuring 4 feet by 5 feet exerts a force of 150 pounds. During 
a storm with winds of 60 miles per hour, should hurricane 
shutters be placed on a window that measures 3 feet by 4 feet 
and is capable of withstanding 300 pounds of force? 


The table shows the values for the current, /, in an electric 
circuit and the resistance, R, of the circuit. 


I(amperes) 0.55 10 15 20 25 3.0 4.0 5.0 


R (ohms) 12 60 40 30 24 20 15 1.2 


a. Graph the ordered pairs in the table of values, with 
values of J along the x-axis and values of R along 
the y-axis. Connect the eight points with a smooth 
curve. 


b. Does current vary directly or inversely as resistance? 
Use your graph and explain how you arrived at your 
answer. 


c. Write an equation of variation for J and R, using one 
of the ordered pairs in the table to find the constant of 
variation. Then use your variation equation to verify 
the other seven ordered pairs in the table. 


Writing in Mathematics 


44. 


45. 


46. 
47. 


48. 


What does it mean if two quantities vary directly? 


In your own words, explain how to solve a variation 
problem. 


What does it mean if two quantities vary inversely? 


Explain what is meant by combined variation. Give an 
example with your explanation. 


Explain what is meant by joint variation. Give an example 
with your explanation. 


In Exercises 49-50, describe in words the variation shown by 
the given equation. 


49. 


50. 


kV x 
i= 2 

a 
Z= kx’vVy 
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51. We have seen that the daily number of phone calls between 
two cities varies jointly as their populations and inversely 
as the square of the distance between them. This model, 
used by telecommunication companies to estimate the 
line capacities needed among various cities, is called the 
gravity model. Compare the model to Newton’s formula 
for gravitation on page 486 and describe why the name 
gravity model is appropriate. 


Technology Exercise 

52. Use a graphing utility to graph any three of the variation 
equations in Exercises 21-28. Then |TRACE]} along 
each curve and identify the point that corresponds to the 
problem’s solution. 


Critical Thinking Exercises 


Make Sense? In Exercises 53-56, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


53. I’m using an inverse variation equation and I need to 
determine the value of the dependent variable when the 
independent variable is zero. 


54. The graph of this direct variation equation has a positive 
constant of variation and shows one variable increasing as 
the other variable decreases. 


55. When all is said and done, it seems to me that direct 
variation equations are special kinds of linear functions 
and inverse variation equations are special kinds of 
rational functions. 


56. Using the language of variation, I can now state the 
formula for the area of a trapezoid, A = $h(b, + b>), as, 
“A trapezoid’s area varies jointly with its height and the 
sum of its bases.” 


57. In a hurricane, the wind pressure varies directly as the 
square of the wind velocity. If wind pressure is a measure 
of a hurricane’s destructive capacity, what happens to this 
destructive power when the wind speed doubles? 


58. The heat generated by a stove element varies directly as 
the square of the voltage and inversely as the resistance. 
If the voltage remains constant, what needs to be done to 
triple the amount of heat generated? 


59. Galileo’s telescope brought about revolutionary changes 
in astronomy. A comparable leap in our ability to 
observe the universe took place as a result of the Hubble 
Space Telescope. The space telescope can see stars and 
galaxies whose brightness is si of the faintest objects now 
observable using ground-based telescopes. Use the fact 
that the brightness of a point source, such as a star, varies 
inversely as the square of its distance from an observer to 
show that the space telescope can see about seven times 
farther than a ground-based telescope. 


Review Exercises 
60. Evaluate: 


(Section 3.5, Example 1) 


61. Factor completely: 
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Preview Exercises 
Exercises 63-65 will help you prepare for the material covered 


in the first section of the next chapter. 


63. If f(x) = V3x + 12, find f(-1). 


64. If f(x) = V3x + 12, find f(8). 
65. Use the graph of f(x) = V3x + 12 to identify the 
function’s domain and its range. 


xy — Oy — 3x? + 27. 


(Section 5.6, Example 3) 
62. Find the degree of 


Txy + x?y? — 5x3 — 7. 


(Section 5.1, Example 1) 


GROUP PROJECT 


CHAPTER 


A cost-benefit analysis compares the 
estimated costs of a project with the 
benefits that will be achieved. Costs and 
benefits are given monetary values and 
compared using a benefit-cost ratio. As 
shown in the figure, a favorable ratio 
for a project means that the benefits 
outweigh the costs and the project is 
cost-effective. As a _ group, select 
an environmental project that was 
implemented in your area of the country. 
Research the cost and benefit graphs 
that resulted in the implementation 


Ng 
A 


5+ 


Cost or Benefit (dollars) 


Value of benefits derived 


Area of 
optimal 
cost- 
effectiveness 


Cost of pollution cleanup 
L ! | 


0 20 40 60 80 100 
Reduction of Pollution (percent) 


of this project. How were the benefits converted into monetary terms? Is there an 
equation for either the cost model or the benefit model? Group members may need 
to interview members of environmental groups and businesses that were part of 
this project. You may wish to consult an environmental science textbook to find out 
more about cost-benefit analyses. After doing your research, the group should write 
or present a report explaining why the cost-benefit analysis resulted in the project’s 


implementation. 


492 CHAPTER 6 


Chapter 6 Summary 


Definitions and Concepts 


Rational Expressions, Functions, and Equations 


Examples 


Section 6.1 Rational Expressions and Functions: Multiplying and Dividing 


A rational expression consists of a polynomial divided by 
a nonzero polynomial. A rational function is defined by a 


formula that is a rational expression. The domain of a rational 


function is the set of all real numbers except those for which 
the denominator is zero. Graphs of rational functions often 
contain disconnected branches. The graphs often approach, 
but do not touch, vertical or horizontal lines, called vertical 
asymptotes and horizontal asymptotes, respectively. 


Simplifying Rational Expressions 
1. Factor the numerator and the denominator completely. 


2. Divide both the numerator and the denominator by any 
common factors. 


Multiplying Rational Expressions 
1. Factor completely. 


2. Divide numerators and denominators by common 
factors. 


3. Multiply remaining factors in the numerators and in the 
denominators. 


Dividing Rational Expressions 
Invert the divisor and multiply. 


Be Se 2 


Ol +x -6 


. Find the domain of f. 


wrt+tx-6=0 
(x + 3)(x — 2) =0 
Sar oa=O) Or = 2 = 
ie = 3) = 
These values of x make the denominator zero. Exclude them 
from the domain. 
Domain of f = (~~, —3) U (-3, 2) U (2, ») 
The branches of the graph of f break at —3 and 2. 


iy 
co 


Vertical 
asymptote | 


4x + 2. 
Simplify: = 
= 
de 28 
x- 49 (v4+7)(x-7) x-7 


3K 18 x? 

x°-3x x? — 36 

_ G+ 603) tex 
X@—3)  (& + 6x — 6) 
x 

x6 — (6) 


Syyar ie) y-9 
(y+5P? ytS 


Eee es 5Q-+3) ; Q-+5). 
Go) yo 9 er Ga) Ga) = 3) 
= 5) 

30-3) 
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Section 6.2 Adding and Subtracting Rational Expressions 


Adding or Subtracting Rational Expressions 


If the denominators are the same, add or subtract the 
numerators. Place the result over the common denominator. 
If the denominators are different, write all rational 
expressions with the least common denominator. The LCD 

is a polynomial consisting of the product of all prime factors 
in the denominators, with each factor raised to the greatest 
power of its occurrence in any denominator. Once all rational 
expressions are written in terms of the LCD, add or subtract 
as described above. Simplify the result, if possible. 


eae il 2K 

2x-2 x7+2x-3 
jee il 2X 

= is 2(x — 1 Sm Nk 
C= | ee Ge 
(x + 1)(x + 3) 2x +2 


~ (x — 1)(x + 3) 


ie tele = 
D (ee lt) (Kec) 


ANG = AYES SP) 
+3 
22 =) (a3) 


Section 6.3 Complex Rational Expressions 


Complex rational expressions have numerators or 
denominators containing one or more rational expressions. 
Complex rational expressions can be simplified by 
multiplying the numerator and the denominator by the LCD. 
They can also be simplified by obtaining single expressions in 
the numerator and denominator and then dividing. 


38 8} 

x 
oh 
Soe es 
x 


Multiplying by the LCD, x: 


= 
x x _ ee (Gee) 1 


cS vr -9 (x4+3)(x-3) x -3 
x 


Simplifying by dividing: 


Simplify: 


x +3 se aE 3) 
5 7 ee x 
9 ie ae 9 

x . 


cy oer x - 


Section 6.4 Division of Polynomials 


To divide a polynomial by a monomial, divide each term of 
the polynomial by the monomial. 


To divide by a polynomial containing more than one term, 
use long division. If necessary, arrange the dividend in 
descending powers of the variable. If a power of a variable 
is missing, add that power with a coefficient of 0. Repeat 
the four steps of the long-division process — divide, multiply, 
subtract, bring down the next term—until the degree of the 
remainder is less than the degree of the divisor. 


| Ge 35x = 3) i=3 
Ox3y4 — 12x3y? — 7x?y? 
3xy" 
= eye ape Ie ay? we ae 1x 
3xy? 3xy? 3xy? 3 


Divide: (2x? — x* — 7) + (x — 2). 


2x7 +3x+ 6 
x — 2)2x3 x? + Ox 7 


2x3 — 4x? 
3x? + Ox 
3x? — 6x 
Ge 7 
ore = 1? 
5 
5 


The answer is 2x? + 3x + 64 


494 CHAPTER 6 


Definitions and Concepts 
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Section 6.5 Synthetic Division and the Remainder Theorem 


A shortcut to long division, called synthetic division, can be 
used to divide a polynomial by a binomial of the form x — c. 


The Remainder Theorem 

If the polynomial f(x) is divided by x — c, then the 
remainder is f(c). This can be used to evaluate a polynomial 
function at c. Rather than substituting c for x, divide the 
function by x — c. The remainder is f(c). 


Here is the division problem shown on the previous page 
using synthetic division: (2x? — x” — 7) + (x — 2). 


Coefficients of the dividend, 
ax? —x?2+0x-7 


This is c in x —c. a a 
For x — 2, cis 2. <2 2 =i W) 7 
| 4 6 12 
A 3) @ 5 


Lif _\ 


Coefficients of Remainder 
quotient Wear) 


The answer is 2x? + 3x + 64 


2x + 5, use the Remainder Theorem to 


ify =~ — ox 
find f(—2). 


2103 2 eS 


Section 6.6 Rational Equations 


A rational equation is an equation containing one or more 
rational expressions. 
Solving Rational Equations 
1. List restrictions on the variable. 
2. Clear fractions by multiplying both sides by the LCD. 
3. Solve the resulting equation. 
4. Reject any proposed solution in the list of restrictions. 


Check other proposed solutions in the original equation. 


2 4s 
Thus, f(—2) = 13. 
ke 5) De 
Solve: Se as ey 
ES in Se 2X 
(Ge 2 2)) = 2 (Ge ap 2 Nes = 2) 
A 


Denominators would equal O if x = —2 or 
x = 2. Restrictions: x #—2 and x #2. 


EEDisi 2) Gas 2) 


7x 5 
Ce: 2) i=) = 5| ~ 
2% 
Ce ey 


Ths ae C8 ar 22) = Ih3 
Tx + 5x + 10 = 2x 


12x + 10 = 2x 
10 = —10x 
-l=x 


The proposed solution, —1, is not part of the restriction 
x # —2and x # 2. It checks. The solution is —1 and the 
solution set is {-1}. 
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Section 6.7 Formulas and Applications of Rational Equations 


To solve a formula for a variable, get the specified variable 
alone on one side of the formula. When working with 
formulas containing rational expressions, it is sometimes 
necessary to factor out the variable you are solving for. 


The average cost function, C, for a business is a rational 
function representing the average cost for the company to 
produce each unit of its product. The function consists of 
the sum of fixed and variable costs divided by the number of 
units produced. As production level increases, the average 
cost to produce each unit of a product decreases. 


Problems involving time in motion and problems involving 
work translate into rational equations. Motion problems 
involving time are solved using 
Distance traveled 
Rate of travel 


Time traveled = 


Work problems are solved using the following condition: 


=a: 


fraction of job 


Fraction of job 
done by second 


done by first 


e r 
Solve: E = ee for r. 
E(r + Rye BE eres LCD is E(r + R). 
e(r + R) = Er 
er + eR = Er 
eR = Er — er 
eR = (E— e)r 
eR 
aC, aa 


A company has a fixed cost of $80,000 monthly and it costs 
$20 to produce each unit of its product. Its cost function, C, of 
producing x units is 


C(x) = 80,000 + 20x. 
Its average cost function, C, is 
_ 80,000 + 20x 


It takes a cyclist who averages 16 miles per hour in still air 
the same time to travel 48 miles with the wind as 16 miles 
against the wind. What is the wind’s rate? 


x = wind’s rate 


16 + x = cyclist’s rate with wind 


16 — x = cyclist’s rate against wind 


Distance | Rate | Time= =tuce 
Rate 
i i 48 
With wind 48 ace se —— = 
times are 
Against wind 16 iG=s 16 equal. 
iy =e 


4 1 
16+x 16 
48(16 — x) = 16(16 + x) 


(16 + x)(16 — x) 5 .(16 + x)(16 — x) 


Solving this equation, x = 8. The wind’s rate is 8 miles 
per hour. 
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Section 6.8 Modeling Using Variation 


English Statement Equation The time that it takes you to drive a certain distance varies 
y varies directly as x. y=ke inversely as your driving rate. Averaging 40 miles per hour, it 
y is directly proportional to x. takes you 10 hours to drive the distance. How long would the 
eye trip take averaging 50 miles per hour? 
y varies directly as x”. y = kx" 7 
y is directly proportional to x”. : k 
y varies inversely as x. y= ii as ioral geen: 
y is inversely proportional to x. a . 
k 2. It takes 10 hours at 40 miles per hour. 
y varies inversely as x”. y=— ‘a 
y is inversely proportional to x”. a 10 = — 
kx 40 
y varies directly as x and inversely asz. Y ~ = k = 10(40) = 400 
y varies jointly as x and z. y = kxz ae 400 
Solving Variation Problems é 
1. Write an equation that models the given English 4. How long at 50 miles per hour? Substitute 50 for r. 
statement. = 400 _ 8 
2. Substitute the pair of values into the equation in step 1 50 


and find k. 
3. Substitute k into the equation in step 1. 


It takes 8 hours at 50 miles per hour. 


4. Use the equation in step 3 to answer the problem’s 
question. 


CHAPTER 6 REVIEW EXERCISES 


6.1 is aa. 
24 2x - — 
1. If f(x) = es find the following function values. _— 
De js 
If a function value does not exist, so state. 8. Ona 
a. f(4) b. f(0) ; Bp ect wete nies 
ee FD) a. f(-3) In Exercises 9-15, multiply or divide as indicated. 
Rees oe 
In Exercises 2-3, find the domain of the given rational 9. ae z = 
function. sl - 
eG to Pe eS) 4x? — 4x +1 
2 TCI ees ed) "4x? + 8x — 5 ed 
eo. 4 get! 
3. fe) = 74 4, = — 2 — 
2 eee og SA 
In Exercises 4-8, simplify each rational expression. If the 12 1 , 3 
rational expression cannot be simplified, so state. “ x? 4+ 8x 415 x45 
P Sx = 35x fe x? + 16x + 64 | x’ + 10x + 16 
"  15x2 . 2 18 or Ie 
Ping em 44 Veale ar as 
x2 — 49 yi 64 y? + 5y +6 
6x? + Ix + 2 Pac Sages ey . eye 2ey wy 
6 = a 


A ps 2x? —11ix+15 x-2+y 32 = 9 
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16. Deer are placed into a newly acquired habitat. The deer 27. a bs 3 : 
population over time is modeled by a rational function Se 
whose graph is shown in the figure. Use the graph to 28 BaP i 3y? 
answer each of the following questions. xy yx 


A Deer Population over Time 6.3 In Exercises 29-34, simplify each complex rational 


300 b expression. 
250 - ae 3 S ar il 
g 29, ~ 30. = 
a “8 , 2D) 
3 == 8 = = 
e ‘ 
a 
: sonal 
a Xa 
31. 7 
I l | l I re 3 = xt 3 
0 10 20 30 40 50 60 
Time (years) 4 
pei! 
a. How many deer were introduced into the habitat? = 2 1 
x-2 x+x-6 
b. What is the population after 10 years? ‘ 
Pete iy boa 
c. What is the equation of the horizontal asymptote 33. ad x76 x ax + 3 
shown in the figure? What does this mean in terms of 3 2 
the deer population? e+x-2 x 4+5x4+6 
pins oe 
34. —, = 
6.2 In Exercises 17-19, add or subtract as indicated. Simplify ies 


the result, if possible. 


6.4 In Exercises 35-36, divide the polynomial by the 
ay ll 8% = 5 


monomial. 


liz: ar 

spel Shel 

a, ae 35, (ise — se = 100 — 2) = Gx) 
18. = 

So 238 36. (36x4y3 + 12x2y3 — 60x?y2) + (6xy?) 

4x7 -— 11x +4 x?-—4x 4+ 10 
19. as ee : es 5 iz In Exercises 37-40, divide as indicated. 

2) if im i 

In Exercises 20-21, find the least common denominator of the 37. (6x Sx + 5) + (2x + 3) 
rational expressions. 38. (10x? Deg +e Ae 13) + (5x — 3) 
20. Ber ae 

9x3 ips 

x+7 x 39. (x° + 3x9 — 2x4 + x? — 3x + 2) = (x — 2) 

21. 


5 and — 
x’ + 2x — 35 eee be oe lal 


In Exercises 22-28, perform the indicated operations. Simplify 40. (4x4 + 6x? + 3x — 1) = (2x? + 1) 
the result, if possible. 


se il a 2 6.5 In Exercises 41-43, divide using synthetic division. 
oe rc 41. (4x3 — 3x? - 2x +1) + (x +1) 
2 3 
Pegs mage ene a ae 42. (3x4 — 2x? — 10x — 20) + (x — 2) 
ae Cc) +2 430 -r to) (4) 
x -8x+15 x-x-6 
3x2 x In Exercises 44-45, use synthetic division and the Remainder 
ae Op a6 8 ore Theorem to find the indicated function value. 
y a) 44. f(x) = 2x? — 5x? + 4x — 1; f(2) 
26. 
yt+5y+6 y?+3y+2 45. f(x) = 3x4 + 7x3 8x? + 2x + 4; f( +) 
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In Exercises 46-47, use synthetic division to determine whether 
or not the number given to the right of each equation is a 
solution of the equation. 


46. 2x° — x? - 8x + 4 =0;-2 
47. xt - x39 — 7x? +x4+6= 0:4 


48. Use synthetic division to show that 5 is a solution of 


6x? + x? - 4x +1=0. 


Then solve the polynomial equation. 


6.6 In Exercises 49-55, solve each rational equation. If an 
equation has no solution, so state. 


Gp ti = 
6 cme ts) x 
50. a = e 
BA 2s 
ae 1 3. 6 
Be SP ge ats) x2 — 25 
ae ae 5) 5g 4x +1 
52. = 
x+1 x+2 x7?4+3x4+2 
2 See 
SP ga ae 
54. 2 =o ti 
a ull A ees 
aS Bee I et) ae ar Als) 
x+5 x-4 3% +x-20 
56. The function 
fe) = 


models the cost, f(x), in millions of dollars, to remove x% 
of pollutants from a river due to pesticide runoff from area 
farms. What percentage of the pollutants can be removed 
for $16 million? 


6.7 In Exercises 57-61, solve each formula for the specified 
variable. 


57. P= Cire 
PV, — Pov, 
= — _ ——_ or 
58 Tr i OF 
Av — iP 
59. T= for P 
Pr or 
1 il 
60. — = — + —forR 
Ro BR 
nE 
61. T= Ry pp torn 


62. A company is planning to manufacture affordable graphing 
calculators. Fixed monthly cost will be $50,000, and it will 
cost $25 to produce each calculator. 


a. Write the cost function, C, of producing x graphing 
calculators. 
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b. Write the average cost function, C, of producing x 
graphing calculators. 


c. How many graphing calculators must be produced each 
month for the company to have an average cost of $35 
per graphing calculator? 


63. After riding at a steady rate for 60 miles, a bicyclist had a 
flat tire and walked 8 miles to a repair shop. The cycling 
rate was 3 times faster than the walking rate. If the time 
spent cycling and walking was 7 hours, at what rate was the 
cyclist riding? 


64. The current of a river moves at 3 miles per hour. It takes 
a boat a total of 3 hours to travel 12 miles upstream, 
against the current, and return the same distance traveling 
downstream, with the current. What is the boat’s rate in 
still water? 


65. Working alone, two people can clean their house in 
3 hours and 6 hours, respectively. They have agreed to 
clean together so that they can finish in time to watch a 
TV program that begins in 13 hours. How long will it take 
them to clean the house working together? Can they finish 
before the program starts? 


66. Working together, two crews can clear snow from the 
city’s streets in 20 hours. Working alone, the faster crew 
requires 9 hours less time than the slower crew. How many 
hours would it take each crew to clear the streets working 
alone? 


67. Aninlet faucet can fill a small pond in 60 minutes. The pond 
can be emptied by an outlet pipe in 80 minutes. You begin 
filling the empty pond. By accident, the outlet pipe that 
empties the pond is left open. Under these conditions, how 
long will it take for the pond to fill? 


6.8 Solve the variation problems in Exercises 68-73. 


68. A company’s profit varies directly as the number of 
products it sells. The company makes a profit of $1175 on 
the sale of 25 products. What is the company’s profit when 
it sells 105 products? 


69. The distance that a body falls from rest varies directly as 
the square of the time of the fall. If skydivers fall 144 feet 
in 3 seconds, how far will they fall in 10 seconds? 


70. The pitch of a musical tone varies inversely as its 
wavelength. A tone has a pitch of 660 vibrations per second 
and a wavelength of 1.6 feet. What is the pitch of a tone that 
has a wavelength of 2.4 feet? 


71. The loudness of a stereo speaker, measured in decibels, 
varies inversely as the square of your distance from 
the speaker. When you are 8 feet from the speaker, the 
loudness is 28 decibels. What is the loudness when you are 
4 feet from the speaker? 


72. 


The time required to assemble computers varies directly as 
the number of computers assembled and inversely as the 
number of workers. If 30 computers can be assembled by 
6 workers in 10 hours, how long would it take 5 workers 
to assemble 40 computers? 
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73. The volume of a pyramid varies jointly as its height and 
the area of its base. A pyramid with a height of 15 feet 
and a base with an area of 35 square feet has a volume of 
175 cubic feet. Find the volume of a pyramid with a height 
of 20 feet and a base with an area of 120 square feet. 


on “Channels”). 


Step-by-step test solutions are found on the Chapter Test Prep Videos 
CHAPTER 6 TEST O Test Prep available in MyMathLab’ or on You§{Jj (search “BlitzerInterAlg” and click 


1. 


x? — 2x 
Find the domain of = 
ind the domain of f(x) ae eT 


the right side of the function’s equation. 


. Then simplify 


In Exercises 2-11, perform the indicated operations. Simplify 
where possible. 


2. 


10. 


qa: 


Ne x? + 7x + 12 
x* — 16 x? + 3x 
3427 ; x? -3x+9 


6 1h x? -— Ix 4+ 12 
x? + 3x? + 2x ( oa) ox 
x? — 5x —-2 x? -—7x+5 
6x? — 1lx — 35) 6x? — 11x — 35 
a 5) 
ate eS 
2; She 

x— 4x +3 x7 +x-2 

Spe 2) 
xe-4 x7 4+x-2 
i al 3 10 
x-5 x+5 32-25 

1 ce I 


+ 
10 = = 10 


In Exercises 12-13, simplify each rational expression. 


12. 


xl t= 8 
4 <x Hen Masi 2 
x+4 : 2 
1+ =a 

x Moras 256 


In Exercises 14-16, divide as indicated. 


14. 


15. 


16. 
17. 


18. 


(12x+y3 + 16x7y? — 10x?y?) + (4x?y) 


(9x3 — 3x — 3x + 4) + (3x + 2) 


(3x4 + 2x3 — 8x + 6) = (x? — 1) 
Divide using synthetic division: 
(3x* + 11x3 — 20x? + 7x + 35) + (x +5). 
Given that 
f(x) = x4 — 2x3 — 11x? + 5x + 34, 
use synthetic division and the Remainder Theorem to find 


f(-2). 


19. Use synthetic division to decide whether —2 is a solution of 
2x3 — 3x7 - 11x +6 =0. 


In Exercises 20-21, solve each rational equation. 
x 11 
20. xed 916 a 
sear Il 1 1 
Mo Oy 3 yo eS 1 
22. Park rangers introduce 50 elk into a wildlife preserve. The 
function 


250(3t + 5) 
Oe t+ 25 


models the elk population, f(t), after t years. How many 
years will it take for the population to increase to 125 elk? 


23. Solve fora: R= sa 


Gs! 
24. A company is planning to manufacture portable satellite 
radio players. Fixed monthly cost will be $300,000 and it 
will cost $10 to produce each player. 


a. Write the cost function, C, of producing x players. 


b. Write the average cost function, C, of producing 
x players. 


c. How many portable satellite radio players must be 
produced each month for the company to have an average 
cost of $25 per player? 


25. It takes one pipe 3 hours to fill a pool and a second pipe 
4 hours to drain the pool. The pool is empty and the first 
pipe begins to fill it. The second pipe is accidently left open, 
so the water is also draining out of the pool. Under these 
conditions, how long will it take to fill the pool? 


26. A motorboat averages 20 miles per hour in still water. It 
takes the boat the same amount of time to travel 3 miles with 
the current as it does to travel 2 miles against the current. 
What is the current’s rate? 


27. The intensity of light received at a source varies inversely 
as the square of the distance from the source. A particular 
light has an intensity of 20 footcandles at 15 feet. What is 
the light’s intensity at 10 feet? 
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CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-6) 


In Exercises 1-5, solve each equation, inequality, or system. 
1. 2x +5 = 1land—3x > 18 
2. 2x? = 7x +4 
3. (4x +3y+3z= 4 


3x +2z= 2 
2x — Sy =-4 
4. |3x — 4| = 10 
‘ x 6 x? 
"xy-8' x-2 x? — 10x + 16 
6. Solve fors: J = as : 
w + 25 


7. Solve by graphing: i: -~y=4 
x+y=5. 
8. Use function notation to write the equation of the line 
with slope —3 and passing through the point (1,—5). 


In Exercises 9-11, graph each equation, inequality, or system in 
a rectangular coordinate system. 


9. y= |x| +2 
10. ioe 
x=1 


11. 2x -y<4 


In Exercises 12-15, perform the indicated operations. 
12. [(x + 2) + 3y][(x + 2) — 3y] 

xrt+x—-1 . 6x4 15 

2x? -9x+4 3x - 12x 


13. 


14. 


15. 


3x 5 
x7-—9x +20 2x-8 
(3x? + 10x + 10) + (x + 2) 


In Exercises 16-17, factor completely. 


16. 
17. 
18. 


19. 


20. 


xy — 6x + 2y — 12 

24x3y + 16x?y — 30xy 

A baseball is thrown straight up from a height of 64 feet. 
The function 


s(t) = —16r° + 481 + 64 
describes the ball’s height above the ground, s(4), in feet, 


t seconds after it is thrown. How long will it take for the ball 
to hit the ground? 


The local cable television company offers two deals. Basic 
cable service with one movie channel costs $35 per month. 
Basic service with two movie channels costs $45 per month. 
Find the charge for the basic cable service and the charge 
for each movie channel. 


A rectangular garden 10 feet wide and 12 feet long is 
surrounded by a rock border of uniform width. The area 
of the garden and rock border combined is 168 square feet. 
What is the width of the rock border? 


CHAPTER 


Radicals, ee 
Radical Functions te 
and Rational 
Eixponents 


= 
a 
” 


an mathematical models be created for events that appear to involve random behavior, 

such as stock market fluctuations or air turbulence? Chaos theory, a new frontier of 
mathematics, offers models and computer-generated images that reveal order and underlying 
patterns where only the erratic and the unpredictable had been observed. Because most 
behavior is chaotic, the computer has become a canvas that looks more like the real 
world than anything previously seen. Magnified portions of these computer images 
yield repetitions of the original structure, as well as new and unexpected patterns. 
The computer generates these visualizations of chaos by plotting large numbers 
of points for functions whose domains are nonreal numbers 
involving the square root of negative one. 


We define V—1 in Section 7.7 and hint at chaotic possibilities in the Blitzer 
Bonus on page 569. If you are intrigued by how the operations of nonreal 
numbers in Section 7.7 reveal that the world is not random [rather, the 
underlying patterns are far more intricate than we had previously assumed], 
we suggest readi gi ‘haos b James Gleick, published by Penguin Books. 
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Objectives 


1 | Evaluate square roots. 


2 | Evaluate square root 
functions. 


3 | Find the domain of 
square root functions. 


4 | Use models that are 
square root functions. 


5 | Simplify expressions of 
the form Va?. 


6 | Evaluate cube root 
functions. 


Simplify expressions of 
the form Wa’. 


8 | Find even and odd 
roots. 


9 | Simplify expressions of 
the form V/a". 


@ Evaluate square roots. 


Radical sign Va. Radicand 


Radical expression 


Radical Expressions and Functions 


S = Sail area 


hae, ll 


D = Displacement 


The America’s Cup is the supreme event in ocean sailing. Competition is fierce 
and the costs are huge. Competitors look to mathematics to provide the critical 
innovation that can make the difference between winning and losing. The basic 
dimensions of competitors’ yachts must satisfy an inequality containing square 
roots and cube roots: 


L + 1.25VS — 9.8\/D < 16.296. 


In the inequality, L is the yacht’s length, in meters, S is its sail area, in square meters, 
and D is its displacement, in cubic meters. 

In this section, we introduce a new category of expressions and functions that contain 
roots. You will see why square root functions are used to describe phenomena that are 
continuing to grow but whose growth is leveling off. 


Square Roots 


From our earlier work with exponents, we are aware that the square of 5 and the square 
of —5 are both 25: 
5*=25 and (-5)? =25. 

The reverse operation of squaring a number is finding the square root of the number. 
For example, 

¢ One square root of 25 is 5 because 5” = 25. 

¢ Another square root of 25 is —5 because (—5)? = 25. 
In general, if b? = a, then b is a square root of a. 


The symbol V/ is used to denote the positive or principal square root of a number. 
For example, 


© \/25 = 5 because S* = 25 and Sis positive. 
¢ \/100 = 10 because 10? = 100 and 10 is positive. 
The symbol VV that we use to denote the principal square root is called a radical 


sign. The number under the radical sign is called the radicand. Together we refer to the 
radical sign and its radicand as a radical expression. 


Great Question! 


Is Va + b equal to 
Va + Vb? 


No. In Example 1, parts (e) 
and (f), observe that 

V36 + 64 is not equal to 
V36 + V64. In general, 


Vatb # Va+Vb 


and 


Va-b # Va-Vb. 


2") Evaluate square root 
functions. 
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Definition of the Principal Square Root 


If a is a nonnegative real number, the nonnegative number b such that b? = a, 
denoted by b = Va, is the principal square root of a. 


The symbol —V is used to denote the negative square root of a number. For 
example, 


e¢ —V25 = —S because (—5)? = 25 and —5 is negative. 
e —\/100 = —10 because (—10)? = 100 and —10 is negative. 


| EXAMPLE 1 | Evaluating Square Roots 


Evaluate: 


4 
a. V81 b. =1/9 c. a 


49 


d. 0.0064 e. V36 + 64 f. V36+ V64. 


Solution 

a. V81 =9 The principal square root of &1 is 9 because 9 = 81. 

b. —V9 =-3 The negative square root of 9 is —3 because (—3)" = 9. 

c. as = = The principal square root of = is . because (2) = =. 
49 7 49 7 7 49 

d. 0.0064 = 0.08 The principal square root of 0.0064 is 0.08 because 

(0.08)? = (0.08)(0.08) = 0.0064. 
e. V36 + 64 = V100 Simplify the radicand. 
= 10 Take the principal square root of 100, which is 10. 
f. V36 + V4 = 6+8 36 = 6 because 6? = 36. 64 = 8 because 8? = 64. 


= 14 


'/| CHECK POINT1 Evaluate: 


16 
a. V64 b. ~V/49 Cc. a 


25 


d. 0.0081 e, V94 16 f. V9+ V6. 


Let’s see what happens to the radical expression Vx if x is a negative number. Is 
the square root of a negative number a real number? For example, consider V—25. 
Is there a real number whose square is —25? No. Thus, \V—25 is not a real number. In 
general, a square root of a negative number is not a real number. 


Square Root Functions 


Because each nonnegative real number, x, has precisely one principal square root, Vx, 
there is a square root function defined by 


f(x) = Vz. 


The domain of this function is [0,%). We can graph f(x) = Vx by selecting 
nonnegative real numbers for x. It is easiest to choose perfect squares, numbers that 
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have rational square roots. Table 7.1 shows five such choices for x and the calculations 
for the corresponding outputs. We plot these ordered pairs as points in the rectangular 
coordinate system and connect the points with a smooth curve. The graph of f(x) = Vx 
is shown in Figure 7.1. 


rf 
7 f(x) = Vx (x, y) or (x, F(x) Pl 
0 f0) = V0 =0 (0, 0) a flx)=Vx (16,4) 
1 fay=Vi=1 (1, 1) 
4 f(4) = V4 =2 (4, 2) 
9 f9) = V9 =3 (9, 3) > x 
16 f(16) = V16 = 4 (16, 4) Figure 7.1 The graph of the square root function f(x) = Vx 


Approximately 
(3, 1.73) fix) = Vx 


> X 


0 1 2 3 4 5 6 


Figure 7.2 Visualizing V3asa 
point on the graph of f(x) = Vx 


3 | Find the domain of 
square root functions. 


Is it possible to choose values of x for Table 7.1 that are not squares of integers, or 
perfect squares? Yes. For example, we can let x = 3. Thus, f(3) = V3. Because 3 is 
not a perfect square, V3 is an irrational number, one that cannot be expressed as a 
quotient of integers. We can use a calculator to find a decimal approximation of V3. 


Many Scientific Calculators Many Graphing Calculators 
3) VO / |3| ENTER 


Rounding the displayed number to two decimal places, V3 ~ 1.73. This information 
is shown visually as a point, approximately (3, 1.73), on the graph of f(x) = Vx in 
Figure 7.2. 

To evaluate a square root function, we use substitution, just as we have done to 
evaluate other functions. 


Evaluating Square Root Functions 


For each function, find the indicated function value: 


a. f(x) = V5x — 6; f(2) b. g(x) = —V 64 — 8x; g(-3). 


Solution 
a. f(2) = V5-:2 -6 Substitute 2 for x in f(x) = V 5x — 6. 
=V4= Simplify the radicand and take the square root. 
b. g(—3) = —V 64 — 8-3) Substitute —3 for x in g(x) = — VV 64 — 8x. 
=—V88 ~ —9.38 Simplify the radicand: 


64 — &(—3) = 64 — (—24) = 64 + 24 = 88. 
Then use a calculator to approximate V88. 


| CHECK POINT 2 ‘For each function, find the indicated function value: 
a. f(x) = V 12x — 20; f(3) 
b. g(x) = —V9 — 3x; g(-S). 


We have seen that the domain of a function f is the largest set of real numbers for 
which the value of f(x) is a real number. Because only nonnegative numbers have real 
square roots, the domain of a square root function is the set of real numbers for which 
the radicand is nonnegative. 


: 


Figure 7.3 


4 | Use models that are 
square root functions. 


Average Nonprogram 
Minutes in an Hour of 
Prime-Time Cable TV 


14.9 


Non-Program Minutes 
in an Hour 


2005 
2008 


Figure 7.4 


Source: The Nielsen Media Company, Monitor-Plus 
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| EXAMPLE 3 | Finding the Domain of a Square Root Function 


Find the domain of 


f(x) = V3x + 12. 


Solution The domain is the set of real numbers, x, for which the radicand, 3x + 12, 
is nonnegative. We set the radicand greater than or equal to 0 and solve the resulting 
inequality. 


3x +1220 
3x = -12 
x2-4 


The domain of fis [-4, ©). ™ 


Figure 7.3 shows the graph of f(x) = V3x + 12ina [-10, 10, 1] by [-10, 10, 1] 
viewing rectangle. The graph appears only for x = —4, verifying [—4, ©) as the domain. 
Can you see how the graph also illustrates this square root function’s range? The graph 
only appears for nonnegative values of y. Thus, the range is [0, ~). 


\“| CHECK POINT3 Find the domain of 


f(x) = V9x — 27. 


The graph of the square root function f(x) = Vx is increasing from left to right. 
However, the rate of increase is slowing down as the graph moves to the right. This is 
why square root functions are often used to model growing phenomena with growth 
that is leveling off. 


| EXAMPLE 4 | Modeling with a Square Root Function 


By 2008, the amount of “clutter,” including commercials and plugs for other shows, had 
increased to the point where an “hour-long” drama on cable TV was 45.1 minutes. The 
graph in Figure 7.4 shows the average number of nonprogram minutes in an hour of 
prime-time cable television. Although the minutes of clutter grew from 1996 through 
2008, the growth was leveling off. The data can be modeled by the function 


M(x) = 0.7Vx + 12.5, 


where M(x) is the average number of nonprogram minutes in an hour of prime-time 
cable x years after 1996. According to the model, in 2002, how many cluttered minutes 
disrupted cable TV action in an hour? Round to the nearest tenth of a minute. What is 
the difference between the actual data and the number of minutes that you obtained? 


Solution Because 2002 is 6 years after 1996, we substitute 6 for x and evaluate the 
function at 6. 
M(x) = 0.7Vx + 12.5 Use the given function. 
M(6) = 0.7V6 + 12.5 Substitute 6 for x. 
= 142 Use a calculator. 
The model indicates that there were approximately 14.2 nonprogram minutes in an 


hour of prime-time cable in 2002. Figure 7.4 shows 14.3 minutes, so the difference is 
14.3 — 14.2, or0.1 minute. 


[\/| CHECK POINT4 If the trend from 1996 through 2008 continues, use the 
square root function in Example 4 to predict how many cluttered minutes, rounded to 
the nearest tenth, there will be in an hour in 2014. 
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6B simplify expressions of Simplifying Expressions of the Form \/a? 


the form Va?. . _— : ‘ 
You may think that Va? = a. However, this is not necessarily true. Consider the 


following examples: 


Ve = VI6=4 The result is not —4, but rather 
VV (-4)? = A/ 16 = 4, _ the absolute value of —4, or 4. 


Using Technology Here is a rule for simplifying expressions of the form Var: 


Graphic Connections 


The graphs of f(x) = Vx? ; aoe 5 
and g(x) = |x| are shown in Simplifying Va? 
a [-10, 10, 1] by [-2, 10, 1] For any real number a, 
viewing rectangle. The : 
graphs are the same. Thus, Var = |a| , 
Ve = |x|. In words, the principal square root of a” is the absolute value of a. 


| EXAMPLE 5 | Simplifying Radical Expressions 
Simplify each expression: 


a. V(-6) b. V(x +5)? G V25x° d. Vx? — 4x + 4. 


Solution The principal square root of an expression squared is the absolute value of 
that expression. In parts (a) and (b), we are given squared radicands. In parts (c) and 
(d), it will first be necessary to express the radicand as an expression that is squared. 


a. V(-6) = |-6| = 6 
b. V(x +5)? = |x + 5| 


c. To simplify V/25x°, first write 25x° as an expression that is squared: 25x° = (5x3). 
Then simplify. 


V25x° = V (5x3)? = |5x°| or 5|x°| 


d. Tosimplify Vx? — 4x + 4, first write x? — 4x + 4 as an expression that is squared 
by factoring the perfect square trinomial: x? — 4x + 4 = (x — 2)’. Then simplify. 


V2 = 46 +4 = Vix — 2) = |x -2| o 


Y¥| CHECK POINT5 = Simplify each expression: 
a. V(-7? 
b. V(x + 8)? 
c. V49x10 


d. Vx? — 6x + 9. 


In some situations, we are told that no radicands involve negative quantities raised 
to even powers. When the expression being squared is nonnegative, it is not necessary 
to use absolute value when simplifying Va? . For example, assuming that no radicands 
contain negative quantities that are squared, 


VE = Vey =2 


V25x2 + 10x +: 1 = V(5x + 1)? = 5x +1. 


oO Evaluate cube root 
functions. 


Great Question! 


Should | know the cube 
roots of certain numbers 
by heart? 

Some cube roots occur so 
frequently that you might 
want to memorize them. 
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Cube Roots and Cube Root Functions 


Finding the square root of a number reverses the process of squaring a number. 
Similarly, finding the cube root of a number reverses the process of cubing a number. 
For example, 2? = 8, and so the cube root of 8 is 2. The notation that we use is Ws = 2. 


Definition of the Cube Root of a Number 


The cube root of a real number a is written Wa. 


Wa =b meansthat b? =a. 


For example, 


W64=4 because 43 = 64. 
V-27 =-3 because (—3)? = —27. 
In contrast to square roots, the cube root of a negative number is a real number. All 


real numbers have cube roots. The cube root of a positive number is positive. The cube 
root of a negative number is negative. 


id Because every real number, x, has precisely one cube root, Wx, there is a cube root 
WS = 2 function defined by 
V27 =3 f(x) = We. 
W64 =4 Th : : : : = Wr 
Shoe e domain of this function is the set of all real numbers. We can graph f(x) = Vx by 
y ease selecting perfect cubes, numbers that have rational cube roots, for x. Table 7.2 shows 
V216 = 6 five such choices for x and the calculations for the corresponding outputs. We plot 
V/1000 = 10 these ordered pairs as points in the rectangular coordinate system and connect the 
points with a smooth curve. The graph of f(x) = Wx is shown in Figure 7.5. 
y 
Table 7.2 : 4 
x fix) = Wx (x, y) or (x, F(x) T 
x) : 37 fx) = Wx (8, 2) 
-8 f(-8) = W-8 = -2 (—8, —2) Pa 2-11 
0, 0)-.1+ 
-1 f(-1) = W-1 =-1 (-1,-1) a 
9-8-7 -6-5 4-3 -2 47123456789 
0 f(0) = Wo =0 (0, 0) / 94 
3 Ee) (-1,-1)_3] 
1 fa) =W1=1 (1, 1) Al 
8 Qj V8 =2 (8, 2) “57 


Figure 7.5 The graph of the cube root function 


f(x) = Vx 


Notice that both the domain and the range of f(x) = Wx are the set of all real 
numbers, (—, ~). 


| EXAMPLE 6 | Evaluating Cube Root Functions 


For each function, find the indicated function value: 


a. f(x) = Wx -— 2; (127) 


b. g(x) = W8x 


8; g(-7). 
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Simplify expressions of 
the form Wa’. 


8 | Find even and odd roots. 


Solution 


as f(x) = Wx — 2 This is the given function. 
f(127) = W127 - 2 Substitute 127 for x. 


= W125 Simplify the radicand. 
=5 W125 = 5 because 5° = 125. 
b. g(x) = W/8x — 8 This is the given function. 
g(-7) = W8(-7) — 8 Substitute —7 for x. 
= W-64 Simplify the radicand: 8(-7) — 8 = —56 — & = —64. 
=-4 W/—64 = —4 because (-4)? =-64. 


| CHECK POINT 6 __ For each function, find the indicated function value: 
a. f(x) = Wx — 6; f(33) 
b. g(x) = W2x + 2: g(—5). 


Because the cube root of a positive number is positive and the cube root of a negative 

number is negative, absolute value is not needed to simplify expressions of the form 
3/3 
a. 


Simplifying ©/a® 
For any real number a, 
Va =a 


In words, the cube root of any expression cubed is that expression. 


Simplifying a Cube Root 
Simplify: W/—64x°. 


Solution Begin by expressing the radicand as an expression that is cubed: 
—64x7 = (—4x)°. Then simplify. 

W643 = VW 4x)? = —4x 
We can check our answer by cubing —4x: 


(—4x)° = (-4)°x* = —64x°. 


By obtaining the original radicand, we know that our simplification is correct. & 


/| CHECK POINT7 Simplify: W/—27x°. 


Even and Odd nth Roots 


Up to this point, we have focused on square roots and cube roots. Other_radical 
expressions have different roots. For example, the fifth root of a, written Va, is the 
number b for which b° = a. Thus, 


\/32=2 because 25 =2-2-2-2+2 = 32. 


The radical expression Wa represents the nth root of a. The number n is called 
the index. An index of 2 represents a square root and is not written. An index of 3 
represents a cube root. 

If the index n in Wa is an odd number, a root is said to be an odd root. A cube root 
is an odd root. Other odd roots have the same characteristics as cube roots. 


Great Question! 


Should I know the higher 
roots of certain numbers 
by heart? 

Some higher even and odd 
roots occur so frequently 
that you might want to 
memorize them. 


Fourth Fifth 
Roots Roots 
Wi=1 Wi =1 


W16 = 2 WD =2 
W331 =3 | V/243 =3 


W256 = 4 
W625 = 5 


9 | Simplify expressions of 
the form Va". 
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e Every real number has exactly one real root when n is odd. An odd root of a 
positive number is positive and an odd root of a negative number is negative. 


3° = 3+3+3+3+3 = 243, so the fifth root of 243 is 3. 
(-3)? = (—3)(—3)(—3)(—3)(—3) = —243, so the fifth root of —243 is —3. 
e The (odd) nth root of a, Wa, is the number b for which b” = a. 


0/243 = 3 V2 = 3 
eae 


3° = 243 (-3)> = 243 


. . A . . . 
If the index n in Va is an even number, a root is said to be an even root. A square 
root is an even root. Other even roots have the same characteristics as square roots. 


e Every positive real number has two real roots when n is even. One root is positive 
and one is negative. 


24 = 2+2-2-2 = 16 and ( 2) ={ 2)(—2)(—2)(—2) = 16, 
so both 2 and —2 are fourth roots of 16. 


e The positive root, called the principal nth root and represented by Wa, is the 
nonnegative number b for which b” = a. The symbol —Wa is used to denote the 
negative nth root. 


Vi6=e ws 
ped 


2* = 16 (-2)* = 16 


e An even root of a negative number is not a real number. 


\/—16 is not a real number. 


Finding Even and Odd Roots 


Find the indicated root, or state that the expression is not a real number: 


a. W81 b. —V/81 c. W—-81 d. W/—32. 


Solution 
a. W81 =3 The principal fourth root of 81 is 3 because 
Bt =3-3-3-3 = G1. 
b. —-W81 = -3 The negative fourth root of 81 is —3 because 


a (—3)* = (-3)(-3)(-3)(-3) = 61. 

Cc. W-81 is not a real number because the index, 4, is even and the radicand, —81, is 
negative. No real number can be raised to the fourth power to give a negative result 
such as —81. Real numbers to even powers can only result in nonnegative numbers. 

d. V/—32 = —2 because (—2)° = (—2)(—2)(—2)(—2)(-2) = —32. An odd root of a 
negative real number is always negative. © 


[\¥| CHECK POINT8 Find the indicated root, or state that the expression is not a 
real number: 


a. W16 b. —W/16 c. W-16 d. W/-1. 


Simplifying Expressions of the Form Wap 
We have seen that 
Va? = lal and a =i 


Expressions of the form Wa" can be simplified in the same manner. Unless a is known 
to be nonnegative, absolute value notation is needed when n is even. When the index 
is odd, absolute value bars are not used. 
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Simplifying W/a" 
For any real number a, 

1. Ifniseven, Wa" = |al. 
2. If nis odd, Wa" =a. 


| EXAMPLE 9 | Simplifying Radical Expressions 
Simplify: 
a. W(x — 3)4 b. W(2x +7) ce. W(-5)°. 
Solution Each expression involves the nth root of a radicand raised to the nth power. 


Thus, each radical expression can be simplified. Absolute value bars are necessary in 
parts (a) and (c) because the index, n, is even. 


a. Wax - 3) = n= S| Wa" = |al if n is even. 
b. W2Qx+ 72 =2x+7 Wal =aitnisoda. 
c V (-5)° = |-5| =5 Wal = |a| ifniseven. @ 


|\/| CHECK POINT9 Simplify: 


a. W(x + 6)4 b. W/(3x — 2) c. W/(-8)°. 


Achieving Success 


The Secret of Math Success The Secret of Math Success 
What’s the secret of math success? 100% - 95% 

sens ™ Japanese 
The bar graph in Figure 7.6 shows that 90% + : 
Japanese teachers and students are more 80% L a nec 


likely than their American counterparts Ede 


to believe that the key to doing well in 
math is working hard. Americans tend to 
think that either you have mathematical 
intelligence or you don’t. Alan Bass, 
author of Math Study Skills (Pearson 
Education, 2008), strongly disagrees with 
this American perspective: 


10% 
60% 
50% 
40% 
30% 
20% 
10% 


Percentage Who Believe 
Studying Hard Is Most Important 


Teachers Students 


“Human beings are easily intelligent 
enough to understand the basic principles Figure 7.6 
of math. I cannot repeat this enough, but Source: Wade and Tavris, Psychology, Ninth Edition, Pearson, 
Til try... Poor performance in math is not ae 
due to a lack of intelligence! The fact is 
that the key to success in math is in taking an intelligent approach. Students come up to 
me and say, ‘I’m just not good at math.’ Then I ask to see their class notebooks and they 
show me a chaotic mess of papers jammed into a folder. In math, that’s a lot like taking 
apart your car’s engine, dumping the heap of disconnected parts back under the hood, 
and then going to a mechanic to ask why it won’t run. Students come to me and say, ‘’m 
just not good at math.’ Then I ask them about their study habits and they say, ‘I have to 
do all my studying on the weekend.’ In math, that’s a lot like trying to do all your eating 
or sleeping on the weekends and wondering why you’re so tired and hungry all the time. 
How you approach math is much more important than how smart you are.” 

—Alan Bass 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The symbol VV is used to denote the nonnegative, or , Square root of a number. 
2. V64 = 8 because = 64. 

3. The domain of f(x) = Vx is 

4. The domain of f(x) = V/5x — 20 can be found by solving the inequality 

5. For any real number a, Va? = 

6. \/ 1000 = 10 because = 1000. 

7. W/-125 = —5 because = -125. 

8. For any real number a, vrs 

9. The domain of f(x) = Wx is 
10. The radical expression Wa represents the root of a. The number 7 is called the 
11. Ifnis even, Wa" = . Ifn is odd, Wa" = 


12. True or false: — 25 is a real number. 
13. True or false: V—25 is a real number. 
14. True or false: W/—1 is a real number. 
15. True or false: W—1 is a real number. 


7.1 EXERCISE SET [eM Ete) loro ccc 


Practice Exercises 23. g(x) =—V2x + 3; g(11), 2(1), g-1), e(-2) 
In Exercises 1-20, evaluate each expression, or state that the 1 
expression is not a real number. 24. g(x) =—-V2x +1; 9(4),8(1), s(-4). g(-1) 
1. V36 2. V16 
3. -V36 4. —V/16 25. h(x) = V(x — 1): h(5), h(3), h(O), h(-S) 
5. V=36 6. V=16 26. h(x) = V(x — 2); A(S), h(3), (0), A(-5) 
Ale Al In Exercises 27-32, find the domain of each square root 
he Al5 Ba 49 function. Then use the domain to match the radical function 
To ee with its graph. [The graphs are labeled (a) through (f) and are 
ch 16 HON 35 shown in [-10, 10, 1] by [-10, 10, 1] viewing rectangles below 
and on the next page. | 
11. V0.81 12. V 0.49 27. f(x) = Wee 
13. —V 0.04 14. — V0.64 
28. f(x) = Vx+2 
15. V25 — 16 16. V 144 + 25 


29. f(x) = V3x + 15 


life, Vi25e= V6 18. V144+ V25 30. f(x) = \/3x — 15 
HC WAI) 25) 31. f( 3/ Ge 

5 KES) () ie 
poe Nas a2. f(x) = V8 — 2x 


a. 
In Exercises 21-26, find the indicated function values for each 


function. If necessary, round to two decimal places. If the 
function value is not a real number and does not exist, so state. 


21. f(x) = Vx — 2; f(18), f3), f2), fC2) 
22. f(x) = Vx — 3; f(28), £4), f3),fCD 
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b. In Exercises 55-58, find the indicated function values for each 
function. 
85. f(x) = Vx — 1, f(28), FO), f), f-63) 
cal 56. f(x) = Vx — 3; (30), f(11), f(2), f(-122) 
87. g(x) = —W8x — 8;g(2), 8(1), 9(0) 
58. g(x) = —W2x + 1; g(13), g(0), g(—63) 
= In Exercises 59-76, find the indicated root, or state that the 
expression is not a real number. 
59. W/1 60. W/1 
61. V16 62. V/81 
63. —V/16 64. —V/81 
65. W/—16 66. V/—-81 
d. 67. W-1 68. \/—1 
69. W/-1 70. W-1 
Ti 256 72. — 10,000 
73. W/64 TA, NS 
75. —\/32 76. —\/64 
In Exercises 77-90, simplify each expression. Include absolute 
2 value bars where necessary. 
7 We 78. W/x° 
79. Wy4 go. \/\6 
81. W—8x5 82. W/—125x3 
83. W(-5) 84. V/(-6)° 
85. W/(-5)4 86. W/(-6)° 
f. 87. W(x + 3)4 88. V(x + 5)* 
89. W/—32(x — 1) 
90. W/—32(x — 2) 
Practice PLUS 
In Exercises 91-94, complete each table and graph the given 
In Exercises 33-46, simplify each expression. function. Identify the function’s domain and range. 
33. V5 34. VP 
35. 1 /(-4) 36. V(—10) 91, fG) = Ver3 
Se V1) SB. We = 2)? x ij =e 28 
39. V36x4 40. V81x4 - 
At. —V 100x° 1 
42. —V/49x% i 
43 Aix a ae 6 5 
44. Vx" + 14x + 49 
D 
45. — a ) FSS 
Gh VG oe OK 25 
In Exercises 47-54, find each cube root. 8 f(x) = Vx - 2 
47, W217 48. \/64 0 
49. W/—27 50. W—64 1 
5imece ES as us 
125 1000 9 
sa, {27 aa 


93. f(x) = Vx -3 


x f(x) = Vx—3 
3 
4 
7 
12 


In Exercises 95-98, find the domain of each function. 


Wk 


95. f(x) = rar =e 
__& 
eg ee 
97. f(x) = = ee fa = = 


In Exercises 99-100, evaluate each expression. 


Oo: 


WWi6 + V625 


100. /\/Vi600 + V5 + V\i000 + W216 


Application Exercises 


101. 


The function f(x) = 2.9Vx + 20.1 models the median 
height, f(x), in inches, of boys who are x months of age. 
The graph of f is shown. 


Boys’ Heights 


SECTION 7.1 


102. 
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b. Use the model to find the average rate of change, 
in inches per month, between birth and 10 months. 
Round to the nearest tenth. 

c. Use the model to find the average rate of change, 
in inches per month, between 50 and 60 months. 
Round to the nearest tenth. How does this compare 
with your answer in part (b)? How is this difference 
shown by the graph? 


The function f(x) = 3.1Vx + 19 models the median 
height, f(x), in inches, of girls who are x months of age. 
The graph of f is shown. 


Girls’ Heights 


flx) =3.1Vx +19 
\ 


Nn 
oO 


wb wb A 
Ss 6 8 
Tet = 


PR 
S 


105 Da 


Median Height (inches) 


10 20 30 40 50 60 


Age (months) 


Source: Laura Walther Nathanson, THE PORTABLE PEDIATRICIAN 
FOR PARENTS© 1994 Harper Perennial 


a. According to the model, what is the median height 
of girls who are 48 months, or four years, old? Use 
a calculator and round to the nearest tenth of an 
inch. The actual median height for girls at 48 months 
is 40.2 inches. Does the model overestimate or 
underestimate the actual height? By how much? 


b. Use the model to find the average rate of change, 
in inches per month, between birth and 10 months. 
Round to the nearest tenth. 


c. Use the model to find the average rate of change, 
in inches per month, between 50 and 60 months. 
Round to the nearest tenth. How does this compare 
with your answer in part (b)? How is this difference 
shown by the graph? 


y 
A 
50k 
@— fix) =2.9Vx +201 
< 40+ 
s 40F 
& = 
‘= 30 “ 
ob i z! 
e , 
— 20 E----go 
ge BE 
S oF 
3 106 
= E 
0 10 ~=-20 


30 40 50 60 
Age (months) 


Source: Laura Walter Nathanson, THE PORTABLE PEDIATRICIAN 
FOR PARENTS, © 1994 Harper Perennial 


Police use the function f(x) = V 20x to estimate the speed of 
acar, f(x), in miles per hour, based on the length, x, in feet, of 
its skid marks upon sudden braking on a dry asphalt road. Use 
the function to solve Exercises 103-104. 


103. A motorist is involved in an accident. A police officer 


a. According to the model, what is the median height 
of boys who are 48 months, or four years, old? 
Use a calculator and round to the nearest tenth of an 
inch. The actual median height for boys at 48 months 
is 40.8 inches. Does the model overestimate or 
underestimate the actual height? By how much? 


measures the car’s skid marks to be 245 feet long. 
Estimate the speed at which the motorist was traveling 
before braking. If the posted speed limit is 50 miles 
per hour and the motorist tells the officer he was not 
speeding, should the officer believe him? Explain. 
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104. A motorist is involved in an accident. A police officer 
measures the car’s skid marks to be 45 feet long. Use the 
function described at the bottom of the previous page to 
estimate the speed at which the motorist was traveling 
before braking. If the posted speed limit is 35 miles 
per hour and the motorist tells the officer she was not 
speeding, should the officer believe her? Explain. 


Writing in Mathematics 
105. What are the square roots of 36? Explain why each of 
these numbers is a square root. 


106. What does the symbol VV denote? Which of your 
answers in Exercise 105 is given by this symbol? Write 
the symbol needed to obtain the other answer. 

107. Explain why V~—1 is not a real number. 

108. Explain how to find the domain of a square root function. 


109. Explain how to simplify Va’. Give an example with 
your explanation. 


110. Explain why /8 is 2. Then describe what is meant by the 
cube root of a real number. 


111. Describe two differences between odd and even roots. 


112. Explain how to simplify Wa" if n is even and if n is odd. 
Give examples with your explanations. 


113. Explain the meaning of the words radical, radicand, and 
index. Give an example with your explanation. 


114. Describe the trend in a boy’s growth from birth through 
five years, shown in the graph for Exercise 101. Why is a 
square root function a useful model for the data? 


Technology Exercises 

115. Usea graphing utility to graph y) = Vx, y2 = Vx + 4, 
and y; = Vx — 3 in the same [-5, 10,1] by [0, 6, 1] 
viewing rectangle. Describe one similarity and one 
difference that you observe among the graphs. Use 
the word shift in your response. 


116. Use a graphing utility to graph y = Vx,y = Vx + 4, 
and y = Vx — 3 in the same [1, 10, 1] by [-10, 10, 1] 
viewing rectangle. Describe one similarity and one 
difference that you observe among the graphs. 

117. Use a graphing utility to graph f(x) = Vx, g(x) = —Vx, 
h(x) = V-x, and k(x) =—V-x in the same 
[-10, 10,1] by [-4,4,1] viewing rectangle. Use the 
graphs to describe the domains and the ranges of 
functions f, g, h, and k. 


118. Use a graphing utility to graph y, = Vx? and yy =-Xx 
in the same viewing rectangle. 
a. For what values of x is Vx? = —x? 
b. For what values of x is Vx? # —x? 


Radicals, Radical Functions, and Rational Exponents 


Critical Thinking Exercises 


Make Sense? In Exercises 119-122, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


119. /(-8)* cannot be positive 8 because the power and the 
index cancel each other. 


120. If Iam given any real number, that number has exactly 
one odd root and two even roots. 


121. I need to restrict the domains of radical functions with 
even indices, but these restrictions are not necessary 
when indices are odd. 


122. Using my calculator, I determined that 5° = 3125, so 5 
must be the fifth root of 3125. 


In Exercises 123-126, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


123. The domain of f(x) = Wx — 4 is [4,~). 
124. If n is odd and 5 is negative, then Wb is not a real 
number. 


125. Ifx = —2, then Vx° = x3. 


126. The expression W4 represents increasingly larger 
numbers for n = 2,3, 4,5, 6, and so on. 


127. Write a function whose domain is (—~, 5]. 


128. Let f(x) = Vx —3 and g(x) = Vx+1. Find the 


domain of f + g and —. 
& 


129. Simplify: V (2x + 3)'°. 


In Exercises 130-131, graph each function by hand. Then 
describe the relationship between the function that you graphed 
and the graph of f(x) = Vx. 


130. g(x) = Vx +2 


131. h(x) = Vx +3 


Review Exercises 
132) ‘Simplifys3x— 2[k — 3@4: 5))|: 
(Section 1.2, Example 14) 
133. Simplify: (-3x‘y%) 7. (Section 1.6, Example 7c) 
134. Solve: |3x — 4| > 11. (Section 4.3, Example 6) 


Preview Exercises 


Exercises 135-137 will help you prepare for the material 
covered in the next section. In each exercise, use properties of 
exponents to simplify the expression. Be sure that no negative 
exponents appear in your simplified expression. (If you have 
forgotten how to simplify an exponential expression, see the 
box on page 77.) 


185 (2 (2 x) 


137. (x~2y3)4 
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Objectives 


, 
4 | Use the definition of a”. 
2 | Use the definition of a”. 
3 | Use the definition of a ”. 


4 | Simplify expressions 


with rational exponents. 


© simplify radical 
expressions using 
rational exponents. 


Rational Exponents 


The Galapagos Islands are a 
chain of volcanic islands lying 
600 miles west of Ecuador. 
They are famed for over 
5000 species of 
plants and animals, 
including a_ rare 
flightless cormorant, 
marine iguanas, 
and giant tortoises 
weighing more than 


600 pounds. Early in , : 
2001, the plants and Marine iguanas of the Galapagos Islands 


wildlife that live in the Galapagos were at risk from a massive oil spill that flooded 
150,000 gallons of toxic fuel into one of the world’s most fragile ecosystems. The long- 
term danger of the accident is that fuel sinking to the ocean floor will destroy algae 
that is vital to the food chain. Any imbalance in the food chain could threaten the 
rare Galapagos plant and animal species that have evolved for thousands of years in 
isolation with little human intervention. 

At risk on these ecologically vulnerable islands are unique flora and fauna that 
helped to inspire Charles Darwin’s theory of evolution. Darwin made an enormous 
collection of the island’s plant species. The function 


f(x) = 20x3 


models the number of plant species, f(x), on the various islands of the Galapagos in 
terms of the area, x, in square miles, of a particular island. But x to the what power? 
How can we interpret the information given by this function? In this section, we turn 
our attention to rational exponents such as t and their relationship to roots of real 
numbers. 


Defining Rational Exponents 
We define rational exponents so that their properties are the same as the properties 


for integer exponents. For example, suppose that x = 7°. We know that exponents are 
multiplied when an exponential expression is raised to a power. For this to be true, 


We see that x° = 7. This means that x is the number whose cube is 7. Thus, x = a7 
1 


Remember that we began with x = 7°. This means that 


1 = 
B= W7. 
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j 
4 | Use the definition of a”. 


Using Technology 


This graphing utility 
screen shows that 


Vlas eanlee = 
WT ce43 


64"C172) 


1 
We can generalize 73 = W7 with the following definition: 


ar 1 
The Definition of a" 
If Va represents a real number and n = 2 is an integer, then 


1 


os n 
The denominator of the rational 
exponent is the radical’s index. 


If n is even, a must be nonnegative. If n is odd, a can be any real number. 


| EXAMPLE 1 | Using the Definition of a 


Use radical notation to rewrite each expression. Simplify, if possible: 
1 a 1 

a. 64° b. (—125)? c. (6xy), 

Solution 
i 

a. 642 = \/64 = 8 


The denominator is the index. 


al 
b. (—125)? = W/-125 = 


Y| CHECK POINT1 Use radical notation to rewrite each expression. Simplify, if 
possible: 
1 


i i 1 
a. 23° b. (—8)? c. xy") 


In our next example, we begin with radical notation and rewrite the expression with 
rational exponents. 


The radical’s index becomes 
the exponent’s denominator. 


1 


Va = aq" 


The radicand becomes the base. 


| EXAMPLE 2 | Using the Definition of a 


Rewrite with rational exponents: 


2 
Xx 
ap 0 Bab b. 7 


17 
Solution Parentheses are needed to show that the entire radicand becomes the base. 


1 
a. /13ab = (13ab)° 


The index is the exponent's denominator. 


1/ xy? 2 ba 
b. V 17 \17/ =~ 


m 
2 | Use the definition of a”. 


Using Technology 
Here are the calculator key- 
3 


stroke sequences for 10003: 


Many Scientific Calculators 


1000 [y"| 2+] 3D) [=] 


Many Graphing Calculators 


1000/*|/()2| + |3])| |ENTER 
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'/| CHECK POINT 2 Rewrite with rational exponents: 


3 
a b 
a. W5xy b. : ma 


Can rational exponents have numerators other than 1? The answer is yes. If the 
numerator is some other integer, we still want to multiply exponents when raising a 
power to a power. For this reason, 


i j 1 
a} = (a?) and a> = (a’). 
This means (\/a )2. This means Va’, 


Thus, 
2 
e= (Wa)? = Wa’. 
Do you see that the denominator, 3, of the rational exponent is the same as the index 


of the radical? The numerator, 2, of the rational exponent serves as an exponent in 
each of the two radical forms. We generalize these ideas with the following definition: 


The Definition of a” 


n mM, ae a 
If Va represents a real number, 7 18 a positive rational number reduced to lowest 
terms, and n = 2 is an integer, then 


First take the 
aie = (Wa)" nth root of a. 


m 
a” = Vat: First raise a 
to the 77 power. 


The first form of the definition shown in the box involves taking the root first. This 
form is often preferable because smaller numbers are involved. Notice that the rational 
exponent consists of two parts, indicated by the following voice balloons: 


and 


The numerator is the exponent. 


m n 
at = (Wa) 


The denominator is the radical’s index. 


Using the Definition of a” 


Use radical notation to rewrite each expression and simplify: 
2 3 3 
a. 1000° b. 167 o =32), 
Solution 


a. (1000) 


WIN 


= (¥/1000)? = 10? = 100 


The denominator of 3 is the root 
and the numerator is the exponent. 


3 
b. 162 = (V16)> = 4 = 64 
3 
e. —325 = —(V/32)3 = -23 = -8 


The base is 32 and the negative sign is not affected 
by the exponent. 
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m 
E} Use the definition of a”. 


Using Technology 
Here are the calculator key- 


stroke sequences for 16 *: 
Many Scientific Calculators 
16ly*| |C3|+- || + ]4)] = 


Many Graphing Calculators 


16]4)) (| |(—)|3) = ]4)))] ENTER 


[/| CHECK POINT3 Use radical notation to rewrite each expression and simplify: 
4 3 3 
a. 8 b. 25 GC. =81", 


In our next example, we begin with radical notation and rewrite the expression with 
rational exponents. When changing from radical form to exponential form, the index 
becomes the denominator of the rational exponent. 


| EXAMPLE 4 | Using the Definition of a" 


Rewrite with rational exponents: 
a. V7 b. (V/13xy)°. 
Solution 

a. WB = 3 


The index is the exponent's 
denominator. 


b. (Vv 13xyy = (13xy)4 P| 


|\“| CHECK POINT4 Rewrite with rational exponents: 


a. Wot b. (W2xy)’. 


Can a rational exponent be negative? Yes. The way that negative rational exponents 
are defined is similar to the way that negative integer exponents are defined. 


ae ae —_m 
The Definition of a” 
m 
If a” is a nonzero real number, then 
Fo. 
m 


Ae 


Using the Definition of ar 


Rewrite each expression with a positive exponent. Simplify, if possible: 
1 1 3 4 


a. 36 2 b. 125 3 c. 16 4 d. (7xy) 7. 


Solution 
_ 1 1 1 
a. 36 2 — 
362 36 6 
lL 1 1 1 
b. 125 3=—;z= = 
1053 W125 5 
a E =i! 
166 (Vio)? 2 8 
4 
d. (7xy) = z 


4 | Simplify expressions 
with rational 
exponents. 


Great Question! 


Because 6:6 = 36, 
should | multiply 6 and 6 
when simplifying 67 - 67? 
aac 
No. To simplify 67: 6”> do not 
multiply the numerical bases. 
Incorrect! 
bay a sts 
a 7 
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CHECK POINT 5 Rewrite each expression with a positive exponent. Simplify, 
if possible: 

i L 

a. 100 ? b. 8 3 


5 
6.224 d:. Gry)? 


Properties of Rational Exponents 


The same properties apply to rational exponents as to integer exponents. The following 
is asummary of these properties: 


Properties of Rational Exponents 


If m and n are rational exponents, and a and b are real numbers for which the 
following expressions are defined, then 


1. b™+b" = b™*" When multiplying exponential expressions with the same 
base, add the exponents. Use this sum as the exponent of 
the common base. 


m 
2. ae aD ane When dividing exponential expressions with the same base, 
subtract the exponents. Use this difference as the exponent 
of the common base. 

20 je When an exponential expression is raised to a power, 
multiply the exponents. Place the product of the exponents 
on the base and remove the parentheses. 

4. (ab)" = a"b" When a product is raised to a power, raise each factor to 
that power and multiply. 

(ae Raeeren : 
Ee (2) ~ an When a quotient is raised to a power, raise the numerator to 


that power and divide by the denominator to that power. 


We can use these properties to simplify exponential expressions with rational 
exponents. As with integer exponents, an expression with rational exponents is 
simplified when: 

e No parentheses appear. 

e No powers are raised to powers. 

e Each base occurs only once. 


e No negative or zero exponents appear. 


| EXAMPLE 6 | Simplifying Expressions with Rational Exponents 


Simplify: 
1 
i 4 32x2 3,2 2 1,3 
a; 6) +6! b. — ci (8.34)? d. (x 5 y3)? 
16x4 
Solution 
Le & 14. 
a. 6/-6’ = 67 7 To multiply with the same base, add exponents. 
5 
5 1 4 5 
— 7 Hi ify — + — SS 
6 Simplify: i a 
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© simplify radical 
expressions using 
rational exponents. 


32x2 32 5-3 Divide coefficients. To divide with the same base, subtract 
b. 35 16° exponents. 
16x4 
2_3 
= 2x4 4 Write exponents in terms of the LCD, 4. 
1 
a 2 3 1 
=2x 4 Subtract: — — — = —_. 
4 4 4 
2 _m 1 
= 7 Rewrite with a positive exponent: a " = —,. 
x4 i 
3,2 3) (2 
Cc. (8.34)3 = 9.3(4) (3) To raise a power to a power, multiply exponents. 
1 
5 a 2 6 1 
= 8.32 Multiply: —-— = —=—. 
4 3 12 2 
=, = -2y)1/ AVL to raise a product toa ower, raise each factor to the power. 
d. (x 5y3)2 x5 )2( y3)2 P' Pp F 
= ultiply: : an a SS, 
et PB 2 5 32 6 
y® 


Rewrite with positive exponents. li 


'\/| CHECK POINT6 Simplify: 
1 


1 1 3 2,3 =3: dyh 
a. 72-73 i ce. (9.15)! a (x 5y4)3 
10x3 


Using Rational Exponents to Simplify Radical Expressions 


Some radical expressions can be simplified using rational exponents. We will use the 
following procedure: 


Simplifying Radical Expressions Using Rational Exponents 


1. Rewrite each radical expression as an exponential expression with a rational 
exponent. 

2. Simplify using properties of rational exponents. 

3. Rewrite in radical notation if rational exponents still appear. 


Simplifying Radical Expressions Using Rational 
Exponents 


Use rational exponents to simplify. Assume that all variables represent nonnegative 
numbers. 


a. \/ x? b. W270 c. WV xy? d. Vx-Vx e VVx 


Solution 2 
10 7 
a. WS _ a Rewrite as an exponential expression. 
=x" Simplify the exponent. 
= Alyx Rewrite in radical notation. 
1 
3 3 : ; ; 
BV 27a" Se Rewrite as an exponential expression. 
1 1 
= 27 (a>) Raise each factor in parentheses to the 3 power. 


1 
3 = 
= W727 7 asl 3) To raise a power to a power, multiply exponents. 
= oe 27 = 3. Multiply exponents: 15-5 = 5. 


—— 1 
Cc. Woy? = (x°y")4 ; 


S 
S 
I 


bad 


a 


bad 


@o 
uo 
S 
sl 
re) 
uo 


I 
tad 
AIF oe 


CHECK POINT 7 


a Wi 


ba 


AM AW NIF Nie 


ov 
Ss 
wn 


NIB 
WH & 
pe NIK 


> 
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Rewrite as an exponential expression. 

Raise each factor in parentheses to the t power. 
To raise powers to powers, multiply. 

Simplify. 

a"b" = (ab)" 


Rewrite in radical notation. 


Rewrite as exponential expressions. 

To multiply with the same base, add exponents. 
Write exponents in terms of the LCD, 6. 

Add: 2+ 2 = 2. 

Rewrite in radical notation. 

Write the radicand as an exponential expression. 
Write the entire expression in exponential form. 
To raise powers to powers, multiply: a5 = bs 


Rewrite in radical notation. 


Use rational exponents to simplify: 


b. Vy, 8al? 


c. Vxty? 
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Vx 
d. By e. Wx. 
Vx 
CONCEPT AND VOCABULARY CHECK 
Fill in each blank so that the resulting statement is true. 
1 1 1 
1. 36= V_=_ 2.88 = W_=_ at= 4. 164 = (W/_)3 =(_)3 =_ 
m 3 1 1 1 1 
5. at = 6. \/2> = 2- 162 =—= 
‘< e ee oe 
® 
7.2 EXERCISE SET MBM) ¢Mct#n) lit mre 
Practice Exercises In Exercises 21-38, rewrite each expression with rational 
In Exercises 1-20, use radical notation to rewrite each exponents. 
expression. Simplify, if possible. a1. V7 22. V/13 
1 1 
1. 492 2. 100? 23. W5 24. W6 
1 1 
3. (-27)3 4. (-64)3 25. W1ix 26. W13x 
1 
5 164 ees at. ie 28. Vx> 
1 1 
3 4 29. Wx3 30. \/x4 
7. (xy) 1 8. (xy) 1 oe eee 
9. (2xy°)~ 10. (3xy*) Sil Wary 32. Wxy 
3 3 
11. 817, 42. 252 ; 33) (V19xy)" 34. (V11xy) 
13. 125° 14. 10008, 35. (W7xy?)° 36. (\/9x?y)° 
15. (—32) 16. (-27) 37. 2xWy? 38. 4xW/y? 
2 3 
1% 27° lor In Exercises 39-54, rewrite each expression with a positive 
48 2 _ 93 rational exponent. Simplify, if possible. 
; 4 4 aH al 
19. (xy)7 20. (xy)? 39. 49 2 40. 9 2 
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a pal 
at, 27 3 42. 125 3 95. Wx?-Vx 96. Wx2- Vx 
=o eS 4 2h. 3 6 2, 3/7 
43. 16 4 44. 814 97. Va°b-Vab 98. i a’b 
3 a5 ye 100, Y* 
a 5 : seme 
45. 8 46. 32 Sy ve 
1 1 
 \ aR re 101. 102. 
27 125 6 10 
e 2 Va y 
49. (-64) 3 50. (-8) 3 103. WvVx 104. Wx 
eae a4 We N/E ene 
51. (2xy) 10 52. (4xy) 7 105. <7 x“y 106. xy 
beil eel 4/3 VG 
53. 5xz 3 54. 7xz 4 107. WV 2x 108. DG 
4/,3,,5\12 5//-4,,2\20 
In Exercises 55—78, use properties of rational exponents to 108. ( ay ) yu ( wy ) 
simplify each expression. Assume that all variables represent VS YB p3 
ositive numbers. 111. 112. 
2 3° ol il Vab V ab 
55S oy 56. 5° 5° 
3 3 - 
164 1004 Practice PLUS 
Le ee 56. I In Exercises 113-116, use the distributive property or the FOIL 
Do fi oe j method to perform each multiplication. 
59. x2-x3 60. x2-x3 i 2 
a _ : ae - 113. pelea = a | 
x x7 Rigas 
61. => 62. | 114. x aCe = 3) 
x? pal i i 
1 a 115. (x2 — 3)(x2 + 5) 
Ke x* 1 1 
63. 3 64. 5 116. (x3 — 2)(x3 + 6) 
ood x5 
23 BS In Exercises 117-120, factor out the greatest common factor 
3 5 
Go (5 y ji = (3 ) : from each expression. 
2.1 31 1 3 
bray 68. (y *)° 117. 6x? + 2x? 
WS 14 u =] 
69. (2x) 70. (2x4) 118. 8x4 fa 4x* 
lL 1 lL 
71. (25x*ty%? 72.) (125x2y°)3 119. 15x — 60x 
a 1s a 
73. Ge Ble 74. (4 =) tetas ae 
il 3 Sho alk In Exercises 121-124, simplify each expression. Assume that all 
75. oot 76. Say variables represent positive numbers. 
34 54 -24)-3( py? ~6,3)3(_2. -4)° 
oe Le 121. (49x -y") 2( xy?) 122. (8x °y (x6) 3) 
3y 2y = 1 i 
77. ) 78. ) x 4y3\* xy a" 
5 2 123. : 124. ; 
y iY x74 y 4 


In Exercises 79-112, use rational exponents to simplify each 
expression. If rational exponents appear after simplifying, Application Exercises 
write the answer in radical notation. Assume that all variables 


represent positive numbers. The Galapagos Islands, lying 600 miles west of Ecuador, are 


amed for their extraordinary wildlife. The function 
79. Wx? 80. \/ x? Lane: NaN i i 
x) = 29x3 
81. W8a° 82. W/ 27a" fe) 
83. W/x0y5 5/1520 models the number of plant species, f(x), on the various 
E Xeuy 84. any) . : fae : 
islands of the Galapagos chain in terms of the area, x, in 
85. ( Wxy) 8 86. ( Way)! square miles, of a particular island. Use the function to solve 
Exercises 125-126. 
a7. 0 Gy 88. 12 Gyy xercises 125—126. . . 
A 4 . 125. How many species of plants are on a Galapagos island 
89. ( 2a) 90. ( W2a) that has an area of 8 square miles? 
91. Wx%y3 92. Wx? 126. How many species of plants are on a Galapagos island 


6 
ey, 
that has an area of 27 square miles? 
93. V2-W/2 4. V3-W3 4 


The function 


f(x) = 0x! 


models the number of calories per day, f(x), a person needs to 


maintain life in terms of that person’s weight, x, in kilograms. 


(1 kilogram is approximately 2.2 pounds.) Use this model and 


a calculator to solve Exercises 127-128. Round answers to the 


nearest calorie. 


127. How many calories per day does a person who weighs 
80 kilograms (approximately 176 pounds) need to 


maintain life? 
128. 


How many calories per day does a person who weighs 


70 kilograms (approximately 154 pounds) need to 


maintain life? 


The way that we perceive the temperature on a cold day 
depends on both air temperature and wind speed. The 


windchill is what the air temperature would have to be with no 
wind to achieve the same chilling effect on the skin. In 2002, the 


National Weather Service issued new windchill temperatures, 
shown in the table below. (One reason for this new windchill 
index is that the wind speed is now calculated at 5 feet, the 


average height of the human body’s face, rather than 33 feet, 


the height of the standard anemometer, an instrument that 


calculates wind speed.) 


New Windchill Temperature Index 
Air Temperature (°F) 


30 25 20 #15 10 5S O —-5 —10 -15 —20 —25 
5|25 19 13 7 1 -5 -11 -16 2229%289=34=40 
Be || i as) 3-4 -10 -16 -22 -28 -35 —41 -47 
2asli9 3 6 #0 7 -3 ed 
a Wi)i7 Wm 4 2 -9 -15 -22 -29 -35 —42 -48 -55 
2 2/16 9 3 4 -11 -17 -24 -31 -37 —44 -—51 —58 
@ 30/15 8 1 5 -12 -19 -26 -33 -—39 —46 -53 -—60 
3 35/14 7 O 7 -14 -21 -27 -34 -41 —48 -55 -62 
a 40/13 6 -1 —8 —15 —geOg Nees mnEGmEES (mee ime! 
s 45 | 12 5 2) 9 -16 Ses SON oe ole oko 
50| 12 4 -3 -10 -17 —24 —31 —38 —45 —52 —60 —67 
55/11 4 -3 -11 =18 —25 —32 -—39 —46 —54 —61 —68 
60| 10 3 —-4 -11 -19 —26 -33 —40 —48 —55 —62 —69 
Frostbite occurs in 15 minutes or less. 


Source: National Weather Service 


The windchill temperatures shown in the table can be 
calculated using 


C = 35.74 + 0.6215¢ — 35.7487 y4 + 0.42758 v4, 


in which C is the windchill, in degrees Fahrenheit, t is the air 
temperature, in degrees Fahrenheit, and v is the wind speed, in 
miles per hour. Use the formula to solve Exercises 129-132. 


129. a. Rewrite the equation for calculating windchill 


temperatures using rational exponents. 


b. Use the form of the equation in part (a) and a calculator 
to find the windchill temperature, to the nearest 
degree, when the air temperature is 25°F and the 


wind speed is 30 miles per hour. 


130. a. 


131. a. 


132. a. 
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Rewrite the equation for calculating windchill 
temperatures using rational exponents. 


Use the form of the equation in part (a) andacalculator 
to find the windchill temperature, to the nearest 
degree, when the air temperature is 35°F and the 
wind speed is 15 miles per hour. 


Substitute 0 for ¢ in the equation with rational 
exponents from Exercise 129(a) and write a function 
C(v) that gives the windchill temperature as a 
function of wind speed for an air temperature of 0°F. 


Find and interpret C(25). Use a calculator and 
round to the nearest degree. 


Identify your solution to part (b) on the graph shown. 


Air Speed (miles per hour) 


Windchill temperature as a 
function of air speed for 
an air temperature of O°F 


Windchill Temperature (°F) 


[0, 60, 5] by [-35, 0, 5] 


Substitute 30 for ¢ in the equation with rational 
exponents from Exercise 130(a) and write a function 
C(v) that gives the windchill temperature as a 
function of wind speed for an air temperature of 30°F. 
Simplify the function’s formula so that it contains 
exactly two terms. 


Find and interpret C(40). Use a calculator and 
round to the nearest degree. 


Identify your solution to part (b) on the graph 
shown. 


Windchill temperature as a 
function of air speed for 
an air temperature of 30°F 


Windchill Temperature (°F) 


Air Speed (miles per hour) 
[0, 60, 5] by [0, 25, 5] 
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Your job is to determine whether or not yachts are eligible for 
the America’s Cup, the supreme event in ocean sailing. The 
basic dimensions of competitors’ yachts must satisfy 


L + 125°V/8 = 9.8°/D = 16.296, 


where L is the yacht’s length, in meters, S is its sail area, in 
square meters, and D is its displacement, in cubic meters. Use 
this information to solve Exercises 133-134. 


133. a. Rewrite the inequality using rational exponents. 


b. Use your calculator to determine if a yacht with 
length 20.85 meters, sail area 276.4 square meters, 
and displacement 18.55 cubic meters is eligible for 
the America’s Cup. 

134. a. Rewrite the inequality using rational exponents. 


b. Use your calculator to determine if a yacht with 
length 22.85 meters, sail area 312.5 square meters, 
and displacement 22.34 cubic meters is eligible for 
the America’s Cup. 


Writing in Mathematics 
1 
135. What is the meaning of a”? Give an example to support 
your explanation. 
m 
136. What is the meaning of a”? Give an example. 
m 
137. What is the meaning of a ”? Give an example. 
138. Explain why a” is negative when n is odd and ais negative. 
What happens if n is even and a is negative? Why? 
3 
139. In simplifying 36. is it better to use a" = Va” or 
a” = (Wa)? Explain. 
140. How can you tell if an expression with rational exponents 
is simplified? 
141. Explain how to simplify Vee Vx. 
; fe een 2a = 
142. Explain how to simplify V Vx. 


Technology Exercises 


143. Use a scientific or graphing calculator to verify your 
results in Exercises 15-18. 


144. Use a scientific or graphing calculator to verify your 
results in Exercises 45-50. 


Exercises 145-147 show a number of simplifications, not all of 
which are correct. Enter the left side of each equation as y, and 
the right side as y.. Then use your graphing utility’s |TABLE 
feature to determine if the simplification is correct. If it is not, 
correct the right side and use the |TABLE] feature to verify 
your simplification. 


1 
145. x°-x 0 = x2 
ail Vs 5 1 
146. (x ee) = 3h 
1 
4 


147. = 
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Critical Thinking Exercises 


Make Sense? In Exercises 148-151, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 
tot 
148. By adding the exponents, I simplified 7* - 7? and obtained 
49. 


m : 
149. When I use the definition for a”, I usually prefer to first 
raise a to the m power because smaller numbers are 


involved. i ‘ 


150. There’s no question that (—64)? = —643, so I can conclude 


1 uy 
that (—64)* = —64?. 
151. I checked the following simplification and every step is 
correct: 


it il 
S(4 = 5?) = Sa = 56S? 


= 20 — 252 
= 20 — V25 
=20-5=15. 


In Exercises 152-155, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true PUA . 

152. Ifnis odd, then (—b)? = —b". 

1 1 1 

1530 "(aes Db) — a be 

2 
154. 8 2? =-4 
155. 4-35 = — 
si 128 
156. A mathematics professor recently purchased a birthday 
cake for her son with the inscription 
5 3 1 
Happy(2? 24 = 24)th Birthday. 
How old is the son? 

157. The birthday boy in Exercise 156, excited by the 
inscription on the cake, tried to wolf down the whole 
thing. Professor Mom, concerned about the possible 
metamorphosis of her son into a blimp, exclaimed, “Hold 


4 
p3. -2 

on! It is your birthday, so why not take 3 of the 
eo 


cake? I’ll eat half of what’s left over.”” How much of the 
cake did the professor eat? 
2 eee 
158. Simplify: [3 + (273 + 325) |? - %. ; 


159. Find the domain of f(x) = (x — 3)?(x + 4) 2. 


Review Exercises 


160. Write the equation of the linear function whose graph 
passes through (5, 1) and (4, 3). (Section 2.5, Example 2) 


3 
161. Graph y = 5% + 3. (Section 4.4, Example 2) 
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162. Solve by Cramer’s rule: 164. a. Useacalculator to approximate V 300 to two decimal 
5x —3y = 3 places. 

Ix + y= 25. b. Use acalculator to approximate 103 to two decimal 
places. 


(Section 3.5, Example 2) 
c. Based on your answers to parts (a) and (b), what can 


Preview Exercises you pene : 
Exercises 163-165 will help you prepare for the material 165. Simplify: a. Vx7! b. V4, 


covered in the next section. 


163. a. Find V16-V/4. 
b. Find V 16-4. 


c. Based on your answers to parts (a) and (b), what can 
you conclude? 


Multiplying and Simplifying 
Radical Expressions 


Objectives 


4 | Use the product rule to 
multiply radicals. 

2 | Use factoring and the 
product rule to simplify 
radicals. 


3 | Multiply radicals and 
then simplify. 


Mirror II (1963), George 
Tooker. Addison Gallery, Phillips 
Academy, MA. © George Tooker. 


We opened this book with a model that described our improving emotional health as we 
age. Unfortunately, not everything gets better. The aging process is also accompanied 
by a number of physical transformations, including changes in vision that require 
glasses for reading, the onset of wrinkles and sagging skin, and a decrease in heart 
response. A change in heart response occurs fairly early; after 20, our hearts become 
less adept at accelerating in response to exercise. In this section’s Exercise Set, you 
will see how a radical function models changes in heart function throughout the aging 
process, as we turn to multiplying and simplifying radical expressions. 
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1 | Use the product rule to 
multiply radicals. 


Great Question! 


Can | use the product rule 

to simplify radicals with 

different indices, such as 
x* Wx? 

No. The product rule can 

be used only when the 

radicals have the same index. 

If indices differ, rational 

exponents can be used, as 

in Vx- Wx, which was 

Example 7(d) in the previous 

section. 


2 | Use factoring and the 
product rule to simplify 
radicals. 


Radicals, Radical Functions, and Rational Exponents 


The Product Rule for Radicals 


A tule for multiplying radicals can be generalized by comparing V25+ V4 and V25 +4. 
Notice that 


V25+V4=5+2=10 and V25-4= V100 = 10. 


Because we obtain 10 in both situations, the original radical expressions must be equal. 
That is, 


V25-V4 = V25-4. 


This result is a special case of the product rule for radicals that can be generalized as 
follows: 


The Product Rule for Radicals 
If Wa and Wb are real numbers, then 


Va Wo = Vab. 


The product of two nth roots is the nth root of the product of the radicands. 


| EXAMPLE 1 | Using the Product Rule for Radicals 
Multiply: 
a. V3-V7 b Vx+7-Vx-—7 c. W7-W9 d. W/10x+ W/8x". 


Solution Ineach problem, the indices are the same. Thus, we multiply by multiplying 
the radicands. 


a V3°-V7 = V3-7 = V21 
b. Vx t7°>Vx—7= V(x + 7)(x — 7) = Vx? -— 49 
This is not equal to Vit -V49. 


c. W7-W9 = W7-9 = W63 
d. W/10x- W/8x4 = W/10x- 8x4 = W/800° 


/| CHECK POINT 1 


a. V5-Vii 
c. W6-W/i0 


Multiply: 
b Vx+4-Vx-4 
d. W/2x- W6x?. 


Using Factoring and the Product Rule to Simplify Radicals 


In Chapter 5, we saw that a number that is the square of an integer is a perfect square. 
For example, 100 is a perfect square because 100 = 107. A number is a perfect cube if 
it is the cube of an integer. Thus, 125 is a perfect cube because 125 = 5°. In general, a 
number is a perfect nth power if it is the nth power of an integer. Thus, p is a perfect 
nth power if there is an integer q such that p = q”. 

A radical of index n is simplified when its radicand has no factors other than 1 that 
are perfect nth powers. For example, 300 is not simplified because it can be expressed 
as V 100-3 and 100 is a perfect square. We can use the product rule in the form 


Vab = Va- Wo 


to simplify Wab when a or bisa perfect nth power. Consider 300. To simplify, we 
factor 300 so that one of its factors is the greatest perfect square possible. 


Using Technology 


You can use a calculator to 
provide numerical support 
that V300 = 103. First 
find an approximation for 
V 300: 


300) NA = 197.32 


or 


\/ |300) ENTER| ~ 17.32. 


Now find an aproximation 
for 10V’3: 


01 Asa WA lg?) 


or 


10}\/ |3|ENTER| ~ 17.32. 


Correct to two decimal 
places, 


\/300 ~ 17.32 and 
TONS = 17.22) 


This verifies that 

300 = 10V3. 
Use this technique to support 
the numerical results for the 
answers in this section. 
Caution: A simplified radical 
does not mean a decimal 
approximation. 
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300 oe 100 +3 Factor 300: 100 is the greatest perfect square factor. 
= V100:V3 Use the product rule: Wab = Wa- Wb. 


= 10V3 Write 100 as10.We read 10\/3 as “ten times the 
square root of three.” 
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Simplifying Radical Expressions by Factoring 

A radical expression whose index is n is simplified when its radicand has no factors 

that are perfect nth powers. To simplify, use the following procedure: 

1. Write the radicand as the product of two factors, one of which is the greatest 
perfect nth power. 

2. Use the product rule to take the nth root of each factor. 

3. Find the mth root of the perfect nth power. 


| EXAMPLE 2 | Simplifying Radicals by Factoring 


Simplify by factoring: 
a. V75 b. W/54 c. W64 d. V500xy?. 
Solution 
a. V75 = V25-3 25 is the greatest perfect square that is a factor of 75. 
= V25 . V3 Take the square root of each factor: Wab = Wa: W/b 
= 5V3 Write 25 as 5. 
b. W/54 = W/27-2 27 is the greatest perfect cube that is a factor of 54: 
27 = 3°. 
= 27+ W2 Take the cube root of each factor: Wab = Wa: Wb. 
= 3/2 Write \727 as 3. 
c. W/64 = W/32-2 32 is the greatest perfect fifth power that is a factor of 64: 
32 = 2°, 
_ W/32° aya, Take the fifth root of each factor: Wab = Wa: Wb 
= 2w2 Write ©/32 as 2. 


100y* is the greatest perfect square that is a factor 


d. V/500xy2 = V/100y2+ 5x 
of 500xy*: 100y* = (10y)*. 
= V100y?- W5x Factor into two radicals. 


= 10ly| V5x Take the square root of 100y. Ml 
'\/| CHECK POINT 2 Simplify by factoring: 
a. V80 b. V/40 
c. W32 d. V/200x2y. 


| EXAMPLE 3 | Simplifying a Radical Function 
If 
f(x) = V2x? + 4x + 2, 


express the function, f, in simplified form. 


Solution Begin by factoring the radicand. The GCF is 2. Simplification is possible if 
we obtain a factor that is a perfect square. 
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f(x) = V2x? + 4x 4+2 This is the given function. 
= V2(x + 2x +1) Factor out the GCF. 
= V2(x + 1) Factor the perfect square trinomial: 
A* + 2AB + B® = (A+ B)?. 


=V2-V (x + 1)? Take the square root of each factor. The factor (x + 1)* is 
a perfect square. 


= V2 |x + 1| Take the square root of (x + 1)*. 


In simplified form, 


f(x) = V2|x +1|. 
Using Technology 


Graphic Connections 
The graphs of 
fe) = V2x2 + 4x +2, g(x) = V2|[x 4+ 1], and h(x) = V2(x +1) 
are shown in Figure 7.7 in three separate [—5, 5, 1] by [-5, 5, 1] viewing rectangles. The graphs in Figure 7.7 (a) and (b) are 


identical. This verifies that our simplification in Example 3 is correct: Vi V2|x + 1]. Now compare the graphs in 
Figure 7.7 (a) and (c). Can you see that they are not the same? This illustrates the importance of not leaving out absolute value bars: 


V 2x2 + Ax £2 V2(x F Ib), 


“t “t 
se 
) (b) (c) 


Figure 7.7 (a 


/| CHECK POINT3 If f(x) = V3x* — 12x + 12, express the function, f, in 


simplified form. 


For the remainder of this chapter, in situations that do not involve functions, we 
will assume that no radicands involve negative quantities raised to even powers. Based 
upon this assumption, absolute value bars are not necessary when taking even roots. 


Simplifying When Variables to Even Powers in a Radicand 
Are Nonnegative Quantities 


For any nonnegative real number a, 


In simplifying an nth root, how do we find variable factors in the radicand that are perfect 
nth powers? The perfect nth powers have exponents that are divisible by n. Simplification 
is possible by observation or by using rational exponents. Here are some examples: 


1 
e xo = Voter = oor Vo = Go? =x 
6 is divisible by the index, 2. Thus, x ig a perfect square. 
3 3 3 a 
eVyt=aViyypay or Vy =(yP =y! 
21 is divisible by the index, 3. Thus, y"! is a perfect cube. 
6 6 6 1 
0 V4 =1 /(z4)8 = or VA= (224)6 = 4 


24 is divisible by the index, 6. Thus, 24 is a perfect 6th power. 


Discover for Yourself 


Square the answer in 
Example 4 and show that it is 
correct. If it is a square root, 
you should obtain the given 


radicand, x°y!3z7. 


3 | Multiply radicals and 
then simplify. 
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| EXAMPLE 4 | Simplifying a Radical by Factoring 
Simplify: V.x°y!3z’. 


Solution We write the radicand as the product of the greatest perfect square factor 
and another factor. Because the index is 2, variables that have exponents that are 
divisible by 2 are part of the perfect square factor. We use the greatest exponents that 
are divisible by 2. 


Vxdy gs = Vx": “xX: Pad ‘y: z°*z Use the greatest even power of each variable. 
= VO yer xyz) Group the perfect square factors. 
=VvV x'y??z° ' Vxyz Factor into two radicals. 
=e yr Vxyz Vt y22 = (xt! (262 — = yy? of 


\“| CHECK POINT4 Simplify: Vx°y!"z?. 


| EXAMPLE 5 | Simplifying a Radical by Factoring 


Simplify: V/32x°y!°. 


Solution We write the radicand as the product of the greatest perfect cube factor 
and another factor. Because the index is 3, variables that have exponents that are 
divisible by 3 are part of the perfect cube factor. We use the greatest exponents that are 
divisible by 3. 
v say = W8-4-x5-x?- yb+y — Identify perfect cube factors. 

= V7 Gey ary) Group the perfect cube factors. 

= VS xy : Waxy y Factor into two radicals. 

= ory 3 4x’y We = 2and : 

Wey a (x®y>) _ ry. P| 


CHECK POINT5 Simplify: W/40x!y!4_0 aeytWsu" 


| EXAMPLE 6 | Simplifying a Radical by Factoring 


Simplify: W/64x3y72?. 


Solution We write the radicand as the product of the greatest perfect Sth power and 
another factor. Because the index is 5, variables that have exponents that are divisible 
by 5 are part of the perfect fifth factor. We use the greatest exponents that are divisible 
by 5. 


/64x7y'2? = W/32-2+x3- yrry2+ 7-24 Identify perfect fifth factors. 


= W(32y5z?5) (2x*y"2*) Group the perfect fifth factors. 
= = W/32y5z"5. W 2x3 y2z aa Factor into two radicals. 
= 2yz5W/2x3y?z! W32 = 2and WP = (2) = ym 


\“| CHECK POINT6 Simplify: /32x!"yz°. 


Multiplying and Simplifying Radicals 


We have seen how to use the product rule when multiplying radicals with the same 
index. Sometimes after multiplying, we can simplify the resulting radical. 
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Multiplying Radicals and Then Simplifying 


Multiply and simplify: 
a. V15°V3 b. 7\/4:5W6 c. W8x7y?- W/8x°y?. 
. Solution 
Great Question! 
. a. V15°V3 = V15°3 Use the product rule. 
When should | write an 
expression under one = V45 =V9-5 9 is the greatest perfect square factor of 45. 
radical and when should | = AVGeN/5 S35 
separate the radicals? 
b. 7\/4-5\/6 = 351/46 Use the product rule. 
4 ae se = a i = 35/24 = 358-3 & is the greatest perfect cube factor of 24. 
writing under one radical, _ e aon 5 
when multiplying. ~ 35V8- V3 = 35-2--W3 
© Use Wab = Wa- Wb, = 10W3 
f: ing into t ical: 
eee nee fades: c. W8x3y? . W8x5 3 ay 8x3 y? + 8x5 y3 Use the product rule. 


= 64x8y> Multiply. 
= W16-4-x°- y*+y Identify perfect fourth factors. 
= W(16x°y*)(4y) Group the perfect fourth factors. 
= 16x°y* : Way Factor into two radicals. 
= 2x2y Wy Wi6 = 2and 
Wes = Vy = %y. 
'\/| CHECK POINT7 Multiply and simplify: 

a V6-V2 

b. 10V/16-5W/2 

c. Waxy \V, 8x°y?, 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. Lf Wa and Wb are real numbers, then Wa- Wb = 


2 VIEW HV 

Te ce a 

4, V5(x4+ 1)? = 

5. Variable factors in a radicand that are perfect nth powers can be simplified by observation. For example, /x00 = ; 
Wee = , and W/0 a 


7.3 EXERCISE SET (MM) Eten) lo mmr cmc 


Practice Exercises 


In Exercises 1-20, use the product rule to multiply. i" ie cae 

1. V3-V5 BATS lee ene 

2. V2-W9 4 W5-Wa ap om eae 

8. Vil- V3 6. VO.N3 epee a 

7. V3x-Vily 8. Vix-Vily s. /=-2 6. [2-2 
9. VW 6x>+ W/4x 10. W6x2- 3x 
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21. 50 22. 27 

23, V45 24, V/28 

25. V/75x 26. V/40x 
27. W/16 28. W/54 

29. \/27x3 30. W/250x? 
31. W/—16x2y3 32, W—32x753 


In Exercises 33-38, express the function, f, in simplified form. 
Assume that x can be any real number. 


33. f(x) = V36(x + 2) 
34, f0)— Vv sla =>) 
35. f(x) = W32(x + 2) 
36. f(x) = W/48(x — 2° 
7. f= Viv Sores 
38. FQ) = Vor = 10 £5 


In Exercises 39-60, simplify by factoring. Assume that all 
variables in a radicand represent positive real numbers and no 
radicands involve negative quantities raised to even powers. 


39. Vx? 40. Vx 
a. \V/x8y9 42. 
43. V48x3 44, 
45. \/y8 46. 
47. x4 y3z 48. 
49. W/81x8y6 50. 
51. W(x + yy 

52. W(x + y) 

53. W/y!7 54, V/y!8 

55. 7 64x%y!7 56. W/64x7 yl® 

57. W/80x!° 58. W/96x!! 

59. W(x — 3)! 

60. W(x — 2)4 

In Exercises 61-82, multiply and simplify. Assume that all 


variables in a radicand represent positive real numbers and no 
radicands involve negative quantities raised to even powers. 


61. V12-V2 

62. V3-V6 

63. V5x-V/10y 
64. V8x- V10y 
65. V12x-V3x 
66. V20x- V5x 
67. V50xy+ V4xy? 


S 


EN ixoye 
V 40x37 
Wyte? 


1329 Wet 
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68. V5xy-V10xy2 
69. 2\V/5-3V/40 
70. 3V/15-5V6 
71. W/12: 4 

72. 


73. 
74. 


75. WV 25x4y?- V Boayee 
76. W6x’y- W/9xty 


77. 


Shs 
04 


ra 
— 
N 
a 
‘i 


SS S 
BS) 00 
= = 
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Nil Sa 
we Ww 
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78. 
79. WV 8x4 y%z?- Vv Sxy"z4 
80. 
81. 


82. Wx — 6- W(x — 6)’ 


oo nN 
=) 90 
a 
| a 
=) 
Ss 
ww 
Cs) * 
oom. i 
& 
| <. 
Di) an 
XN 0 


Practice PLUS 


In Exercises 83-90, simplify each expression. Assume that all 
variables in a radicand represent positive real numbers and no 
radicands involve negative quantities raised to even powers. 


83. —2x"y( V 54x3y7z7) 


7 
84. = (W—32x4y9z7) 


85. —3y( /64x7y°) 
86. —4x7y7( /—32x1y17) 


87. (—2xy?V/3x) (xy V6x) 


88. (—5x?y3z V 2xyz ) (—x‘z V 10xz ) 
89. (2x?y V7, 8xy ) (—3xy? V7, oy") 
90. (5a?bW/8a’b) (4abW/4a°b’) 


Application Exercises 
The function 


aye 

d(x) = ,/— 

@=/5 

models the distance, d(x), in miles, that a person x feet high can 
see to the horizon. Use this function to solve Exercises 91-92. 


91. The pool deck on a cruise ship is 72 feet above the water. 
How far can passengers on the pool deck see? Write the 
answer in simplified radical form. Then use the simplified 
radical form and a calculator to express the answer to the 
nearest tenth of a mile. 


92. The captain of a cruise ship is on the star deck, which is 
120 feet above the water. How far can the captain see? 
Write the answer in simplified radical form. Then use the 
simplified radical form and a calculator to express the 
answer to the nearest tenth of a mile. 
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Paleontologists use the function 
W(x) = 4V 2x 


to estimate the walking speed of a dinosaur, W(x), in feet per 
second, where x is the length, in feet, of the dinosaur’s leg. The 
graph of W is shown in the figure. Use this information to solve 
Exercises 93-94. 


Dinosaur Walking Speeds 


Wx) =4V 2x 


Walking Speed 
(feet per second) 


Leg Length (feet) 
[0, 12, 1] by [0, 20, 2] 


93. What is the walking speed of a dinosaur whose leg length is 
6 feet? Use the function’s equation and express the answer 
in simplified radical form. Then use the function’s graph to 
estimate the answer to the nearest foot per second. 


94. What is the walking speed of a dinosaur whose leg length is 
10 feet? Use the function’s equation and express the answer 
in simplified radical form. Then use the function’s graph to 
estimate the answer to the nearest foot per second. 


Your cardiac index is your heart’s output, in liters of blood per 
minute, divided by your body’s surface area, in square meters. 
The cardiac index, C(x), can be modeled by 


7.644 


10 = x = 80, 
Vx 


C(x) = 


where x is an individual’s age, in years. The graph of the 
function is shown. Use the function to solve Exercises 95-96. 


PNWHRUOD 
T 


Cardiac Index 
liters per minute 
square meters 


a a 
10 20 30 40 50 60 70 80 90 


| 


Age 


95. a. Find the cardiac index of a 32-year-old. Express the 
denominator in simplified radical form and reduce the 
fraction. 


b. Use the form of the answer in part (a) and a calculator 
to express the cardiac index to the nearest hundredth. 
Identify your solution as a point on the graph. 

96. a. Find the cardiac index of an 80-year-old. Express the 
denominator in simplified radical form and reduce the 
fraction. 


Radicals, Radical Functions, and Rational Exponents 


b. Use the form of the answer in part (a) and a calculator 
to express the cardiac index to the nearest hundredth. 
Identify your solution as a point on the graph. 


Writing in Mathematics 


97. What is the product rule for radicals? Give an example 
to show how it is used. 


98. Explain why 50 is not simplified. What do we mean 
when we say a radical expression is simplified? 


99. In simplifying an nth root, explain how to find variable 
factors in the radicand that are perfect nth powers. 


100. Without showing all the details, explain how to simplify 
V/16x!4, 

101. As you get older, what would you expect to happen to 
your heart’s output? Explain how this is shown in the 
graph for Exercises 95-96. Is this trend taking place 
progressively more rapidly or more slowly over the entire 
interval? What does this mean about this aspect of aging? 


Technology Exercises 


102. Use a calculator to provide numerical support for your 
simplifications in Exercises 21-24 and 27-28. In each case, 
find a decimal approximation for the given expression. 
Then find a decimal approximation for your simplified 
expression. The approximations should be the same. 


In Exercises 103-106, determine if each simplification is correct 
by graphing the function on each side of the equation with your 
graphing utility. Use the given viewing rectangle. The graphs 
should be the same. If they are not, correct the right side of 

the equation and then use your graphing utility to verify the 
simplification. 

103. Vx! = x; [0, 5, 1] by [0, 20, 1] 


104. V8x? = 4xV/2; [-5, 5, 1] by [-5, 20, 1] 
105. V3x2 — 6x + 3 = (x — 1)V3;[-5, 5, 1] by -5, 5, 1] 


106. W/2x - W/4x? = 4x: [-10, 10, 1] by [-10, 10, 1] 


Critical Thinking Exercises 

Make Sense? In Exercises 107-110, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


107. Because the product rule for radicals applies when Wa 
and Wb are real numbers, I can use it to find W16 WV 4 
but not to find V8» V—2. 

108. I multiply th roots by taking the nth root of the product 
of the radicands. 

109. I need to know how to factor a trinomial to simplify 
Va = Wn 2. 

110. I know that I’ve simplified a radical expression when it 
contains a single radical. 
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In Exercises 111-114, determine whether each statement is true 120. Solve: 
or false. If the statement is false, make the necessary change(s) to xt 2y= 2 
produce a true statement. { Ast ay Sa 


111. 2V5-6V5 = 12V/5 


112, W4-W4=4 
113. V12 =2V6 
114. W/35 = 243 


(Section 3.1, Example 6) 
121. Factor: 64x? — 27. (Section 5.5, Example 9) 


115. If a number is tripled, what happens to its square root? Preview Exercises 


Exercises 122-124 will help you prepare for the material 


116. What must be done to a number so that its cube root is covered in the next section. 


tripled? 


117. If f(x) = W/2x and (fg)(x) = 2x, find g(x). 


118. Graph f(x) = V(x — 1)’ by hand. 


Review Exercises 


119. Solve: 24 — l= 2land2« <2 20= 1D; 
(Section 4.2, Example 2) 


122. a. Simplify: 21x + 10x. 
b. Simplify: 21V2 + 10V2. 
123. a. Simplify: 4x — 12x. 
b. Simplify; 4W/2 — 122. 
wns 


ii 6 
x12 


124. Simplify: 


Objectives 


@ Add and subtract 
radical expressions. 


2 | Use the quotient rule 
to simplify radical 
expressions. 

3 | Use the quotient 
rule to divide radical 
expressions. 


Adding, Subtracting, and Dividing 
Radical Expressions 


The future is now: You have the opportunity to explore the cosmos 
in a starship traveling near the speed of light. The experience 
will enable you to understand the mysteries of the universe 
firsthand, transporting you to unimagined levels of 
knowing and being. The 
downside: According 
= to Einstein’s theory of 

relativity, close to the 

speed of light, your aging 
rate relative to friends on 
Earth is nearly zero. You will 
return from your two-year journey 
to an unknown futuristic world. In this 
section’s Exercise Set, we provide an expression 
involving radical division that models your return to this 
"7 unrecognizable world. To make sense of the model, we 

turn to various operations with radicals, including addition, 
subtraction, and division. 
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1 | Add and subtract 
radical expressions. 


Adding and Subtracting Radical Expressions 


We know that like terms have exactly the same variable factors and can be combined. 
For example, 


7x + 6x = (7 + 6)x = 13x. 


Two or more radical expressions that have the same indices and the same radicands 
are called like radicals. Like radicals are combined in exactly the same way that we 
combine like terms. For example, 


TV 11 + 6V11 = (7 + 6)V11 = 13V'11. 


7 square roots of 11 plus 6 square roots of 11 result in 13 square roots of 11. 


| EXAMPLE 1 | Adding and Subtracting Like Radicals 


Simplify (add or subtract) by combining like radical terms: 


a. 7V2 + 8V2 
b. W/5 — 4xV/5 + 8/5 
c. 8W/5x — 5W5x + 4W/5x. 


Solution 

a. 7V2 + 8V2 
=(7+ 8)V2 Apply the distributive property. 
= 15/2 Simplify. 

b. W5 — 4xW/5 + 8W5 
=(1-4x% + 8) W5 Apply the distributive property. 
= (9 - 4x) V5 Simplify. 


c. 8V/5x — 5W/5x + 4W/5x 


= (8 — 5)W/5x + AW5x Apply the distributive property to the two terms with like 
radicals. 


= 3W/5x + 4W/5x The indices, 6 and 3, differ. These are not like radicals and 
cannot be combined. 


[\/| CHECK POINT1 Simplify by combining like radical terms: 
a. 8V13 + 2V13 
b. 9W7 — 6xW7 + 12W/7 
c. 7W3x — 2W3x + 2W3x. 


In some cases, radical expressions can be combined once they have been simplified. 


For example, to add Vo and V8, we can write V8 as V4+2 because 4 is a perfect 
square factor of 8. 


V2 + V8 = V2 + V4-2 =1V2 + 2V2 = (1 + 2)V2 = 3:V2 


Always begin by simplifying radical terms. This makes it possible to identify and 
combine any like radicals. 
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| EXAMPLE 2 | Combining Radicals That First Require 
Simplification 
Simplify by combining like radical terms, if possible: 


a. 7V18 + 5V8 b. 4\V/27x — 8V/12x e795 = o/s, 


Solution 
a. 7V18 + 5V8 
= 7V9°2+5V4:2 Factor the radicands using the greatest perfect 


square factors. 
=7V9-V24+5V4-V2 Take the square root of each factor. 
= 7-3-V2+ 5-2-V2 V9 = Band V4 = 2. 


=21V2 + 10V2 Multiply. 
= (21 + 10) V2 Apply the distributive property. 
= 31V2 Simplify. 
b. 4V27x — 8V/12x 
= 4V/9-3x = 8V4+3x Factor the radicands using the greatest perfect 


square factors. 
= 4V/9-V/3x — 8V/4+V/3x Take the square root of each factor. 
= 4-3+-V3x —8+2-V3x = V9 = Sand V4 =2. 


= 12V3x — 16V/3x Multiply. 
= (12 - 16) V3x Apply the distributive property. 
= -4\/3x Simplify. 


c. 7V3 —2V5 cannot be simplified. The radical expressions have different 
radicands, namely 3 and 5, and are not like terms. & 


|\“| CHECK POINT 2 Simplify by combining like radical terms, if possible: 


a. 3V20 + 5V/45 
b. 3V 12x -— 6V 27x 
c. 8V5 — 6V2. 


| EXAMPLE 3 | Adding and Subtracting with Higher Indices 


Simplify by combining like radical terms, if possible: 


a. 2/16 — 4W/54 b. 5V xy? + V 8x4y>. 


Solution 
a. 21/16 — 4W/54 
= 2W8-2 — 4W/27-2 Factor the radicands using the greatest perfect cube 


factors. 
= 2W8- W/2 — 4V/27- ae) Take the cube root of each factor. 
= 2:2-W2-4-3-W2 We = 2and W27 = 3. 


= 4W2 - 12/2 Multiply. 
=(4- 12) W/2 Apply the distributive property. 


= -8W2 Simplify. 
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| 2 | Use the quotient rule 
to simplify radical 
expressions. 


b. 5 xy? + Wexty> 
= 5W xy? + W (8x3 y?)xy2 Factor the second radicand using the greatest perfect 
cube factor. 


= 5W xy? + W8x3y3 ° Waxy? Take the cube root of each factor. 


= 5Wxy? + 2xy W xy? We = 2and Wey = (22)? = xy. 
= (5 + 2xy) Waxy? Apply the distributive property. ll 


/| CHECK POINT 3 __ Simplify by combining like radical terms, if possible: 


a. 31/24 — 5W/81 
b. 5V xy + W278 4, 


Dividing Radical Expressions 


We have seen that the root of a product is the product of the roots. The root of a 
quotient can also be expressed as the quotient of roots. Here is an example: 


( enige and ME ag, 
4 V4 2 


This expression is the This expression is the 
square root of a quotient. quotient of two square roots. 


The two procedures produce the same result, 4. This is a special case of the quotient 
rule for radicals. 


The Quotient Rule for Radicals 
If Wa and Wb are real numbers and b = O, then 
nfa _ Na 
oe cn 
The nth root of a quotient is the quotient of the mth roots of the numerator and 
denominator. 


We know that a radical is simplified when its radicand has no factors other than 1 
that are perfect nth powers. The quotient rule can be used to simplify some radicals. 
Keep in mind that all variables in radicands represent positive real numbers. 


| EXAMPLE 44 | Using the Quotient Rule to Simplify Radicals 


Simplify using the quotient rule: 
3/16 a 4 7y° 
= b. are Cc. a 
27 V 25y® Vee 


Solution We simplify each expression by taking the roots of the numerator and the 
denominator. Then we use factoring to simplify the resulting radicals, if possible. 
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3/16  V16_—W/8-2 W822 


= Wa7 3 3 3 
x? = Vie _ Xx = X 
asy°  V/25y°—syyoyp 5” 
Try to do this step mentally. 
6 a Wiy> _ Wy*Ty _ yWy 


12 4/—1D. 4 3 
x Wx oad x 


'/| CHECK POINT4 Simplify using the quotient rule: 
- 
a 3) b. oe 3 a 
125 y!0 a) 


By reversing the two sides of the quotient rule, we obtain a procedure for dividing 
radical expressions. 


3 | Use the quotient rule Dividing Radical Expressions 
to divide radical If Wa and Wb are real numbers and b ¥ 0, then 
expressions. 
Va _ ofa 


Ve a Ne 
To divide two radical expressions with the same index, divide the radicands and 
retain the common index. 


Great Question! | EXAMPLE 5 | Dividing Radical Expressions 


When should | write a 

quotient under a single Divide and, if possible, simplify: 
radical and when should | 483 V/45xy Woy? 
use separate radicals for a a. : . ==. 
quotient’s numerator and Vox as a a 
denominator? 


Solution Ineach part of this problem, the indices in the numerator and the denominator 
ne Pa. are the same. Perform each division by dividing the radicands and retaining the common 
Va ae index 
Wb ~ V8 3 3 
E vie 48x3 [48x S 
writing under one radical a. = ea = V8? = V42-2 = V4x2-V2 = 2xV2 


(as in Example 5), when 


e Use 


dividing. , A5 
x 1 45x 3Vxy 
e Use b. 55 a 5 a “V9 =*3Vxy or 
nfa Va - 
bo Ws V16x°y? 3/16x>y? 
P : Cc 3 = Divide the radicands and retain the common index. 

with separate radicals 4 rxy 2xy! 
for the numerator and 

: 3 = ey 
the denominator (as =V/8e ye ()) Divide factors in the radicand. Subtract exponents on 
in Example 4), when common bases. 
simplifying a quotient. = V9x4y3 Simplify. 


3-——— 

= V(8x3 y?)x Factor using the greatest perfect cube factor. 
3/5303. 3 

= V8x3 3 “Vx Factor into two radicals. 


= 2xyVx Simplify. ll 


538 CHAPTER 7 _ Radicals, Radical Functions, and Rational Exponents 


CHECK POINT 5 __s Divide and, if possible, simplify: 


V/40x9 b V50xy \/48x7 y 
a. . (a —$=- 
V2x V2 Voxy 2 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 5V3 + 8V3 = (_+_)V3 = 

2 Va7- V12 = V_+3 - V3 =_V3 -_V3= 
3. W544 W16 = W_-24+ Wo-2=_W24+ _W2= 
4 


. If Waand Wb are real numbers and b # 0, the quotient rule for radicals states that 


2 = 
b 


7.4 EXERCISE SET (mnd)’ietan) ile tet cone 


Practice Exercises 


In this exercise set, assume that all variables represent positive 


23. W54x4 — W16x 


real numbers. 24. W/81x4 — W24x 
In Exercises 1-10, add or subtract as indicated. 5 gai Ve 

Py eee: 2 7V3 +2V3 2, Va 12 Vx = 3 

3 96 —2W6 40997 SANT 27. 2N/x4y? + 3x Waxy? 

5. ne 7 a2 V2 28. 4W/x4y? + 5x Wxy? 

Sfx GRAS. = ANS 
a 2/3 — 33 In Exercises 29-44, simplify using the quotient rule. 
7 3V13 —-2V5 —2V13 + 4V5 
Tail 19 

8 8V17 — 5V19 — 6V17 + 4V/19 2. | 30. 55 

@. 3V5 = Wx + 4V5 + 3x ,[19 ae 
10. 6V7 — Wx + 2V7 + 5Wx ae ee 32. j2 
In Exercises 11-28, add or subtract as indicated. You will need 33 as 34 ae 
to simplify terms to identify the like radicals. , 36y° ; 144y? 
4. V3 4+ V27 12. V5 + V20 33 50x3 
13. 7V'12 + V75 14. 5V12 + V75 BN ae 8. WV a1y8 
ey SWS Pike — PINE iliswre 3 mo 

3 3 
16. 5V45x — 2V/20x 87. \/ 5G 38. 3 
8y 125y 
17. 5W/16 + W/54 aa aE 
18. 3V/24 + W81 39. 4) yl 40. | oe 
19. 3V/45x° + V5x Oy 13y’ 
4 4 

20. 8V45x° + V5x 41. ye 42. iD 
21. W54xy> + yW128x ;[64x3 -[64x!4 
22. W24xy> + yW81x #3: 20 om 15 


<= 
SS 
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In Exercises 45-66, divide and, if possible, simplify. of 16x*W/48x3y? 20V/2x3y 
a, VS wo, V0 aay et 
5) 10 
v.48 54 In Exercises 77-80, find (£)@x) and the domain of s Express 
47. 48. AUN ya hae i 
W6 W/o each quotient function in simplified form. 
eae 7343 77. f(x) = V48x°, g(x) = V 3x" 
49. 50. 
Vox A 2x 
Ware Waa 78. f(x) = Vx? — 25,9(x) = Vx +5 
51. 52. 
Vxy Vey? 
53. ~ 200x° 54, ~ 500x* 79. f@) = V/32e°,.2G) = V2 
10x"! 10x"! 
V48a'b? V54a7b!! a/an6 : 
i —————— 56 —— 80. f(x) = V2x°, g(x) = V 16x 
V3a 7b? V3a ‘4b? 
= V 72xy us V S0xy 
Va 2/2 Application Exercises 
W243 W/250x° y3 Exercises 81-84 involve the perimeter and area of various 
59. W3y2 aid W/2x3 geometric figures. Refer to Table 1.5 on page 60 if you’ve 
forgotten any of the formulas. 
A4/ 32x18 
61. Pe =ace=ol In Exercises 81-82, find the perimeter and area of each 
V2. 
ae rectangle. Express answers in simplified radical form. 
5 oxi ney, 
96x “y x? + 5x + 6 
wee Bey Les Wet2 81. V125 feet 
3/2. 
Mert HGrate le, 
64. 
Wx +3 2V20 feet 
WV a3 ie p3 
CO ——— 
Wa +b 
3 /asmae Ss 
ee wets 82. 4/20 feet 


Ya —b 
Practice PLUS 


In Exercises 67-76, perform the indicated operations. 


V32 «V8 V2 VIS 83. Find the perimeter of the triangle in simplified radical form. 
67. ae 68. = FS 
5) 7 2 Gf 
69. 3xV 8xy* — SyV32x7 + V18x3 y? \/45 mn V80 m 
70. 6xV3xy? — 4x°V/27xy — 5V75x°y 
30x7V 24x? 
diabetes Soe See 
Take NV 28% aan ae 1/125 m 
34 / 2 
72, 71V2x3 + 40x00'V 150x" 84. Find the area of the trapezoid in simplified radical form. 
Sx 3K 
Ve: V2 feet 
x 
Tk PRON Bp ay aoe 
V3x*y 
24 / 
a sVExy a 9x" V 64y V6 feet 
By 2a 


15x4W/80x3y2 TS\/5x3y 
3 5x3 2x7y 25/1 V8 feet 
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85. America is getting older. The graph shows the projected 
elderly U.S. population for ages 65-84 and for ages 85 and 


older. 
Projected Elderly United States Population 
1) Ages 65-84 — ) Ages 85+ 
~ 807 
a 
2 70 61.9 64.7 65.8 
= 60b 
& sof 473 
= 40-34 
5 30 
ia 20.9 
2 20+ 15.4 
Oo 
10+ 6.1 ie om 
_ 
ra 
2010 2020 2030 2040 2050 
Year 


Source: U.S. Census Bureau 


The function f(x) = 5Vx + 34.1 models the projected 
number of Americans ages 65-84, f(x), in millions, x years 
after 2010. 


a. Use the function to find f(40) — f(10). Express this 
difference in simplified radical form. What does this 
simplified radical represent? 


b. Use acalculator and write your answer in part (a) to the 
nearest tenth. Does this rounded decimal overestimate 
or underestimate the difference in the projected data 
shown by the bar graph? By how much? 


86. What does travel in space have to do with radicals? 
Imagine that in the future we will be able to travel in 
starships at velocities approaching the speed of light 
(approximately 186,000 miles per second). According 
to Einstein’s theory of relativity, time would pass more 
quickly on Earth than it would in the moving starship. 
The radical expression 


gives the aging rate of an astronaut relative to the aging 
rate of a friend, Ry, on Earth. In the expression, v is the 
astronaut’s velocity and c is the speed of light. 


a. Use the quotient rule and simplify the expression that 
shows your aging rate relative to a friend on Earth. Working 
in a step-by-step manner, express your aging rate as 


2 
v 
Rpj - (2). 
b. You are moving at velocities approaching the speed 


of light. Substitute c, the speed of light, for v in 
the simplified expression from part (a). Simplify 


Radicals, Radical Functions, and Rational Exponents 


completely. Close to the speed of light, what is your 
aging rate relative to a friend on Earth? What does this 
mean? 


Writing in Mathematics 


87. What are like radicals? Give an example with your 
explanation. 


88. Explain how to add like radicals. Give an example with 
your explanation. 


89. If only like radicals can be combined, why is it possible to 
add V2 and V8? 


90. Explain how to simplify a radical expression using the 
quotient rule. Provide an example. 


91. Explain how to divide radical expressions with the same 
index. 


92. In Exercise 85, use the data displayed by the bar graph to 
explain why we used a square root function to model the 
projected population for the 65-84 age group, but not for 
the 85+ group. 


Technology Exercises 


93. Use a calculator to provide numerical support for any 
four exercises that you worked from Exercises 1-66 that 
do not contain variables. Begin by finding a decimal 
approximation for the given expression. Then find a 
decimal approximation for your answer. The two decimal 
approximations should be the same. 


In Exercises 94-96, determine if each operation is performed 
correctly by graphing the function on each side of the equation 
with your graphing utility. Use the given viewing rectangle. The 
graphs should be the same. If they are not, correct the right side 
of the equation and then use your graphing utility to verify the 
correction. 


94. V4x + Vox = 5Vx 
[0, 5, 1] by [0, 10, 1] 


95. V16x = Vox = Vix 


[0, 5, 1] by [0, 5, 1] 


96. xV8 + xV2 = xV10 
[-5, 5, 1] by [-15, 15, 1] 


Critical Thinking Exercises 


Make Sense? In Exercises 97-100, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


97. I divide nth roots by taking the nth root of the quotient of 
the radicands. 


98. The unlike radicals 3/2 and 5\/3 remind me of the 
unlike terms 3x and 5y that cannot be combined by 
addition or subtraction. 

99. I simplified the terms of 3W/81 + 2wW54, and then I was 
able to identify and add the like radicals. 


100. 


Without using a calculator, it’s easier for me to estimate 
the decimal value of V72 + V32 + V18 by first 
simplifying. 


In Exercises 101-104, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


101. V5 + V5 = V10 
102. 4V3 +5V3 =9V6 
103. If any two radical expressions are completely simplified, 
they can then be combined through addition or 
subtraction. 
1a, = J ae 
V2 2 
105. If an irrational number is decreased by 216 =v 50, 
the result is V2. What is the number? 
V20 V45 
106. Simplify: cu oF vow V 80. 
: F 6V 49xy V ab? 
107. Simplify: 


TV 36h y?V ab) 


Mid-Chapter Check Point 


Review Exercises 


108: Solve: 2(3% = 1) —4 — 2x — (6 = x). 
(Section 1.4, Example 3) 
109. Factor: x7 — 8xy + 12y?. 
(Section 5.4, Example 4) 
110. Add: —— a 
Be Pr Sheree) hee ap (one ae) 


(Section 6.2, Example 6) 


Preview Exercises 


Exercises 111-113 will help you prepare for the material 
covered in the next section. 


111. a. Multiply: 7(x + 5). 
b. Multiply: Nae: oF 5) 
112. a. Multiply: (x + 5)(6x + 3). 
b. Multiply: (V2 + 5)(6V2 + 3). 


113. Multiply and simplify: 


MID-CHAPTER CHECK POINT Section 7.1-Section 7.4 


What You Know: We learned to find roots of 
JY numbers. We saw that the domain of a square root 
function is the set of real numbers for which the radicand 


is nonnegative. We learned to simplify radical expressions, using 
Wa" = |a| ifnis even and W/a" = aif nis odd. The definition 


m 
a” = (Wa)" = Wa" connected rational exponents and radicals. 
Finally, we performed various operations with radicals, including 
multiplication, addition, subtraction, and division. 


In Exercises 1-23, simplify the given expression or perform the 
indicated operation(s) and, if possible, simplify. Assume that all 
variables represent positive real numbers. 


1. V100 — W—27 2. V8x°y! 
3. 3W 4x2 + 2W 4x2 
4, (34x?) (2W/4x7) 

2 3 


£ = V4. 
5. 279 + (—32)5 6. (64x°y4)5 


a 

7. 5V27 - 4V/48 8. ae 
y 

9. 10. W/54x° 


x 
Vi 


11 v'160 12 [xe 
9 © Vy? 
2 
3\2 
S 
13. ( a, 14. Wx°y4 


15. W(x — 23+ W(x — 2)° 
16. V 32xll yl” 
17. 4W/16 + 2/54 


ey 125 

18. Vex 19. (—125) 
32 2x? 
20. V2-W2 a. J. 
y y 


22, \V32xy*-V2x7y> 
23. 4xV 6xty? — TyV 24x°y 


In Exercises 24-25, find the domain of each function. 
24. f(x) = V30 — 5x 
25. g(x) = W3x — 15 
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Radicals, Radical Functions, and Rational Exponents 


Objectives 


4 | Multiply radical 
expressions with more 
than one term. 

2 | Use polynomial special 
products to multiply 
radicals. 


3 | Rationalize denominators 
containing one term. 

4 | Rationalize denominators 
containing two terms. 


5 | Rationalize numerators. 


1 | Multiply radical 
expressions with more 
than one term. 


Multiplying with More Than One Term 
and Rationalizing Denominators 


YOURE LUCKY, DO YOU YOU DON'T HAVE TO KNOW 
KNOW THAT, BIRD? You'RE | | ABOUT RATIONALIZING THE 
LUCKY BECAUSE YOU DON'T | | DENOMINATOR AND DUMB 
HAVE TO STUDY MATH! THINGS LIKE THAT 


Peanuts copyright © 1979 Peanuts Worldwide LLC. Distributed by 
Universal Uclick. Reprinted with permission. All rights reserved 


The late Charles Schulz, creator 
of the “Peanuts” comic strip, 
transfixed 350 million readers 
worldwide with the joys and angst 
of his hapless Charlie Brown and 
Snoopy, a romantic self-deluded 
beagle. In 18,250 comic strips 
that spanned nearly 50 years, 
mathematics was often featured. 
Is the discussion of radicals shown 
above the real thing, or is it just an 
algebraic scam? By the time you 
complete this section on multiplying 
and dividing radicals, you will be 
able to decide. 


Multiplying Radical Expressions with More 


Than One Term 


Radical expressions with more than one term are multiplied in much the same way that 
polynomials with more than one term are multiplied. Example 1 uses the distributive 
property and the FOIL method to perform multiplications. 


| EXAMPLE 1 | Multiplying Radicals 


c. (SV2 + 2V3)(4V2 — 3V3). 


Multiply: 

a. V7(x + V2) b. Wx(W6 — Wx?) 

Solution 

a. V7(x + V2) 
=V7ext+ 7 . 7) Use the distributive property. 
=xV7+V14 Multiply the radicals. 


Ay. 
b. Vl - V2) 
= Wx: V6 - Wx Wx? 


= Vox - We 
= Vox - x Simplity: Wx? = x. 


Use the distributive property. 


Multiply the radicals: W/a- W/b = W/ab. 


4 Use polynomial special 
products to multiply 
radicals. 
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last 


v v i Vv 
c. (5V2 + 2V3)(4V2 — 3V3) Use the FOIL method. 


=) 


inside 


first 


outside 
F 0 | L 


= (5V'2)(4V2) + (5V/2)(-3V’3) + (2V3)(4V2) + (2V3)(-3V3) 


= 20:2 - 15V6 + 8V6— 6-3. Multiply. Note that V2 - V2 = V4 = 2and 


Vaove= Vvo=35, 
= 40 - 15V6 + 8V6 — 18 Complete the multiplications. 
= (40 — 18) + (-15V6 + 8V6) Group like terms. Try to do this step mentally. 
= 22 - 1V6 Combine numerical terms and like radicals. 


[\/| CHECK POINT1 Multiply: 
a. V6(x + V/10) 
b. Wy( Wy? — V7) 
c. (6V5 +3V2)(2V5 - 4V2). 


Some radicals can be multiplied using the special products for multiplying 
polynomials. 


| EXAMPLE 2 | Using Special Products to Multiply Radicals 
Multiply: 


a (V3 +V7)?_ b. (V7+V3)(V7-V3)  . (Va - Vb) (Va + Vd). 


Solution Use the special-product formulas shown. 


(A = BP = APs po Ao B & BP 
a. (V3 oe V7 = (V3)? +2:V3-V7I4+ (V7) Use the special product for (A + B)*. 
=3+ 2V21 +7 Multiply the radicals. 
= 10 +2V21 Simplify. 
[AS Bln (A Se Ry So Ae Be 
b. (V7 a V3)(V7 = V3) = (V7 = (V3? Use the special product for 
(A + BY(A — B). 
=7-3 Simplify: (Va)? =a. 
=4 
(A= Ble AB) = At Re 


co. (Va — Vb)\(Va + Vb) = (Val - (Vo = 0-5 
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a Rationalize denominators 
containing one term. 


Radical expressions that involve the sum and difference of the same two terms are 
called conjugates. For example, 


V7+V3 and V7- V3 


are conjugates of each other. Parts (b) and (c) of Example 2 illustrate that the product 
of two radical expressions need not be a radical expression: 


(V7 a V3)(V7 _ V3) =4 The product of 


conjugates does not 


(Va = Vb\(Va 4: Vb) =q—b.  containa radical. 


Later in this section, we will use conjugates to simplify quotients. 


Y| CHECK POINT2 Multiply: 
a. (V5 + V6)? b. (V6 + V5) (V6 - V5) 
ce. (Va -V7)(Va + V7). 


Rationalizing Denominators Containing One Term 


; 1 V3 
You can use a calculator to compare the approximate values for —= and 3a The two 
approximations are the same. This is not a coincidence: V3 


f . fl pe We 

V3 V3 «(V3} V9 3 
Any number divided by itself is 1. 
Multiplication by 1 does not change 


= 
the value of V3" 


This process involves rewriting a radical expression as an equivalent expression in which 
the denominator no longer contains any radicals. The process is called rationalizing 
the denominator. When the denominator contains a single radical with an nth root, 
multiply the numerator and the denominator by a radical of index n that produces a 
perfect nth power in the denominator’s radicand. 


| EXAMPLE 3 | Rationalizing Denominators 


Rationalize each denominator: 
V5 [7 
ie 55° 
Solution 
; , V5 ede ; 
a. If we multiply the numerator and the denominator of —— by V6, the denominator 


becomes V6: V6 = V36 = 6. The denominator’s radicand, 36, is a perfect 
square. The denominator no longer contains a radical. Therefore, we multiply by 1, 


6 
choosing —= for 1. 
V6 


V5_ V5 V6 
= : Multiply the numerator and denominator by V6 
V6 V6 V6 to remove the radical in the denominator. 


\/30 Multiply numerators and multiply denominators. 
= — The denominator’s radicand, 36, is a perfect 
V36 square. 


_ V30 


3 Simplify: V36 = 6. 
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3/5 


W25 


the denominator’s radicand to be a perfect cube. Right now, the denominator’s 
radicand is 25 or 5*. We know that W/5? = 5. If we multiply the numerator and the 
3 


a 
b. Using the quotient rule, we can express 4 35 38 . We have cube roots, so we want 


“a by W/5, the denominator becomes 
W25 
W285 W5 = WS W5 = WS = 5. 


The denominator’s radicand, 5°, is a perfect cube. The denominator no longer 
3 


contains a radical. Therefore, we multiply by 1, choosing — = for 1. 


W5 


denominator of 


a Use the quotient rule and rewrite as the 


25 25 quotient of radicals. 
V7 
=a - Write the denominator’s radicand as an 
5 exponential expression. 
= es ae Multiply numerator and denominator by 
Great Question! W5 v5 \75 to remove the radical in the denominator. 
What exactly does 35 
rationalizing a denominator = WS Multiply numerators and denominators. The 
do to an irrational number in W5 denominator's radicand, 5°, is a perfect cube. 
the denominator? _ 
Rationalizing a numerical W35 gee ae 
denominator makes that 5 Simplify: Ve =5. of 
denominator a rational 
le '/| CHECK POINT3  Rationalize each denominator: 
V3 2 


b me 


a. . 
V7 ° 


Example 3 showed that it is helpful to express the denominator’s radicand using 
exponents. In this way, we can easily find the extra factor or factors needed to produce 
a perfect nth power. For example, suppose that V/s appears in the denominator. We 
want a perfect fifth power. By expressing Was V/23, we would multiply the numerator 
and denominator by V/2? because 


Ve ar 29, 


| EXAMPLE 44 | Rationalizing Denominators 


Rationalize each denominator: 
a. [2X Wx «ley 
* V5y 36) Waxy 


Solution By examining each denominator, you can determine how to multiply by 1. 
Let’s first look at the denominators. For the square root, we must produce exponents 
of 2 in the radicand. For the cube root, we need exponents of 3, and for the fifth root, 
we want exponents of 5. 
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Examine the denominators to determine how to remove each radical. 
e V5y e Vv 36y or Vv 6*y e Vaxty or V 2x3 
Multiply by V5y: Multiply by V/ 6y?: Multiply by \/22x2y4 
Vay -Vey=Vasyt=sy. Wory-Woyt=Woyiaby.  Wakxby - W284 = W285 = ary. 
a J _ V3x _ V3x V5y _ V15xy 7 V15xy 
" V Sy Vsy V5y V5y V25y? Sy 
Multiply by 1. 25y? is a perfect square. 
b Vx Vx Vx V 6y" y 6xy? V 6xy* 
W/36y Very Very Voy 163 yp 6y 
Multiply by 1. 6?y? is a perfect cube. 
10y 10y Oy W23x2y4 
c. = = : 
y 4x3y WP y WP y WBx2y4 


Multiply by 1. 


— loyW xy? — 10yW8xy? — 5sW/8x7y4 
Wei 2xy x 


2°x*y? is a perfect Simplify: Divide numerator 
5th power. and denominator by 2y. a 


“| CHECK POINT 4 Rationalize each denominator: 
2x b Wx : 6x 
\ 7y Woy WY 8x2y4 


@3 Rationalize denominators © Rationalizing Denominators Containing Two Terms 


OnE We tans How can we rationalize a denominator if the denominator contains two terms with one 
or more square roots? Multiply the numerator and the denominator by the conjugate 
of the denominator. Here are three examples of such expressions: 


3V2 +4 W623 Vet+h—Vx 


The conjugate of the The conjugate of the The conjugate of the 
denominator is 3/2 — 4. denominator is V6 + V3. denominator is Vx +h + Vx. 


The product of the denominator and its conjugate is found using the formula 
(A + B)(A — B) = A - B’. 


The simplified product will not contain a radical. 


| EXAMPLE 5 | Rationalizing a Denominator Containing Two Terms 


8 
Rationalize the denominator: ———_-. 
a\/2 A 
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Solution The conjugate of the denominator is 3V/2 — 4. Ifwe multiply the numerator 
and the denominator by 32 — 4, the simplified denominator will not contain a radical. 


3V2-4 
Therefore, we multiply by 1, choosing 3V2~ 4 for 1. 
3V2-4 
8 8 3V2-4 nae 
= . ultiply by 1. 
3V2+4 3V2+4 3V2-4 i 
= as 4) (A + B)(A — B) = A? — B 
(32)? - 2 | 


Leave the numerator 
in factored form. 
This helps simplify, 8(3/2 — 4) 
if possible. SS 


(3V2)? =9-2=18 


18 — 16 
8(3V2 - 4) 
= This expression can still 
2 be simplified. 
4 
8(3V2 - 4) 
= a Divide the numerator and 


1 


denominator by 2. 


= 4(3V2-—4) or 12V2-16 


18 
/| CHECK POINT 5 Rationalize the denominator: ——~>——. 
2V3 +3 


| EXAMPLE 6 | Rationalizing a Denominator Containing Two Terms 


ae A/5 
Vea Va 


Solution The conjugate of the denominator is Ve PV3. Multiplication of both the 
numerator and denominator by V6 + \/3 will rationalize the denominator. This will 
produce a rational number in the denominator. 


2+V5  24+V5 V6+V3 


Rationalize the denominator: 


= : Multiply by 1. 
V6-V3 V6-V3 V6+V3 . 
F 0 | L 

_ 2V'6 ge 2V3 + V5 : V6 + V5 , V3 Use FOIL in the numerator and 

(V6? — (V3 (A — B)(A + B) = A? — B 
in the denominator. 

_ 2V6 + 2V3 + V30 + VI15 
6-3 

= 2V6 + 2V3 + V30 + V15 Further simplification is 

3 not possible. i 


a s7¢ 


\/| CHECK POINT6  Rationalize the denominator: ———— 


V5- V2 
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5 | Rationalize numerators. 


Radicals, Radical Functions, and Rational Exponents 


Rationalizing Numerators 


We have seen that square root functions are often used to model growing phenomena 
with growth that is leveling off. Figure 7.8 shows a male’s height as a function of his age. 
The pattern of his growth suggests modeling with a square root function. 

y 

A 
80+ 
70+ 
60+ 
50+ 
40+ 


Height (inches) 


30+ 
20+ 


10+ 


pA ib i $+ +> 
5 10 20 


Age (years) Figure 7.8 


If we use f(x) = Vx to model height, f(x), at age x, the expression 


flat+h)-—f(@) _ Var — Va 
h h 

describes the man’s average growth rate from age a to age a + h. Can you see that 

this expression is not defined if h = 0? However, to explore the man’s average growth 

rates for successively shorter periods of time, we need to know what happens to the 

expression as / takes on values that get closer and closer to 0. 

What happens to growth near the instant in time that the man is age a? The question 
is answered in calculus by rationalizing the numerator. The procedure is similar to 
rationalizing the denominator. To rationalize a numerator, multiply by 1 to eliminate 
the radical in the numerator. 


> ON 8am = Rationalizing a Numerator 


Rationalize the numerator: 


Vath-Va 
a 


Solution The conjugate of the numerator is Va + h + Va. If we multiply the 
numerator and the denominator by Va+h+ Va, the simplified numerator will not 


Vatht+Va, 
Vath+vVa 


Multiply by 1. 


contain radicals. Therefore, we multiply by 1, choosing rl. 


Vath-Va_Vath-Va Vath+vVa 
h h Vath+vVa 
(Va +h)? - (Va)? (A — B)(A + B) = A? — B 


= Leave the denominator in 


h( Vatht+ Va) factored form. 


at+h-a 
- es ee 
h( Vath + Va) and (Va)? = a. 
h 


Simplify the numerator. 


~ a(Va +h + Va) 
4, 
Vath+ Va 


Simplify by dividing the numerator 
and the denominator by h. 
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Vera = We 
a an 


\/| CHECK POINT7 Rationalize the numerator: 


Achieving Success 


Do you get to choose your seat during an exam? If so, select a desk that minimizes 
distractions and puts you in the right frame of mind. Many students can focus better if they do 
not sit near friends. If possible, sit near a window, next to a wall, or in the front row. In these 
locations, you can glance up from time to time without looking at another student’s work. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. Consider the following multiplication problem: 
(7V'5 + 3V2)(10V5 — 6V2). 


Using the FOIL method, the product of the first terms is , the product of the outside terms is 
the product of the inside terms is , and the product of the last terms is 


2. (V10 + V5)(V10 - V5) = (__)?- (__)?=__-_= 


3. The process of rewriting a radical expression as an equivalent expression in which the denominator no longer contains any 
radicals is called 


4. The number —~can be rewritten without a radical in the denominator by multiplying the numerator and denominator 


V5 
by 


5. The number dl ; can be rewritten without a radical in the denominator by multiplying the numerator and the denominator 
by : 

6. The conjugate of TV2 + Sis 

2V6 + V5 

3V6 - V5 


7. The number can be rewritten without a radical in the denominator by multiplying the numerator and denominator 


by 


raises = MyMathLab’  wrsennn omnis 


Practice Exercises 


7. W276 + 4,5) 
In this Exercise Set, assume that all variables represent positive 8. W3( Wo alr 7W4) 
real numbers. 9. Wx( /16x2 — Wx) 
In Exercises 1-38, multiply as indicated. If possible, simplify 10. Wx W/24x2 — Wx) 
any radical expressions that appear in the product. 14 + V2 +2 ) 


1. 


— 
a 
t 
$ 
—_ 
— 
i) 
! 
t 
Ss 


—s 
2 


RDA MN 
1 
t 
oi 
ee 


—_ ht 
oa 


oa rh OD 
DRVAA 
n 
| 
aS 
= 


— 
Be 


= 
> ! 
aN Pd NAR pe i 
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18. (V3 aP V2) ( 0 \/ 1) In Exercises 65-74, simplify each radical expression and then 
19. (V2 = V7)(V3 = V5) rationalize the denominator. 
20. (V3 - V2)(V10 - V11) ean . ee = 
a1. (3V2 - 4V3)(2V2 + 5V3) 3x"y Sx*y 
5 3 
22. (3V5 — 2V3)(4V5 + 5V3) , eee ge = 
23. (V3 + V5) b ae 
23) 4 
24. (V2 + TN 6 (ee 70. ss ae 
25. (V3x 22 vy)? 14m°n 15m°n 
3 5} 
26. (V2x - Vy)? 71 72 
WV 53 WV2y7 
a7. (V5 +7)(V5-7) re ine 
as. (V6 +2)(V6 - 2) 1, te a ee 
a9. (2 — 5V3)(2 + 5V3) v-8xy! Vi 2Ixtys 
30 (3 z 5V/2) (3 a 5/2) In Exercises 75-92, rationalize each denominator. Simplify, if 
: ossible. 
31. (3V2 + 2V3)(3V2 - 2V3) - ‘ sf 
32. (4V3 + 3V2)(4V3 - 3V2 5. —-— 76, ——— 
( M ) V5 +2 Vo+1 
33. (3 — Vx)(2 - vx) _ 13 3 "7 
34. oe Voce Vx) : Vil -3 3 V0 -2 
35. (Wx — 4)(Wx +5) 6 D 
3 3 OS — weer oO = =e 
= ea a) V5+V3 V7+V3 
37. (x + Vy?) (2x = Wy’) 4 Va a Vb 
See Vy ae) "Va - Vb " Va- Vb 
In Exercises 39-64, rationalize each denominator. 83. 25 
= We - Vi 5V2 - 3V5 
V5 V3 84. 2 
11 6 5V2 - 3V5 
Be ae bo ss Ve ave - i 5 
As 9 aa 12 5 a AL3 Ail es 
 V3y Vy eae pp Se 
al 1 Vx +3 Vx — 5 
ae ae = 5V3 - 3V2 e 2V6 + V5 
6 10  3V2 -2V3 " 3V6- V5 
4. 48:. + Vy 
3 4 W5 91. 2Vx + Vy 
, O} ; By Vy i 2Vx 
« i wo. ae 
3 = ie eee 
4 a Vy — 3Vx 
51. Se 52. ae : : : : ; 
Vx We In Exercises 93-104, rationalize each numerator. Simplify, 
sD. ice if possible. 
Sone mi 54. 3 
y y 93. AP 94. iz 
7 ey 2 
ae 8 x2 me: 3 Ax? 95 Wax 96 W2x 
Lee a 58. .) & Wy Ny 
" Viy " V xy? oF Vx +3 os Vx +4 
3 5 © Ee SVs 
59. Wy 60. Wy gee 8. 
ae: ay. aie Va - Vb 
= 9 8x" . 16x? 100 Va ve 
2 3 : 
63, e4, —— Va + Vb 
y 4x7y4 y 8xy? 
oe = Wee 
101. 
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102 
7 
Vx + Vy 
103. —, 5 
wT y 
Vx — Vy 
104:) pean 
vy 


Practice PLUS 


In Exercises 105-112, add or subtract as indicated. Begin by 
rationalizing denominators for all terms in which denominators 
contain radicals. 


V50 

112, = =F 2V32 + V28 

113. Let f(x) = x? — 6x — 4. Find f(3 — V/13). 
114, Let f(x) = x? + 4x — 2. Find f(-2 + V6). 
115. Let f(x) = V9 + x. Find f(3V5) -f(-3V5). 
116. Let f(x) = x2. Find f(Va + 1- Va — 1). 


Application Exercises 


117. The early Greeks believed that the most pleasing of all 
rectangles were golden rectangles, whose ratio of width 
to height is 


Ww 2 


hoV5-1 
The Parthenon at Athens fits into a golden rectangle once 
the triangular pediment is reconstructed. 


oe 


Rationalize the denominator of the golden ratio. Then 
use a calculator and find the ratio of width to height, 
correct to the nearest hundredth, in golden rectangles. 


Multiplying with More Than One Term and Rationalizing Denominators 


118. In the “Peanuts” cartoon shown in the section opener on 
page 542, Woodstock appears to be working steps mentally. 


UN 223 


Fill in the missing steps that show how to go from 6 


to IVs. 


In Exercises 119-120, write expressions for the perimeter and 
area of each figure. Then simplify these expressions. Assume 
that all measures are given in inches. 


119. V8 +1 


WR Hil 


120. 2V3+V2 


2V3 +V2 


The Pythagorean Theorem for right triangles tells us that the 
length of the hypotenuse is the square root of the sum of the 
squares of the lengths of the legs. In Exercises 121-122, use the 
Pythagorean Theorem to find the length of each hypotenuse in 
simplified radical form. Assume that all measures are given in 
inches. 


2 is "a 


V10+ V2 
122; 
ail 
V20+ V6 


Writing in Mathematics 


123. Explain how to _ perform this multiplication: 
V2(V7 + V'10). 
124. Explain how to perform this multiplication: 


(2+ V3)(4 + V3). 
125. Explain how to perform this multiplication: (2 ap 4/3). 


126. What are conjugates? Give an example with your 
explanation. 


127. Describe how to multiply conjugates. 


128. Describe what it means to rationalize a denominator. 


Use both a and = 

V5 5 4+V5 

129. When a radical expression has its denominator 

rationalized, we change the denominator so that it no 

longer contains any radicals. Doesn’t this change the 
value of the radical expression? Explain. 


in your explanation. 


2 nro 
130. Square the real number re Observe that the radical is 
3 
eliminated from the denominator. Explain whether this 
process is equivalent to rationalizing the denominator. 
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Technology Exercises 


In Exercises 131-134, determine if each operation is performed 
correctly by graphing the function on each side of the equation 
with your graphing utility. Use the given viewing rectangle. The 
graphs should be the same. If they are not, correct the right side 
of the equation and then use your graphing utility to verify the 
correction. 
131. (Vx -1)(Vvx-1) =x+1 

[0, 5, 1] by [-1, 2, 1] 


132. (Vx + 2)( vx = 2) =x? — 4forx =0 
[0, 10, 1] by [-10, 10, 1] 


438. (Ve 4 1) =a + 1 
[0, 8, 1] by [0, 15, 1] 


3 = 
134. Vy sea 
Vx +3 -— Vx : 


[0, 8, 1] by [0, 6, 1] 


Critical Thinking Exercises 


Make Sense? In Exercises 135—138, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


135. I use the same ideas to multiply (va oF 5)(V2 ar 4) 
that I did to find the binomial product (x + 5)(x + 4). 


136. [used aspecial-product formula and simplified as follows: 
(V2— V5) = 245 = 7, 

137. Insome cases when I multiply a square root expression 
and its conjugate, the simplified product contains a 
radical. 

138. I use the fact that 1 is the multiplicative identity to both 
rationalize denominators and rewrite rational expressions 
with a common denominator. 


Radicals, Radical Functions, and Rational Exponents 


In Exercises 139-142, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


ee 
139, ———— = -— 
Veoar 2 
140 fe 
> A/G y 0 ay 
4Vx 4x + 4yVx 
141. = °) 
Vi= y Key 
142. (Vx - 7)? =x - 49 
143. Solve: 
T[(2x — 5) — (x + 1) = (V7 + 2)(V7 - 2). 
144, Simplify: (V2 + V3 + V2 — V3). 
1 
145. Rationalize the denominator: : 
VI V3 a 
Review Exercises 
3 
146. Add: + ——., 
S Re ged 
(Section 6.2, Example 6) 
2, 3} 
147. Solve: ae 4 0. 


(Section 6.6, Example 5) 


148. If f(x) = x4 — 3x? — 2x + 5, use synthetic division and 
the Remainder Theorem to find f(—2). (Section 6.5, 
Example 2) 


Preview Exercises 


Exercises 149-151 will help you prepare for the material 
covered in the next section. 


149. Multiply: (Vx +4+1)?. 
150. Solve: 4x? — 16x + 16 = 4(x + 4). 


151. Solve: 26 — 11x = 16 — 8x + x’. 


Objectives 


fal Solve radical 
equations. 


2 | Use models that are 
radical functions to 
solve problems. 


The function 


Radical Equations 


One of the most dramatic developments in the U.S. 
work force has been the increase in the number of 
women. In 1960, approximately 38% of women 
belonged to the labor force. By 2000, that 
number had increased to over 60%. With 
higher levels of education than ever 

before, most women now choose careers 

in the labor force rather than homemaking. 


f(x) = 3.5Vx + 38 


models the percentage of U.S. women 
in the labor force, f(x), x years after 
1960. How can we predict the year when, 


4 | Solve radical equations. 
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say, 70% of women will participate in the U.S. work force? Substitute 70 for f(x) in 
f(x) = 3.5Vx + 38 and solve for x: 


70 = 3.5Vx + 38. 
The resulting equation contains a variable in the radicand and is called a radical 


equation. A radical equation is an equation in which the variable occurs in a square 
root, cube root, or any higher root. Some examples of radical equations are 


V2x+3=5, V3x+1-Vx4+4=1, and W3x-14+4=0. 


Variables occur in radicands. 


In this section, you will learn how to solve radical equations. Solving such equations 
will enable you to solve new kinds of problems using radical functions. 


Solving Radical Equations 


Consider the following radical equation: 


Squaring both (Vx) = 


sides eliminates 
the square root. x = 81. 


The proposed solution, 81, can be checked in the original equation, Vx = 9. Because 
81 = 9, the solution is 81 and the solution set is {81}. 

In general, we solve radical equations with square roots by squaring both sides of 
the equation. We solve radical equations with nth roots by raising both sides of the 
equation to the nth power. Unfortunately, if 1 is even, all the solutions of the equation 
raised to the even power may not be solutions of the original equation. Consider, for 
example, the equation 


x= 4. 
If we square both sides, we obtain 
x = 16. 
x? -16=0 Subtract 16 from both sides and write the 
quadratic equation in standard form. 
(x + 4)\(x — 4) = 0 Factor. 
x+4=0 or x-4=0 Set each factor equal to O. 
x= -4 x=4 Solve the resulting equations. 


The equation x* = 16 has two solutions, —4 and 4. By contrast, only 4 is a solution of 
the original equation, x = 4. For this reason, when raising both sides of an equation to 
an even power, always check proposed solutions in the original equation. 

Here is a general method for solving radical equations with nth roots: 


Solving Radical Equations Containing nth Roots 


1. If necessary, arrange terms so that one radical is isolated on one side of the 
equation. 


2. Raise both sides of the equation to the nth power to eliminate the nth root. 


3. Solve the resulting equation. If this equation still contains radicals, repeat 
steps 1 and 2. 


4. Check all proposed solutions in the original equation. 
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| EXAMPLE 1 | Solving a Radical Equation 


Solve: V2x+3=5. 


Solution 


Step 1. Isolate a radical on one side. The radical, V2x + 3, is already isolated on the 
left side of the equation, so we can skip this step. 


Step 2. Raise both sides to the nth power. Because n, the index, is 2, we square both 


sides. 
Vix +3=5 
(V2x +3)? = 5 
2x +3=25 


Step 3. Solve the resulting equation. 


2x +3 = 25 
2x = 22 
x=11 


This is the given equation. 
Square both sides to eliminate the radical. 


Simplify. 


The resulting equation is a linear equation. 
Subtract 3 from both sides. 
Divide both sides by 2. 


Step 4. Check the proposed solution in the original equation. Because both sides were 


raised to an even power, this check is essential. 


Check 11: 
V2x+3=5 
V2-11+325 
V25 25 
5=5. 


The solution is 11 and the solution set is {11}. 


true 


“| CHECK POINT 1 Solve: V3x+4=8. 


| EXAMPLE 2 | Solving a Radical Equation 


Solve: Vx -3+6=5. 


Solution 


Step 1. Isolate a radical on one side. The radical, Vx — 3, can be isolated by 


subtracting 6 from both sides. We obtain 
Vx —-3=-1. 


A principal square root cannot be negative. 
This equation has no solution. Let's 
continue the solution procedure to see 
what happens. 


Step 2. Raise both sides to the nth power. Because n, the index, is 2, we square both 


sides. 


(Vx - 3)? = (1) 


x-3=1 

Step 3. Solve the resulting equation. 
x-3=1 
x=4 


Simplify. 


The resulting equation is a linear equation. 
Add 3 to both sides. 


Great Question! 
Can I square the right side 


of V26 —- 11x = 4-x 
by first squaring 4 and 
then squaring x? 

No. Be sure to square both 
sides of an equation. Do not 
square each term. 


Correct: 
(26 — 11x)? = (4 - x)? 


Incorrect! 


= — x2 
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Step 4. Check the proposed solution in the original equation. 


Check 4: 
Vx —-34+6 
V4—3+6 

V1 +6 

1+ 6 
7=5, false 


nannn 


Iho [he Ihe Il 


This false statement indicates that 4 is not a solution. Thus, the equation has no solution. 
The solution set is @, the empty set. 


Example 2 illustrates that extra solutions may be introduced when you raise both 


sides of a radical equation to an even power. Such solutions, which are not solutions of 
the given equation, are called extraneous solutions. Thus, 4 is an extraneous solution 


of Vx —-3+6=5. 


[4]. CHECK POINT2 Solve: Vx—1+7=2. 


| EXAMPLE 3 | Solving a Radical Equation 


Solve: 


x + V26 — lix = 4. 


Solution 
Step 1. Isolate a radical on one side. We isolate the radical, V26 — 11x, by subtracting 
x from both sides. 
x+ V26-11x =4 This is the given equation. 
V26 —-lix=4-x Subtract x from both sides. 


Step 2. Square both sides. 


(V26 — 11x)? = (4 - x) 
26 — 11x = 16 — 8x + x? Simplify. Use the special-product formula 
(A — B)? = A? — 2AB + B* to square 
=x 


Step 3. Solve the resulting equation. Because of the x7-term, the resulting equation is a 
quadratic equation. We need to write this quadratic equation in standard form. We can 
obtain zero on the left side by subtracting 26 and adding 11x on both sides. 


26 — 26 — 11x + 11x = 16 — 26 — 8x + 11x + x 


0 = x? + 3x - 10 Simplify. 
O = (x + 5)(x — 2) Factor. 
x+5=0 or x-2=0 Set each factor equal to zero. 
x=-5 x=2 Solve for x. 


Step 4. Check the proposed solutions in the original equation. 


Check —5: Check 2: 
x + V26 - 11x =4 x + V26- 11x =4 
5 + V26 — 11(-5) = 4 2+ V26-11:224 
5+ Vei24 2+V4i4 
=f 49:2 4 2+224 
4=4, true 4=4, true 


The solutions are —5 and 2, and the solution set is {—5, 2}. ™ 
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Using Technology 


Graphic Connections 


You can use a graphing utility to provide a graphic check that {—5, 2} is the solution set of 


x + V26 —- 11x = 4. 


Use the given equation 


x +V26 — 11x = 4. 
\ 
Enter y, =x + V 26 — IIx Enter y= 4 


in the | y=] screen. in the | y=] screen. 


Display graphs for y; and y>. The 
solutions are the x-coordinates of the 
intersection points. These x-coordinates 


Use the equivalent equation 


4=0. 


ae XS = ililse 
A 


Enter y, =x + V 26 —11x —4 


in the | y=] screen. 


Display the graph for y,. The solutions are 
the x-intercepts. The x-intercepts are —5 
and 2. This verifies {-5, 2} as the solution 


set of x 4 26 — 11x —4=0. 


are —5 and 2. This verifies {—5, 2} as the 
solution set of x + V26 — 11x = 4. 


y, =x+ V26 — 11x — 4 


\ 


x-intercept: 2 


X-coordinate of 
intersection point 
ip 


X-coordinate of 
intersection point 
is 2. 


[-10, 3, 1] by [-4, 3, 1] 


—5 2 
[-8, 5, 1] by [0,7, 1] 


V6x + 7—-—x =2. 


/| CHECK POINT 3 


Solve: 


The solution of a radical equation with two or more square root expressions involves 
isolating a radical, squaring both sides, and then repeating this process. Let’s consider 
an equation containing two square root expressions. 


| EXAMPLE 44 | Solving an Equation That Has Two Radicals 


V3x +1-Vx+4=1. 


Solve: 


Solution 


Step 1. Isolate a radical on one side. We can isolate the radical V3x +1 by adding 
Vx + 4 to both sides. We obtain 


V3x t1=Vxt+441. 


Step 2. Square both sides. 
(V3x +1)? = (Vx+4+1)? 


Squaring the expression on the right side of the equation can be a bit tricky. We have 
to use the formula 


(A + BY = A? + 2AB + B’. 
Focusing on just the right side, here is how the squaring is done: 


(A + B)? = A* + 2: A B + B 


(Vxt44+1P =(Vxt+ 4P4+2°-Vx44-14+P =x+44+2Vx4+441. 
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Now let’s return to squaring both sides. 


(V3x + 1}? = ( Vxt+4+ i} Square both sides of the equation with 


an isolated radical. 


3x +1 


xt+442Vx+44+1  (V3x +1)? = 3x + 1; Square the right 
side using the formula for (A + B)’. 

3x +1l=x+5+2Vx4+4 Combine numerical terms on the right 

side:-4+1= 5. 


Can you see that the resulting equation still contains a radical, namely Vx + 4? Thus, 
we need to repeat the first two steps. 


Repeat Step 1. Isolate a radical on one side. We isolate 2x + 4, the radical term, by 
subtracting x + 5 from both sides. We obtain 


3x t+1=x+5+ 2Vx +4 This is the equation from our last step. 
2x —-4=2Vx4+4. Subtract x and subtract 5 from both sides. 


Although we can simplify the equation by dividing both sides by 2, this sort of 
simplification is not always helpful. Thus, we will work with the equation in this form. 
Repeat Step 2. Square both sides. 


Be careful in squaring both sides. 
Use [A — B)?= A? — 2A B + B? 
to square the left side. Use (Qe = 4)? = (2 Vx + 4) Square both sides. 
(AB)* = A?B? to square the right 
side. 


4x? — 16x + 16 = 4(x + 4) Square both 2 and \/x + 4 on the right 
side. 


Step 3. Solve the resulting equation. We solve this quadratic equation by writing it in 
standard form. 


4x? — 16x + 16 = 4x + 16 Use the distributive property. 
4x? — 20x = 0 Subtract 4x + 16 from both sides. 
4x(x — 5) = 0 Factor. 
4x =0 or x-5=0 Set each factor equal to zero. 
x=0 x=5 Solve for x. 


Step 4. Check the proposed solutions in the original equation. 


Check 0: Check 5: 
V3x+1-Vxt+4=1 V3x+1-Vxex4+4=1 
V3-0+1-V0+421 V3-541-V54+421 

Vi-V421 V16- V9 21 

1-241 4-341 

-1=1, false 1=1, true 


The check indicates that 0 is not a solution. It is an extraneous solution brought 
about by squaring each side of the equation. The only solution is 5 and the solution 
setis {5}. @ 


[¥|| CHECK POINT4 Solve: Vx +5 — Vx —3 =2. 
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2 | Use models that are 
radical functions to 
solve problems. 


| EXAMPLE 5 | Solving a Radical Equation 


1 
Solve: (3x —1)3+4=0. 


Solution Although we can rewrite the equation in radical form 
W3x —-1+4=0, 
it is not necessary to do so. Because the equation involves a cube root, we isolate the 
radical term—that is, the term with the rational exponent—and cube both sides. 
(3x — 3 + ‘i = 0 This is the given equation. 


(3x — 1)3 = —4 Subtract 4 from both sides and isolate the 
term with the rational exponent. 


1 3 
Gu - | = (—4)? Cube both sides. 
3x — 1 = —64 Multiply exponents on the left side and simplify. 
3x = —63 Add 1 to both sides. 
x=-21 Divide both sides by 3. 


Because both sides were raised to an odd power, it is not essential to check the proposed 
solution, —21. However, checking is always a good idea. Do so now and verify that —21 
is the solution and the solution set is {—21}. = 


Example 5 illustrates that a radical equation with rational exponents can be solved by 


1. isolating the expression with the rational exponent, and 
2. raising both sides of the equation to a power that is the reciprocal of the rational 
exponent. 


Keep in mind that it is essential to check proposed solutions when both sides have been 
raised to even powers. Thus, equations with rational exponents such as + and i must be 
checked. 


1 
IY] CHECK POINT5 Solve: (2x — 3)3 +3 =0. 


Applications of Radical Equations 


Radical equations can be solved to answer questions about variables contained in 
radical functions. 


| EXAMPLE 6 | Women in the Labor Force 


The bar graph in Figure 7.9 shows the percentage of U.S. women in the labor force 
from 1960 through 2010. The function f(x) = 3.5Vx + 38 models the percentage of 
U.S. women in the labor force, f(x), x years after 1960. According to the model, when 
will 70% of U.S. women participate in the work force? 


Percentage of United States Women in the Labor Force 


80% 


10% 
§ wk 57.5 60.2 62.2 
E 60% = 
6 51.5 
= 50% 43.3 
= go%t 377 
a Sas 
FE 30% 
2 20%E 
oO 
MH 10%F 


1960 1970 1980 1990 2000 2010 Figure 7.9 
Year Source: U.S. Department of Labor 
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Solution To find when 70% of U.S. women will be in the work force, substitute 70 
for f(x) in the given function. Then solve for x, the number of years after 1960. 


f(x) = 3.5Vx + 38 This is the given function. 

70 = 3.5Vx + 38 Substitute 70 for f(x). 

32 = 3.5Vx Subtract 38 from both sides. 
32 

aa Vx Divide both sides by 3.5. 

32 \7 
(2) = ( Vx)? Square both sides. 
84 =x Use a calculator. 


The model indicates that 70% of U.S. women will be in the labor force approximately 
84 years after 1960. Because 1960 + 84 = 2044, this is projected to occur in 2044. & 


\/| CHECK POINT6 Use the function in Example 6 to project when 73% of U.S. 
women will participate in the work force. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


A; 
2. 
3. 


An equation in which the variable occurs in a square root, cube root, or any higher root is called a/an equation. 
Solutions of a squared equation that are not solutions of the original equation are called solutions. 
Consider the equation 
V2x +1=x-7. 
Squaring the left side and simplifying results in . Squaring the right side and simplifying results in 
Consider the equation 


Vx+2=3-Vx-1. 
Squaring the left side and simplifying results in . Squaring the right side and simplifying results in 


Consider the equation 
(2x + 3)3 =2, 
Cubing the left side and simplifying results in . Cubing the right side and simplifying results in 
True or false: 4 is a solution of V5x + 16 = x + 2. 
True or false: —3 is a solution of V5x + 16 = x + 2. 


Sams )=MyMathLab’ <a eae 


Practice Exercises 9. V5sxt+1=x+1 10. V2x+1=x-7 
In Exercises 1-38, solve each radical equation. A NV Dacia. Il 12a NV ae 

1. V3x-2=4 2 V5x-1=8 135 @ = 2V0e—3—3 14. 3x — V3x+7=-5 
3, Von = 4=9=0 4, V34 = 2 = 5 = 06 5. Vex=5=Vet4 16 Vex +2= V5x43 
5. V3x+7+10=4 6 V2x+5+11=6 17, W2x +11 =3 18, V6x — 3 =3 

7. x= Vix+8 8 x= Vox +7 19. W2x-6-4=0 
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20. W4x -3 -5=0 


a1. Vx -7=7-Vx 


22. Vx -8=Vx-2 
rey OW Ses 2 oe Wee il = 8) 
24. Vx -44+Vx+4=4 
251 2\/ 4x Ml 9 
26) 2 x= 3a 4 — x 
27. (2x 3) Tees 
28. (Gx — 6)3 +5=8 
29. (3x 14 7=9 
30. (2x + 3)4 + 7=10 


31. (x +2)24+8= 

32. (x -3)2+8= 

33. V2x -—3- Vx-2= 
34, Vn22 
35, 3x3 = (x + 17x) 
36. 2(x — 1)3 = (x? + 2x)3 
37. (x + 8)f = (2x) 

$8. @ = 2 = Gr=8y 


Practice PLUS 
39. If f(x) =x + 
f(x) = 7. 
40. If f(x) =x — Vx — 2, find all values of x for which 
f(x) =4. : F 

41. If f(x) = (5x + 16)3 and g(x) = (x — 12)3, find all 
values of x for which f(x) = g(x). 

42. If f(x) = (9x + 2)4 and g(x) = (5x + 18)4, find all values 
of x for which f(x) = g(x). 


x + 5, find all values of x for which 


In Exercises 43-46, solve each formula for the specified variable. 


43. r= ere ony 


awh 
44. r= ‘ eu for A 
4a 


45. t= om| for | 
32 
FR 


46. v = ,/— form 
m 


47. If5 times a number is decreased by 4, the principal square 
root of this difference is 2 less than the number. Find the 
number(s). 


48. If a number is decreased by 3, the principal square root 
of this difference is 5 less than the number. Find the 
number(s). 


In Exercises 49-50, find the x-intercept(s) of the graph of each 
function without graphing the function. 


49. f(x) = Vx t+ 16 —- Vx -2 
50. f(x) = V2x — 3 Vox +1 
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Application Exercises 


A basketball player’s hang time is the time spent in the air when 
shooting a basket. The formula 


Va 


2) 


models hang time, t, in seconds, in terms of the vertical 
distance of a player’s jump, d, in feet. Use this formula to solve 
Exercises 51-52. 


51. When Michael Wilson of the Harlem Globetrotters 
slam-dunked a basketball 12 feet, his hang time for the 
shot was approximately 1.16 seconds. What was the 
vertical distance of his jump, rounded to the nearest tenth 
of a foot? 


52. If hang time for a shot by a professional basketball player 
is 0.85 second, what is the vertical distance of the jump, 
rounded to the nearest tenth of a foot? 


Use the graph of the formula for hang time to solve Exercises 53-54. 


Hang Time (seconds) 


12) 3 4s SS) On 7 8 
Vertical Distance of Jump (feet) 


53. How is your answer to Exercise 51 shown on the graph? 
54. How is your answer to Exercise 52 shown on the graph? 


The graph at the top of the next page shows the less income 
people have, the more likely they are to report that their health 
is fair or poor. The function 


f(x) = -4.4Vx + 38 
models the percentage of Americans reporting fair or poor 


health, f(x), in terms of annual income, x, in thousands of 
dollars. Use this function to solve Exercises 55-56. 


Americans Reporting Fair or Poor 


Health, by Annual Income 
Dil 
15 
15% 
12 
9% 
i 6 
6% 4 
i in 
i) 25 85 50 60 
Annual Income (thousands of dollars) 


Source: William Kornblum and Joseph Julian, Social Problems, 
Twelfth Edition, Prentice Hall, 2007. 


Percentage Reporting 
Fair or Poor Health 
— 

N 
3s 


55. a. Find and interpret f(25). Does this underestimate or 
overestimate the percent displayed by the graph? By 
how much? 


b. According to the model, what annual income corresponds 
to 14% reporting fair or poor health? Round to the 
nearest thousand dollars. 


56. a. Find and interpret f(60). Round to one decimal place. 
Does this underestimate or overestimate the percent 
displayed by the graph? By how much? 


b. According to the model, what annual income corresponds 
to 24% reporting fair or poor health? Round to the 
nearest thousand dollars. 


The function , 
f(x) = 29x3 
models the number of plant species, f(x), on the islands of 


the Galapagos in terms of the area, x, in square miles, of a 
particular island. Use the function to solve Exercises 57-58. 


57. What is the area of a Galapagos island that has 87 species 
of plants? 
58. What is the area of a Galapagos island that has 58 species 
of plants? 
For each planet in our solar system, its year is the time it takes 
the planet to revolve once around the sun. The function 
f(x) = 0.2x2 
models the number of Earth days in a planet’s year, f(x), where 


x is the average distance of the planet from the sun, in millions of 
kilometers. Use the function to solve Exercises 59-60. 


e Mercury 
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59. We, of course, have 365 Earth days in our year. What is the 
average distance of Earth from the sun? Use a calculator 
and round to the nearest million kilometers. 


60. There are approximately 88 Earth days in the year of the 
planet Mercury. What is the average distance of Mercury 
from the sun? Use a calculator and round to the nearest 
million kilometers. 


Writing in Mathematics 
61. What is a radical equation? 


62. In solving V2x — 1 + 2 = x, why is it a good idea to 
isolate the radical term? What if we don’t do this and 
simply square each side? Describe what happens. 


63. What is an extraneous solution to a radical equation? 
64. Explain why Vx = —1 has no solution. 


65. Explain how to solve a radical equation with rational 
exponents. 


66. In Example 6 of the section, we used a square root function 
that modeled an increase in the percentage of U.S. women 
in the labor force, although the rate of increase in this 
percentage was leveling off. Describe an event that might 
occur in the future that could result in an ever-increasing 
rate in the percentage of women in the labor force. Would 
a square root function be appropriate for modeling this 
trend? Explain your answer. 


67. The graph for Exercises 55-56 shows that the less income 
people have, the more likely they are to report fair or poor 
health. What explanations can you offer for this trend? 


Technology Exercises 


In Exercises 68-72, use a graphing utility to solve each radical 
equation. Graph each side of the equation in the given viewing 
rectangle. The equation’s solution set is given by the x-coordinate(s) 
of the point(s) of intersection. Check by substitution. 


68. V2x +2 = V3x — 5 

[-1, 10, 1] by [-1, 5, 1] 
69. Vx+3=5 

[-1, 6, 1] by [-1, 6, 1] 
70. Vx7+3=x4+1 

[-1, 6, 1] by [-1, 6, 1] 
Tle AV — eS 

[-1, 10, 1] by [-1, 14, 1] 
72. Vxt+4=2 

[-2, 18, 1] by [0, 10, 1] 


Critical Thinking Exercises 


Make Sense? In Exercises 73-76, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


73. When checking a radical equation’s proposed solution, I 
can substitute into the original equation or any equation 
that is part of the solution process. 
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74. After squaring both sides of a radical equation, the only 
solution that I obtained was extraneous, so @ must be the 
solution set of the original equation. 

75. When I raise both sides of an equation to any power, 
there’s always the possibility of extraneous solutions. 


76. Now that I know how to solve radical equations, I can use 
models that are radical functions to determine the value of 
the independent variable when a function value is known. 


In Exercises 77-80, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

77. The first step in solving Vx + 6 = x + 2 is to square 
both sides, obtaining x + 6 = x? + 4. 

78. The equations Vx + 4 = —5 and x + 4 = 25 have the 
same solution set. 

79. The equation —Vx = 9 has no solution. 

80. The equation Vx? + 9x +3 = -x has no solution 
because a principal square root is always nonnegative. 

81. Find the length of the 
three sides of the right 
triangle shown in the figure. 14Vx 


In Exercises 82-84, solve each equation. 


82. WxvVx = 9 
83. Vxt+Vxt+9=3 


2 
84. (x — 4)3 = 25 


Review Exercises 
85. Divide using synthetic division: 
(4x4 — 3x7 + 2x7 — x — 1) + (x + 3). 


(Section 6.5, Example 1) 


86. Divide: 
a= 12 tie 
xe+2x-8 xt+4° 


(Section 6.1, Example 7) 


87. Factor: y* — 6y + 9 — 25x?. 
(Section 5.5, Example 6) 


Preview Exercises 


Exercises 88-90 will help you prepare for the material covered 
in the next section. 


88; Simplify: (69-5 7x) = Gill = Gx): 

89. Multiply: (7 — 3x)(—2 — 5x). 

7+ 4V2 
2-5V2 


90. Rationalize the denominator: 


Complex Numbers 


Objectives 


1 | Express square roots 
of negative numbers in 
terms of /. 


2 | Add and subtract 
complex numbers. 


3 | Multiply complex 
numbers. 


4 | Divide complex 
numbers. 


5 | Simplify powers of /. 


THE KID WHO LEARNED A8BouT MATH 
ON THE STREET 


Once this guy 
tried te find the Square 
=| root of -4, and his $y 
eyeballs turned J 7 


This giel my brither J 
knows found out 


Copyright © 2011 by Roz Chast/The New Yorker Collection/The Cartoon Bank 


Who is this kid warning us 
about our eyeballs turning 
black if we attempt to find 
the square root of —9? Don’t 
believe what you hear on the 
street. Although square roots 
of negative numbers are not 
real numbers, they do play a 
significant role in algebra. In 
this section, we move beyond 
the real numbers and discuss 
square roots with negative 
radicands. 


EB Express square roots 


of negative numbers in 


terms of /. 


Great Question! 


Now that we’ve 
introduced square roots 
of negative numbers, 

can | still use the rule 
Vab = VavVb? 

We allow the use of the 
product rule Vab = Va Vb 


when a is positive and b is —1. 


However, you cannot use 
Vab = VavVb when both a 


and b are negative. 
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The Imaginary Unit / 


In Chapter 8, we will study equations whose solutions involve the square roots of 
negative numbers. Because the square of a real number is never negative, there is 
no real number x such that x? = —1. To provide a setting in which such equations 
have solutions, mathematicians invented an expanded system of numbers, the complex 
numbers. The imaginary number i, defined to be a solution of the equation x? = —1, is 


the basis of this new set. 


The Imaginary Unit i 


The imaginary unit 7 is defined as 


i= V-1, where i? =~-1. 


Using the imaginary unit i, we can express the square root of any negative number 
as areal multiple of i. For example, 


V—25 = V25(-1) = V25V=1 = 5i. 
We can check that V—25 = 5i by squaring Si and obtaining —25. 


(Si)? = 57i? = 25(-1) = —25 


The Square Root of a Negative Number 


If b is a positive real number, then 


V=b = VbE1) = VbV=1 = Vbi or iVb. 


| EXAMPLE 1 | Expressing Square Roots of Negative 
Numbers as Multiples of / 
Write as a multiple of i: 


a. V—-9 5. V3 c. V—80. 


Solution 
a. V-9 = Vo-1) = V9V-1 = 3: 

B t to writ 
b. V3 = V3-1) = V38V—A1 = V3: Eifel 


c. V-80 = V80(-1) = V80V-1 = V16 + 5V-1 = 4V5i 


In order to avoid writing i under a radical, let’s agree to write i before any radical. 
Consequently, we express the multiple of i in part (b) as iV3 and the multiple of i in 
part(c)as4iV5. 


'\/| CHECK POINT1 Write as a multiple of i: 


a. V-64 b. V-11 ce. V—48. 
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Complex numbers 
a+bi 


== 


Real Imaginary 
numbers numbers 
at+biwithb=0 a+biwithb40 


Figure 7.10 
The complex number system 


2 | Add and subtract 
complex numbers. 


Radicals, Radical Functions, and Rational Exponents 


A new system of numbers, called complex numbers, is based on adding multiples 
of i, such as 5i, to the real numbers. 


Complex Numbers and Imaginary Numbers 


The set of all numbers in the form 
ae bis 


with real numbers a and b, and i, the imaginary unit, is called the set of complex 
numbers. The real number a is called the real part, and the real number b is called 
the imaginary part of the complex number a + bi. If b ¥ 0, then the complex 
number is called an imaginary number (Figure 7.10). 


Here are some examples of complex numbers. Each number can be written in the 
forma + bi. 


—4 + 61 2i=0+ 2: 3=3+0i 


a, the real 
part, is 3. 


a, the real 
part, is 0. 


a, the real 
part, is —4. 


b, the imaginary 
part, is 2. 


b, the imaginary 
part, is 0. 


b, the imaginary 
part, is 6. 


Can you see that b, the imaginary part, is not zero in the first two complex numbers? 
Because b # 0, these complex numbers are imaginary numbers. By contrast, the 
imaginary part of the complex number on the right is zero. This complex number is not 
an imaginary number. The number 3, or 3 + Oi, is a real number. 


Adding and Subtracting Complex Numbers 


The form of a complex number a + bi is like the binomial a + bx. Consequently, we 
can add, subtract, and multiply complex numbers using the same methods we used for 
binomials, remembering that i? = —1. 


Adding and Subtracting Complex Numbers 

Peete DP)itn(Gate at) e— aC Geta (Ditn at 
In words, this says that you add complex numbers by adding their real parts, 
adding their imaginary parts, and expressing the sum as a complex number. 

2. (a + bi) — (c + di) =(a-—c)+(b-d)i 
In words, this says that you subtract complex numbers by subtracting their 


real parts, subtracting their imaginary parts, and expressing the difference as a 
complex number. 


| EXAMPLE 2 | Adding and Subtracting Complex Numbers 


Perform the indicated operations, writing the result in the form a + bi: 
a. (5 — 11i) + (7 + 4%) b. (—5 + 7i) — (-11 — 6). 


Solution 

a. (5 — 11i) + (7 + 41) 
=5-11i+7+ 4i 
=5+7-11i+ 4 
=(5+7)+(11+ 4) 
=12-7i 


Remove the parentheses. 

Group real and imaginary terms. 

Add real parts and add imaginary parts. 
Simplify. 


Great Question! 


Are operations with 
complex numbers similar 
to operations with 
polynomials? 

Yes. The following 
examples, using the same 
integers as in Example 2, 
show how operations with 
complex numbers are 

just like operations with 


polynomials. 

ey, (6 = ies) ae (ap ahs) 
= 12 = ke 

[fs (ES + 7) = ill = Gy) 
= —5 =e Whe ae Il aE Ge 
= (6) 4b il 3he 


3 | Multiply complex 
numbers. 
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b. (-5 + 7i) — (-11 — 6i) 
=-54+7i+ 114+ 6i 


Remove the parentheses. Change signs of real and imaginary 
parts in the complex number being subtracted. 


=-54+11+7i+ 6i 
(-5 + 11) + (7 + 6)i 
=6 + 13i 


Group real and imaginary terms. 


Add real parts and add imaginary parts. 
Simplify. 


'/| CHECK POINT 2 
a. (5 — 2i) + (3 + 3i) 
b. (2 + 6i) — (12 — 4i). 


Add or subtract as indicated: 


Multiplying Complex Numbers 


Multiplication of complex numbers is performed the same way as multiplication of 
polynomials, using the distributive property and the FOIL method. After completing 
the multiplication, we replace any occurrences of i” with —1. This idea is illustrated in 
the next example. 


| EXAMPLE 3 | Multiplying Complex Numbers 


Find the products: 


a. 4i(3 — Si) b. (7 — 3i)(-2 — Si). 
Solution 
a. 4i(3 — Si) 

= 41-3 — 4i°5i Distribute 4i throughout the parentheses. 

= 12i — 20%" Multiply. 

= 12i — 20(-1) Replace i? with —1. 

= 20 + 127 Simplify to 12i + 20 and write in a + bi form. 
b. (7 — 3i)(-2 — 5i) 

F 0 l L 


= -14 — 35i + 6 + 157° Use the FOIL method. 


=-14-35i+6i+15--1) #=-1 
—14 — 15 — 351 + 6i 
= —29 — 291 


Group real and imaginary terms. 


Combine real and imaginary terms. Ml 


'/| CHECK POINT 3 
a. 7i(2 — 9i) 


Find the products: 
b. (5 + 4i)(6 — 7i). 


Consider the multiplication problem 


5i-2i = 10/7 = 10(-1) = -10. 


The problem 5i-2i can also be given in terms of square roots of negative numbers: 
V-25-V-4. 


Because the product rule for radicals only applies to real numbers, multiplying radicands 
is incorrect. When performing operations with square roots of negative numbers, begin 
by expressing all square roots in terms of i. Then perform the indicated operation. 
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4 | Divide complex 
numbers. 
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CORRECT: INCORRECT: 
V-25-V—-4 = V25V-1:V4V-1 -V=-4 = Vi 

= 5i+2i 

= 102 = 10(-1) = -10 


| EXAMPLE 44 | Multiplying Square Roots of Negative Numbers 


Multiply: V-3-V-5. 


Solution 

V-3-V-5 = V3V-1-V5V-1 
iV3 : iV5 Express square roots in terms of i. 
PVs V3-V5 = V5 andi-i = 7% 
=(1I)V15 9 #=-1 
=-V15 = 


/|\ CHECK POINT4 Multiply: V—5- V7. 


Conjugates and Division 


It is possible to multiply imaginary numbers and obtain a real number. Here is an 
example: 


F 0 | L 


(4 + 7i)(4 — Ti) = 16 — 281 + 281 — 497? 
= 16 — 4977 = 16 — 49(-1) = 65. 


Replace i? with -1. 


You can also perform (4 + 7i)(4 — 77) using the formula 
(A + B)(A - B) =A - B?. 
A real number is obtained even faster: 


(4 + 7i)(4 — 7i) = 42 — (71% = 16 — 4972 = 16 — 49(-1) = 65. 


The conjugate of the complex number a + bi is a — bi. The conjugate of the 
complex number a — biis a + bi. The multiplication problem that we just performed 
involved conjugates. The multiplication of conjugates always results in a real number: 


(a + bi)(a — bi) =a@ —- (bi? = a@ —- BD? =a — D(-1) = a@ + B’. 
The product eliminates 7. 
Conjugates are used to divide complex numbers. The goal of the division procedure 


is to obtain a real number in the denominator. This real number becomes the 
denominator of a and b in the quotient a + bi. By multiplying the numerator and 
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the denominator of the division by the conjugate of the denominator, you will obtain 
this real number in the denominator. Here are two examples of such divisions: 


T+ 4i 
e 
2— Si 


The conjugate of the 
denominator is 2 + 5i. 


Si-4 si - 4 
e or . 
3i 0+ 3i 


The conjugate of the 
denominator is 0 — 3i, or —3i. 


The procedure for dividing complex numbers, illustrated in Examples 5 and 6, 
should remind you of rationalizing denominators. 


| EXAMPLE 5 | Using Conjugates to Divide Complex Numbers 


Divide and simplify to the form a + bi: 


Solution The conjugate of the denominator is 2 + 5i. Multiplication of both the 
numerator and the denominator by 2 + 5i will eliminate i from the denominator while 
maintaining the value of the expression. 


7+4i 7+4i 245i 


2=5 2-5 2+ 5i 


Multiply by 1. 
F 0 | L 


. : 2 
_ 14 + 351 + 8 + 201 Use FOIL in the numerator and (A— B)(A+ B)= 


a= (Si)? A? — B? inthe denominator. 
14 + 43i + 20i? ae 
= 4-252 Simplify. 
_ 14 + 437 + 20(-1) ce 
~ £2954) — 
ep Lie Perform the multiplications involving —1. 
4+ 25 
—6 + 431 
=e Combine real terms in the numerator and 
29 denominator. 
= mo at = Express the answer inthe forma+ bi. Ml 
29 29 


\/| CHECK POINT5 Divide and simplify to the form a + bi: 


6 + 2i 
4-31 


| EXAMPLE 6 | Using Conjugates to Divide Complex Numbers 


Divide and simplify to the form a + bi: 


Si — 4 
3i 
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Si-4 


Solution The denominator of is 3i, or 0 +37. The conjugate of the denominator 


i 
isQ — 3i. Multiplication of both the numerator and the denominator by —3i will eliminate i 
from the denominator while maintaining the value of the expression. 


Si-4  5i-4 —3i 


Multiply by 1. 
3i 313i are 
—15i? + 12i 
io eae Multiply. Use the distributive property 
—9i in the numerator. 
—15(-1) + 12i ‘ 
= ic =-1 
—9(-1) 
15 + 127 
= 9. Perform the multiplications involving —1. 
15 12. 
= 9 =p a Express the division in the form a + bi. 
5S 4, 
= 3 om 3! Simplify real and imaginary parts. 


|/| CHECK POINT6 Divide and simplify to the form a + bi: 
3.— 21 
4i 


© simplify powers of i. Powers of i 


Using the fact that i? = —1, any integral power of i greater than or equal to 2 can be 
simplified to either —i, i, —1, or 1. Here are some examples: 


B=?-i=(-1)i i 
i*=(@) =(-1P =1 
Pepys @y i=l 
iS = (PP = (-1)8 =-1 


Here is a procedure for simplifying powers of i: 


Simplifying Powers of i 
1. Express the given power of i in terms of i”. 


2. Replace i* with —1 and simplify. Use the fact that —1 to an even power is 1 and 
—1 to an odd power is —1. 


Simplifying Powers of / 


Simplify: 
39 750. 


Solution 

a. i? = ()° = (-1)8 =1 

b. 229 = (383 = (i2)"9i = (-1)"i = (-1)i = -i 
e = 7)" = (-1)% =-1 & 


CHECK POINT7 Simplify: 


a a” b. i? Pp 


Blitzer Bonus 
The Patterns of Chaos 


One of the new frontiers of mathematics suggests that there is an underlying order in 
things that appear to be random, such as the hiss and crackle of background noises as 
you tune a radio. Irregularities in the heartbeat, some of them severe enough to cause 
a heart attack, or irregularities in our sleeping patterns, such as insomnia, are examples 
of chaotic behavior. Chaos in the mathematical sense does not mean a complete lack of 
form or arrangement. In mathematics, chaos is used to describe something that appears 
to be random, but actually contains underlying patterns that are far more intricate than 
previously assumed. The patterns of chaos appear in images like the one on the right 
and the one in the chapter opener, called the Mandelbrot set. Magnified portions of 
this image yield repetitions of the original structure, as well as new and unexpected 
patterns. The Mandelbrot set transforms the hidden structure of chaotic events into a 


source of wonder and inspiration. 


The Mandelbrot set is made possible by opening up graphing to include complex 
numbers in the form a + bi. Each complex number is plotted like an ordered pair in a 
coordinate system consisting of a real axis and an imaginary axis. Plot certain complex 
numbers in this system, add color to the magnified boundary of the graph, and the 


patterns of chaos begin to appear. 


Achieving Success 
Two Ways to Stay Sharp 
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29-Fold M-Set Seahorse. © 2011 Richard F. Voss 


Concentrate on one task at a time. Do not multitask. Doing several things at once can cause confusion and can take longer to 


complete the tasks than tackling them sequentially. 


Get enough sleep. Fatigue impedes the ability to learn and do complex tasks. (One can only imagine what occurs if you’re 


fatigued and trying to perform complex tasks with complex numbers!) 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


4: 


2. 


3. 


10. 
11. 


The imaginary unit i is defined as i = , where i? = 


V-16 = V16(-1) = V16V-1 = 


The set of all numbers in the form a + bi is called the set of 


a/an number. If b = 0, then the number is also called a/an 
91+ 31 = 
10i — (—4i) = 


Consider the following multiplication problem: 
(3 + 2i)(6 — Si). 
Using the FOIL method, the product of the first terms is 


the product of the inside terms is 
to 


The conjugate of 2 — 97 is 
The division 
7+ 4i 
2-5i 
is performed by multiplying the numerator and denominator by 


The division 
3. 21 
4i 
is performed by multiplying the numerator and denominator by 
jie = (i7)8 = c ¥ =_ 


B= Mi = @'i=(_)= (i= 


, the product of the outside terms is 
. The product of the last terms in terms of i? is 


numbers. If b # 0, then the number is also called 


number. 
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MyMachLab 


Radicals, Radical Functions, and Rational Exponents 


Watch the videos Download the 


in MyMathLab MyDashBoard App 
Practice Exercises 
In Exercises 1-16, express each number in terms of i and sient a ae eae 
simplify, if possible. 59. V1 V—25 60. V-3-V-36 
A/a Pe eS 61. V—-8- V-3 62. V—-9-V/-5 
a. 3 a In Exercises 63-84, divide and simplify to the forma + bi. 
SVMs 6. 125 2 3 
7, V-63 8. V—28 a, ar 
§, —V—108 10. = —300 ae Poel 
1. 5+ V—36 12 VA Te oa 
18. 15 + V-3 14. 20+ V—5 a a 
15. -2 — V-18 ee peas 
6i Si 
16, 3 — 7 69. aE 70. ee 
In Exercises 17-32, add or subtract as indicated. Write the 1+i qi % 
result in the forma + bi. 7H 1=5 72. 13 
itr 2t SP ar 
18. : i , : a= mo 
Sar ia ay! 
foc = ye a) Be = 
200-24 6) (4) ela tery, Oa 
21. (10 + 7i) — (5 + 4i) Aare: rae 
22. (11 + 81) — (2 + Si) oS eee ee ey 
23.0 = 47) = 0 3i) 7 5 
24. (8 — Si) — (6 + 28) ON a, 
6 G26) 8 — Si aed 
6 CTH sj) =O = 1) ea nea 
yess a= CB iin eosin Pea 
28. (-9 + 2i) — (-17 - 6i) —3i —4i 
29. 8i — (14 — 9i) In Exercises 85-100, simplify each expression. 
30. 15i — (12 — 11%) Fa a 
31. (2+ iV3) + (7 + 4iV3) er. 88. i! 
32. (4+ iV5) + (8 + 61VS) 89. i” 90. i*° 
In Exercises 33-62, find each product. Write imaginary results Sieg 92. i*° 
in the forma + bi. 93. i!” 94, i?! 
33. 2i(5 + 3i) 34. 5i(4 + 7i) 95. (—i)4 96. (—i)° 
95: 317i = 9) 36. 81(4i — 3) 97. (-i)? 98. (-i)9 
37. —7i(2 — Si) 38. —6i(3 — 5i) 99. i74 + i? 400. i278 + {3° 
39. (3 + i)(4 + 5i) 40. (4 + i)(5 + 6i) 
41. (7 — 5i)(2 — 3i) Practice PLUS 


42. (8 — 4i)(3 — 2i) In Exercises 101-108, perform the indicated operation(s) and 
AB. (6 = So + Si) write the result in the forma + bi. 
44, (7 = 2i)(-3 one 6i) 101. (2 3i)(1 i) (G) i)(3 i) 
45. (3 + 5i)(3 — 5i) 46. (2 + 7i)(2 — 7i) eet ae ) iC 1 + i) 
45 35 = 3) 48. (—4 + 2i)(—4 — 2i) ee y =e 3 ; 
48. (3 =4V2)(6 4972) 50: (673) 27) eal geet eg Ce) 
51. (2 + 3i) 52. (3 + 2i)/ 105) S16 281 
53. (5 — 2i) 54. (5 — 3i)° — oe OS ae 
55. V-7-V-2 56. V—-7-V-3 on Aga, ee 
8 cf 


v+73 


109. Let f(x) = x? — 2x + 2. Find f(1 + i). 
110. Let f(x) = x” — 2x + 5. Find f(1 — 23). 


In Exercises 111-114, simplify each evaluation to the form 
at bi. 


111. Let f(x) =x — 3i and g(x) = 4x + 27. Find (fg)(-1). 


112. Let f(x) = 12x — i and g(x) = 6x + 3i. Find (f(-4). 


ie 
113. Let f(x) = - 2 incl Ca). 
ets 
7411 
414. Let f(x) = = Find f(4i). 
—xX 


Application Exercises 


Complex numbers are used in electronics to describe the current 
in an electric circuit. Ohm’s law relates the current in a circuit, 

I, in amperes, the voltage of the circuit, E, in volts, and the 
resistance of the circuit, R, in ohms, by the formula E = IR. Use 
this formula to solve Exercises 115-116. 


115. Find £, the voltage of a circuit, if J = (4 — 5i) amperes 
and R = (3 + 7i) ohms. 

116. Find £, the voltage of a circuit, if J = (2 — 3i) amperes 
and R = (3 + 57) ohms. 

117. The mathematician Girolamo Cardano is credited with 


the first use (in 1545) of negative square roots in solving 
the now-famous problem, “Find two numbers whose sum 
is 10 and whose product is 40.” Show that the complex 
numbers 5 + iV15 and5 — iV15 satisfy the conditions of 
the problem. (Cardano did not use the symbolism iV15 
or even \/—15. He wrote R.m 15 for V—15, meaning 
“radix minus 15.” He regarded the numbers 5 + R.m 15 
and 5 — R.m 15 as “fictitious” or “ghost numbers,” and 
considered the problem “manifestly impossible.” But in a 
mathematically adventurous spirit, he exclaimed, 
“Nevertheless, we will operate.”) 


Writing in Mathematics 


118. What is the imaginary unit 7? 

119. Explain how to write V—64 as a multiple of 7. 

120. What is a complex number? Explain when a complex 
number is a real number and when it is an imaginary 
number. Provide examples with your explanation. 

121. Explain how to add complex numbers. Give an example. 

122. Explain how to subtract complex numbers. Give an example. 

123. Explain how to find the product of 2i and 5 + 3i. 

124. Explain how to find the product of 3 + 2i and 5 + 3i. 

125. Explain how to find the product of 3 + 2i and 3 — 2i. 

126. Explain how to find the product of V—1 and V-4. 
Describe a common error in the multiplication that needs 
to be avoided. 

127. What is the conjugate of 2 + 37? What happens when you 


multiply this complex number by its conjugate? 
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128. Explain how to divide complex numbers. Provide an 
example with your explanation. 

129. Explain each of the three jokes in the cartoon on page 562. 

130. Astand-upcomedian uses algebra in some jokes, including 


one about a telephone recording that announces “You 
have just reached an imaginary number. Please multiply 
by i and dial again.” Explain the joke. 


Explain the error in Exercises 131-132. 


Be 28 in 
132, (V—-9)? =V-9-V-9 = V81 =9 


Critical Thinking Exercises 


Make Sense? In Exercises 133-136, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


133. The joke in the cartoon below is based on the math 
teacher not realizing that the average of complex real 
numbers is sometimes a complex imaginary number. 

ROBOTMAN by Jim Meddick 


\| [14 soar or uxe 
hynny tpg ? HARTHEMATICAL | DON'T. 
PRENOMENON. DOES, UNHASTAW., 


RTE LT GAT WEN 
ee Scores, 1 cetue? 


IRS BNO LO YOU KNOW 
WANT T GOT? 


Monty copyright © 1993 Jim Meddick. Distributed by Universal Uclick. 
Reprinted with permission. All rights reserved 


134. The word imaginary in imaginary numbers tells me that 
these numbers are undefined. 

135. By writing the imaginary number 5/7, I can immediately 
see that 5 is the constant and / is the variable. 

136. When I add or subtract complex numbers, I am basically 


combining like terms. 


In Exercises 137-140, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


137. Some irrational numbers are not complex numbers. 
138. (3 + 7i)(3 — 7i) is an imaginary number. 
139, L4H _ 7 
So: ot 5 
140. In the complex number system, x? + y” (the sum of two 


squares) can be factored as (x + yi)(x — yi). 


In Exercises 141-143, perform the indicated operations and 
write the result in the forma + bi. 
4 
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ae a 146. Solve: 
2 27 
ae o — oe 
cad 
i (Section 1.4, Example 4) 
Review Exercises 
144, Simplify: Preview Exercises 
ne il Exercises 147-149 will help you prepare for the material 
yoy covered in the first section of the next chapter. 
2 +f : 147. Solve by factoring: 2x? + 7x — 4 =0. 
. 148. Solve by factoring: x” = 9. 
(Section 6.3, Example 1) itr ee : : 
149. Use substitution to determine if — V6 is a solution of the 
445. Solve for x: ul » als i quadratic equation 3x” = 18. 
x y = 


(Section 6.7, Example 1) 


GROUP PROJECT Group members should consult an almanac, newspaper, magazine, or the Internet 
and return to the group with as much data as possible that show phenomena that are 
continuing to grow over time, but whose growth is leveling off. Select the five data sets 


that you find most intriguing. Let x represent the number of years after the first year in 
each data set. Model the data by hand using 


f(x) = avx + b. 


CHAPTER 


Use the first and last data points to find values for a and b. The first data point 
corresponds to x = 0. Its second coordinate gives the value of b. To find a, substitute 
the second data point into f(x) = aVx + b, with the value that you obtained for b. 
Now solve the equation and find a. Substitute a and b into f(x) = aVx + b to obtain 
a square root function that models each data set. Then use the function to make 
predictions about what might occur in the future. Are there circumstances that might 
affect the accuracy of the predictions? List some of these circumstances. 


Chapter 7 Summary 


Definitions and Concepts Examples 


Section 7.1 Radical Expressions and Functions 


If b? = a, then b is a square root of a. The principal Wety( 0) —" \/ 01 2x. 

square root of a, designated Va, is the nonnegative Ae) = VG 2 15) = Aa de ah) SS Wa = 6 
number satisfying b? = a. The negative square root of a is - = _ 

written — Va. A square root of a negative number is not a FS) V6 — 2°5 = V6 ~ 10 = V—4, not a real number 
real number. Domain of f: Set the radicand greater than or equal to zero. 
A radical function in x is a function defined by an expression 6 — 2x20 

containing a root of x. The domain of a square root —2x = -6 

function is the set of real numbers for which the radicand is oe 

nonnegative. 


Domain of f = (—, 3] 


Definitions and Concepts 


Summary 


Examples 


Section 7.1 Radical Expressions and Functions (continued) 


8 es 3 
The cube root of a real number a is written Wa. 


3 
Va=b meansthat b> =a. 


The nth root of a real number a is written Va. The number n 


is the index. Every real number has one root when n is odd. 


The odd nth root of a,\/a, is the number b for which b” = a. 
Every positive real number has two real roots when n is even. 


An even root of a negative number is not a real number. 
If nis even, then W/a” = |al. 
If nis odd, then W/a" = a. 


° W/—8 = —2 because (-2)° = -8. 
¢ /—16 is not a real number. 
V2 = 14x + 49 = V(x 
© W/125(x + 6)3 = 5(x + 6) 


Te =| 


Section 7.2 Rational Exponents 


ti 
ea =WVa 
m 
° a” = (Va)" or Va™ 


il 
ME es 
ae 


Properties of integer exponents are true for rational 
exponents. An expression with rational exponents is 
simplified when no parentheses appear, no powers are raised 
to powers, each base occurs once, and no negative or zero 
exponents appear. 


Some radical expressions can be simplifed using rational 
exponents. Rewrite the expression using rational exponents, 
simplify, and rewrite in radical notation if rational exponents 
still appear. 


° 278 = eS eee 
ei (ee ed 


it | (Vis)? 8 


it iki 
Simplify: (8x3y~2)3, 
ly, abil il il 
= 83(x3)3(y~2)3 
1 
y6 


e 

a 
we 

i 

ol 
: 

WI 

ll 
a 
ad 


i) 


2,1 
We. eee een 
Sas 13 


(Seon 1320 
= 20120 = x20 =V//x8 


Section 7.3 Multiplying and Simplifying Radical Expressions 


The product rule for radicals can be used to multiply radicals 


ab = Nab, 


The product rule for radicals can be used to simplify radicals: 
A radical expression with index n is simplified when its 
radicand has no factors that are perfect nth powers. To 
simplify, write the radicand as the product of two factors, 
one of which is the greatest perfect nth power. Then use 

the product rule to take the nth root of each factor. If all 
variables in a radicand are positive, then 


eS 


Some radicals can be simplified after multiplication is 
performed. 


WIx-W10y? = W7x-10y? = W/70xy? 


= W27+2+x8+x+y2+y2 
= V(27x°y’)(2xy’) 
= W27x°y9+ Waxy? = 3x2y>W/2xy? 
e Assuming positive variables, multiply and simplify: 
= Waxy : 4xy? = Wox3y4 


= V16y*- Wii = 2yWx3 


e Simplify: 


573 
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Section 7.4 Adding, Subtracting, and Dividing Radical Expressions 


Like radicals have the same indices and radicands. Like 4V/18 — 650 

radicals can be added or subtracted using the distributive = AW jen, — GW eben = chess = Gasw a) 
property. In some cases, radicals can be combined once they _ ra 

have been simplified. 12V2 — 30V2 18V2 


The quotient rule for radicals can be used to simplify radicals: 


n 3 
Uae Va x2 Wy x 
bb 
The quotient rule for radicals can be used to divide radicals Assuming a positive variable, divide and simplify: 
with the same indices: Wears 


5 
5 = W320 = W32x7 


= W16-2-x4-x3 = Wioxt- W223 
= 2xW/ 2x3. 


View nfa 
Wb b 


Some radicals can be simplified after the division is performed. 


Section 7.5 Multiplying with More Than One Term and Rationalizing Denominators 


Radical expressions with more than one term are multiplied 
in much the same way that polynomials with more than one 
term are multiplied. ° V5(2V6 — V3) = 2V30 — V15 


© (4V3 — 2V2)(V3 + V2) 


ey 


AV 4/ 8 a Ne 


=4°3--4V/6—2\/6— 2-2 
=12+4V6 -2V6-4=8+2V6 


Radical expressions that involve the sum and difference of (8 + 2V5) (8 — 2V5) 

the same two terms are called conjugates. Use = 9? — (23) 
(A + B)(A — B) = 4 - B? Se es 

to multiply conjugates. = 64 — 20 = 44 


The process of rewriting a radical expression as an equivalent 


Rationalize the denominator: 


expression without any radicals in the denominator is called Wx 
rationalizing the denominator. When the denominator Wie Wie Wie 
contains a single radical with an nth root, multiply the = Tv = TN 4x = TN 4x 
numerator and the denominator by a radical of index n that W2x Wax? AY 8x 2x 


produces a perfect nth power in the denominator’s radicand. 


Definitions and Concepts 


Summary 575 


Examples 


Section 7.5 Multiplying with More Than One Term and Rationalizing Denominators (continued) 


If the denominator contains two terms, rationalize the 
denominator by multiplying the numerator and the 
denominator by the conjugate of the denominator. 


ie ie ave 
5-V3 5-V35+V3 
13(5 + V3) 
52 — (V3)? 
13(5+ V3) 13(5 + V3) 
= 29) = ee 


Section 7.6 Radical Equations 


A radical equation is an equation in which the variable 
occurs in a radicand. 
Solving Radical Equations Containing nth Roots 
1. Isolate one radical on one side of the equation. 
2. Raise both sides to the nth power. 
3. Solve the resulting equation. 
4 


. Check proposed solutions in the original equation. 
Solutions of an equation to an even power that is 
radical-free, but not the original equation, are called 
extraneous solutions. 


Solve: V6x + 13 -— 2x = 1. 


V6x +13 =2x4+1 Isolate the radical. 
( V 6x + 13)? = (2x ap ie Square both sides. 
6x + 13 = 4x7 + 4x +1 (A+ BP = 
A? + 2AB+ B 
0 = 4x? — 2x — 12 Subtract 6x + 13 
from both sides. 
0 = 2(2x? — x — 6) Factor out the GCF. 
0 = 2(2x + 3)(x — 2) Factor completely. 


2x +3=0 or x — 2 =0 Set variable factors 
equal to zero. 


2x = —3 x = 2 Solve for x. 


Shes 
Check both proposed solutions. 2 checks, but aS extraneous. 
The solution is 2 and the solution set is {2}. 


Section 7.7 Complex Numbers 


The imaginary unit 7 is defined as 

i= V-1, where i* =~-1. 
The set of numbers in the form a + bi is called the set of 
complex numbers; a is the real part and b is the imaginary 
part. If b = 0, the complex number is a real number. If 
b # O, the complex number is an imaginary number. 


To add or subtract complex numbers, add or subtract their 
real parts and add or subtract their imaginary parts. 


SVT = Ve = Val = 
© V=75 = V75(-1) = V25-3V-1 = SIV 


C= 4) — (7 = 10) 
= 210; 
S( =) ene pas ae 
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Section 7.7 Complex Numbers (continued) 


To multiply complex numbers, multiply as if they were 
polynomials. After completing the multiplication, replace 7 
with —1. When performing operations with square roots of 
negative numbers, begin by expressing all square roots in 
terms of 7. Then multiply. 


2; 


The complex numbers a + bianda — bi are conjugates. 
Conjugates can be multiplied using the formula 


(A + B)(A — B) = A’ — B’. 
The multiplication of conjugates results in a real number. 


To divide complex numbers, multiply the numerator and the 
denominator by the conjugate of the denominator in order to 
obtain a real number in the denominator. This real number 
becomes the denominator of a and b in the quotient a + bi. 


To simplify powers of i, rewrite the expression in terms of i”. 
Then replace i? with —1 and simplify. 


CHAPTER 7 REVIEW EXERCISES 


7.1. In Exercises 1-5, find the indicated root, or state that the 
expression is not a real number. 


i 
1. V81 2. 


~ V 100 
3. 4. V-16 
Bot 32 
In Exercises 6-7, find the indicated function values for each 


function. If necessary, round to two decimal places. If the 
function value is not a real number and does not exist, so state. 


8. fa) = Vex= 3; f05).74).4(2).00) 


7. g(x) = V4x — 8; g(4), g(0), g(-14) 

In Exercises 8-9, find the domain of each square root function. 
8. f@) = Vx—2 
9. g(x) = V 100 — 4x 


oO 8 ® 


e (2 — 3i)(4 + 5i) = 8 + 10 — 12i — 1577 


= 8 + 10i — 12i — 15(-1) 
= 23 - 2i 
° V-36- V—-100 = V36(-1): V100(-1) 
6i-10i = 60:7 = 60(-1) = —60 
(3 + Si)(3 — Si) = 3? — (51)? 


= 0 = DF 
= 9 — 25(-1) = 34 


SH Ge eee Be Bee gee 
hep” hae fee ig=2 
20 isi 2-1) 
c=) 
_ i ae = 2 
1641 
ise else 
Bets 


Simplify: i77. 
727 = j26.j = Cy 


= (-1)8i = (li =-i 


In Exercises 10-15, simplify each expression. Assume that each 
variable can represent any real number, so include absolute 
value bars where necessary. 


10. V25x? 
12. Vx? — 8x + 16 13. W/64x3 
14. W/16x4 15. W/—32(x + 7) 


7.2 In Exercises 16-1 8, use radical notation to rewrite each 
expression. Simplify, if possible. 


44. V(x + 14)? 


1 

16. (5xy)3 
3 
17. 162 
4 
18. 325 


In Exercises 19-20, rewrite each expression with rational 


exponents. 
19. V7x 20. (/19xy)> 


In Exercises 21-22, rewrite each expression with a positive 
rational exponent. Simplify, if possible. 

2 4 
2A Se3) 22. 3x(ab) 5 


In Exercises 23-26, use properties of rational exponents to 
simplify each expression. 


11 52 
23. x3+x4 24, — 
53 

1 Pye ileral 

25. (8x°y*)3 26. (x 3y4)2 


In Exercises 27-31, use rational exponents to simplify each 
expression. If rational exponents appear after simplifying, write 
the answer in radical notation. 

BBA We 


27. W xy 


x 
29. Vx: Wx 30. —— 


31. WW 


32. The function f(x) = 350x? models the expenditures, f(x), 
in millions of dollars, for the U.S. National Park Service 
x years after 1985. According to this model, what were 
expenditures in 2012? 


N 


7.3 In Exercises 33-35, use the product rule to multiply. 


33. V3x-V7y 34. W7x2- W11x 
35. Wx —5- W(x — 5)4 
36. If f(x) = V7x? — 14x + 7, express the function, f, in 


simplified form. Assume that x can be any real number. 


In Exercises 37-39, simplify by factoring. Assume that all 
variables in a radicand represent positive real numbers. 


a7. V 20, 38. W/54x8y° 

39. V 32x3ylz° 

In Exercises 40-43, multiply and simplify, if possible. Assume 
that all variables in a radicand represent positive real numbers. 


40. 6x3» Vx? 
41. Waxy + V4xy4 


42. V 2x4 y3z4- 


435 Va le Va — all 


7.4 Assume that all variables represent positive real numbers. 
In Exercises 44-47, add or subtract as indicated. 


44. 6V/3 + 2V/3 45. 5V/18 — 3V8 
46. W/27x4 + V xy? 
47. 2/6 — 5W/48 


In Exercises 48-50, simplify using the quotient rule. 


aa, {16 fo ee 
125 ~ V 100y4 
3y 
50. 41 
16x” 


In Exercises 51-54, divide and, if possible, simplify. 


V48 


os 52. 


6 . 5 
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i 64x17 V200x7 y? 
 W22 V ewe, 


7.5 Assume that all variables represent positive real numbers. 


In Exercises 55-62, multiply as indicated. If possible, simplify 
any radical expressions that appear in the product. 


55. V3(2V6 + 4V'15) 

56. W/5(W/50 - W/2) 

57. (V7 — 3V5)(V7 + 6V5) 
(ve - Vil)(vy - Vit) 
(V5 + V8)? 

60. (2V3 — V10)? 
( 
( 


V7 + V13)(V7 - V13) 
7 - 3V5)(7 + 3V5) 


In Exercises 63-75, rationalize each denominator. Simplify, if 


possible. 
eee 64. ‘| 2 
V6 is 
6s. eo 
3} 9 Sy 
ey 68. ee 
Yoo 3x 
a 70. Z 
/32x4y Ve 
71. i 
V5 V3 
72. 2 
25232 
a) Vx +5 
Ve 3 
a V7 ENS 


75. 


In Exercises 76-79, rationalize each numerator. Simplify, if 
possible. 


76 AP 77 
ae 
See 

/5 =e V/3 


Wy 
Te 
RAN. 


79 


7.6 In Exercises 80-84, solve each radical equation. 


80. V2x+4=6 

81. Vx-5+9=4 

825 V 24 — 3) x 3 

8. Vx—-44+ Vx+1=5 


1 
84. (x? + 6x3 +2=0 
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85. According to the Centers for Disease Control and 
Prevention, the average American adult is 23 pounds over- 
weight and collectively we are 4.6 billion pounds overweight. 
The graph shows the percentage of obese American adults 
for selected years from 1980 through 2010. 


Percentage of Obese 
Adults in the United States 


5 34% 
aie goo 


2000 2004 2010 
Year 


351/61 


30% 
29'/0 |= 23% 


20% F 
15% 


1980 


15% F 
10% F 
5% F 


Percentage of Obese Adults 


1994 


Source: Centers for Disease Control and Prevention 
The function 
f(x) = 3.5Vx + 15 


models the percentage of obese American adults, f(x), 
x years after 1980. 


a. Find and interpret f(30). Round to the nearest 
percent. How does this rounded value compare 
with the percentage of obese adults displayed by the 
graph? 


CHAPTER 


CHAPTER 7 TEST a Test Prep 


1. Let f(x) = V8 — 2x. 
a. Find f(-14). 
b. Find the domain of f. 
2. Evaluate: aT. 


wow 
3. Simplify: (25x 2y4)2. 


In Exercises 4—5, use rational exponents to simplify each 
expression. If rational exponents appear after simplifying, write 
the answer in radical notation. 


4, Wx4 5. Wx: Wx 


In Exercises 6-9, simplify each expression. Assume that each 
variable can represent any real number. 


6. V 75x? 
7. Vx? — 10x + 25 


8. W16x*y® 


32 
2 {= 
x10 
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b. According to the model, in which year will 36% of 
adults be obese? 


86. Out of a group of 50,000 births, the number of people, 
f(x), surviving to age x is modeled by the function 


f(x) = 5000V/100 — x. 


To what age will 20,000 people in the group survive? 


7.7 In Exercises 87-89, express each number in terms of i 
and simplify, if possible. 
87. V-81 88. V-63 
89. —V/-8 
In Exercises 90-99, perform the indicated operation. Write the 
result in the forma + bi. 
90: (7 + 122) + GO — 107) 
O15 (S = St) (lt 72) 
92. 4i(3i — 2) 
94. (3 — 4i)” 
95. (7 + 81)(7 — 8i) 


96. V-8-V/-3 


97. 


7 =e +3) 


CEE 


In Exercises 100-101, simplify each expression. 
100. i'° 10s ie 


Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on You({J} (search “BlitzerInterAlg” and click 
on “Channels”). 


In Exercises 10-17, perform the indicated operation and, if 
possible, simplify. Assume that all variables represent positive 
real numbers. 


10. W/5x2+ W/10y 
11. W8x3y- Waxy? 
12. 3V/18 — 4/32 
13. W/8x4 + Way? 
W16x8 
15. V3(4V6 — V5) 
16. (5V6 — 2V2)(V6 + V2) 
17. (7- V3)? 
In Exercises 18-20, rationalize each denominator. Simplify, 
if possible. Assume all variables represent positive real numbers. 


AP 5 
48. </> 19. 
a /5x2 
V2- V3 
9 As 


14. 


20. 


In Exercises 21-23, solve each radical equation. 


21. 34+ V2x-3=x 
22. Vier DS Ve 7 — 


1 
23. (11x + 6)3+3=0 
24. The function 
f(x) = 2.9Vx + 20.1 


models the average height, f(x), in inches, of boys who are 
x months of age, 0 = x = 60. Find the age at which the 
average height of boys is 40.4 inches. 


25. Express in terms of i and simplify: V—75. 
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In Exercises 26-29, perform the indicated operation. Write the 
result in the forma + bi. 


26) (Ss = 3) = (6 = 91) 
27. (3 — 4i)(2 + Si) 


28. V—-9-V—-4 
29 laa 
ey 


30. Simplify: i*. 


CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-7) 


In Exercises 1-5, solve each equation, inequality, or system. 
1. (2x - yt z=-5 
x — 2y — 3z 


| 
PO 


x+ y-2z= 
2. 3x7 - 11x =4 
3. 2(x + 4) < 5x + 3(x + 2) 


4 1 iB _ S 
“x+2 x2-4 x-2 
Vetd-Ver1=1 
6. Graph the solution set of the system: 
x+2y<2 
—x>4. 


In Exercises 7-15, perform the indicated operations. 
8x7 «40 


7. 
3x7 -12 x-2 
1 
ar: 
3. —— 
if 
fee 
x 


9. (2x — 3)(4x? — 5x — 2) 
7x 2 
x?-2x-15 x-5 


10. 


11. 7(8 — 10) — 74+ 3 + (-3) 

12. V80x — 5V20x + 2V/45x 
3-2 

IV345 

14, (2x3 — 3x? + 3x — 4) + (x - 2) 
15. (2V3 + 5V2)(V3 - 4V2) 


In Exercises 16-17, factor completely. 

16. 24x* + 10x — 4 

17. 16x* = 1 

18. The amount of light provided by a light bulb varies inversely 
as the square of the distance from the bulb. The illumination 


provided is 120 lumens at a distance of 10 feet. How many 
lumens are provided at a distance of 15 feet? 


13. 


19. You invested $6000 in two accounts paying 7% and 9% 
annual interest. At the end of the year, the total interest 
from these investments was $510. How much was invested 
at each rate? 


20. Although there are 2332 students enrolled in the college, 
this is 12% fewer students than there were enrolled last 
year. How many students were enrolled last year? 
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CHAPTER 


Quadratic Equations 
and Functions 


surrounded by evidence 
that the world is profoundly 
mathematical. After turning a 
somersault, a diver’s path can be modeled 
by a quadratic function, f(x) = ax? + bx +, 
as can the path of a football tossed from 
Se quarterback to receiver or the path of a flipped coin. 
. Even if you throw an object directly upward, although its 
path is straight and vertical, its changing height over time 
is described by a quadratic function. And tailgaters beware: 
whether you’re driving a car, a motorcycle, or a truck on dry or 
wet roads, an array of quadratic functions that model your required 
stopping distances at various speeds are available to help you become 
a Safer driver. 


The quadratic functions surrounding our long history of throwing things appear throughout the 
chapter, including Example 6 in Section 8.3 and Example 6 in Section 8.5. Tailgaters should pay 
close attention to the Section 8.5 opener, Exercises 73-74 and 88-89 in Exercise Set 8.5, and 
Exercises 30-31 in the Chapter Review Exercises. 
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The Square Root Property 
and Completing the Square 


Objectives 

1 | Solve quadratic Xt 2 = 
equations using the >° sealed 
square root property. 

2 | Complete the square of I’m very well acquainted, too, with matters mathematical, 
4 Binomial I understand equations, both simple and quadratical. r 


About binomial theorem I'm teeming with a lot of news, 


3 | Solve quadratic With many cheerful facts about the square of the Ii 4 


equations by HeCIETASS: 

completing the square. 
4 | Solve problems 

using the square root 

property. 


— Gilbert and Sullivan, 
The Pirates of Penzance 


Equations quadratical? Cheerful news about the square of the hypotenuse? You’ve 
come to the right place. In this section, you’ll enhance your understanding of quadratic 
equations with two new solution methods, called the square root method and completing 
the square. Using these techniques, we return (cheerfully, of course) to the Pythagorean 
Theorem and the square of the hypotenuse. 


Great Question! 


Haven’t we already discussed quadratic equations and quadratic functions? Other than not calling them equations 
and functions quadratical, what am | expected to know about these topics in order to achieve success in this 
chapter? 


Here is a summary of what you should already know about quadratic equations and quadratic functions. 


1. A quadratic equation in x can be written in the standard form 


ax? + bx +c=0, a #0. 


2. Some quadratic equations can be solved by factoring. 
Solve: 2x* + Tx —4=0. 
(2x — 1)(x + 4) =0 
26 — I=) or aes 4 — 0 
2x=1 x=-4 


ill 
ia) 


x-intercept is —4. 


The solutions are —4 and }, and the solution set is {—4, 5} 5 Figure 8.1 


3. A polynomial function of the form 


f(x) = ax? + bx +c, a #0 
is a quadratic function. Graphs of quadratic functions are shaped like bowls or inverted bowls, with the same behavior at 


each end. 


4. The real solutions of ax? + bx + c = O correspond to the x-intercepts for the graph of the quadratic function 
f(x) = ax? + bx + c. For example, the solutions of the equation 2x? + 7x — 4 = 0 are —4 and 5. Figure 8.1 shows that the 
solutions appear as x-intercepts on the graph of the quadratic function f(x) = 2x? + 7x — 4. 


1 | Solve quadratic 
equations using the 
square root property. 


Discover for Yourself 
Solve x? = 9, or 
x*-9=0, 


by factoring. What is the 
advantage of using the 
square root property? 


SECTION 8.1 — The Square Root Property and Completing the Square 583 


Now that we’ve summarized what we know, let’s look at where we go. How do we 
solve a quadratic equation, ax” + bx + c = 0, if the trinomial ax” + bx + c cannot 
be factored? Methods other than factoring are needed. In this section and the next, we 
look at other ways of solving quadratic equations. 


The Square Root Property 
Let’s begin with a relatively simple quadratic equation: 
r= 9, 


The value of x must be a number whose square is 9. There are two numbers whose 
square is 9: 


x= V9 =3 or x =—-V9=-3. 


Thus, the solutions of x* = 9 are 3 and —3. This is an example of the square root 
property. 


The Square Root Property 


If uw is an algebraic expression and _d is a nonzero real number, then uw? = d is 
equivalent to u = Vdoru = -Va: 


Hv =d. then “= Vdoru =—-Vd. 
Equivalently, 
Ii 7 =<d, thea v= +V4. 


Notice that u = + Vd is a shorthand notation to indicate that u = Vd or 
u=-Vd. Although we usually read u = + Vdas“u equals plus or minus the square 
root of d,” we actually mean that u is the positive square root of d or the negative 
square root of d. 


Solving a Quadratic Equation 
by the Square Root Property 
Solve: 3x” = 18. 


Solution To apply the square root property, we need a squared expression by itself 
on one side of the equation. 


We want x? by itself. 


We can get x” by itself if we divide both sides by 3. 


ax? = 18 This is the original equation. 
a = 2 Divide both sides by 3. 

3 2 

x =6 Simplify. 


a V6 or x= -V6 Apply the square root property. 


Now let’s check these proposed solutions in the original equation. Because the 
equation has an x?-term and no x-term, we can check both values, + V6, at once. 
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Check V6 and — V6: 


3x? = 18 This is the original equation. 
3( Ae V6)? 218 Substitute the proposed solutions. 
3-64218 (+V6)? =6 
18 = 18, true 


The solutions are — V6 and V6. The solution set is {-V6,V6 } or {+ V6} | 


|| CHECK POINT1 Solve: 4x? = 28. 


In this section, we will express irrational solutions in simplified radical form, 
rationalizing denominators when possible. 


| EXAMPLE 2 Solving a Quadratic Equation 
by the Square Root Property 
Solve: 2x*-—7=0. 


Solution To solve by the square root property, we isolate the squared expression on 
one side of the equation. 


2x7 -7=0 


We want x? by itself. 


2x7 -7=0 This is the original equation. 
Oo ae Add 7 to both sides. 
>_7 
eS > Divide both sides by 2. 
7 7 
x= > or x == > Apply the square root property. 


Because the proposed solutions are opposites, we can rationalize both denominators 


at once: 
‘i ge V2 via 


Tg a 
“V2 =a ya > 2 
Substitute these values into the original equation and verify that the solutions are 


YH sag V4 (ovis 8) |) 


and ———.. The solution set is 


[Y|| CHECK POINT2 Solve: 3x? - 11 =0. 


Some quadratic equations have solutions that are imaginary numbers. 
| EXAMPLE 3 Solving a Quadratic Equation 
by the Square Root Property 
Solve: 9x? + 25 = 0. 


Solution We begin by isolating the squared expression on one side of the equation. 


9x? + 25 =0 


We need to isolate x? . 


Using Technology 
Graphic Connections 
The graph of 

fix) = 9x? + 25 


has no x-intercepts. This 
shows that 


9x7 +25 =0 


has no real solutions. 
Example 3 algebraically 
establishes that the solutions 
are imaginary numbers. 


[-3, 3, 1] by [-5, 100, 5] 


Discover for Yourself 
Try solving 


(x - 1? =5 


by writing the equation in 
standard form and factoring. 
What problem do you 
encounter? 
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9x7 + 25 =0 This is the original equation. 
9x? = —25 Subtract 25 from both sides. 
5 25 “ ; 
= “> Divide both sides by 9. 
25 25 
x= ,/- 9 Of x= =f) = oO Apply the square root property. 
25 
x —V-1 x= 22 V-1 
9 9 
5 5 
x= 3° x= ~3! VAI =i 


Because the equation has an x*-term and no x-term, we can check both proposed 
solutions, = i, at once. 


Check aj and — i: 
9x7 +25 =0 


This is the original equation. 


5 2 
of + >i) +25 £0 Substitute the proposed solutions. 


25 : 2 2 
o B22) +25 =i (+2:) - (+2) Que 
9 3 3 9 


257 +2540 9-— =25 


1 =-l 
25(-1) + 2540 


Replace i* with —1. 


0 =0, true 


\“| CHECK POINT3 Solve: 4x7 + 9 =0. 


Can we solve an equation such as (x — 1)* = 5 using the square root property? Yes. 
The equation is in the form u* = d, where u”, the squared expression, is by itself on 
the left side. 


(x — 1)? = 5 


This is d in u? =d 
with d=5. 


This is wu? in u? =d 
with w =x —-1. 


| EXAMPLE 4 | Solving a Quadratic Equation 
by the Square Root Property 
Solve by the square root property: (x — 1)? = 5. 
Solution 
(= 1 =s5 


x-1= V5 or x— 1 AAS 
x=1+ V5 x=1-V5 


This is the original equation. 


Apply the square root property. 
Add 1 to both sides in each equation. 
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Check 1 + V5: Check 1 — V/5: 
(x -1P =5 (x -1P =5 
(1+ V5-1)? 25 (1-V5-1)? 25 
(v5) 2 5 (v5) 2 s 
5 =5, true 5 =5, true 


The solutions are1 + V5, and the solution set is {1 + V5, 1- V5} or {1 + V5i. | 


/| CHECK POINT4 Solve: (x — 3)? = 10. 


2 | Complete the square of Completing the Square 


inomial. ; ; ‘ ‘ 
abinprag We return to the question that opened this section: How do we solve a quadratic 


equation, ax* + bx + c = 0, if the trinomial ax? + bx + c cannot be factored? We 
can convert the equation into an equivalent equation that can be solved using the 
square root property. This is accomplished by completing the square. 


Completing the Square 


b 2) 
If x? + bx is a binomial, then by adding (2) , which is the square of half the 
coefficient of x, a perfect square trinomial will result. 


The coefficient of 
x* must be 1 to b\? b\? 
complete the square. x? + bx + > =F cts ken 


| EXAMPLE 5 | Completing the Square 


What term should be added to each binomial so that it becomes a perfect square 
trinomial? Write and factor the trinomial. 


3 
a. x? + 8x b. x? — 7x Cc. x + Ex 


Solution To complete the square, we must add a term to each binomial. The term 
that should be added is the square of half the coefficient of x. 


3 
x? + 8x x? — 7x x + Ex 
Add (8)? = 4, Add (32), or %, Add (4 - 2h =(3). 
Add 16 to complete to complete Add ra to complete 


the square. the square. the equare. 
a. The coefficient of the x-term in x” + 8x is 8. Half of 8 is 4, and 42 = 16. Add 16. 
The result is a perfect square trinomial. 
x? + 8x + 16 = (x + 4)’ 


49 
7 


7 7 
b. The coefficient of the x-term in x” — 7x is —7. Half of —7 is Y and ( x) = 


49 
Add rv. The result is a perfect square trinomial. 


3 | Solve quadratic 
equations by completing 
the square. 


Great Question! 


When | solve a quadratic 
equation by completing 
the square, doesn’t this 
result in a new equation? 
How do | know that the 
solutions of this new 
equation are the same 
as those of the given 
equation? 

When you complete the 
square for the binomial 
expression x” + bx, 

you obtain a different 
polynomial. When you solve 
a quadratic equation by 
completing the square, you 
obtain an equation with the 
same solution set because 
the constant needed to 
complete the square is added 
to both sides. 
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3 3 3 1 3 3 
c. The coefficient of the x-term in x? + 5% is — Half of 5 iS 7 3° or 10° and 


( 3 i _2 Add a The result is a a uare trinomial 
10 100°**"* 100° ' 


eter P= (x43) |_| 
5 100 10 


Great Question! 


I’m not accustomed to factoring perfect square trinomials in which fractions are 
involved. Is there a rule or an observation that can make the factoring easier? 


Yes. The constant in the factorization is always half the coefficient of x. 


x2 — 7x 4 ts (x zy x24 a + 2 (x + 2 ) 
| "4 2 Se e100 "10 
| \ A 


| Half the coefficient of x, 3, is 2 } 


| Half the coefficient of x, —7, is -t . aK 


| CHECK POINT 5 What term should be added to each binomial so that it 
becomes a perfect square trinomial? Write and factor the trinomial. 


a. x? + 10x 


b. x7 — 3x 


3 
c. x? + a 


Solving Quadratic Equations by Completing the Square 


We can solve any quadratic equation by completing the square. If the coefficient of the 
x’-term is 1, we add the square of half the coefficient of x to both sides of the equation. 
When you add a constant term to one side of the equation to complete the square, 
be certain to add the same constant to the other side of the equation. These ideas are 
illustrated in Example 6. 


Solving a Quadratic Equation by Completing 
the Square 


Solve by completing the square: x? — 6x + 4 = 0. 
Solution We begin by subtracting 4 from both sides. This is done to isolate the 
binomial x? — 6x so that we can complete the square. 

x*- 6k +4=0 


x —-6x =—-4 


This is the original equation. 
Subtract 4 from both sides. 
Next, we work with x? — 6x = —4 and complete the square. Find half the coefficient 
of the x-term and square it. The coefficient of the x-term is —6. Half of —6 is —3 and 
(—3)? = 9. Thus, we add 9 to both sides of the equation. 
x? -6x+9=-4+9 
(x -3"% =5 
x-3=V5 or x-3=-V5 
x=34+ V5 x=3-V5 Add 3 to both sides in each equation. 
The solutions are3 + V5, and the solution set is {3 + V5, 3= V5} or {3 + V5}. | 


Add 9 to both sides to complete the square. 
Factor and simplify. 
Apply the square root property. 
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Using Technology 
Graphic Connections 


Obtain a decimal 
approximation for each 
solution of 


6x — 4 = 0, 
the equation in Example 7. 
1+ V5 _ 
3 
1- V5 
3 
fie) =]=O8R =b7=6 


lil 


~ -0.4 


-intercept 
0.4 


aE 


[-2, 2, 1] by [-10, 10, 1] 


The x-intercepts of 
f(x) = 9x” — 6x — 4 verify 
the solutions. 


If you solve a quadratic equation by completing the square and the solutions are 
rational numbers, the equation can also be solved by factoring. By contrast, quadratic 
equations with irrational solutions cannot be solved by factoring. However, all quadratic 
equations can be solved by completing the square. 


/| CHECK POINT6 Solve by completing the square: x* + 4x — 1 = 0. 


We have seen that the leading coefficient must be 1 in order to complete the square. 
If the coefficient of the x?-term in a quadratic equation is not 1, you must divide each 
side of the equation by this coefficient before completing the square. For example, to 
solve 9x” — 6x — 4 = 0 by completing the square, first divide every term by 9: 


9 9 9 9 
6 4 
x2 -—--x--—=0 
9 9 
2 4 
Dest —- -—-— = 
x 3% 9 0. 


Now that the coefficient of the x?-term is 1, we can solve by completing the square. 


Solving a Quadratic Equation by Completing 
the Square 


Solve by completing the square: 9x? — 6x — 4 = 0. 


Solution 
9x? —- 6x -4=0 This is the original equation. 
2_2 a ae ; 
= 37 9 = 0 Divide both sides by 9. 
2_ 2 4 4 : : ; ' 
xv a a 9 Add g to both sides to isolate the binomial. 
5 2 1 4 2 2 1 
x Lr a Complete the square: Half of —3 is —G, or —z, 
3 oY 9 9 458) a i. 
and (-3) = % 
_ +) = B] Fact d simpli 
x 3 9 actor and simplify. 
-i=,2 oe ewe Apply th t propert 
x 3 9 x 3 9 pply the square root property. 
gerbe VO get Ve cas 
3 3 _ 3 3 2 9 ~/9 3 
V5 1 ov ' 
x=—-+t “= x= 3 = 3 Add 3 to both sides and solve for x. 
1+ V5 1- V5 ae 
x= 3 KS 3 Express solutions with a common denominator. 


1+vV5 
The solutions are ae == and the solution set is { 3 


/| CHECK POINT7 Solve by completing the square: 2x* + 3x —4=0. 


4 | Solve problems 
using the square root 
property. 
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Solving a Quadratic Equation by Completing 
the Square 


Solve by completing the square: 2x* — x +6 =0. 


Solution 
2x7 -x+6=0 This is the original equation. 
1 
x - x +t 3=f Divide both sides by 2. 
> 1 
x - =x =-3 Subtract 3 from both sides to isolate 
2 the binomial. 
- 1 ee a¢2 Complete th ie a 
Py & os = m re: —— jg —— 
5 16 16 ) eae — alf o S 
; and (-5) = 16 
( i) anil Factor and simplify 
Ke Se Se actor an simpli Hy 
: " OO a. Oe a 
‘16 1 16 16° 
1 —47 
x — 4 =x ae Apply the square root property. 
pte eT bh 28 as 47 
4 4 16 16 16 
47 _ a7 
= 2 — oe 
Vi6 4 
1, V47 1 
x=-—ti 4 Add x" both sides and solve for x. 
1 fl, 47 
The solutions are — + i and the solution set is i + i 4 \ | 


'\/| CHECK POINT8 Solve by completing the square: 3x” — 9x + 8 = 0. 


Applications 


We all want a wonderful life with fulfilling work, good health, and loving relationships. 
And let’s be honest: Financial security wouldn’t hurt! Achieving this goal depends 
on understanding how money in a savings account grows in remarkable ways as a 
result of compound interest. Compound interest is interest computed on your original 
investment as well as on any accumulated interest. For example, suppose you deposit 
$1000, the principal, in a savings account at a rate of 5%. Table 8.1 shows how the 
investment grows if the interest earned is automatically added on to the principal. 


M-)°)(-¥:4 Compound Interest on $1000 


Interest Earned: 


Year Starting Balance |= Pr New Balance 
1 $1000 $1000 x 0.05 = $50 $1050 
2 $1050 $1050 X 0.05 = $52.50 $1102.50 


3 $1102.50 $1102.50 X 0.05 ~ $55.13 $1157.63 
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A faster way to determine the amount, A, in an account subject to compound 
interest is to use the following formula: 


A Formula for Compound Interest 


Suppose that an amount of money, P, is invested at interest rate r, compounded 
annually. In f years, the amount, A, or balance, in the account is given by the 
formula 


A= P+ ry. 


Some compound interest problems can be solved using quadratic equations. 


| EXAMPLE 9 | Solving a Compound Interest Problem 


You invested $1000 in an account whose interest is compounded annually. After 
2 years, the amount, or balance, in the account is $1210. Find the annual interest rate. 
Solution Weare given that 

P (the amount invested) = $1000 

t (the time of the investment) = 2 years 


A (the amount, or balance, in the account) = $1210. 


We are asked to find the annual interest rate, r. We substitute the three given values 
into the compound interest formula and solve for r. 


A=P(1 +r) Use the compound interest formula. 
1210 = 1000(1 + rj’ Substitute the given values. 
a (1 + 7)’ Divide both sid 1000 
1000 r ivide both sides by ; 
121 
a + 2 . * ion. 
100 (1 + r) Simplify the fraction 
1+r= a or 1l+r=- =. Apply th t rt 
r 100 r V 00 pply the square root property. 
11 11 121 VV 
a, pee ee /2- 12111 
10 10 100, /1909~—=O«*10 
ht ead Subtract 1 f both sid id solve f 
aT r 10 ubtract 1 from both sides and solve for r. 
—_ 1 _ at ee pee | pee nee 
10 10 10 10 10 10°" 
Mm 7-10 2 
10 10 10 10 


; ‘ : 21 . 
Because the interest rate cannot be negative, we reject “To Thus, the annual interest 
rate is — = 0.10 = 10%. 
10 ° 


We can check this answer using the formula A = P(1 + r)‘. If $1000 is invested for 
2 years at 10% interest, compounded annually, the balance in the account is 
A = $1000(1 + 0.10)? = $1000(1.10)? = $1210. 


Because this is precisely the amount given by the problem’s conditions, the annual 
interest rate is, indeed, 10% compounded annually. & 


Figure 8.2 
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| CHECK POINT9 You invested $3000 in an account whose interest is 
compounded annually. After 2 years, the amount, or balance, in the account is $4320. 
Find the annual interest rate. 


In Chapter 5, we solved problems using the Pythagorean Theorem. Recall that in a 
right triangle, the side opposite the 90° angle is the hypotenuse and the other sides are 
legs. The Pythagorean Theorem states that the sum of the squares of the lengths of the 
legs equals the square of the length of the hypotenuse. Some problems that involve the 
Pythagorean Theorem can be solved using the square root property. 


Using the Pythagorean Theorem 
and the Square Root Property 


a. A wheelchair ramp with a length of 122 inches has a horizontal distance of 
120 inches. What is the ramp’s vertical distance? 


b. Construction laws are very specific when it comes to access ramps for the disabled. 
Every vertical rise of 1 inch requires a horizontal run of 12 inches. Does this ramp 
satisfy the requirement? 


Solution 


a. Figure 8.2 shows the right triangle that is formed by the ramp, the wall, and 
the ground. We can find x, the ramp’s vertical distance, using the Pythagorean 
Theorem. 


(leg)? plus (leg)? equals (hypotenuse)? 


a +e 1207 = 122° 


We solve this equation using the square root property. 


x? + 120? = 122? This is the equation resulting from the Pythagorean 
Theorem. 
x? + 14,400 = 14,884 Square 120 and 122. 
x? = 484 Isolate x* by subtracting 14,400 from both sides. 
x = V484 or x =—V484 Apply the square root property. 
x = 22 x = —22 


Because x represents the ramp’s vertical distance, we reject the negative value. 
Thus, the ramp’s vertical distance is 22 inches. 


b. Every vertical rise of 1 inch requires a horizontal run 
of 12 inches. Because the ramp has a vertical distance 
of 22 inches, it requires a horizontal distance of 22(12) 
inches, or 264 inches. The horizontal distance is only 
120 inches, so this ramp does not satisfy construction 
laws for access ramps for the disabled. & 


CHECK POINT 10 A S50-foot supporting wire is to 
be attached to an antenna. The wire is anchored 20 feet 
from the base of the antenna. How high up the antenna is 
the wire attached? Express the answer in simplified radical 
form. Then find a decimal approximation to the nearest 
tenth of a foot. 
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Achieving Success 


Many intermediate algebra courses cover only selected sections from this chapter and the 
book’s remaining chapters. Regardless of the content requirements for your course, it’s 
never too early to start thinking about a final exam. Here are some strategies to help you 
prepare for your final: 


Review your back exams. Be sure you understand any error that you made. Seek help 
with any concepts that are still unclear. 


Ask your professor if there are additional materials to help students review for the 
final. This includes review sheets and final exams from previous semesters. 


Attend any review sessions conducted by your professor or by the math department. 


Use the strategy first introduced on page 161: Imagine that your professor will permit 
two 3 by 5 index cards of notes on the final. Organize and create such a two-card 
summary for the most vital information in the course, including all important formulas. 
Refer to the chapter summaries in the textbook to prepare your personalized summary. 


For further review, work the relevant exercises in the Cumulative Review at the end of 
this chapter. The 42 exercises in the Cumulative Review for Chapters 1 through 8 cover 
most of the objectives in the book’s first eight chapters. 


Write your own final exam with detailed solutions for each item. You can use test 
questions from back exams in mixed order, worked examples from the textbook’s 
chapter summaries, exercises in the Cumulative Reviews, and problems from course 
handouts. Use your test as a practice final exam. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


Als 
2. 


MyMachLas 


If x* = 7, thenx = 
Ifx* = 3? then x = 
Ifx? = —9, thenx = 


The square root property states that if v2 = d, thenu = 


. Rationalizing denominators, we obtain x = 


To complete the square on x* + 10x, add 


To complete the square on x” — 3x, add 


4 
To complete the square on x” — 5” add 


To solve x? + 6x = 7 by completing the square, add 


2 4 
To solve x? — x5 by completing the square, add 


Practice Exercises 


In Exercises 1-22, solve each equation by the square 
root property. If possible, simplify radicals or rationalize 


denominators. Express imaginary solutions in the forma + bi. 


1. 3x7 = 75 
Ph Sy — 10) 
30 xe — 42, 
4. 8x? = 40 


to both sides of the equation. 


to both sides of the equation. 


A 


Watch the videos Download the 


in MyMathLab MyDashBoard App 
5. 16x? = 25 
6. 4x7 = 49 
7. 3x7-2=0 
8 3x7 -5=0 
9. 25x7 + 16=0 
10. 4x7 + 49 =0 


11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 


19. 


20. 


21. 
22. 


(x + 7)? =9 
(x + 3)? = 64 
(x -3P =5 
(x — 4? = 

2(x + 2)? = 16 
3(x + 2)’ = 36 
(x — 5)? =-9 
(x — 5)? =-4 


SECTION 8.1 


In Exercises 23-34, determine the constant that should be 
added to the binomial so that it becomes a perfect square 
trinomial. Then write and factor the trinomial. 


23. 
24. 
25. 
26. 
Xf 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


See 
+ 4x 


In Exercises 35-58, solve each quadratic equation by 
completing the square. 


35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 


43. 


44. 


+ 4x = 32 
+ 6x =7 
+ 6x = —-2 
+ 2x =5 
Sear = 
+ 8x —-5=0 
2x+2=0 
—4x+8=0 
OX ell 40) 
— ot = 2) — 0) 
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4 3 
2 
45. x id 49 0 
46. x? Be g 0 
; 5 25 
47. > +x-1=0 


48. x7 -—7x+3=0 


AQ 2x6 Sy = — 0) 
50. 2x7 + 5x —-3 =0 


51. 3x7 + 6x +1=0 


52. 3x7 - 6x +2=0 


58. 3x7 — 8x +1=0 


54. 2x7 + 3x -4=0 


55. 8x7 — 4x +1=0 
56. 9x7 —- 6x +5 =0 


57. 2x7 —- 5x +7=0 


58. 4x7 -— 2x +5=0 


2 2 
59. If g(x) = (: = 2) , find all values of x for which 


ale) = =. 


1 2 
60. If g(x) = (: + 1) , find all values of x for which 
8%) = 9: 


61. If h(x) = 5(x + 2)’, find all values of x for which 
h(x) = —125. 

62. If h(x) = 3(x — 4)’, find all values of x for which 
h(x) = -12. 


Practice PLUS 


63. Three times the square of the difference between a 
number and 2 is —12. Find the number(s). 


64. Three times the square of the difference between a 
number and 9 is —27. Find the number(s). 


In Exercises 65-68, solve the formula for the specified variable. 
Because each variable is nonnegative, list only the principal 
square root. If possible, simplify radicals or rationalize 
denominators. 
2 
65. h = ” for v 
2g 


2 


66. s = bed for d 


i 
67. A = P(1 + r)* forr 


kP,Py 


68. C= ra for d 
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In Exercises 69-72, solve each quadratic equation by 
completing the square. 


69. 


70. 


71. 
72. 
73. 


74. 


2 

et 1 ag 
3 9 6 

2 
fF 2% 
2 6 4 
x? — bx = 2b? 
x? — bx = 6b? 


The ancient Greeks used a geometric method for 
completing the square in which they literally transformed 
a figure into a square. 


> 


; 
/ y 


The bottom-right corner is missing. 


Fill in the missing bottom-right 
corner and the square is complete. 


This is not a complete square. | 


a. Write a binomial in x that represents the combined area 
of the small square and the eight rectangular stripes that 
make up the incomplete square on the left. 


b. What is the area of the region in the bottom-right 
corner that literally completes the square? 


c. Write a trinomial in x that represents the combined 
area of the small square, the eight rectangular stripes, 
and the bottom-right corner that make up the complete 
square on the right. 


d. Use the length of each side of the complete square 
on the right to express its area as the square of a 
binomial. 


An isosceles right triangle has legs that are the same length 
and acute angles each measuring 45°. 


a. Write an expression in terms of a that represents the 
length of the hypotenuse. 


b. Use your result from part (a) to write a sentence 
that describes the length of the hypotenuse of an 
isosceles right triangle in terms of the length of a 
leg. 


Application Exercises 


In Exercises 75-78, use the compound interest formula 


A=P(+r 


to find the annual interest rate, r. 


75. 
76. 
77. 
78. 


In 2 years, an investment of $2000 grows to $2880. 
In 2 years, an investment of $2000 grows to $2420. 
In 2 years, an investment of $1280 grows to $1445. 
In 2 years, an investment of $80,000 grows to $101,250. 


Charter schools operate outside the constraints of regular 
public schools. They get public money, but in most cases, 
their teachers are not unionized. This freedom has allowed 
a minority of them to shine, building flexible, demanding 


programs that defy expectations. But only 1 in 6 charter schools 
significantly outperforms traditional counterparts. And more 
than a third underperform. The graph shows the number of 
U.S. students enrolled in charter schools for selected years from 
2000 through 2008. 


Number of Students 
Enrolled (thousands) 


Number of Students in the United States 
Enrolled in Charter Schools 


1400 - 
1200 


1277 


1013 


789 
571 
340 i 


2000 2002 2004 2006 
Year 


pen 

=) 

S 

=) 
T 


800 - 
600 


400 - 
200 |- 


2008 


Source: National Center for Education Statistics 


The data shown can be modeled by the function 


f(x) = 15x? + 340, 


where f(x) represents the number of students enrolled in 
charter schools, in thousands, x years after 2000. Use this 
information to solve Exercises 79-80. 


79. 


80. 


a. According to the model, how many students, in 
thousands, were enrolled in charter schools in 2008? 
Does this underestimate or overestimate the number 
displayed by the graph? By how much? 


b. According to the model, in which year will 
3280 thousand students be enrolled in charter schools? 


a. According to the model, how many students, in 
thousands, were enrolled in charter schools in 2006? 
Does this underestimate or overestimate the number 
displayed by the graph? By how much? 


b. According to the model, in which year will 
3715 thousand students be enrolled in charter schools? 


SECTION 8.1 


The function s(t) = 16t* models the distance, s(t), in feet, that 
an object falls in t seconds. Use this function and the square 
root property to solve Exercises 81-82. Express answers in 
simplified radical form. Then use your calculator to find a 
decimal approximation to the nearest tenth of a second. 


81. A sky diver jumps from an airplane and falls for 4800 feet 
before opening a parachute. For how many seconds was 
the diver in a free fall? 


82. A sky diver jumps from an airplane and falls for 3200 feet 
before opening a parachute. For how many seconds was 


the diver in a free fall? 


Use the Pythagorean Theorem and the square root property to 
solve Exercises 83-88. Express answers in simplified radical 
form. Then find a decimal approximation to the nearest tenth. 


83. A rectangular park is 6 miles long and 3 miles wide. How 
long is a pedestrian route that runs diagonally across the 
park? 

84. A rectangular park is 4 miles long and 2 miles wide. How 
long is a pedestrian route that runs diagonally across the 
park? 

The base of a 30-foot ladder is 10 feet from the building. If 
the ladder reaches the flat roof, how tall is the building? 


85. 


86. The doorway into a room is 4 feet wide and 8 feet high. 
What is the diameter of the largest circular tabletop that 


can be taken through this doorway diagonally? 


<4 ft—| 
P oy 
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87. A supporting wire is to be attached to the top of a 50-foot 
antenna. If the wire must be anchored 50 feet from the 
base of the antenna, what length of wire is required? 


88. A supporting wire is to be attached to the top of a 70-foot 
antenna. If the wire must be anchored 70 feet from the 
base of the antenna, what length of wire is required? 


89. A square flower bed is to be enlarged by adding 2 meters 
on each side. If the larger square has an area of 196 square 
meters, what is the length of a side of the original 
square? 


i een 
2 meters 
x meters 
90. A square flower bed is to be enlarged by adding 4 feet on 


each side. If the larger square has an area of 225 square feet, 
what is the length of a side of the original square? 


Writing in Mathematics 

91. What is the square root property? 
92. Explain how to solve (x — 1)’ = 16 using the square root 
property. 

Explain how to complete the square for a binomial. Use 
x? + 6x to illustrate your explanation. 


93. 


94. Explain how to solve x7 + 6x + 8 = 0 by completing the 


square. 
95. 
96. 


What is compound interest? 
In your own words, describe the compound interest formula 
A= P(1 +r) 


Technology Exercises 


97. Use a graphing utility to solve 4 — (x + 1)? = 0. Graph 
y =4-(x4+1) in a [-5,5,1] by [-5,5,1] viewing 
rectangle. The equation’s solutions are the graph’s 
x-intercepts. Check by substitution in the given equation. 
98. Use a graphing utility to solve (x — 1)* — 9 = 0. Graph 
y =(x -— 1)? - 9 in a [-5,5,1] by [-9,3,1] viewing 
rectangle. The equation’s solutions are the graph’s 
x-intercepts. Check by substitution in the given equation. 
99. Use a graphing utility and x-intercepts to verify any of the 
real solutions that you obtained for five of the quadratic 
equations in Exercises 35-54. 
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Critical Thinking Exercises 


Make Sense? In Exercises 100-103, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


100. 


101. 


102. 


103. 


When the coefficient of the x-term in a quadratic 
equation is negative and I’m solving by completing the 
square, I add a negative constant to each side of the 
equation. 


When I complete the square for the binomial x” + bx, 
I obtain a different polynomial, but when I solve a 
quadratic equation by completing the square, I obtain an 
equation with the same solution set. 


When I use the square root property to determine the 
length of a right triangle’s side, I don’t even bother to list 
the negative square root. 


When I solved 4x” + 10x = 0 by completing the square, I 
added 25 to both sides of the equation. 


In Exercises 104-107, determine whether each statement is true 


109. 


110. 


111. 


Solve by completing the square: 


xv+xt+c=0. 


Solve by completing the square: 


vr+bx+c=0. 


Solve: x*— 8x7 +15 =0. 


Review Exercises 


112. 


113. 


114. 


Simplify: 4x — 2 — 3[4 — 2(3 — x)]. 
(Section 1.2, Example 14) 


Factor: 1 — 8x°. (Section 5.5, Example 9) 


Divide: (x* — 5x° + 2x7 — 6) = (x — 3). 
(Section 6.5, Example 1) 


Preview Exercises 


Exercises 115-117 will help you prepare for the material 
covered in the next section. 


eae 2 fh 
or false. If the statement is false, make the necessary change(s) By Se Solve Dy lectonnts Bar a ae tt 
to produce a true statement. b. The quadratic equation in part (a) is in the standard 
a 2 form ax’ + bx +c =0. Compute b* — 4ac. Is 
104. The graph of y=(x-—2)'+3 cannot have 2 
5 b* — 4ac a perfect square? 

x-intercepts. ; : 
105. The equation (x—5)?=12 is equivalent to MNS ev ROW EY ROHEES aia 188 ta er 

es ON b. The quadratic equation in part (a) is in the standard 

: 2 form ax” + bx + c = 0. Compute b? — 4ac. 

106. In completing the square for 2x“ — 6x = 5, we should 

add 9 to both sides. 117. a. Clear fractions in the following equation and write in 

2 = i 

107. Although not every quadratic equation can be solved He HOUR BASS 

by completing the square, they can all be solved by ay ie ee ee 

factoring. . x x? 
108. Solve for y: ae ae a 1 b. For the equation you wrote in part (a), compute 

,  @ b? , b* — 4ac. 
The Quadratic Formula 
Until fairly recently, many doctors believed that your blood pressure was 
i theirs to know and yours to worry about. Today, however, 
Objectives people are encouraged to find out their blood pressure. 


1 | Solve quadratic 
equations using the 
quadratic formula. 

Use the discriminant to 
determine the number 
and type of solutions. 
Determine the most 
efficient method to 

use when solving a 
quadratic equation. 

4 | Write quadratic 
equations from solutions. 
Use the quadratic formula 


That pumped-up cuff that squeezes against your upper 
arm measures blood pressure in millimeters (mm) of 
mercury (Hg). Blood pressure is given in two numbers: 
systolic pressure over diastolic pressure, such as 120 over 
80. Systolic pressure is the pressure of blood against the 
artery walls when the heart contracts. Diastolic pressure is 
the pressure of blood against the artery walls when the 


heart is at rest. 


women with age. 


to solve problems. 


In this section, we will derive a formula that will 
enable you to solve quadratic equations more 
quickly than the method of 
completing the square. Using 
this formula, we will work with 
functions that model changing 
systolic pressure for men and 


4 


1 | Solve quadratic 
equations using the 
quadratic formula. 
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Solving Quadratic Equations Using the Quadratic Formula 


We can use the method of completing the square to derive a formula that can be used to 
solve all quadratic equations. The derivation given below also shows a particular quadratic 
equation, 3x” — 2x — 4 = 0, to specifically illustrate each of the steps. 


Deriving the Quadratic Formula 


Standard Form 
of a Quadratic Equation Comment A Specific Example 
ax? + bx +c =0,a>0 This is the given equation. 3x? — 2x —4= 
e+ a ee a Divide both sides by the coefficient of x”. x2 ox _ ; =0 
a a 
2 4 
x + ae =-* Isolate the binomial by adding —« on both sides. a a 
a a a 3 3 
5g DP bY a b\? a2 ie 4 i\* 
x x4 5 = 7 Complete the square. Add the square of half the x rial | 3) 3 | 3 
7 3 ¢ ss coefficient of x to both sides. 
(half)? (half)? 
Pe ae bY 5 2, 84,4 
1 1 Xx XxX Tt = T 
Pea a T re a a2 3 9 3 
: b\? c 4a, b* Factor on the left side and obtain a common : ty 43.1 
2a a 4a 4@2 denominator on the right side. 3 a) 
( b ) —4ac + b? Aad A shichaada ( x) 12+ 1 
x = ; x-—) = 
a ie ractions on the right side 3 9 
( 2 b? — 4ac ( -i)-2 
gy 4a? a : 
b Bb? - 4 1 ple) 
eae + 4a? = Apply the square root property. a = J 9 
b Vb? — 1 13 
x =+ z gL Take the square root of the quotient, simplifying x- >= +— 
2a 2a the denominator. 3 3 
—b Vb? — b 1 13 
x= a D ade Solve for x by subtracting — from both sides. x= ot V13 
2a 2a 2a 3 3 
—b + Vp2 — 1 = 13 
x= ve aus Combine fractions on the right side. x= 3 
a 


The formula shown at the bottom of the left column is called the quadratic formula. 
A similar proof shows that the same formula can be used to solve quadratic equations 
if a, the coefficient of the x?-term, is negative. 


The Quadratic Formula 


The solutions of a quadratic equation in standard form ax” + bx + c = 0, with 
a # O, are given by the quadratic formula: 


X equals negative b plus 
or minus the square root of 


x 


—b + Vb* — 4ac 4 
2a g 


b* — 4ac, all divided by 2a. 


To use the quadratic formula, write the quadratic equation in standard form if 
necessary. Then determine the numerical values for a (the coefficient of the x-term), 
b (the coefficient of the x-term), and c (the constant term). Substitute the values of a, b, 
and c into the quadratic formula and evaluate the expression. The + sign indicates that 
there are two (not necessarily distinct) solutions of the equation. 
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Using Technology 
Graphic Connections 


The graph of the quadratic 
function 


y = 8x? + 2x -1 


has x-intercepts at —} and i. 


This verifies that {-}, j 


is the solution set of the 
quadratic equation 


8x7 + 2x -1=0. 


[-2, 2, 1] by [-3, 10, 1] 


| EXAMPLE 1 | Solving a Quadratic Equation Using 
the Quadratic Formula 
Solve using the quadratic formula: 8x? + 2x — 1 = 0. 


Solution The given equation is in standard form. Begin by identifying the values for 
a, b, and c. 


8x7 + 2x -1=0 


a=8 bee Bo 


Substituting these values into the quadratic formula and simplifying gives the equation’s 
solutions. 


—b + Vb? — 4ac 


x= 5) Use the quadratic formula. 
a 
-2 + V2? — 4(8)(-1) 
x= x8 Substitute the values for a, b, and c: 
(8) a= 8,b=2,andc=-—1. 
—2+V4- (32) 
= ig 2? — 4(8)(-1) = 4 — (-32) 
~2 + V36 
=. 4 — (-32) =4+ 32 =36 
16 
246 
= — V36=6 
16 


Now we will evaluate this expression in two different ways to obtain the two solutions. 
On the left, we will add 6 to —2. On the right, we will subtract 6 from —2. 


2 +6 2-6 
= 16 OF X= 16 
421 _-8 1 
16 «4 16 «2 


The solutions are —} and ;, and the solution set is {—3, i} . 


In Example 1, the solutions of 8x? + 2x — 1 = 0 are rational numbers. This means 
that the equation can also be solved by factoring. The reason that the solutions are 
rational numbers is that b? — 4ac, the radicand in the quadratic formula, is 36, which is 
a perfect square. If a, b, and c are rational numbers, all quadratic equations for which 
b* — 4ac is a perfect square have rational solutions. 


[“| CHECK POINT1 Solve using the quadratic formula: 2x? + 9x — 5 = 0. 


| EXAMPLE 2 | Solving a Quadratic Equation Using 
the Quadratic Formula 
Solve using the quadratic formula: 


2x? = 4x 4+ 1. 


Solution The quadratic equation must be in standard form to identify the values 
for a, b, and c. To move all terms to one side and obtain zero on the right, we subtract 
4x + 1 from both sides. Then we can identify the values for a, b, and c. 


Using Technology 


You can use a graphing 
utility to verify that 

the solutions of 

2x? — 4x — 1 = Oare 
ENG eae 
—i Begin by entering 
yy = 2x? — 4x — Lin 

the | Y= | screen. Then 


evaluate this function at each 
of the proposed solutions. 


In each case, the function value 
is 0, verifying that the solutions 
satisfy 2x — 4x —1=0. 
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2x* = 4x +1 — Thisis the given equation. 
2x* — 4x -1=0 Subtract 4x + 1 from both sides. 


a=2 b 4 c 1 


Substituting these values into the quadratic formula and simplifying gives the equation’s 
solutions. 
—b + Vb? — 4ac 


x= Use the quadratic formula. 


2a 
—(-4) + V(-4)? = 4(2)(-1 
x= ( ) C ( ri ) Substitute the values for a, b, and c: 
(2) a= 2,b=—4,andc = —1. 


V/16 — (-8) 


= (4 -42)-1) = 16-4) 


A 
I+ 


a 
I+ 
S\s 


= ——— 16 — (-8) =16 + 8 = 24 


V24 = V4-6 = V4-V6 =2V6 
a Factor out 2 from the numerator. 


=. Divide the numerator and denominator by 2. 


{24¥6 2 v6 
73 


24 V6 
The solutions are ——~——, and the solution set is 
2+ V6 
—7f- 


In Example 2, the solutions of 2x” = 4x + 1 are irrational numbers. This means 
that the equation cannot be solved by factoring. The reason that the solutions are 
irrational numbers is that b? — 4ac, the radicand in the quadratic formula, is 24, 


2+V6 .2-V6 
which is not a perfect square. Notice, too, that the solutions, 5 and 5 , 


are conjugates. 


2 or 


Great Question! 


The simplification of the irrational solutions in Example 2 was kind of tricky. Any 
suggestions to guide the process? 


Many students use the quadratic formula correctly until the last step, where they make 
an error in simplifying the solutions. Be sure to factor the numerator before dividing the 
numerator and the denominator by the greatest common factor. 


4+2Ve 224V6) 2(2+V6) 24-6 


4 4 4 D 
2 


‘You cannot divide just one term in the numerator and the denominator by their greatest 
common factor. 


Incorrect! 
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Using Technology 
Graphic Connections 
The graph of the quadratic 
function 


y = 3x2 + 4x +2 


has no x-intercepts. This 
verifies that the equation in 
Example 3 

3x? + 2 =—-4x, or 


3x? ++ 4x +2=0 


has imaginary solutions. 


yest tae?) 


[-3, 3, 1] by [-2, 10, 1] 


Can all irrational solutions of quadratic equations be simplified? No. The following 
solutions cannot be simplified: 


Other than 1, terms in 
5+ nT each numerator haveno = —4 + aA 


common factor. 


2 2 


[\Y| CHECK POINT 2 Solve using the quadratic formula: 2x? = 6x — 1. 


| EXAMPLE 3 | Solving a Quadratic Equation Using 
the Quadratic Formula 
Solve using the quadratic formula: 
3x7 +2 = —4x. 
Solution Begin by writing the quadratic equation in standard form. 


3x* + 2 =—4x This is the given equation. 
3x7 +4x+2=0 Add 4x to both sides. 


a=3 p=0 Bf e=2 


Substituting these values into the quadratic formula and simplifying gives the 
equation’s solutions. 


—bt Vp? — 4ac 


x= Use the quadratic formula. 
2a 4 
-4+ V4 — 4-3-2 
x= 2-3 Substitute the values for a, b, and c: 
a= 3,b=4,andc = 2. 
—-4 + V16 —- 24 
= 6 Multiply under the radical. 
-4+ V-8 
= a Subtract under the radical. 
—4 + 21/2 
= V-8 = Va(-l) = V8 V-1= iVe 
= iV4-2 = 2iV2 
2(-2 + iV2) 
= oy Factor out 2 from the numerator. 


= —— Divide the numerator and denominator by 2. 


3 
2. WV. 
=—-—- + i—— Express in the form a + Bi, 
3 3 writing i before the square root. 
2 2 ne 2 
The solutions are —> + V2, and the solution set is + wv : i v2 or 
3 3 3 3 3 3 
2, ,V2\ 
3 3 
In Example 3, the solutions of 3x? + 2 = —4x are imaginary numbers. This means 


that the equation cannot be solved using factoring. The reason that the solutions are 
imaginary numbers is that b? — 4ac, the radicand in the quadratic formula, is —8, which 
is negative. Notice, too, that the solutions are complex conjugates. 


Great Question! 


Should | check irrational 
and imaginary solutions 
by substitution in the 
given quadratic equation? 


No. Checking irrational 
and imaginary solutions 

can be time-consuming. 

The solutions given by 

the quadratic formula are 
always correct, unless you 
have made a careless error. 
Checking for computational 
errors or errors in 
simplification is sufficient. 


2 | Use the discriminant to 


determine the number 
and type of solutions. 
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'/| CHECK POINT3 Solve using the quadratic formula: 3x” + 5 = —6x. 


Some rational equations can be solved using the quadratic formula. For example, 
consider the equation 
ign 
x x 
The denominators are x and x”. The least common denominator is x”. We clear fractions 
by multiplying both sides of the equation by x”. Notice that x cannot equal zero. 


Oo 
= 
rs) 
a 
| 
= 
iS) 
I| 


2 
v(- 4 Use the distributive property. 


3x* + 4x = -2 Simplify. 


By adding 2 to both sides of 3x* + 4x = —2, we obtain the standard form of the 
quadratic equation: 


3x7 + 4x +2=0. 
This is the equation that we solved in Example 3. The two imaginary solutions are not 
part of the restriction that x # 0. 
The Discriminant 


The quantity b? — 4ac, which appears under the radical sign in the quadratic formula, 
is called the discriminant. Table 8.2 shows how the discriminant of the quadratic 
equation ax” + bx + c = 0 determines the number and type of solutions. 


N-\°)(-8:34 ~The Discriminant and the Kinds of Solutions to ax* + bx +c =0 


Discriminant Kinds of Solutions to Graph of 
b? — 4ac ax? + bx +c =0 y=avr-+bxt+e 
b? — 4ac > 0 Two unequal real solutions: y 
If a, b, and c are rational numbers and the 
discriminant is a perfect square, the solutions 
are rational. If the discriminant is not a 
perfect square, the solutions are irrational 
conjugates. 7 
Two x-intercepts 
b? — 4ac = 0 One solution (a repeated solution) that is y 
a real number: 
If a, b, and c are rational numbers, 
the repeated solution is also a rational 
number. 
x 
One x-intercept 
b? — 4ac < 0 No real solution; two imaginary solutions: y 
The solutions are complex conjugates. 
x 
No x-intercepts 
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Great Question! 
Is the square root sign 
part of the discriminant? 
No. The discriminant 


is b? — 4ac. It is not 
b’ — 4ac, so do not give 


the discriminant as a radical. 


3 | Determine the most 
efficient method to 
use when solving a 
quadratic equation. 


| EXAMPLE 44 | Using the Discriminant 


For each equation, compute the discriminant. Then determine the number and type of 
solutions: 


a. 3x7 + 4x —-5 =0 b. 9x7 —- 6x +1=0 c. 3x7 — 8k +7 =0. 


Solution Begin by identifying the values for a, b, and c in each equation. Then 
compute b” — 4ac, the discriminant. 


a 3x7 + 4x -5=0 


@=3 8 b=! c= 


Substitute and compute the discriminant: 


b? — 4ac = 42 — 4-3(-5) = 16 — (-60) = 16 + 60 = 76. 


The discriminant, 76, is a positive number that is not a perfect square. Thus, there 
are two real irrational solutions. (These solutions are conjugates of each other.) 


b. 9x7 -6x+1=0 


as) Bb=—3 @ c= 


Substitute and compute the discriminant: 


b* — 4ac = (-6)* — 4-9-1 = 36 — 36 = 0. 


The discriminant, 0, shows that there is only one real solution. This real solution is 
a rational number. 


c 3x7-8x+7=0 


b? — 4ac = (-8)? — 4-3-7 = 64 — 84 = -20 


The negative discriminant, —20, shows that there are two imaginary solutions. 
(These solutions are complex conjugates of each other.) m 


¥| CHECK POINT4 For each equation, compute the discriminant. Then 
determine the number and type of solutions: 


a xr+6x+9=0 
b. 2x2 —- 7x —-4=0 
c. 3x7 -2x + 4=0. 


Determining Which Method to Use 


All quadratic equations can be solved by the quadratic formula. However, if an 
equation is in the form u* = d, such as x” = 5 or (2x + 3)* = 8, it is faster to use the 
square root property, taking the square root of both sides. If the equation is not in the 
form u” = d, write the quadratic equation in standard form (ax* + bx + c = 0). Try 
to solve the equation by factoring. If ax’ + bx + c cannot be factored, then solve the 
quadratic equation by the quadratic formula. 

Because we used the method of completing the square to derive the quadratic 
formula, we no longer need it for solving quadratic equations. However, we will use 
completing the square in Chapter 10 to help graph certain kinds of equations. 
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Table 8.3 summarizes our observations about which technique to use when solving 
a quadratic equation. 


\)(-ee Determining the Most Efficient Technique to Use When Solving a Quadratic Equation 


Description and Form of Most Efficient 
the Quadratic Equation Solution Method Example 
ax? + bx + c = Oand Factor and use the zero-product 3x27 + 5x —-2=0 
ax? bx + c can be factored principle. (3x — 1)(x + 2) =0 
easily. 3x -1=0 or x+2=0 
1 
ao x=-2 
ary +c=0 Solve for x” and apply the square root 4x7 -7=0 
The quadratic equation has no property. 42a 
_ x= 7 
x-term. (b = 0) 
ya! 
4 
va 
=+— 4 
en: 
u’ = d;wisa first-degree Use the square root property. (x + 4? =5 
polynomial. gids days 
x=-44+ V5 
axe + bx + c = O and Use the quadratic formula: 2 - 2x -6=0 
ax? + bx + c cannot be ab ke Ab? = dae 
factored or the factoring is x= a . ree (Se) Ce 
too difficult. 
eps ot (-2) — 40) 6) 
2(1) 
24 V4— 40)(-6) 
2(1) 
EVE 2 Va 
2 2 
12 2V7 2027) 
2 2 
a4 V7 


4 | Write quadratic 
equations from 
solutions. 


Writing Quadratic Equations from Solutions 


Using the zero-product principle, the equation (x — 3)(x + 5) = 0 has two solutions, 
3 and —5. By applying the zero-product principle in reverse, we can find a quadratic 
equation that has two given numbers as its solutions. 


The Zero-Product Principle in Reverse 
If A = 0or B = 0, then AB = 0. 


| EXAMPLE 5 | Writing Equations from Solutions 


Write a quadratic equation with the given solution set: 


a. {-2 x b. {-2V3,2V3} c. {-5i, Si}. 
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Solution 


1 
a. Because the solution set is {- _ i then 


5 1 
x=-z> or x=. 
3 2; 
1 
x+-=0 or x-z~=0 Obtain zero on one side of each 
2 equation. 
3x +5=0 or 2x-1=0 Clear fractions, multiplying by 3 and 2, 


respectively. 
(3x + 5)(2x — 1) =0 Use the zero-product principle in 
reverse: If A = O or B = O, then 
AB = O. 


Use the FOIL method to multiply. 


6x2 — 3x + 10x -5 =0 
6x7 + 7x -5 =0 


Zero (1960-1971), Jasper Johns. © 2011 Jasper 


Johns/VAGA. i f 
Combine like terms. 


= special oe obzer0 Thus, one equation is 6x” + 7x — 5 = 0. Many other quadratic equations have 
make it possible to write a 5 i : ‘ , ; fees 

: : ‘ — 3, 5} for their solution sets. These equations can be obtained by multiplying both 
quadratic equation from its 


: sides of 6x? + 7x — 5 = 0 by any nonzero real number. 
solutions. _ 
b. Because the solution set is {-2V3,2V3}, then 


x =-2V3 or x =2V3. 


x+2V3=0 or x—-2V3=0 


(x +2V3)(x — 2V3) =0 


x (2V3)" =0 


x*-12=0 
Thus, one equation is x’ — 12 = 0. 
c. Because the solution set is {—5i, 5i}, then 
x=-Si or x = 5i. 
x+ 5i=0 or x-5i=0 
(x + Si)(x — 5i) = 0 


x — (5i)? = 0 
x? — 2517 = 0 
x? — 25(-1) = 0 
x7>+25=0 


'/| CHECK POINT 5 


Obtain zero on one side of each 
equation. 

Use the zero-product principle in 
reverse: If A = O or B = O, then 
AB = O. 

Multiply conjugates using 

(A + B)(A — B) = A? — B*. 
(2V/3)? = 2/3)? = 4-3 = 12 


Obtain zero on one side of each equation. 


Use the zero-product principle in reverse: 
If A = O or B = O, then AB = O. 


Multiply conjugates using 


(A+ BIA—- BHA -— 8 
(5° = 6°/* = o5/* 
?P=-1 


This is the required equation. 


Write a quadratic equation with the given solution set: 


a. {-3,} b. {-5V2,5V2} 


© Use the quadratic Applications 
formula to solve 


problems. quadratic functions. 


Quadratic equations can be solved to answer questions about variables contained in 


Using Technology 


On most calculators, here is 
how to approximate 


0.02 + V0.1204 


0.012 
Many Scientific Calculators 
(|.02 |+] 1204; V_| |) 
cx || dO || = 


Many Graphing Calculators 


(].02 [+][-V ].1204 


<7 


+|.012| ENTER 


If your calculator displays 
an open parenthesis after V , 
you'll need to enter another 
closed parenthesis here. 
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| EXAMPLE 6 | Blood Pressure and Age 


The graphs in Figure 8.3 illustrate that a 
person’s normal systolic blood pressure, 
measured in millimeters of mercury 


Normal Systolic 
P(A) Blood Pressure and Age 
A 


(mm Hg), depends on his or her age. The 160 
function 
g 150 
P(A) = 0.006A* — 0.02A + 120 2 aa9 
models a man’s normal systolic pressure, 32 130 
P(A), at age A. = E 120 
a. Find the age, to the nearest year, of a 110 
a man whose normal systolic blood s 100 L 
pressure is 125 mm Hg. a Pe ey 
b. Use the graphs in Figure 8.3 to 10 20 30 40 50 60 70 80 
describe the differences between the Age 
normal systolic blood pressures of Figure 8.3 


men and women as they age. 


Solution 


a. We are interested in the age of a man with a normal systolic blood pressure of 
125 millimeters of mercury. Thus, we substitute 125 for P(A) in the given function 


for men. Then we solve for A, the man’s age. 


P(A) = 0.006A* — 0.02A + 120 
125 = 0.006A? — 0.02A + 120 
0 = 0.006A? — 0.02A — 5 


a=0.006 b=-0.02, c=-5 


This is the given function for men. 
Substitute 125 for P(A). 


Subtract 125 from both sides and 
write the quadratic equation in 
standard form. 


Because the trinomial on the right side of the equation is prime, we solve using the 


quadratic formula. 


Notice that the 


variable is A, —b+ VB - 4ac Use the quadratic 
rather than the A= Fepnvile 
usual x. 2a : 
Substitute the 
(—0.02) + vt 0.02)? — 4(0.006)(—5) values for a, b, and c: 
~ 2(0.006) a = 0.006, 
b = —0.02, and 
c=-—5. 
0.02 + /0.1204 Use a calculator 
= 0.012 to simplify the 
: expression under 
the square root. 
_ 0.02 + 0.347 Use a calculator: 
- 0.012 0.1204 ~ 0.347. 
_ 0.02 + 0.347 ~ As 0.02 — 0.347 
0.012 0.012 
A =~ 31 AX —27 Use a calculator 


Reject this solution. 
Age cannot be negative. 


and round to the 
nearest integer. 
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The positive solution, <A ~ 31, Normal Systolic 
indicates that 31 is the approximate BP (A) Blood Pressure and Age 
age of a man whose normal systolic 160 - 
blood pressure is 125 mm Hg. Thisis © js gL Blood 
illustrated by the black lines with the 3 | eee 7 
arrows on the red graph representing £ > te) . 
men in Figure 8.4. 3 : 130 
b. Take a second look at the graphs in © & 120 
Figure 8.4. Before approximately #@ 110 
age 50, the blue graph representing 8 100 
women’s normal systolic blood a a ce 
pressure lies below the red graph 10 20 30 40 50 60 70 80 
representing men’s normal systolic Age 


blood pressure. Thus, up to age 50, Figure 8.4 

women’s normal systolic blood 

pressure is lower than men’s, although 

it is increasing at a faster rate. After age 50, women’s normal systolic blood pressure 
is higher than men’s. @& 


(“| CHECK POINT6 The function P(A) = 0.0147 + 0.05A + 107 models a 
woman’s normal systolic blood pressure, P(A), at age A. Use this function to find 
the age, to the nearest year, of a woman whose normal systolic blood pressure is 
115 mm Hg. Use the blue graph in Figure 8.4 to verify your solution. 


Achieving Success 


A test-taking tip: Go for partial credit. Always show your work. If worse comes to 
worst, write something down, anything, even if it’s a formula that you think might solve a 
problem or a possible idea or procedure for solving the problem. Here’s an example: 


Test Question: Solve by the quadratic formula: 
2x? = —4y + 5, 


Student Solution: 


2x? = -4x +5 
2x? +4x-5=-=0 
Qi=r2 b= 4G) 


Egad! I forgot the formula. 


BIE he ae 
. a5 a2 


I know I need to find ?. | 

That will give me the solutions. _ 

Perhaps I can simplify after that. | 
??? 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The solutions of a quadratic equation in standard form ax” + bx + c = 0,a # 0, are given by the quadratic formula 


x= 
2. In order to solve 2x” + 9x — 5 = 0 by the quadratic formula, we use a = ,b= , and 
c= 
3. Inorder to solve x7 = 4x + 1 by the quadratic formula, we use a = b= , and 
c= ; 
= EVEY = 40) 5s _ 
4. x simplifies to x = 
2(1) 
5. se oe a lifies to 
x= x= 
2-2 . 
6. The discriminant of ax? + bx + c = Ois defined by 
7. Ifthe discriminant of ax? + bx + c = 0 is negative, the quadratic equation has real solutions. 
8. If the discriminant of ax? + bx + c = 0 is positive, the quadratic equation has real solutions. 
9. The most efficient technique for solving (2x + 7)? = 25 is by using 


10. The most efficient technique for solving x? + 5x — 10 = Ois by using 


11. The most efficient technique for solving x7 + 8x + 15 = Ois by using 


12. True or false: An equation with the solution set {2,5} is (x + 2)(x + 5) = 0. 


Resets me = MyMathLab® — wrievincs | oomatine 


Practice Exercises 


In Exercises 1-18, solve each equation using the quadratic 


14. x7 4+ 6x + 13 =0 


formula. Simplify solutions, if possible. 15. 3x? = 8x —7 
1 oe 1 SO) ie hah te 
16. = = 
2. x7+ 8x +15=0 a 
3. 2x7 — Tx =—5 AZ 25 2) el 
2 = 
Ge 18. 2x(x + 4) = 3x —3 


Be + or 20 = 0 
zs q In Exercises 19-30, compute the discriminant. Then determine 


the number and type of solutions for the given equation. 


6. x7 +5x-10=0 


19. x7+8r+3=0 
7. 3x2 — 7x =3 20. x7 + 7x+4=0 
21. x7 + 6x + 8=0 
8. 4x7 + 3x =2 22. x7 +2x-3=0 


23. 2x7 +x+3=0 
24. 2x7 - 4x +3 =0 


9. 6x7 =2x +1 


10. 2x2 =—4x +5 25. 2x’ + 6x = 0 
26. 3x? — 5x =0 
the Zhe — che = 5) 27. 5x7 +3=0 


28. 5x7 + 4=0 
29. 9x? = 12x — 4 
(ey oe dhe = (0) 30. 4x? = 20x — 25 


12. 9° +x%=-2 
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In Exercises 31-50, solve each equation by the method of your 
choice. Simplify solutions, if possible. 


31. 3x7 - 4x = 4 
32. 2x7 -x=1 
33. x°-2x =1 


34. 2x7 + 3x =1 
35. 3x27 =x-9 
36. 2x7 = —6x —7 


ST 2G = 5) Orci) 2 


38) Cx 3) 
39. (3x — 4)? = 16 
40. (2x + 7)? = 25 


x? Ob 
414. —+2x+-=0 
2, ee 
a il 
O23 2226 
ie 


43. (3x — 2)? = 10 


44. (4x — 1)? = 15 
“2S 
“x x42 3) 
——— 
“xy x4+3 4 


Ale (26-70) (Xa 2) — Oa I) 2 
48. 7x(x — 2) =3 — 2(x + 4) 

49. x7 + 10 = 2(2x — 1) 

50. x(x + 6) = —12 


In Exercises 51-64, write a quadratic equation in standard form 


with the given solution set. 


Bt, (3.5) 
52. {—2, 6} 

eal 
a {-23) 

5) il 
54. \-23} 
55. {-V2, V2} 
56. {-V3, V3} 


57. {-2V5,2V5} 
58. {-3V5,3V5} 


59. {—6i, 6i} 
60. {—8i, 8i} 
e (lpi =—a 


1 
62, (2+4,2-]3] 

63. (1499, 9/2) 
o4. {1+ V3,1- V3} 


Practice PLUS 


Exercises 65-68 describe quadratic equations. Match each 

description with the graph of the corresponding quadratic 

function. Each graph is shown in a [-10, 10, 1] by [-10, 10, 1] 

viewing rectangle. 

65. A quadratic equation whose solution set contains imaginary 
numbers 

66. A quadratic equation whose discriminant is 0 

67. A quadratic equation whose solution set is { 34 V2} 

68. A quadratic equation whose solution set contains integers 


a. 


69. When the sum of 6 and twice a positive number is 
subtracted from the square of the number, 0 results. Find 
the number. 


70. When the sum of 1 and twice a negative number is 
subtracted from twice the square of the number, 0 results. 
Find the number. 


In Exercises 71-76, solve each equation by the method of your 
choice. 


1 1 5) 
TAL 
xw—3x+2 %x+2 x%-4 
oo = Il Be 1 
72. = 
eal) eG i 5 Gs 


73. V2x2 + 3x — 2V2 =0 


74. V3x2 + 6x + 7V3 =0 
75. |x? + 2x|=3 


76. |x? + 3x|=2 


Application Exercises 


A driver’s age has something to do with his or her chance of 
getting into a fatal car crash. The bar graph shows the number 
of fatal vehicle crashes per 100 million miles driven for drivers 
of various age groups. For example, 25-year-old drivers are 
involved in 4.1 fatal crashes per 100 million miles driven. Thus, 
when a group of 25-year-old Americans have driven a total of 
100 million miles, approximately 4 have been in accidents in 
which someone died. 


Age of United States Drivers and Fatal Crashes 
18 


BR 
N 


a 


Fatal Crashes per 100 Million 
Miles Driven 
\o 


6.2 
4.1 


ILarE 
| 9.5 
16 =:18 


Source: Insurance Institute for Highway Safety 


20° 25" 35° 45.55 
Age of Drivers 


The number of fatal vehicle crashes per 100 million miles, f(x), 
for drivers of age x can be modeled by the quadratic function 


f(x) = 0.013x? — 1.19x + 28.24. 
Use the function to solve Exercises 77-78. 


77. What age groups are expected to be involved in 3 fatal 
crashes per 100 million miles driven? How well does the 
function model the trend in the actual data shown in the 
bar graph? 


78. What age groups are expected to be involved in 10 fatal 
crashes per 100 million miles driven? How well does the 
function model the trend in the actual data shown in the 
bar graph? 


Throwing events in track and field include the shot put, the 
discus throw, the hammer throw, and the javelin throw. The 
distance that an athlete can achieve depends on the initial 
velocity of the object thrown and the angle above the horizontal 
at which the object leaves the hand. 


Angle at which the shot 


is released Path of shot 
aa St 


~ 
~ 
S 


Sat = N 
ed 
N 
as 
a 
: 
ki 
N, 
Distance Achieved ————+| 


Path's maximum horizontal 
distance 
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In Exercises 79-80, an athlete whose event is the shot put releases 
the shot with the same initial velocity, but at different angles. 


79. 


16.3 
8.0 
80. 
3.8 
655) aoe 79 


81. 
82. 


83. 


84. 


85. 


When the shot is released at an angle of 35°, its path can be 
modeled by the function 


f(x) = -0.01x? + 0.7x + 6.1, 


in which x is the shot’s horizontal distance, in feet, and 
f(x) is its height, in feet. This function is shown by one of 
the graphs, (a) or (b), in the figure. Use the function to 
determine the shot’s maximum distance. Use a calculator 
and round to the nearest tenth of a foot. Which graph, (a) 
or (b), shows the shot’s path? 


a 


Height 


Horizontal Distance 
[0, 80, 10] by [0, 40, 10] 


When the shot is released at an angle of 65°, its path can be 
modeled by the function 


f(x) = —0.04x? + 2.1% + 6.1, 


in which x is the shot’s horizontal distance, in feet, and f(x) 
is its height, in feet. This function is shown by one of the 
graphs, (a) or (b), in the figure above. Use the function to 
determine the shot’s maximum distance. Use a calculator 
and round to the nearest tenth of a foot. Which graph, (a) 
or (b), shows the shot’s path? 


The length of a rectangle is 4 meters longer than the width. If 
the area is 8 square meters, find the rectangle’s dimensions. 
Round to the nearest tenth of a meter. 


The length of a rectangle exceeds twice its width by 3 inches. 
If the area is 10 square inches, find the rectangle’s dimensions. 
Round to the nearest tenth of an inch. 


The longer leg of a right triangle exceeds the shorter leg 
by 1 inch, and the hypotenuse exceeds the longer leg by 
7 inches. Find the lengths of the legs. Round to the nearest 
tenth of a inch. 


The hypotenuse of a right triangle is 6 feet long. One leg is 
2 feet shorter than the other. Find the lengths of the legs. 
Round to the nearest tenth of a foot. 


A rain gutter is made from sheets of aluminum that are 
20 inches wide. As shown in the figure, the edges are 
turned up to form right angles. Determine the depth of 
the gutter that will allow a cross-sectional area of 13 square 
inches. Show that there are two different solutions to the 
problem. Round to the nearest tenth of an inch. 

Flat sheet 


20 inches 
wide 
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86. A piece of wire is 8 inches long. The wire is cut into two 
pieces and then each piece is bent into a square. Find 
the length of each piece if the sum of the areas of these 
squares is to be 2 square inches. 


8-x 
4 


8-x 
4 
5 8 inches lA 
: x ih 8-x | 


87. Working together, two people can mow a large lawn in 
4 hours. One person can do the job alone 1 hour faster 
than the other person. How long does it take each person 
working alone to mow the lawn? Round to the nearest 
tenth of an hour. 


88. A pool has an inlet pipe to fill it and an outlet pipe to empty 
it. It takes 2 hours longer to empty the pool than it does to fill 
it. The inlet pipe is turned on to fill the pool, but the outlet 
pipe is accidentally left open. Despite this, the pool fills in 
8 hours. How long does it take the outlet pipe to empty the 
pool? Round to the nearest tenth of an hour. 


Writing in Mathematics 
89. What is the quadratic formula and why is it useful? 


90. Without going into specific details for every step, describe 
how the quadratic formula is derived. 

91. Explain how to solve x? + 6x + 8 = Ousing the quadratic 
formula. 


92. If a quadratic equation has imaginary solutions, how is this 
shown on the graph of the corresponding quadratic function? 

93. What is the discriminant and what information does it 
provide about a quadratic equation? 

94. If you are given a quadratic equation, how do you 
determine which method to use to solve it? 

95. Explain how to write a quadratic equation from its solution 
set. Give an example with your explanation. 


Technology Exercises 

96. Use a graphing utility to graph the quadratic function 
related to any five of the quadratic equations in Exercises 
19-30. How does each graphillustrate what you determined 
algebraically using the discriminant? 

97. Reread Exercise 85. The cross-sectional area of the gutter 
is given by the quadratic function 

f(x) = x(20 — 2x). 

Graph the function in a [0, 10, 1] by [0, 60, 5] viewing 
rectangle. Then | TRACE | along the curve or use the 
maximum function feature to determine the depth of 


the gutter that will maximize its cross-sectional area 
and allow the greatest amount of water to flow. What 
is the maximum area? Does the situation described in 
Exercise 85 take full advantage of the sheets of aluminum? 


Critical Thinking Exercises 

Make Sense? In Exercises 98-101, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


98. Because I want to solve 25x? — 169 = 0 fairly quickly, 
Tl use the quadratic formula. 


2V3 


ne ees 
99. Isimplified <a 
aver 


100. Ineed to find a square root to determine the discriminant. 


Osa V3 because 2 is a factor of 


101. I obtained —17 for the discriminant, so there are two 
imaginary irrational solutions. 


In Exercises 102-105, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


102. Any quadratic equation that can be solved by completing 
the square can be solved by the quadratic formula. 

103. The quadratic formula is developed by applying 
factoring and the zero-product principle to the quadratic 
equation ax? + bx +c = 0. 

104. In using the quadratic formula to solve the quadratic 
equation Sx — In — 7, we have a — 5) bi— 2. and 


C= =f, 
105. The quadratic formula can be used to solve the equation 
2 = 
Kei 9 — 10 


106. Solve fort: s = —16t7 + vol. 


107. A rectangular swimming pool is 12 meters long and 
8 meters wide. A tile border of uniform width is to be 
built around the pool using 120 square meters of tile. 
The tile is from a discontinued stock (so no additional 
materials are available) and all 120 square meters are to 
be used. How wide should the border be? Round to the 
nearest tenth of a meter. If zoning laws require at least a 
2-meter-wide border around the pool, can this be done 
with the available tile? 


108. The area of the shaded green region outside the 
rectangle and inside the triangle is 10 square yards. Find 
the triangle’s height, represented by 2x. Round to the 
nearest tenth of a yard. 


WN 
y 


k—— 3—_>| 


i~< Xx 


Review Exercises 


109. Solve: 


110. 


111. 


|5x + 2| = |4 — 3x]. (Section 4.3, Example 3) 


Example 5) 


Solve: V2x — 5 — Vx -3 =1. 
(Section 7.6, Example 4) 


Rationalize the denominator: 
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Preview Exercises 

Exercises 112-114 will help you prepare for the material 

covered in the next section. 

112. Use point plotting to graph f(x) = x” and g(x) = x? + 2 
in the same rectangular coordinate system. 


. (Section 7.5, 113. Use point plotting to graph f(x) =x? and 
g(x) = (x + 2)° in the same rectangular coordinate 
system. 


114. Find the  x-intercepts for the 
{@)= 20 = 2) 8. 


cae ee 
Aa x 


graph = of 


Objectives 


Recognize 
characteristics of 
parabolas. 


Graph parabolas 
in the form 
f(x) = a(x — hy +k. 


Graph parabolas 
in the form 
f(x) = ax? + bx +c. 


Determine a quadratic 
function’s minimum or 
maximum value. 


Solve problems 
involving a quadratic 
function’s minimum or 
maximum value. 


Recognize 
characteristics of 
parabolas. 


Quadratic Functions and Their Graphs 


——e 


We have 
a long history of 
throwing things. Before 
400 B.c., the Greeks 
competed in games that 
included discus throwing. 
In the seventeenth century, English 
soldiers organized cannonball-throwing competitions. In 1827, a Yale University 
student, disappointed over failing an exam, took out his frustrations at the passing of 
a collection plate in chapel. Seizing the monetary tray, he flung it in the direction of a 
large open space on campus. Yale students see this act of frustration as the origin of 
the Frisbee. 

In this section, we study quadratic functions and their graphs. By graphing functions 
that model the paths of the things we throw, you will be able to determine both the 
maximum height these objects attain and the distance these objects travel. 


Graphs of Quadratic Functions 
The graph of any quadratic function 
f(x) = ax’? + bx +c, a #0, 


is called a parabola. Parabolas are shaped like bowls or inverted bowls, as shown 
in Figure 8.5 at the top of the next page. If the coefficient of x” (the value of a in 
ax’ + bx + c) is positive, the parabola opens upward. If the coefficient of x is 
negative, the parabola opens downward. The vertex (or turning point) of the parabola 
is the lowest point on the graph when it opens upward and the highest point on the 
graph when it opens downward. 
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2 | Graph parabolas 
in the form 
f(x) = a(x — h)* +k. 


¥ 
A 


glx) = 2x? 


fle) =x? 
Als) = tx? 
+—_}+—_+—_ +++ +—+—_+—_+—_ +> X 
—5—4-3-2-1 12345 
Figure 8.6 


>< 
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Axis of symmetry 


A 
| 
| 
| 
| 
| 
4 
| 
| 
| 


> xX 


Y 


a> 0: Parabola opens upward. 


fix) = ax* + bx +c (a> 0) 


> 


> X 


Vertex (minimum point) 


h 
Y 


a <0: Parabola opens downward. 


Figure 8.5 Characteristics of graphs of quadratic functions 


Axis of symmetry 


Vertex (maximum point) 


fix) = ax? + bx +c (a< 0) 


The two halves of a parabola are mirror images of each other. A “mirror line” 
through the vertex, called the axis of symmetry, divides the figure in half. If a parabola 
is folded along its axis of symmetry, the two halves match exactly. 


Graphing Quadratic Functions in the Form f(x) = a(x — h)? +k 


One way to obtain the graph of a quadratic function is to use point plotting. Let’s 
begin by graphing the functions f(x) = x’, g(x) = 2x’, and A(x) = 5x’ in the same 
rectangular coordinate system. Select integers for x, starting with —3 and ending with 3. 
A partial table of coordinates for each function is shown below. The three parabolas 
are shown in Figure 8.6. 


(x, y) (x y) 
x f(x) = x? or (x, f(x) x g(x) = 2x? or (x, g(x) 
3. f(-3) =(-3 =9 (—3, 9) 3. g(—3) = 2(-3)? = 18 (—3, 18) 
2 fC-2)=(C2P=4 (-2, 4) 2 #02) =2-27 =8 (—2, 8) 
t fp =1 (-1,1)  g6)=2-1"=2 (~1, 2) 
0 f0) =0 =0 (0, 0) 0 g(0) =2:0 =0 (0, 0) 
1 fQy=V=1 (1, 1) 1 gl) =2:? =2 (1, 2) 
2 f2)=2=4 (2, 4) 2 g(2) =2-:2? =8 (2, 8) 
3 f3)=3 =9 (3, 9) 3 g(3) = 2-37 = 18 (3, 18) 
1 2 
x h(x) = 5 x (, y) or (x, h(x) 
if 9 9 
=3 h(-3) = 5( 3) = A (-3 >) 
=o h(-2) = 5-2" =2 (2,2) 
= a! 2_1 1 
1 hl) = 5-1 = 5 (-1.) 
0 h(0) = x0 = (0, 0) 
1 1 1 
1 Oe an (1,5) 
2 h(2) = ae =2 (2, 2) 
ate? 9 
3 hQ) = 5-3 = 5 (3,3) 
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Can you see that the graphs of f, g, and A in Figure 8.6 all have the same vertex, 
(0, 0)? They also have the same axis of symmetry, the y-axis, or x = 0. This is true for 
all graphs of the form f(x) = ax”. However, the blue graph of g(x) = 2x’ is a narrower 
parabola than the red graph of f(x) = x”. By contrast, the green graph of h(x) = $x? 
is a flatter parabola than the red graph of f(x) = x’. 

Is there a more efficient method than point plotting to obtain the graph of a quadratic 
function? The answer is yes. The method is based on comparing graphs of the form 
g(x) = a(x — h)* + k to those of the form f(x) = ax’. 

In Figure 8.7(a), the graph of f(x) = ax? fora > 0 is shown in black. The parabola’s 
vertex is (0, 0) and it opens upward. In Figure 8.7(b), the graph of f(x) = ax” fora < 0 
is shown in black. The parabola’s vertex is (0, 0) and it opens downward. 


y y 
A Axis of symmetry: x =h A Axis of symmetry: x = h 


(x) =a(x —h)?+k A Vertex: (1, k) i 
&(X} = a(x — i . - ; . 
| Vertex: (0, 0) glx) =alx —h)P + 
: 
| 
| 
i) 
f\x) = ax? 
fle) = ax? } | 
| | 
| : 
| 
i Vertex: (1, k) ! 
> xX 
Vertex: (0, 0) | \ 
a (b) a<0: Parabola opens downward. 


Figure 8.7 Moving, or shifting, the graph of f(x) = ax? 

Figures 8.7(a) and 8.7(b) also show the graph of g(x) = a(x — h)? + k in blue. 
Compare these graphs to those of f(x) = ax”. Observe that h determines a horizontal 
move, or shift, and k determines a vertical move, or shift, of the graph of f(x) = ax’: 


g(x) = a(x —h)? +k. 


If h > 0, the graph of If k > 0, the graph of 
fix) = ax? is shifted h y =a(x —h)* is shifted 
units to the right. k units up. 

Consequently, the vertex (0, 0) on the black graph of f(x) = ax? moves to the point 
(h, k) on the blue graph of g(x) = a(x — h)* + k. The axis of symmetry is the vertical 
line whose equation is x = h. 

The form of the expression for g is convenient because it immediately identifies the 
vertex of the parabola as (h, k). 


Quadratic Functions in the Form f(x) = a(x — h)? + k 
The graph of 
f(x) = a(x — h) + k, a#Q0 


is a parabola whose vertex is the point (h,k). The parabola is symmetric with 
respect to the line x = h. If a > 0, the parabola opens upward; if a < 0, the 
parabola opens downward. 


The sign of a in f(x) = a(x — h)* + k determines whether the parabola opens 
upward or downward. Furthermore, if |a| is small, the parabola opens more flatly than 
if |a| is large. On the next page is a general procedure for graphing parabolas whose 
equations are in this form. 
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Graphing Quadratic Functions with Equations in the Form 

f(x) = a(x — h? +k 

To graph f(x) = a(x — h)’ + k, 

1. Determine whether the parabola opens upward or downward. If a > 0, it 
opens upward. If a < 0, it opens downward. 

2. Determine the vertex of the parabola. The vertex is (h, k). 


3. Find any x-intercepts by solving f(x) = 0. The equation’s real solutions are the 
x-intercepts. 


4. Find the y-intercept by computing f(0). 


5. Plot the intercepts, the vertex, and additional points as necessary. Connect these 
points with a smooth curve that is shaped like a bowl or an inverted bowl. 


In the graphs that follow, we will show each axis of symmetry as a dashed vertical 
line. Because this vertical line passes through the vertex, (h, k), its equation is x = h. 
The line is dashed because it is not part of the parabola. 


Great Question! 


I’m confused about finding h from the equation f(x) = a(x — h)* + k. Can you help 
me out? 


It’s easy to make a sign error when finding h, the x-coordinate of the vertex. In 
f(x) = a(x —h) + k, 
his the number that follows the subtraction sign. 


e f(x) =-2(x - 3)? +8 e f(x) =(x+3)4+1 
A = (x — (-3))? +1 
A 


The number after the 
subtraction is 3: h = 3. 


The number after the 
subtraction is —3: h = —3. 


Graphing a Quadratic Function in the Form 
f(x) = a(x — h)? +k 


Graph the quadratic function f(x) = —2(x — 3)? + 8. 


Solution Wecan graph this function by following the steps in the preceding box. We 
begin by identifying values for a, h, and k. 


f(x) = a(x - hy’ +k 
G——25 Bi—30 Be—s 


f(x) = -2(x - 3 +8 


Step 1. Determine how the parabola opens. Note that a, the coefficient of x’, is —2. 
Thus, a < 0; this negative value tells us that the parabola opens downward. 


Step 2. Find the vertex. The vertex of the parabola is at (h, k). Because h = 3 and 
= 8, the parabola has its vertex at (3, 8). 


Step 3. Find the x-intercepts by solving f(x) = 0. Replace f(x) with O in 
f(x) = -2(x — 3)? + 8. 
0 = -2(x — 3) + 8 Find x-intercepts, setting f(x ) equal to O. 


2x - 3 =8 Solve for x. Add 2(x — 3)* to both 
sides of the equation. 


Vertex: (3, 8) 


x-intercept: 5 


678 


eS SS SS Se SS SS 
pt 


y-intercept: 10 
Axis of symmetry: x = 3 


Figure 8.8 The graph of 
f(x) = -2 — 3? +8 


Axis of symmetry: x = —3 ; 


y-intercept: 10 


Y 
Vertex: (—3, 1) 


Figure 8.9 The graph of 
fx) = + 3° +1 


SECTION 8.3 Quadratic Functions and Their Graphs 615 


(x - 3? =4 Divide both sides by 2. 
x-3= V4 or x -3= -V4 Apply the square root property. 
= 3=2 x-3=-2 V4=2 
x=5 x=1 Add 3 to both sides in each equation. 


++ x The x-intercepts are 5 and 1. The parabola passes through (5, 0) and (1, 0). 


Step 4. Find the y-intercept by computing f(0). Replace x with O in 
f(x) = -2(x- 3)? +8. 

f(0) = -2(0 — 3)? + 8 = -2(-3)? + 8 = -2(9) + 8 = -10 
The y-intercept is —10. The parabola passes through (0, —10). 


Step 5. Graph the parabola. With a vertex at (3, 8), x-intercepts at 5 and 1, and a 
y-intercept at —10, the graph of f is shown in Figure 8.8. The axis of symmetry is the 
vertical line whose equation isx = 3. 


'\/| CHECK POINT1 Graph the quadratic function f(x) = —(x — 1)? + 4. 


Graphing a Quadratic Function in the Form 
f(x) = ax — h)? +k 


Graph the quadratic function f(x) = (x + 3)? + 1. 


Solution We begin by finding values for a, h, and k. 


f(x) = a(x _ hy +k Form of quadratic function 
2 


+ 1 Given function 


Step 1. Determine how the parabola opens. Note that a, the coefficient of x’, is 1. 
Thus, a > 0; this positive value tells us that the parabola opens upward. 

Step 2. Find the vertex. The vertex of the parabola is at (h, k). Because h = —3 and 
k = 1, the parabola has its vertex at (—3, 1). See Figure 8.9. 

Step 3. Find the x-intercepts by solving f(x) = 0. Replace f(x) with O in 
f(x) = (x + 3)? + 1. Because the vertex is at (—3, 1), which lies above the x-axis, and 
the parabola opens upward, it appears that this parabola has no x-intercepts. We can 
verify this observation algebraically. 


0O=(x++3/4+1 Find possible x-intercepts, setting 
f(x) equal to O. 
-1=(x+ 3)’ Solve for x. Subtract 1 from both 
sides. 
x+3= val or x+3= aap Apply the square root property. 
x+3=1 x+3=-i Va=i 
x=-3+1 x=-3-i1 The solutions are —3 + i. 


Because this equation has no real solutions, the parabola has no x-intercepts. 


Step 4. Find the y-intercept by computing f(0). Replace x with O in 
f(x) =(« + 3P +1. 


f(0) =(0+ 3° +1=37+1=94+1=10 
The y-intercept is 10. The parabola passes through (0, 10). 
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Step 5. Graph the parabola. With a vertex at (—3, 1), no x-intercepts, and a y-intercept 
at 10, the graph of f is shown in Figure 8.9. The axis of symmetry is the vertical line 
whose equation isx = —3. 


Axis of symmetry: x = —3 A 


y-intercept: 10) Great Question! 


You graphed the parabola in Figure 8.9 using only two points. Is there a way | can 
find some additional points to feel more secure about the graph? 


Yes. You can find an additional point or two by choosing a value of x between the vertex 
and the y-intercept. For example, let x = —1. Replace x with—1 in f(x) = (x + 3)? +1. 


f(-1) = (-14+3)?+1=241=4+1=5 


The parabola passes through (—1, 5). 
More points? You can use the axis of symmetry and mirror both (—1, 5) and (0, 10). 
{> x Mirroring (—1, 5) gives the point (—5,5). Mirroring (0, 10) gives the point (—6, 10). Take 


H B08 a moment to identify these points in Figure 8.9. 
Vertex: (—3, 1) 
Figure 8.9 (repeated) 
CHECK POINT 2 Graph the quadratic function f(x) = (x — 2)* + 1. 
E} Graph parabolas Graphing Quadratic Functions in the Form f(x) = ax? + bx +c 


in the form Quadratic functions are frequently expressed in the form f(x) = ax” + bx + c. How 


= 2 ; : es : : 
f(x) = ax + bx +c. can we identify the vertex of a parabola whose equation is in this form? Completing the 
square provides the answer to this question. 


f(x) = ax? + bx +. 


> , b 
=alx°+—x)+c Factor out a from ax” + bx. 
a 
2 2 
= Aso b b 
=alx°+—xt+ 3) +c a 5) 
a 4a 
Complete the square by By completing the square, we added 
adding the square of half 2 


b f : 
Bheveanttinientionocs a: Aen To avoid changing the 


function's equation, we must 
subtract this term. 


b 2 
= a(x + 2) to Write the trinomial as the 
2a square of a binomial and 
simplify the constant term. 
Now let’s compare the form of this equation with a quadratic function in the form 
f(x) = a(x — h)? + k. 
The form we know how to graph f(x) = a(x _ hy ae ie 


h 


2a 4a 


Equation under discussion b \v be 
= =. (a SO a 
F(x) ox ( 2a ) . 4a 


The important part of this observation is that h, the x-coordinate of the vertex, is “a 
a 


b 
The y-coordinate can be found by evaluating the function at --m 
a 
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The Vertex of a Parabola Whose Equation Is f(x) = ax? + bx +c 


Consider the parabola defined by the quadratic function f(x) = ax? + bx + c.The 


b b b 
parabola’s vertex is (-2. if (-2)). The x-coordinate is -—. The y-coordinate 
2a 2a 2a 


is found by substituting the x-coordinate into the parabola’s equation and 
evaluating the function at this value of x. 


Finding a Parabola’s Vertex 


Find the vertex for the parabola whose equation is f(x) = 3x + 12x + 8. 


b 
Solution We know that the x-coordinate of the vertex is x = a Let’s identify the 
a 


numbers a, b, and c in the given equation, which is in the form f(x) = ax? + bx + c¢. 


f(x) = 3x? + 12x +8 


Substitute the values of a and b into the equation for the x-coordinate: 


b 12 12 
= _ 


t@ 2-3 6 


= -2. 


The x-coordinate of the vertex is —2. We substitute —2 for x into the equation of the 
function, f(x) = 3x” + 12x + 8, to find the y-coordinate: 


f(—2) = 3(—2)? + 12(-2) + 8 = 3(4) + 12(-2) + 8 = 12 - 244+ 8 = -4. 
The vertex is (—2,—4). 


\“| CHECK POINT3 Find the vertex for the parabola whose equation is 
f(x) = 2x? + 8x - 1. 


We can apply our five-step procedure and graph parabolas in the form 
f(x) = ax? + bx +c. 


Graphing Quadratic Functions with Equations in the Form 
f(x) = ax? + bx +c 
To graph f(x) = ax? + bx +c, 


1. Determine whether the parabola opens upward or downward. If a > 0, it 
opens upward. If a < 0, it opens downward. 


b 
2. Determine the vertex of the parabola. The vertex is (-2. if (-2)), 
a a 


3. Find any x-intercepts by solving f(x) =0. The real solutions of 
ax’ + bx + c = Oare the x-intercepts. 

4. Find the y-intercept by computing f(0). Because f(0) = c (the constant term 
in the function’s equation), the y-intercept is c and the parabola passes through 
(0, c). 

5. Plot the intercepts, the vertex, and additional points as necessary. Connect 
these points with a smooth curve. 
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Graphing a Quadratic Function in the Form 
f(x) = ax? + bx +c 


Graph the quadratic function f(x) = —x? — 2x + 1. Use the graph to identify the 
function’s domain and its range. 


Solution 


Step 1. Determine how the parabola opens. Note that a, the coefficient of x’, is —1. 
Thus, a < 0; this negative value tells us that the parabola opens downward. 


b 
Step 2. Find the vertex. We know that the x-coordinate of the vertex is x = — Aa We 
identify a, b, and cin f(x) = ax? + bx + ¢. “ 


Substitute the values of a and b into the equation for the x-coordinate: 


obo (2) - , 
ee 8G OT) a 
The x-coordinate of the vertex is —1. We substitute —1 for x into the equation of the 
function, f(x) = —x” — 2x + 1, to find the y-coordinate: 
f(-1) = -(-1) - 2-1) +1 =-14+24+1=2. 
The vertex is (—1, 2). 


Step 3. Find the x-intercepts by solving f(x) = 0. Replace f(x) with O in 
f(x) = —x* — 2x + 1. We obtain 0 = —x” — 2x + 1. This equation cannot be solved 
by factoring. We will use the quadratic formula to solve it. 


—x?-2x+1=0 


a=-t b=-2 e=|| 


he VE hae _ 2) VO 4D) _ 22 4-4) 


2a 2(-1) 2 


2.4 or x = — #04 
2 —2 


To locate the x-intercepts, we 

need decimal approximations. 2+ V8 2 V8 
Thus, there is no need to simplify x= a i 

the radical form of the solutions. 


The x-intercepts are approximately —2.4 and 0.4. The parabola passes through (—2.4, 0) 
and (0.4, 0). 


Step 4. Find the y-intercept by computing f(0). Replace x with O in 
f(x) = -x? -— 2x +1. 


f(0) =-0? -2-0+1=1 


The y-intercept is 1, which is the constant term in the function’s equation. The parabola 
passes through (0, 1). 


Great Question! 


Are there rules to find 
domains and ranges of 
quadratic functions? 


Yes. The domain of any 
quadratic function includes 
all real numbers. If the 
vertex is the graph’s highest 
point, the range includes all 
real numbers at or below the 
y-coordinate of the vertex. 
If the vertex is the graph’s 
lowest point, the range 
includes all real numbers at 
or above the y-coordinate of 
the vertex. 
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Step 5. Graph the parabola. With a vertex at (—1, 2), x-intercepts at —2.4 and 0.4, and 
a y-intercept at 1, the graph of f is shown in Figure 8.10(a). The axis of symmetry is the 
vertical line whose equation is x = —1. 


4+ Domain: Inputs 4+ 
Vertex: (—1, 2) eae y-intercept: 1 on x-axis include 34 
4 all real numbers. 


x-intercept: —2.4 x-intercept: 0.4 


' ' p> x fee ==> x 
5-4-3 2-14 23.4.5 5 4-3-2 - 1.2.3.4.5 
Range: Outputs 
on y-axis fall at 
or below 2. 
Axis of symmetry: x = —1 
Figure 8.10(a) The graph of Figure 8.10(b) Determining the domain 
f(x) = —x? — 2x + 1 and range of f(x) = —x? — 2x + 1 
Now we are ready to determine the domain and range of f(x) = —x* — 2x + 1. We can 


use the parabola, shown again in Figure 8.10(b), to do so. To find the domain, look for 
all the inputs on the x-axis that correspond to points on the graph. As the graph widens 
and continues to fall at both ends, can you see that these inputs include all real numbers? 


Domain of fis (-~,%). 
To find the range, look for all the outputs on the y-axis that correspond to points on the 


graph. Figure 8.10(b) shows that the parabola’s vertex, (—1, 2), is the highest point on the 
graph. Because the y-coordinate of the vertex is 2, outputs on the y-axis fall at or below 2. 


Range of fis (—*, 2]. ™ 


CHECK POINT 4 Graph the quadratic function f(x) = —x” + 4x + 1. Use 
the graph to identify the function’s domain and its range. 


Great Question! 


| feel overwhelmed by the amount of information required to graph just one 
quadratic function. Is there a way | can organize the information and gain a better 
understanding of the graphing procedure? 

You're right: The skills needed to graph a quadratic function combine information from 
many of this book’s chapters. Try organizing the items you need to graph quadratic 
functions in a table, something like this: 


Graphing f(x) = a(x - h)? +k or f(x) = ax? +bx +c 


1. Opens upward if a> 0. 2. Find the vertex. 


Opens downward if a< 0. 


3. Find x-intercepts. 
Solve f(x) = 0. 
Find real solutions. 


4. Find the y-intercept. 
Find f(0). 
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@3 Determine a quadratic Minimum and Maximum Values of Quadratic Functions 
function’s minimum or Consider the quadratic function f(x) = ax” + bx + c. If a > 0, the parabola opens 
maximum value. upward and the vertex is its lowest point. If a < 0, the parabola opens downward and 


the vertex is its highest point. The x-coordinate of the vertex is “30 Thus, we can find 
a 


the minimum or maximum value of f by evaluating the quadratic function at x = — 


2a’ 
Minimum and Maximum: Quadratic Functions 
Consider the quadratic function f(x) = ax* + bx + c. 
ae b pans: 
1. Ifa > 0, then f has a minimum that occurs at x = ay This minimum value 
; b “ 
si —— I, 
r( o) 
: b F : 
2. Ifa < 0, then f has a maximum that occurs at x = ry This maximum value 
a 


: b 
iS | Sk 
r( 2a ) 
In each case, the value of x gives the location of the mintmum or maximum value. 


b 
The value of y, or f (-2), gives that minimum or maximum value. 
a 


| EXAMPLE 5 | Obtaining Information about a Quadratic 
Function from Its Equation 
Consider the quadratic function f(x) = —3x” + 6x — 13. 


a. Determine, without graphing, whether the function has a minimum value or a 
maximum value. 


b. Find the minimum or maximum value and determine where it occurs. 


c. Identify the function’s domain and its range. 


Solution We begin by identifying a, b, and c in the function’s equation: 


f(x) = —3x? + 6x — 13. 


a=-3 b=6 c=-13 


a. Because a < 0, the function has a maximum value. 


b. The maximum value occurs at 


b 6 6 
S35 =- =-(-1) =1. 
ope eee ag 
The maximum value occurs at x=1 and the maximum value of 
f(x) = —3x? + 6x — 13 is 


f@ =-3°:? + 6-1 -13 =-3 + 6 — 13 = -10. 


We see that the maximum is —10 at x = 1. 

c. Like all quadratic functions, the domain is (~~,%). Because the function’s 
maximum value is —10, the range includes all real numbers at or below —10. The 
range is(—%,—10]. @ 


5 | Solve problems 
involving a quadratic 
function’s minimum or 
maximum value. 
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We can use the graph of f(x) = —3x? + 6x — 13 
to visualize the results of Example 5. Figure 8.11 
shows the graph in a [-6,6,1] by [-50, 20, 10] Range is | | 
viewing rectangle. The maximum function feature 
verifies that the function’s maximum is —10 at x = 1. , 
Notice that x gives the location of the maximum 


and y gives the maximum value. Notice, too, that 
the maximum value is —10 and not the ordered pair [-6, 6, 1] by [-50, 20, 10] 


(1,—10). 


Figure 8.11 


\/| CHECK POINT5 Repeat parts (a) through (c) of Example 5 using the 
quadratic function f(x) = 4x? — 16x + 1000. 


Applications of Quadratic Functions 


Many applied problems involve finding the maximum or minimum value of a quadratic 
function, as well as where this value occurs. 


EXAMPLE 6 Parabolic Paths of a Shot Put 


An athlete whose event is the shot put releases the shot with the same initial velocity, 
but at different angles. Figure 8.12 shows the parabolic paths for shots released at 
angles of 35° and 65°. 


>< 


40 - Maximum height glx) =—-0.04x? + 2.10 + 6.1 


Shot released at 65° 


Maximum height 
20 


Distance of throw or maximum 


10 fix) =—0.0u7 40.704 6.1 horizontal distance 


Shot released at 35° 


Path’s Vertical Distance (feet) 


| | 1 | | | iy yx 


| | 
10 20 30 40 50 60 70 80 90 
Path’s Horizontal Distance (feet) 


Figure 8.12 Two paths of a shot put 
When the shot is released at an angle of 35°, its path can be modeled by the function 
f(x) = -0.01x? + 0.7x + 6.1, 
in which x is the shot’s horizontal distance, in feet, and f(x) is its height, in feet. What 


is the maximum height of this shot’s path? 


Solution The quadratic function is in the form f(x) = ax? + bx + c, witha = —0.01 


and b = 0.7. Because a < 0, the function has a maximum that occurs at x = ——— 


2a" 
b 0.7 
= = = 35) = 35 
a= "9, 30g 
This means that the shot’s maximum height occurs when its horizontal distance is 
35 feet. Can you see how this is shown by the blue graph of f in Figure 8.12? The 


maximum height of this path is 


f(35) = —0.01(35)? + 0.7(35) + 6.1 = 18.35 


or 18.35 feet. m 
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[| CHECK POINT6 Use function g, whose equation and graph are shown in 
Figure 8.12 on the previous page, to find the maximum height, to the nearest tenth of a 
foot, when the shot is released at an angle of 65°. 


Quadratic functions can also be modeled from verbal conditions. Once we have 
obtained a quadratic function, we can then use the x-coordinate of the vertex to 
determine its maximum or minimum value. Here is a step-by-step strategy for solving 
these kinds of problems: 


Strategy for Solving Problems Involving Maximizing or Minimizing 
Quadratic Functions 


1. Read the problem carefully and decide which quantity is to be maximized or 
minimized. 

2. Use the conditions of the problem to express the quantity as a function in one 
variable. 


3. Rewrite the function in the form f(x) = ax? + bx +c. 


b b 
4. Calculate — ae If a > 0, f has a minimum at x = — on This minimum value 
a a 


b b 
is i(- a) If a <0,f has a maximum at x = ay. This maximum value 
a a 


is i(-2). 


5. Answer the question posed in the problem. 


Minimizing a Product 


Among all pairs of numbers whose difference is 10, find a pair whose product is as 
small as possible. What is the minimum product? 


Solution 

Step 1. Decide what must be maximized or minimized. We must minimize the product of 

two numbers. Calling the numbers x and y, and calling the product P, we must minimize 
P= xy. 


Step 2. Express this quantity as a function in one variable. In the formula P = xy, 
P is expressed in terms of two variables, x and y. However, because the difference of 
the numbers is 10, we can write 


x-y=10. 


We can solve this equation for y in terms of x (or vice versa), substitute the result into 
P = xy, and obtain P as a function of one variable. 


—-y=-x+ 10 Subtract x from both sides of 
x= y= 10, 

x — 10 Multiply both sides of the equation 
by —1 and solve for y. 


< 
I 


Using Technology 


Numeric Connections 


The 


TABLE 


feature of a 


graphing utility can be used to 
verify our work in Example 7. 


Enter y, = x” — 10x, the 
function for the product, 
when one of the numbers 


3% 


|] | 2 oc 


The product is a 
minimum, —25, when 
one of the numbers 
is 5. 
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Now we substitute x — 10 for yin P = xy. 
P=xy = x(x — 10). 
Because P is now a function of x, we can write 
P(x) = x(x — 10). 


Step 3. Write the function in the form f(x) = ax? + bx + c. We apply the distributive 
property to obtain 


b . 
Step 4. Calculate — os If a > 0, the function has a minimum at this value. The voice 


balloons show that a = 1 and b = —10. 


b —10 
= = = 5)=5 
ao pay 
This means that the product, P, of two numbers whose difference is 10 is a minimum 
when one of the numbers, x, is 5. 


Step 5. Answer the question posed by the problem. The problem asks for the two 
numbers and the minimum product. We found that one of the numbers, x, is 5. Now we 
must find the second number, y. 


y=x-10=5-10=-5S. 


The number pair whose difference is 10 and whose product is as small as possible is 5, 
—5. The minimum product is 5(—5), or—25. & 


'\/| CHECK POINT7 Among all pairs of numbers whose difference is 8, find a 
pair whose product is as small as possible. What is the minimum product? 


PON e-em §=6Maximizing Area 


You have 100 yards of fencing to enclose a rectangular region. Find the dimensions of 
the rectangle that maximize the enclosed area. What is the maximum area? 


Solution 
Step 1. Decide what must be maximized or minimized. We must maximize area. What 
we do not know are the rectangle’s dimensions, x and y. 


Step 2. Express this quantity as a function in one variable. Because we must maximize 
area, we have A = xy. We need to transform this into a function in which A is 
represented by one variable. Because you have 100 yards of fencing, the perimeter of 
the rectangle is 100 yards. This means that 


2x + 2y = 100. 


We can solve this equation for y in terms of x, substitute the result into A = xy, and 
obtain A as a function in one variable. We begin by solving for y. 


2y = 100 — 2x Subtract 2x from both sides. 
100 — 2x 
yr > Divide both sides by 2. 


y=50-x Divide each term in the numerator by 2. 
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Figure 8.13 What value of x will 
maximize the rectangle’s area? 


Using Technology 
Graphic Connections 


The graph of the area 
function 


A(x) = x(50 — x) 


was obtained with a graphing 
utility using a [0, 50, 2] 

by [0, 700, 25] viewing 
rectangle. The maximum 
function feature verifies 

that a maximum area of 

625 square yards occurs 
when one of the dimensions 
is 25 yards. 


Haximur ‘ 
Heee oo PSBES 


Now we substitute 50 — x for yin A = xy. 
A = xy = x(50 — x) 


The rectangle and its dimensions are illustrated in Figure 8.13. Because A is now a 
function of x, we can write 


A(x) = x(50 — x). 


This function models the area, A(x), of any rectangle whose perimeter is 100 yards in 
terms of one of its dimensions, x. 


Step 3. Write the function in the form f(x) = ax? + bx + c. We apply the distributive 
property to obtain 


A(x) = x(50 — x) = 50x — x? = —x* + 50x. 


b . 
Step 4. Calculate — 2a’ If a < 0, the function has a maximum at this value. The voice 


balloons show that a = —1 and b = 50. 


_ 6 0 _,. 
ee 8a B(=1) 


This means that the area, A(x), of a rectangle with perimeter 100 yards is a maximum 
when one of the rectangle’s dimensions, x, is 25 yards. 


Step 5. Answer the question posed by the problem. We found that x = 25. Figure 8.13 
shows that the rectangle’s other dimension is 50 — x = 50 — 25 = 25. The dimensions 
of the rectangle that maximize the enclosed area are 25 yards by 25 yards. The rectangle 
that gives the maximum area is actually a square with an area of 25 yards: 25 yards, or 
625 square yards. & 


CHECK POINT 8 You have 120 feet of fencing to enclose a rectangular 
region. Find the dimensions of the rectangle that maximize the enclosed area. What is 
the maximum area? 


Achieving Success 
Address your stress. A 


Stress levels can help or hinder high performance 
performance. The parabola in 
Figure 8.14 serves as a model that 
shows people under both low stress 
and high stress perform worse than 
their moderate-stress counterparts. 


Moderate stress, 


High stress, 


Low stress, low performance 
low performance 


$e 


Performance 


Figure 8.14 


Source: Herbert Benson, Your Maximum Mind, 
Random House, 1987. Level of Stress 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


As 


ao PF 2 DN 


The graph of any quadratic function, f(x) = ax? + bx + c,a # 0, is called a/an 


. Ifa < 0, the graph opens 


The vertex of a parabola is the point ifa > 0. 
The vertex of a parabola is the point ifa < 0. 


The vertex of the graph of f(x) = a(x — h)? + k,a # 0, is the point 


The x-coordinate of the vertex of the graph of f(x) = ax” + bx + c,a # 0, is 
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.Ifa > 0, the graph opens 


. The y-coordinate of the vertex is 


found by substituting into the function’s equation and evaluating the function at this value of x. 
If f(x) = a(x — h)? + kor f(x) = ax? + bx + c,a ¥ 0, any x-intercepts are found by solving f(x) = . The 
equation’s real are the x-intercepts. 


If f(x) = a(x — hy + kor f(x) = ax? + bx + c,a # 0, the y-intercept is found by computing 


Reda sam = MyMathLab® — wcrtewin | someatine 


= : 4. 
Practice Exercises 


In Exercises 1-4, the graph of a quadratic function is given. Write 
the function’s equation, selecting from the following options: 


FOO Ce) = 1a) eed ed, 
h(x) = (x — 1) + 1,j(x) = («# - 17 = 1. 


In Exercises 5-8, the graph of a quadratic function is given. Write 
the function’s equation, selecting from the following options: 


f(x) = x7 + 2x + 1, g(x) = x? — 2x +1, 
h(x) = x* — 1,j(x) = -x? - 1. 
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In Exercises 9-16, find the coordinates of the vertex for the 
parabola defined by the given quadratic function. 


9. f(x) =2(x - 3/7 +1 
10. f(x) =—-3(x — 2)* + 12 
1. f(x) =-2(x + 17 +5 
12. f(x) =—-2(x + 4)? - 8 
13. f(x) = 2x? -— 8k + 3 
14. f(x) = 3x? - 12x +1 
15. f(x) =—-x? — 2x + 8 
16. f(x) =—2x? + 8x -1 


In Exercises 17-38, use the vertex and intercepts to sketch the 
graph of each quadratic function. Use the graph to identify the 
function’s range. 


17. fx)=(-4"-1 
18. f(x) =(«-1P% -2 
19. f(x) =(x-1P% +2 
20. f(x) =(« - 3 +2 
21. y-1=(x- 3) 
22, y-3=(x-1) 
23. f(x) =2(x+ 27-1 
2 
24. f(x) = ; = (: = 5) 
25. f(x) =4-(«- 1) 
26. f(x) =1-( - 3) 
27. f(x) =x? - 2x -3 
28. f(x) = x? — 2x - 15 
29. f(x) = x7 + 3x — 10 
30. f(x) = 2x? — 7x — 4 
31. f(x) = 2x — x° +3 


32. f(x) =5 — 4x — x? 
33. f(x) =x? + 6x +3 
34. f(x) =x? + 4x -1 
35. f(x) = 2x* + 4x - 3 
36. f(x) = 3x* — 2x - 4 
37. f(x) = 2x — x? -2 
38. f(x) =6—- 4x + x 


In Exercises 39-44, an equation of a quadratic function is 
given. 


a. Determine, without graphing, whether the function has 
a minimum value or a maximum value. 

b. Find the minimum or maximum value and determine 
where it occurs. 

c. Identify the function’s domain and its range. 


39. f(x) = 3x7 - 12x -1 
40. f(x) = 2x” — 8x — 3 
41. f(x) = —4x? + 8x - 3 
42. f(x) =—2x? — 12x + 3 
43. f(x) = 5x” — 5x 

44. f(x) = 6x? — 6x 


Practice PLUS 


In Exercises 45-48, give the domain and the range of each 
quadratic function whose graph is described. 


45. The vertex is (-1,—2) and the parabola opens up. 
46. The vertex is (—3, —4) and the parabola opens down. 


47. Maximum = —6 at x = 10 
48. Minimum = 18 at x = —6 
In Exercises 49-52, write an equation of the parabola that has 


the same shape as the graph of f(x) = 2x’, but with the given 
point as the vertex. 


49. (5,3) 
50. (7,4) 

51. (—10,—5) 
52. (—8,—6) 


In Exercises 53-56, write an equation of the parabola that has 
the same shape as the graph of f(x) = 3x? or g(x) = —3x’, 
but with the given maximum or minimum. 


53. Maximum = 4 atx = —2 
54. Maximum = —7 atx =5 
55. Minimum = 0 atx = 11 


56. Minimum = 0 atx = 9 


Application Exercises 


57. 


58. 


59. 


60. 


61. 


62. 


A person standing close to the edge on the top of a 160-foot 
building throws a baseball vertically upward. The quadratic 
function 


s(t) = —1617 + 64¢ + 160 


models the ball’s height above the ground, s(f), in feet, 
t seconds after it was thrown. 


a. After how many seconds does the ball reach its maximum 
height? What is the maximum height? 


b. How many seconds does it take until the ball finally 
hits the ground? Round to the nearest tenth of a 
second. 


c. Find s(0) and describe what this means. 


d. Use your results from parts (a) through (c) to graph 
the quadratic function. Begin the graph with t = 0 
and end with the value of ¢ for which the ball hits the 
ground. 


A person standing close to the edge on the top of a 200-foot 
building throws a baseball vertically upward. The quadratic 
function 


s(t) = —16t7 + 64¢ + 200 


models the ball’s height above the ground, s(f), in feet, 
t seconds after it was thrown. 


a. After how many seconds does the ball reach its maximum 
height? What is the maximum height? 


b. How many seconds does it take until the ball finally 
hits the ground? Round to the nearest tenth of a 
second. 


c. Find s(0) and describe what this means. 


d. Use your results from parts (a) through (c) to graph 
the quadratic function. Begin the graph with t = 0 
and end with the value of ¢ for which the ball hits the 
ground. 


Among all pairs of numbers whose sum is 16, find a pair 
whose product is as large as possible. What is the maximum 
product? 


Among all pairs of numbers whose sum is 20, find a pair 
whose product is as large as possible. What is the maximum 
product? 


Among all pairs of numbers whose difference is 16, find 
a pair whose product is as small as possible. What is the 
minimum product? 


Among all pairs of numbers whose difference is 24, find 
a pair whose product is as small as possible. What is the 
minimum product? 


SECTION 8.3 


63. 


64. 


65. 


66. 


67. 


68. 


You have 600 feet of 
fencing to enclose a 
rectangular plot that 
borders on a river. 
If you do not fence 
the side along the 
river, find the length 
and width of the plot 
that will maximize 
the area. What is the 
largest area that can be enclosed? 


You have 200 feet of fencing to enclose a rectangular plot 
that borders on a river. If you do not fence the side along 
the river, find the length and width of the plot that will 
maximize the area. What is the largest area that can be 
enclosed? 


You have 50 yards of fencing to enclose a rectangular 
region. Find the dimensions of the rectangle that maximize 
the enclosed area. What is the maximum area? 


You have 80 yards of fencing to enclose a rectangular 
region. Find the dimensions of the rectangle that maximize 
the enclosed area. What is the maximum area? 


A rain gutter is made from sheets of aluminum that are 
20 inches wide by turning up the edges to form right angles. 
Determine the depth of the gutter that will maximize its 
cross-sectional area and allow the greatest amount of 
water to flow. What is the maximum cross-sectional area? 


Flat sheet 
20 inches 
wide 


A rain gutter is made from sheets of aluminum that are 
12 inches wide by turning up the edges to form right angles. 
Determine the depth of the gutter that will maximize its 
cross-sectional area and allow the greatest amount of water 
to flow. What is the maximum cross-sectional area? 
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In Chapter 3, we saw that the profit, P(x), generated after 
producing and selling x units of a product is given by the 
function 


P(x) = R(x) — CQ), 


where R and C are the revenue and cost functions, respectively. 
Use these functions to solve Exercises 69-70. 


69. Hunky Beef, a local sandwich store, has a fixed weekly 
cost of $525.00, and variable costs for making a roast beef 
sandwich are $0.55. 


a. Let x represent the number of roast beef sandwiches 
made and sold each week. Write the weekly cost 
function, C, for Hunky Beef. 


b. The function R(x) = —0.001x? + 3x describes the 
money that Hunky Beef takes in each week from the sale 
of x roast beefsandwiches. Use this revenue function and 
the cost function from part (a) to write the store’s weekly 
profit function, P. 


c. Use the store’s profit function to determine the number 
of roast beef sandwiches it should make and sell each 
week to maximize profit. What is the maximum weekly 
profit? 


70. Virtual Fido is a company that makes electronic virtual 
pets. The fixed weekly cost is $3000, and variable costs for 
each pet are $20. 


a. Let x represent the number of virtual pets made and 
sold each week. Write the weekly cost function, C, for 
Virtual Fido. 


b. The function R(x) =—x? + 1000x describes the 
money that Virtual Fido takes in each week from the 
sale of x virtual pets. Use this revenue function and 
the cost function from part (a) to write the weekly profit 
function, P. 


c. Use the profit function to determine the number of 
virtual pets that should be made and sold each week 
to maximize profit. What is the maximum weekly 
profit? 


Writing in Mathematics 
71. What is a parabola? Describe its shape. 


72. Explain how to decide whether a parabola opens upward 
or downward. 


73. Describe how to find a parabola’s vertex if its equation is 
in the form f(x) = a(x — h)* + k. Give an example. 


74. Describe how to find a parabola’s vertex if its equation is in 
the form f(x) = ax* + bx + c. Use f(x) = x? — 6x + 8 
as an example. 


75. A parabola that opens upward has its vertex at (1, 2). 
Describe as much as you can about the parabola based on 
this information. Include in your discussion the number of 
x-intercepts (if any) for the parabola. 


Technology Exercises 
76. Use a graphing utility to verify any five of your hand- 
drawn graphs in Exercises 17-38. 
77. a. Use a graphing utility to graph y = 2x? — 82x + 720 
in a standard viewing rectangle. What do you observe? 


b. Find the coordinates of the vertex for the given 
quadratic function. 


c. The answer to part (b) is (20.5, -120.5). Because the 
leading coefficient, 2, of the given function is positive, 
the vertex is a minimum point on the graph. Use this 
fact to help find a viewing rectangle that will give a 
relatively complete picture of the parabola. With an 
axis of symmetry at x = 20.5, the setting for x should 
extend past this, so try Xmin = 0 and Xmax = 30. 
The setting for y should include (and probably go 
below) the y-coordinate of the graph’s minimum point, 
so try Ymin = —130. Experiment with Ymax until 
your utility shows the parabola’s major features. 


d. In general, explain how knowing the coordinates of 

a parabola’s vertex can help determine a reasonable 
viewing rectangle on a graphing utility for obtaining a 
complete picture of the parabola. 

In Exercises 78-81, find the vertex for each parabola. Then 

determine a reasonable viewing rectangle on your graphing 

utility and use it to graph the parabola. 

78. y = —0.25x7 + 40x 

79. y =—4x? + 20x + 160 

80. y = 5x? + 40x + 600 

81. y = 0.01x7 + 0.6x + 100 


Critical Thinking Exercises 


Make Sense? In Exercises 82-85, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


82. Parabolas that open up appear to form smiles (a > 0), 
while parabolas that open down frown (a < 0). 


83. I must have made an error when graphing this parabola 
because its axis of symmetry is the y-axis. 

84. I like to think of a parabola’s vertex as the point where it 
intersects its axis of symmetry. 

85. I threw a baseball vertically upward and its path was a 
parabola. 


In Exercises 86-89, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

86. No quadratic functions have a range of (—,%). 

87. The vertex of the parabola described by 
f(x) = 2x — 5)* — Lisat (5, 1). 

88. The graph of f(x) = —2(x + 4)? — 8 has one y-intercept 
and two x-intercepts. 

89. The maximum value of y for the quadratic function 
f(x) =-x? +x 4 isl. 


In Exercises 90-91, find the axis of symmetry for each parabola 
whose equation is given. Use the axis of symmetry to find a 
second point on the parabola whose y-coordinate is the same 
as the given point. 


90. f(x) = 3(x + 2 — 5; (—1,-2) 
91. f(x) = (x — 3)? + 2;(6,11) 


In Exercises 92-93, write the equation of each parabola in 

f(x) = a(x — h)? + k form. 

92. Vertex: (—3,—4); The graph passes through the point 
(1, 4). 

93. Vertex: (-3,—1); The graph passes through the point 
G23) 

94. A rancher has 1000 feet of fencing to construct six corrals, 
as shown in the figure. Find the dimensions that maximize 
the enclosed area. What is the maximum area? 


95. The annual yield per lemon tree is fairly constant at 
320 pounds when the number of trees per acre is 50 or 
fewer. For each additional tree over 50, the annual yield 
per tree for all trees on the acre decreases by 4 pounds due 
to overcrowding. Find the number of trees that should be 
planted on an acre to produce the maximum yield. How 
many pounds is the maximum yield? 


What You Know: We saw that not all quadratic 
A equations can be solved by factoring. We learned three 
new methods for solving these equations: the square 
root property, completing the square, and the quadratic formula. 
We saw that the discriminant of ax? + bx + c = 0, namely 
b* — 4ac, determines the number and type of the equation’s 
solutions. We graphed quadratic functions using vertices, 
intercepts, and additional points, as necessary. We learned that 
the vertex of f(x) = a(x — h)* + kis (h, k) and the vertex of 
f(x) = ax? + bx + cis ( : mil u )), We used the vertex 
2a 2a 
to solve problems that involved minimizing or maximizing 
quadratic functions. 


In Exercises 1-13, solve each equation by the method of your 
choice. Simplify solutions, if possible. 


1. (3x — 5) = 36 
2. 5x*-2x =7 


3. 3x7 - 6x -2 =0 
4. x7 + 6x =-2 


5. 5x7 +1 = 37 
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Review Exercises 


2 1 16 2 
96. Solve: << ae eas (Section 6.6, 
Example 5) 
ieee 
0G 


97. Simplify: ee (Section 6.3, Example 1) 


a 
x2 


98. Solve using determinants (Cramer’s Rule): 
i +3y= 6 
14. 


x — 4y 
(Section 3.5, Example 2) 


Preview Exercises 
Exercises 99-101 will help you prepare for the material covered 
in the next section. 
In Exercises 99-100, solve each quadratic equation for u. 
99. u? — 8u-9=0 
100. 2u?-u-10=0 


1 2 1 
101. Ifw = x° , rewrite Sx°, + 11x} + 2 = 0asa quadratic 
equation in wu. [Hint: x3 = (x3)7J 


| MID-CHAPTER CHECK POINT Section 8.1-Section 8.3 


6. x7 -5x+8=0 


7. 2x? + 26=0 
8. (2x + 3)(x + 2) = 10 
9. (x + 3)? = 24 

1 4 


10. =--+1=0 
x x 


11. x(2x — 3) =—-4 


w 42-2 
Be 2 3 
2x x 2 
13. = 
x+6x+8 %2%+4 2x4+2 
14. Solve by completing the square: x? + 10x —- 3 =0. 


In Exercises 15-18, graph the given quadratic function. Give each 
function’s domain and range. 


15. f(x) = (x - 3) -4 
16. g(x) =5-— (x +27 
17. h(x) =—-x? — 4x +5 
18. f(x) = 3x? - 6x41 
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In Exercises 19-20, without solving the equation, determine the 23. A company manufactures and sells bath cabinets. The function 


number and type of solutions. 
19. 2x7 + 5x +4=0 


20. 10x(x + 4) = 15x — 15 


In Exercises 21-22, write a quadratic equation in standard form 24 


with the given solution set. 


22. {-2V3,2V3} 


SECTION 


P(x) = —x? + 150x — 4425 
models the company’s daily profit, P(x), when x cabinets are 
manufactured and sold per day. How many cabinets should 
be manufactured and sold per day to maximize the company’s 
profit? What is the maximum daily profit? 


. Among all pairs of numbers whose sum is —18, find a pair 
whose product is as large as possible. What is the maximum 
product? 


25. The base of a triangle measures 40 inches minus twice the 
measure of its height. For what measure of the height does 
the triangle have a maximum area? What is the maximum 
area? 


6.4 


Objective 


i Solve equations that 
are quadratic in form. 


i Solve equations that 
are quadratic in form. 


Equations Quadratic in Form 


“My husband asked me if we have 
any cheese puffs. Like he can’t 

go and lift the couch cushion up 
himself.” 

—Roseanne Barr 


How important is it for you to have a clean house? The percentage of people who 
find this to be quite important varies by age. In the Exercise Set, you will work with 
a function that models this phenomenon. Your work will be based on equations that 
are not quadratic, but that can be written as quadratic equations using an appropriate 
substitution. Here are some examples: 


Given Equation Substitution New Equation 


xt — 10x72 +9=0 
or u =x? w—10u+9=0 
(x2) — 10x27 + 9 =0 


lI 
o 


1 
: or u = x3 5u2 + 1lu +2 
5(x3)? + 11x3 +2 =0 


An equation that is quadratic in form is one that can be expressed as a quadratic 
equation using an appropriate substitution. Both of the preceding given equations are 
quadratic in form. 

In an equation that is quadratic in form, the variable factor in one term is the square 
of the variable factor in the other variable term. The third term is a constant. By letting 
u equal the variable factor that reappears squared, a quadratic equation in u will result. 
Now it’s easy. Solve this quadratic equation for w. Finally, use your substitution to find 
the values for the variable in the given equation. Example 1 shows how this is done. 


Using Technology 
Graphic Connections 
The graph of 

y= x — 8x2 — 9 


has x-intercepts at —3 and 3. 
This verifies that the real 
solutions of 


x* — 8x7 -9=0 


are —3 and 3. The imaginary 
solutions, —i and i, are not 
shown as intercepts. 


x-intercept: —3 


x-intercept: 3 


[-5, 5, 1] by [-25, 10, 5] 


SECTION 8.4 


| EXAMPLE 1 | Solving an Equation Quadratic in Form 


Solve: x* — 8x7 -9=0. 
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Solution Can you see that the variable factor in one term is the square of the variable 
factor in the other variable term? 


xt — 8x7 -9 =0 


x* is the square 
of x”; (x2)? = x4. 


We will let u equal the variable factor that reappears squared. Thus, 


let u = x’. 


Now we write the given equation as a quadratic equation in u and solve for uw. 
x* — 87-9 =0 
(x*)° — 8x7 -9 =0 
w— 8u-9=0 
(u— 9)\(u + 1) =0 
u-9=0 or u+1=0 


This is the given equation. 

The given equation contains and x* squared. 
Letu =, Replace with u. 

Factor. 

Apply the zero-product principle. 

u=9 u=-—1 Solve for u. 


We’re not done! Why not? We were asked to solve for x and we have values for u. We 
use the original substitution, w = x7, to solve for x. Replace u with x’ in each equation 
shown, namely u = 9 andu = —1. 


=o yo ==] 
x= +V9 x = £V-1 Apply the square root property. 
x= 43 x= ti 


Substitute these values into the given equation and verify that the solutions are 
—3, 3, —i, and i. The solution set is {—3, 3, —i, i}. The graph in the Using Technology 
box shows that only the real solutions, —3 and 3, appear as x-intercepts. & 


Solve: x* — 5x7 +6=0. 


'/| CHECK POINT 1 


If checking proposed solutions is not overly cumbersome, you should do so either 
algebraically or with a graphing utility. The Using Technology box shows a check of the 
two real solutions in Example 1. Are there situations when solving equations quadratic 
in form where a check is essential? Yes. If at any point in the solution process both sides 
of an equation are raised to an even power, a check is required. Extraneous solutions 
that are not solutions of the given equation may have been introduced. 


| EXAMPLE 2 | Solving an Equation Quadratic in Form 


Solve: 2x — Vx -10=0. 

1 
Solution To identify exponents on the terms, let’s rewrite Vx as x*. The equation 
can be expressed as 


1 


2x! — x2 -10 = 0. 
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1 
By expressing the equation as 2x! — x2 — 10 = 0, we can see that the variable factor 
in one term is the square of the variable factor in the other variable term. 


1 
2x! — x7- 10 =0 


x! is the square 


of x2: eae =a 


We will let u equal the variable factor that reappears squared. Thus, 
1 


let u = x?. 


Now we write the given equation as a quadratic equation in u and solve for uw. 


2x —- Vx -10 =0 This is the given equation. 
1 
2x! - x2 -10=0 This is the given equation in exponential form. 
al wy 2 al 
2(x2)” —-x*-10=0 The equation contains x and x squared. 
2u2-u-10=0 Letu =. Replace x” with u. 
(2u — 5)\(u + 2) = 0 Factor. 


2u-5=0 or u+2=0 Set each factor equal to zero. 


u=r u=—2 Solve for u. 
lL us 
Use the original substitution, u = x”, to solve for x. Replace u with x? in each of the 
preceding equations. 


1 5 1 at 
ye = > or eean!Z Replace u with x, 
1\2 5\7 1\2 
(<7) = (3) (x?) = (-2)* Solve for x by squaring both sides of each 
equation. 
Both sides are raised to even powers. We must check. 
= 25 =4 5 : a2 
= 4 = quare 2 an . 
It is essential to check both proposed solutions in the original equation. 
25 
Check rh Check 4: 
2x — Vx - 10 =0 2x — Vx — 10 =0 
25 Pew F sar — _ ® 
2 ea 2-4-V4-1020 
25 5 2 8-2-1020 
—-=-1020 
* 99 
2 — 10 a 6-1020 
0=0, true -4=0, false 


The check indicates that 4 is not a solution. It is an extraneous solution brought about 


25 
by squaring each side of one of the equations. The only solution is re and the solution 
. J 25 
t ee a 
set is { 4 } 


/| CHECK POINT2 Solve: x —2Vx-8=0. 


Discover for Yourself 


Solve Example 3 by first 
simplifying the given 
equation’s left side. Then 
factor out x” and solve the 
resulting equation. Do you 
get the same solutions? 
Which method, substitution 
or first simplifying, is faster? 
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The equations in Examples 1 and 2 can be solved by methods other than using 
substitutions. 


xt — 827-9 =0 2x - Vx -10=0 


This equation can be solved This equation can be solved 
directly by factoring: by isolating the radical term: 
(x? — 9) (x? +1) = 0. 2x -10= Vx. 
Then square both sides. 


In the examples that follow, solving the equations by methods other than first 
introducing a substitution becomes increasingly difficult. 


| EXAMPLE 3 | Solving an Equation Quadratic in Form 
Solve: (x2 — 5)? + 3(x2 — 5) — 10 =0. 
Solution This equation contains x” — 5 and x* — 5 squared. We 


letu =x? —5. 


(x? — 5) + 3(x? — 5) - 10 =0 This is the given equation. 
uw? + 3u-10=0 Letu=x* - 5. 
(u + 5)\(u — 2) =0 Factor. 
u+5=0 or u—2=0 Set each factor equal to zero. 
u=-—5 u=2_— Solve for u. 


Use the original substitution, u = x” — 5, to solve for x. Replace u with x* — 5 in each 


of the preceding equations. 


v=—-5=-5 or x -5=2 Replace u with x* — 5. 
S00 eS 7 Solve for x by isolating x’. 
x=0 5 +V7 Apply the square root property. 


Although we did not raise both sides of an equation to an even power, checking the 
three proposed solutions in the original equation is a good idea. Do this now and verify 
that the solutions are -V7, 0, and V4, and the solution set is {-V7, 0, V7} . 


[7] ‘CHECK POINTS) Solve: (x? — 4) + (x2 — 4) -6=0. 


Solution The variable factor in one term is the square of the variable factor in the 
other variable term. 


10x? + 7x!'+1=0 


x is the square 
Oia ba Pare, 


We will let u equal the variable factor that reappears squared. Thus, 


letu =x. 
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Now we write the given equation as a quadratic equation in u and solve for uw. 


10x? + 7x!'+1=0 This is the given equation. 
10(x2) + 7x'+1=0 The equation contains x ‘and x ' squared. 

10u? + 7u+1=0 Letu=x. 

(Su + 1)(2u + 1) =0 Factor. 

Su+1=0 or 2u+1=0 Set each factor equal to zero. 
Su =-1 2u = —1 Solve each equation for u. 
1 1 

u = “5 u = i 


Use the original substitution, u = x", to solve for x. Replace u with x~! in each of the 
preceding equations. 


LS SS or x = “5 Replace u with « %, 


—1 -1 
Ca a (- :) (ey (- i) Solve for x by raising both sides of each 
equation to the —1 power. 


Cyi==s Cy'=t=4 


We did not raise both sides of an equation to an even power. A check will show that 
both —5 and —2 are solutions of the original equation. The solution set is {-5,—2}. 


CHECK POINT4 Solve: 2x?7+x!-1=0. 


Solving an Equation Quadratic in Form 
2 


2 1 
Solve: 5x? + 11x37 +2=0. 


Solution The variable factor in one term is the square of the variable factor in the 
other variable term. 
2 1 


5x3 +11x3 +2=0 


2 
x? is the square 


cera 
of x?: (x3) are 


We will let u equal the variable factor that reappears squared. Thus, 


at 
letu = x°. 


Now we write the given equation as a quadratic equation in u and solve for uw. 


2 1 
5x3 + 11x3 +2 =0 This is the given equation. 
1 1 cD i 
5(x3)? + 11(23) +2=0 The given equation contains x° and x” squared. 
al, 
Su? + 1lu+2=0 Let u = x°. 
(Su + 1)(u +2) =0 Factor. 


5u+1=0 or u+2=0 Set each factor equal to O. 


u= —} u=-—2_ Solve for u. 


CONCEPT AND VOCABULARY CHECK 
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1 1 


Use the original substitution, u = x3, to solve for x. Replace u with x3 in each of the 


preceding equations. 


1 


1 
t i 1 
e= "5 or x= +2 Replace u with x” in u = is” andu = —2. 
1, i 1, 
(x3 ) = (-2) (x3 ) = (—2)? — Solve for x by cubing both sides of each equation. 
: 8 
x=-—— x=- 
125 


We did not raise both sides of an equation to an even power. A check will show 
that both —8 and =i; are solutions of the original equation. The solution set is 


{-8,-n5}- 


CHECK POINT 5 


2 ul 
Solve: 3x? -— 11x37 -—4=0. 


Fill in each blank so that the resulting statement is true. 


ds 


We solve x* — 13x” + 36 = 0 by letting u = 

We then rewrite the equation in terms of u as 

We solve x — 2Vx — 8 = 0 by letting u = 

We then rewrite the equation in terms of uv as 

3)? + T(x + 3) — 18 = Oby letting w= 


We then rewrite the equation in terms of u as 


We solve (x 4 


We solve 2x? — 7x! + 3 = 0 by letting u = 

We then rewrite the equation in terms of u as 
2 1 

We solve x3 + 2x3 — 3 = 0 by letting u= 


We then rewrite the equation in terms of u as 


HH 
HH 
® 

8.4 EXERCISE SET RBM)/ME Wd) Bc la Soy neces 

Practice Exercises 13. (x — 5)? — 4(x — 5) — 21 =0 
In Exercises 1-32, solve each equation by making an MiG 3) ia 3) 
Heese substitution. Tf at any poe in the solution i 15. (x2 1 (2-1) =2 

: ot ne es of an equation are raised to an even power, a Chec. 16. (x ay (x2 2) = 

is required. 5 5 ; 

a ey ee 17. (x2 + 3x); — 8s + 3x) — 20 —0 
ee ee er 1G on) — 1a — a 
3. x4 — 11x? + 18 =0 19, x°— x! - 20=0 

4. x1 — 9x2 + 20 =0 20. x? — x" -6=0 

be ee = 21. 2x*- 7x 1+3=0 

6 aay =s 22. 20x* + 9x! +1=0 

7 x+Vx-2=0 8 x+ Vx-6=0 20) 

# i 
9. x — 4x2 - 21=0 10. x — 6x7 +8=0 24, x? — 6x1 =—4 
= 2 il 
11. x — 13Vx + 40 =0 Se a ee eS 


eo IV = 30 — 0 


26. 


2 1 
x3 + 2x3 — 3 — 0 
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2 1 

27. w+ -6= 
2 iy 
5 5 9) 


Poe Oa Go eee 
1 

008 2x ll 
1 
2 


30. 2x 
Bale 8 

31. (: ) { s(x ) Ae—A() 
x x 
10\? 10 

32. | x + 6| x 27 — 0 
x xX 


[-5, 5, 1] by [-10, 40, 5] 


[-3, 3, 1] by [-10, 10, 1] 


Practice PLUS 

39. Let f(x) = (x2 + 3x — 2)° — 10(x? + 3x 
such that f(x) = —16. 

40. Let f(x) = (2 + 2x — 27 — 70? + 2x 
such that f(x) = —6. 


2). Find all x 


2). Find all x 


2 
41. Let f(x) = a. 1) s( 1), Find all x such that 
aC 
f(x) = 2. 
1 


2 
42. Let f(x) = 2x? + 3x3. Find all x such that f(x) = 2. 


EG Be : 
43. Let f(x) = ar) and g(x) = Bf — 36. Find all x 
such that f(x) = g(x). 
G x : 
: = - = -11,/-——.. 
44. Let f(x) mee 10 and g(x) 11 ea Find all 
x such that f(x) = g(x). 
45. Let f(x) = 3(x — 4) 7 and g(x) = 16(x — 4)7!. Find all x 
such that f(x) exceeds g(x) by 12. 


2x \? 2% ; 
46. Let f(x) = 6 ) and g(x) = (2). Find all x 


such that f(x) exceeds g(x) by 6. 


oO 


[-5, 5, 1] by [-4, 10, 1] 


Pal 


[-6, 3, 1] by [-10, 10, 1] 


In Exercises 33-38, find the x-intercepts of the given function, f. 
Then use the x-intercepts to match each function with its graph. 
[The graphs are labeled (a) through (f).] 
33. f(x) = x4 - 5x? +4 
34. f(x) = x4 — 13x? + 36 
il iL 
35. f(x) =x? + 2x6 -—3 
36. f(x) =x?-x1- 6 
37. f(x) = (x + 2) — 9x + 2) + 20 
38. f(x) = 2(x + 2)? + S(x + 2) -3 


[-1, 10, 1] by [-3, 3, 1] 


[-1, 6, 1] by [-1, 10, 1] 


Application Exercises 


How important is it for you to have a clean house? The bar graph 
indicates that the percentage of people who find this to be quite 
important varies by age. The percentage, P(x), who find having a 
clean house very important can be modeled by the function 


P(x) = 0.04(x + 40)? — 3(x + 40) + 104, 


where x is the number of years a person’s age is above or below 
40. Thus, x is positive for people over 40 and negative for 
people under 40. Use the function to solve Exercises 47-48. 


The Importance of Having 
a Clean House, by Age 


me 

= 

=) 
1 


~— 
nn 


67% 


58% é 
49% 47% 2% 


20-29 30-39 40-49 50-59 60-69 
Age Group 


Is Very Important 
N n 
nn oO 


Percentage for Whom 
Having a Clean House 


Source: Soap and Detergent Association 


47. According to the model, at which ages do 60% of us feel 
that having a clean house is very important? Substitute 60 
for P(x) and solve the quadratic-in-form equation. How 
well does the function model the data shown in the bar 
graph? 

48. According to the model, at which ages do 50% of us feel 
that having a clean house is very important? Substitute 50 
for P(x) and solve the quadratic-in-form equation. How 
well does the function model the data shown in the bar 
graph? 


Writing in Mathematics 


49. Explain how to recognize an equation that is quadratic 
in form. Provide two original examples with your 
explanation. 


50. Describe two methods for solving this equation: 
x—-5Vx+4=0. 


Technology Exercises 


51. Use a graphing utility to verify the solutions of any five 
equations in Exercises 1-32 that you solved algebraically. 
The real solutions should appear as x-intercepts on 
the graph of the function related to the given equation. 


Use a graphing utility to find the real solutions of the equations 
in Exercises 52-59. Check by direct substitution. 


52. x° — 7x43 - 8 =0 

53. 3(x — 2)? — 4(x — 2) 1 +1=0 
54. x4 -— 10x7+9=0 

55. 2x + 6Vx = 8 

56. 2(x +1)? =5(x +1) +3 

57. (x2 — 3x)’ + 2(x2 — 3x) — 24 =0 


Sree 
59. x 


Critical Thinking Exercises 


Make Sense? In Exercises 60-63, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


60. When I solve an equation that is quadratic in form, it’s 
important to write down the substitution that Iam making. 


61. Although I’ve rewritten an equation that is quadratic 
in form as au? + bu + c = 0 and solved for u, I’m not 
finished. 


62. Checking is always a good idea, but it’s never necessary 
when solving an equation that is quadratic in form. 
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2 1 
63. The equation 5x* + 11x°>+2=0 is quadratic in 


form, but when I reverse the variable terms and obtain 
1 Dp 


11x3 + 5x3 + 2 = 0, the resulting equation is no longer 
quadratic in form. 


In Exercises 64-67, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


64. If an equation is quadratic in form, there is only one 
method that can be used to obtain its solution set. 


65. An equation with three terms that is quadratic in form 
has a variable factor in one term that is the square of the 
variable factor in another term. 


66. Because x° is the square of x, the 


x® — 5x3 + 6x = 0 is quadratic in form. 
67. Tosolve x — 9Vx + 14 = 0, we let Vu = x. 


equation 


In Exercises 68-70, use a substitution to solve each equation. 


68. x+ — 5x7 -2=0 


69. 5x°+ x3? = 18 
aA xt+4. yl 5(Let tt) 
Vere Ae — oe Alege 


Review Exercises 
71. Simplify: 


De 
10x? = 2x2 


(Section 6.1, Example 4) 


DS i) 
_ (Section 7.7, Example 5) 


7 


72. Divide: 


73. Solve using matrices: 
ee + y=6 
Sef) Noy, 
(Section 3.4, Example 2) 


Preview Exercises 


Exercises 74-76 will help you prepare for the material covered 
in the next section. 


74. Solve: 2x? +x = 15. 


xt x7 = 4x + 4. 
stall 
a) 
xe Ss 


75. Solve: 


76. Simplify: 
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Objectives 


a Solve polynomial 
inequalities. 

2 | Solve rational 
inequalities. 

3 | Solve problems 


modeled by polynomial 


or rational inequalities. 


Using Technology 


We used the statistical menu 
of a graphing utility and 

the quadratic regression 
program to obtain the 
quadratic function that 
models stopping distance on 
dry pavement. After entering 
the appropriate data from 
Figure 8.15, namely 


(35, 160), (45, 225), (55, 310), 
(65, 410), 


we obtained the results shown 
in the screen. 


Buadreg 
deaxt+bxto 


b=-.4 
c=66. 5625 


Polynomial and Rational Inequalities 


Copyright © 2011 by Warren Miller/The New Yorker 
Collection/The Cartoon Bank. 


Tailgaters beware: If your car is going 35 miles per hour on dry pavement, your required 
stopping distance is 160 feet, or the width of a football field. At 65 miles per hour, the 
distance required is 410 feet, or approximately the length of one and one-tenth football 
fields. Figure 8.15 shows stopping distances for cars at various speeds on dry roads and 
on wet roads. 


Stopping Distances for Cars at Selected Speeds 


Dry Pavement [Mj Wet Pavement 

600 - 
3 500 = 
3 L 
8 400+ — 
s 310 
% 300+ 275 
ia) 225 
2 200F- 160 18 
& 
a 

35 45 55 65 
Speed (miles per hour) 


Figure 8.15 


Source: National Highway Traffic Safety Administration 


A car’s required stopping distance, f(x), in feet, on dry pavement traveling at x miles 
per hour can be modeled by the quadratic function 


f(x) = 0.0875x? — 0.4x + 66.6. 


How can we use this function to determine speeds on dry pavement requiring stopping 
distances that exceed the length of one and one-half football fields, or 540 feet? We 
must solve the inequality 


0.0875x? — 0.4x + 66.6 > 540. 


Required stopping distance exceeds 540 feet. 


We begin by subtracting 540 from both sides. This will give us zero on the right: 
0.0875x* — 0.4x + 66.6 — 540 > 540 — 540 
0.0875x* — 0.4x — 473.4 > 0. 


The form of this inequality is ax? + bx + c > 0. Such a quadratic inequality is called 
a polynomial inequality. 


4 | Solve polynomial 


inequalities. 
y 
Aha 
T4\ x°-1x+10>0 
6+ 
5+ 
4+ 
3+ ; 
Boundary points 
2+ 
1+ 
+ + t+ > Xx 
3-2-lyL 1 6.7 
9%: 
234, 
x*-7x+10<0 
Figure 8.16 
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Definition of a Polynomial Inequality 


A polynomial inequality is any inequality that can be put in one of the forms 


f(x) <0, f(x) >0, f(x) <0, or f(x) =9, 


where f is a polynomial function. 


In this section, we establish the basic techniques for solving polynomial inequalities. 
We will also use these techniques to solve inequalities involving rational functions. 


Solving Polynomial Inequalities 


Graphs can help us visualize the solutions of polynomial inequalities. For example, the 
graph of f(x) = x? — 7x + 10 is shown in Figure 8.16. The x-intercepts, 2 and 5, are 
boundary points between where the graph lies above the x-axis, shown in blue, and 
where the graph lies below the x-axis, shown in red. 

Locating the x-intercepts of a polynomial function, f, is an important step in finding 
the solution set for polynomial inequalities in the form f(x) < 0 or f(x) > 0. 

We use the x-intercepts of f as boundary points that divide the real number line into 
intervals. On each interval, the graph of f is either above the x-axis [f(x) > 0] or below 
the x-axis [f(x) < 0]. For this reason, x-intercepts play a fundamental role in solving 
polynomial inequalities. The x-intercepts are found by solving the equation f(x) = 0. 


Procedure for Solving Polynomial Inequalities 
1. Express the inequality in the form 


f(x) <0 or f(x) > 0, 


where f is a polynomial function. 
2. Solve the equation f(x) = 0. The real solutions are the boundary points. 


3. Locate these boundary points on a number line, thereby dividing the number line 
into intervals. 


4. Choose one representative number, called a test value, within each interval and 
evaluate f at that number. 
a. If the value of f is positive, then f(x) > 0 for all numbers, x, in the 
interval. 
b. If the value of f is negative, then f(x) < 0 for all numbers, x, in the 
interval. 
5. Write the solution set, selecting the interval or intervals that satisfy the given 
inequality. 
This procedure is valid if < is replaced by = or > is replaced by =. However, 


if the inequality involves = or =, include the boundary points [the solutions of 
f(x) = 0] in the solution set. 


| EXAMPLE 1 | Solving a Polynomial Inequality 


Solve and graph the solution set on a real number line: 2x* + x > 15. 


Solution 
Step 1. Express the inequality in the form f(x) < 0 or f(x) > 0. We begin by rewriting 
the inequality so that 0 is on the right side. 
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Using Technology 
Graphic Connections 


The solution set for 
2x? + x > 15 
or, equivalently, 
(Bea c= Hey 


can be verified with a 
graphing utility. The graph 
of f(x) = 2x7 + x — 15 
was obtained using a 

[-10, 10, 1] by [-16, 6, 1] 
viewing rectangle. The 
graph lies above the x-axis, 
representing >, for all x in 
(—©, —3) or (3, ). 


{ above x-axis | { above x-axis 


Quadratic Equations and Functions 


2x7 +x > 15 
ox? +x—-15>15—-15 
2x7 +x-15>0 


This is the given inequality. 
Subtract 15 from both sides. 
Simplify. 

This inequality is equivalent to the one we wish to solve. It is in the form f(x) > 0, 
where f(x) = 2x? + x — 15. 

Step 2. Solve the equation f(x) = 0. We find the x-intercepts of f(x) = 2x? + x — 15 
by solving the equation 2x” + x — 15 = 0. 


2x7 +x-15=0 


This polynomial equation is a 
quadratic equation. 


(2x — 5)\(x + 3) =0 
2x -5=0 or x«+3=0 


= 3 —— 
x=5 x=-3 


Factor. 
Set each factor equal to O. 
Solve for x. 
The x-intercepts of f are —3 and 3. We will use these x-intercepts as boundary points 
on a number line. 
Step 3. Locate the boundary points on a number line and separate the line into 
intervals. The number line with the boundary points is shown as follows: 

3 
3 2 
dl t t + t +—e—t t t 
3 2--101i2 3 «4 ~«5 


5-4 
The boundary points divide the number line into three intervals: 
(—,-3) (-3,3) (3,2). 


Step 4. Choose one test value within each interval and evaluate f at that number. 


Interval Test Value Substitute into f(x) = 2x2 + x — 15 Conclusion 
(—%, —3) -4 f(-4) = 27-4)? + (-4) - 15 f(x) > 0 for all x in (—~, —3). 
= 13, positive 
5 0 =2-(%40- 5 
(-. >) PO) S20 ae f(x) < 0 for all x in (-3 5 
2 = —15, negative 2 
3 Se BP ti 
(3. ~) ee ea f(x) > 0 for all x in (=), 
2 = 6, positive 2 


Step 5. Write the solution set, selecting the interval or intervals that satisfy the given 
inequality. We are interested in solving f(x) > 0, where f(x) = 2x? + x — 15. 
Based on our work in step 4, we see that f(x) > 0 for all x in (~~, —3) or (3,0). 
Thus, the solution set of the given inequality, 2x” + x > 15, or, equivalently, 
ae +e — 15 > Oyis 


(—~, -3) U (3, @). 


The graph of the solution set on a number line is shown as follows: 


“| CHECK POINT 1 
x7 —x > 20. 


Solve and graph the solution set on a real number line: 
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| EXAMPLE 2 | Solving a Polynomial Inequality 


Solve and graph the solution set on a real number line: 4x7 = 1 — 2x. 


Solution 
Step 1. Express the inequality in the form f(x) < 0 or f(x) = 0. We begin by rewriting 
the inequality so that 0 is on the right side. 


4x7 =1-2x This is the given inequality. 
Ax? + 2x —-151-—2x+2x-—1 Add 2xand subtract 1 on both sides. 
4x* + 2x-1<=0 Simplify. 


This inequality is equivalent to the one we wish to solve. It is in the form f(x) = 0, 
where f(x) = 4x” + 2x - 1. 

Step 2. Solve the equation f(x)=0. We will find the x-intercepts of 
f(x) = 4x? + 2x — 1 by solving the equation 4x” + 2x — 1 = 0. This equation cannot 
be solved by factoring. We will use the quadratic formula to solve it. 


4x? +2x -1=0 


a=4 D=2 8 c= 


—b + Vb? —4ac  -2 + V2 -4-4(-1) _ -2 + V4 - (-16) 


2a 2-4 8 
2+ V20_ -2 + V4V5 2 $2V5 2-1 + V5) -1 + VS 
8 8 8 8 4 
pea VS oa ge NS, ye 
4 _ 4 = 
-1+ V5 -1- V5 


The x-intercepts of f are (approximately 0.3) and 


+ 4 
(approximately —0.8). We will use these x-intercepts as boundary points on a number line. 


Step 3. Locate the boundary points on a number line and separate the line into 
intervals. The number line with the boundary points is shown as follows: 


-1-V5 A4V5 _ 
4 


=-0.8 0.3 
4 


e -e—t t t t t > xX 


-5 -4 3 2-101 #2 3 4 ~«5 


The boundary points divide the number line into three intervals: 
( " oy (A 4 a) (2¥..) 
: 4 4 . 4 4 as 
Step 4. Choose one test value within each interval and evaluate f at that number. 


Interval Test Value Substitute into f(x) = 4x? + 2x — 1] Conclusion 
ja 1) = 4(-1)? + 2-1) - 1 == 5 
(--, 15%) FOU y CY f(x) > 0 for all x in (1), 
4 = 1, positive a 
1-V5 -14 V5 0 f(0) = 4-07 + 2-0-1 _ (-1- V5 -14+ V5 
; f(x) < 0 for all x in ; : 
4 4 = —1, negative 4 4 
-1+ 1) =4-:17+2-1-1 -1+ 
aS V5 ~) i - f(x) > 0 for all x in (as a. 
4 = 5, positive - 
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Using Technology 
Graphic Connections 


The solution set for 
4x? <= 1- 2x 
or, equivalently, 
ae = 


can be verified with a 
graphing utility. The graph 
of f(x) = 4x? + 2x — 1 was 
obtained using a [—2, 2, 1 
by [-10, 10, 1] viewing 
rectangle. The graph lies 

on or below the x-axis, 
representing =, for all x in 


od 


4 ”? 4 
=~ [-0.8,0.3]. 


Quadratic Equations and Functions 


Step 5. Write the solution set, selecting the interval or intervals that satisfy the given 
inequality. We are interested in solving f(x) < 0, where f(x) = 4x” + 2x — 1. Based 
Sle V5. =a V5 
4 , , 
However, because the inequality involves = (less than or equal to), we must also 


-1- V5 -1+V5. 
a and 4 , in the 


solution set. Thus, the solution set of the giveninequality 4x” = 1 — 2x, or, equivalently, 
4x? + 2x -1<=0, is _ 7 
-1- V5 -1+V 5] 
4 , + : 
The graph of the solution set on a number line is shown as follows: 


on our work in step 4, we see that f(x) < 0 for all x in 


include the solutions of 4x? + 2x — 1 = 0, namely 


5 -4 3 22-1012 3 4 ~°5 a 


/| CHECK POINT 2 


2x? < —6x — 1. 


| EXAMPLE 3 | Solving a Polynomial Inequality 


Solve and graph the solution set on a real number line: x° + x? = 4x + 4. 


Solve and graph the solution set on a real number line: 


Solution 
Step 1. Express the inequality in the form f(x) = 0 or f(x) = 0. We begin by rewriting the 
inequality so that 0 is on the right side. 


etiars4x4+4 This is the given inequality. 
we+x*- 4x -4=5 4x4 +4-—4%-—4 Subtract 4x + 4 from both sides. 
wetx?- 4x -4=0 Simplify. 
This inequality is equivalent to the one we wish to solve. It is in the form f(x) = 0, 
where f(x) = x3 + x? — 4x - 4, 
Step 2. Solve the equation f(x)=0. We find the  x-intercepts of 
f(x) = «3 + x? — 4x — 4 by solving the equation x°7 + x? — 4x - 4 =0. 
xetx—4x-4=0 This polynomial equation is of degree 3. 


x(x +1) -—4(x +1) =0 Factor # from the first two terms and 
—4 from the last two terms. 


(x + 1)(x* — 4) =0  Acommon factor of x + 1is factored from 
the expression. 
(x + 1)(x + 2)(x — 2) =0 Factor completely. 
x+1=0 or x+2=0 or x-—2=0  Seteach factor equal to 0. 
x=-2 x =2 


x=-l Solve for x. 


The x-intercepts of f are —2,—1, and 2. We will use these x-intercepts as boundary 
points on a number line. 
Step 3. Locate the boundary points on a number line and separate the line into 
intervals. The number line with the boundary points is shown as follows: 

—2 -1 2 


Jp 
-5 -4 3 2-1 0312 3 «4 ~«°5 


The boundary points divide the number line into four intervals: 


(—%,-2) (-2,-1) (1,2) @,*%). 
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Step 4. Choose one test value within each interval and evaluate f at that number. 


Interval Test Value Substitute into f(x) = x? + x? — 4x - 4 Conclusion 

(—~,—2) =3 f(-3) = 38 + (3)? — 4-3) - 4 f(x) < 0 for all x in (-, —2). 
= —10, negative 

(—2,—1) = f(-1.5) = (-1.5)? + (-1.5)? — 4(-1.5) - 4 f(x) > 0 for all x in (—2,-1). 
= 0.875, positive 

(-1, 2) 0 f(0) =08+0-4-0-4 f(x) < 0 for all x in (-1, 2). 
= —4, negative 

(2, ©) 3 fG) =3°+3°-4:3-4 f(x) > 0 for all x in (2, ©). 
= 20, positive 

Using Technology 


Graphic Connections 


The solution set for 
wetx<4x+4 
or, equivalently, 


etx-4x-4=0 


can be verified with a 
graphing utility. The graph 
of f(x) = x3 + x? — 4x — 4 
lies on or below the x-axis, 
representing =, for all x in 
(Ee, =7]|or|F il, ab 


[-4, 4, 1] by [-7, 3, 1] 


2 | Solve rational 
inequalities. 


Figure 8.17 The graph of 
3x +3 
te) oe 4 


Step 5. Write the solution set, selecting the interval or intervals that satisfy the given 
inequality. We are interested in solving f(x) < 0, where f(x) = x° + x? — 4x - 4. 
Based on our work in step 4, we see that f(x) < 0 for all x in (~~, —2) or (1, 2). 
However, because the inequality involves = (less than or equal to), we must also 
include the solutions of x° + x7 — 4x — 4 = 0, namely —2,—1, and 2, in the solution 
set. Thus, the solution set of the given inequality, x? + x? = 4x + 4, or, equivalently, 
etx?- 4x -4<0,is 


(—%, —2] U [-1, 2]. 


The graph of the solution set on a number line is shown as follows: 


5 -4 3 2-1 0312 3 4 ~°5 a 


\/| CHECK POINT3 Solve and graph the solution set on a real number line: 
et 37 <x43. 


Solving Rational Inequalities 


A rational inequality is any inequality that can be put in one of the forms 


fx) <0, f(x) >0, f%) <0, or fx) = 0, 


where f is a rational function. An example of a rational inequality is 


3x +3 
2x + 4 


> 0. 


This inequality is in the form f(x) > 0, where f is the rational function given by 


3x +3 


IO) = a4 a 


The graph of f is shown in Figure 8.17. 
We can find the x-intercept of f by setting the numerator equal to 0: 


3x +3 =0 


3x =-3 f has an x-intercept 
x = -1- at —1 and passes 
through (—1, 0). 
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Figure 8.17 The graph of 


3x + 3 
F(x) = es 4 (repeated) 


Great Question! 
Can | solve 


x+3 
x-T7 


<0 


by first multiplying both 
sides by x — 7 to clear 
fractions? 


No. The problem is that 

x — 7 contains a variable 
and can be positive or 
negative, depending on 
the value of x. Thus, we do 
not know whether or not 
to change the sense of the 
inequality. 


Quadratic Equations and Functions 


3x +3 
2x + 4 


We can determine where f is undefined by setting the denominator of f(x) = 
equal to 0: 


2x+4=0 
2x = —4 f is undefined at —2. 
x = =: Figure 8.17 shows that 


the function's vertical 
asymptote is x = —2. 


By setting both the numerator and the denominator of f equal to 0, we obtained 
the solutions —2 and —1. These numbers separate the x-axis into three intervals: 
(—», —2), (-2,—-1), and (—1, ~). On each interval, the graph of f is either above the 
x-axis [f(x) > 0] or below the x-axis [f(x) < 0]. 

Examine the graph in Figure 8.17 carefully. Can you see that it is above the x-axis 

+ 3 
>0 


2x +4 
is (-%, -2) U (-1, ©). By contrast, the graph of f lies below the x-axis for all x in 


eu 24 Gig 9 Al. 
2x +4 

The first step in solving a rational inequality is to bring all terms to one side, obtaining 
zero on the other side. Then express the rational function on the nonzero side as a 
single quotient. The second step is to set the numerator and the denominator of f equal 
to zero. The solutions of these equations serve as boundary points that separate the 
real number line into intervals. At this point, the procedure is the same as the one we 
used for solving polynomial inequalities. 


| EXAMPLE 44 | Solving a Rational Inequality 


Solve and graph the solution set: 


for all x in (-~, —2) or (—1, ©), shown in blue? Thus, the solution set of 


(—2,—1), shown in red. Thus, the solution set of 


Solution 
Step 1. Express the inequality so that one side is zero and the other side is a single 
quotient. The given inequality is already in this form. The form is f(x) < 0, where 
x+3 

x)= : 
io-— 
Step 2. Set the numerator and the denominator of f equal to zero. The real solutions 
are the boundary points. 


x+3=0 x—7=0 Set the numerator and denominator equal 
to O. These are the values that make the 
quotient zero or undefined. 
x=-—3 x= 7 Solve for x. 


We will use these solutions as boundary points on a number line. 


Step 3. Locate the boundary points on a number line and separate the line into 
intervals. The number line with the boundary points is shown as follows: 


aig 7 
{pp 
4-32-1012 3 4 5 6 7 8 9 


The boundary points divide the number line into three intervals: 


(ay 3y (3,7) 7, ©): 


Great Question! 

Can | begin solving 

x+1 

= 

x+3 
by multiplying both sides 
by x + 3? 
No. We do not know if x + 3 
is positive or negative. Thus, 
we do not know whether or 
not to change the sense of 
the inequality. 
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Step 4. Choose one test value within each interval and evaluate f at that number. 


Interval Test Value Substitute into f(x) = ; = : Conclusion 
(—%, —3) —4 —4+3 f(x) > 0 for all x in (-%, —3). 
Se are 
4—7 
ee ee 
a 11° POs! ive 
(-3, 7) 0 0+3 f(x) < 0 for all x in (-3, 7). 
10) 
0-7 
3 a 
= ——, negative 
7 & 
(7, ©) 8 Sb 3 f(x) > 0 for all x in (7, ~). 
13) > 
8-7 
= 11, positive 


Step 5. Write the solution set, selecting the interval or intervals that satisfy the given 


+ 3 
inequality. We are interested in solving f(x) < 0, where f(x) = a Based on our 
work in step 4, we see that f(x) < 0 for all x in (—3, 7). _e 


+3 
Because f(x) < 0 for all xin (—3, 7), the solution set of the given inequality, 7 < 0, 
is (-3, 7). a= 
The graph of the solution set on a number line is shown as follows: 


a pp 


432-+104312 3 4 5 6 7 #8 9 o 


CHECK POINT 4 


Solve and graph the solution set: <0. 


| EXAMPLE 5 | Solving a Rational Inequality 


Solve and graph the solution set: 


Solution 
Step 1. Express the inequality so that one side is zero and the other side is a single 
quotient. We subtract 2 from both sides to obtain zero on the right. 


eV ig This is the given i lit: 
= is is the given inequality. 
x +3 9 enn 
Li 

—220 § Subtract 2 from both sides, 
x oe 


obtaining O on the right. 


xt+1 2(x + 3) 


The least common denominator is x + 3. 
eS ee Ss 


Express 2 in terms of this denominator. 


x+1—2(% + 3 
( ) = Subtract rational expressions. 


x+3 
a Y ee = 0 Apply the distributive property. 
x+3 
eG Simplify. 
be es, 


This inequality is equivalent to the one we wish to solve. It is in the form f(x) = 0, 
=x = 5 

h =, 
where f(x) oa 
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Great Question! 


Which boundary points 


must | always exclude 


from the solution set of a 


rational inequality? 


Never include values that 
cause a rational function’s 


denominator to equal 
zero. Division by zero is 
undefined. 


Step 2. Set the numerator and the denominator of f equal to zero. We need to solve 
—5 =~ = 5 
. We use f(x) = ——— 
x 


= 0, wh = 
f(a) = 0, where f(x) = 
by setting the numerator and the denominator equal to zero are the boundary points. 


. The real solutions obtained 


=~ — 5 = 0 x+3=0 Set the numerator and denominator equal 
to O. These are the values that make the 
quotient zero or undefined. 


x=-5 x =-3 Solve for x. 


We will use these solutions as boundary points on a number line. 


Step 3. Locate the boundary points on a number line and separate the line into 
intervals. The number line with the boundary points is shown as follows: 
-5 =3 
+ + e + * + + + + + + > X 
7-6 5 -4 3 2-1 01 2 3 


The boundary points divide the number line into three intervals: 
(—%,-5) (—5,-3) (~3, »). 


Step 4. Choose one test value within each interval and evaluate f at that number. 


Substitute into 
Interval Test Value f(x) = =e Conclusion 
x +3 
(-*,—5) —6 i —(-6) — 5 f(x) < 0 for all x in (-~%, —5). 
ice) = -6+3 
= -, negative 
(-5,-3) —4 —(-4) — 5 f(x) > 0 for all x in (—5, —-3). 
a. caer oer ae 
4+3 
= 1, positive 
(-3, ©) 0 == f(x) < 0 for all x in (-3, ~). 
0)= 
FO) 04+3 
= -3, negative 


Step 5. Write the solution set, selecting the interval or intervals that satisfy the given 


—5 
. Based on 
+ 3 


our work in step 4, we see that f(x) > 0 for all x in (-5, —3). However, because the 
inequality involves = (greater than or equal to), we must also include the solution of 
f(x) = 0, namely the value that we obtained when we set the numerator of f equal 
to zero. Thus, we must include —5 in the solution set. The solution set of the given 
inequality is [—5, —3). 

The graph of the solution set on a number line is shown as follows: 


inequality. We are interested in solving f(x) = 0, where f(x) = 


ny 
7 6 5 -4 3 2 -1 0 1 2 3 || 
Using Technology 


Graphic Connections 


The solution set for 


ae ar II =) 
x+3— Graph lies 
or, equivalently, a a ae 
e@ X-axis. 
= = 5) a 
6 oP 3) 


can be verified with a graphing utility. The graph of 
= 
f(x) = s lies on or above the x-axis, 

28 SF ol) 


representing =, for all x in [-5, —3). 


[-8, 8, 1] by [-3, 3, 1] 


3 | Solve problems 
modeled by polynomial 
or rational inequalities. 


alnl 
(itag r ii 
iit ny 
WAT 
ildcnany lil (0 feet 


YY | 


ibe 
wi 


WOO 


Figure 8.18 Throwing a ball from 
the top of the Leaning Tower of Pisa 
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2 
CHECK POINT 5 Solve and graph the solution set: : i = 1. 
x 


Applications 


Polynomial inequalities can be solved to answer questions about variables contained 
in polynomial functions. 


| EXAMPLE 6 | Modeling the Position of a Free-Falling Object 


A ball is thrown vertically upward from the top of the Leaning Tower of Pisa (190 feet 
high) with an initial velocity of 96 feet per second (Figure 8.18). The function 


s(t) = —161? + 96r + 190 


models the ball’s height above the ground, s(¢), in feet, t seconds after it was thrown. 
During which time period will the ball’s height exceed that of the tower? 


Solution Using the problem’s question and the given model for the ball’s height, 
s(t) = —16t? + 96f + 190, we obtain a polynomial inequality. 


—16r? + 96t + 190 > 190 


exceed that of the tower? 
When will the ball’s height 


—16t? + 96f + 190 > 190 This is the inequality that models the problem's question. 


—16t? + 96t > 0 Subtract 190 from both sides. This inequality is in the form 
f(t) > O, where f(t) = —16t? + 96t. 
—1617 + 96t = 0 Solve the equation f(t) = O. 


—16¢(t — 6) = 0 Factor. 
—16t=0 or t-—6=0 Set each factor equal to O. 
t=0 t=6 Solve for t. The boundary points are O and 6. 


++} +} ++ ++» | 
2 -l 0 1 2 3 4 5 6 7 8 


Locate these values on a number line. 


The intervals are (— ~, 0), (0, 6), and (6, ©). For our purposes, the mathematical model 
is useful only from ¢ = 0 until the ball hits the ground. (By setting —16t? + 96r + 190 
equal to zero, we find t ~ 7.57; the ball hits the ground after approximately 
7.57 seconds.) Thus, we use (0, 6) and (6, 7.57) for our intervals. 


Interval Test Value Substitute into f(t) = —16t2 + 96¢ Conclusion 
(0, 6) i f(1) =-16+1? + 96-1 f(t) > 0 for all t 
in (0, 6). 


= 80, positive 


(6, 7.57) 7 f(7) =-16-7 + 96-7 f(t) < 0 for all t 
in (6, 7.57). 


= —112, negative 


We are interested in solving f(t) > 0, where f(t) = —16t? + 96f. We see that f(t) > 0 
for all t in (0, 6). This means that the ball’s height exceeds that of the tower between 
0 and6 seconds. & 
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Using Technology 
Graphic Connections 
The graphs of 


y, = —16x? + 96x + 190 
and 
y2 = 190 
are shown ina 


[0, 8,1] by [0, 360, 36] 


Height (feet) 


A A 
seconds height, 
in motion in feet 


Height of Ball: 
y, = 16x? + 96x + 190 


Height of Tower: 
2 = 190 


Ball hits ground 
after 7.57 seconds. 


Seconds in Motion 
[0, 8, 1] by [0, 360, 36] 


viewing rectangle. The graphs show that the ball’s height exceeds that of the tower 
between 0 and 6 seconds. 


Y| CHECK POINT6 An object is propelled straight up from ground level with an 
initial velocity of 80 feet per second. Its height at time f is modeled by 


s(t) = —1617 + 802, 


where the height, s(t), is measured in feet and the time, ¢, is measured in seconds. In 
which time interval will the object be more than 64 feet above the ground? 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. We solve the polynomial inequality x? + 8x + 15 > 0 by first solving the equation . The real solutions of this 


equation, —5 and —3, shown on the number line, are called points. 
=5 3 
*- + * > X 


7 6 - -4 3 2-101 2 #3 


2. The points at —5 and —3 shown above divide the number line into three intervals: 


> ’ 


3. True or false: A test value for the leftmost interval on the number line shown above could be —10. 
4. True or false: A test value for the rightmost interval on the number line shown above could be 0. 


5. Consider the rational inequality 


= = 0. 
xo 2D 
: 4= 1 : 
Setting the numerator and the denominator of rar) equal to zero, we obtain x = 1 and x = —2. These values are shown as 
x 


points on the number line. Also shown is information about three test values. 


5 -4 3 22-1012 3 4 ~°5 
eset esa cal EF 
Reet! XZ Ae 

positive at —3. negative at 0. positive at 2. 

x-1 . 
= Oils 


Based on the information shown above, the solution set of 
x 


MyMachlab 


Practice Exercises 


Solve each polynomial inequality in Exercises 1-40 and graph 
the solution set on a real number line. 


1. (x — 4)(x + 2) > 0 
20x 3)@ =5) = 0 
ch (Ge WNGese 3) == (0) 
4 NG 7) =0 
5. x7 -5x+4>0 
6. x°-4x+3<0 
7 x + 5x+4>0 
8 x t+x-6>0 
9. x°-6x+8=0 
{Or x= 24 3 = 10 
dite, 3a 1 = RB =O 


oe 3 2 = © 
2a? x = 15 
ote ll 

~ 4x? + Tx < -3 
3x? + 16x < —5 
x? - 4y =0 
x? + 2x <0 
eae 0 

. 3x7 — 5x = 0 

. 7 +x20 

. x? +2x=0 
a oe = 4 2 


Soe =e ae) 


a a ee 9 
a B® bP 


YP NNND BAe aa 
BONA SOON D 


. 3x2 > 4x +2 


nN 
a 


26. 3x2 > 10x —5 
27. 2x7 — 5x =1 


28. 5x? + 8x = 11 


29. x7 - 6x +9 <0 
30. 4x7 - 4x +1=0 
che (Ce G2 = yee = 8) =0) 


SECTION 8.5 Polynomial and Rational Inequalities 649 


Watch the videos Download the 
in MyMathLab MyDashBoard App 


Solve each rational inequality in Exercises 41-56 and graph the 
solution set on a real number line. 


ead! 


41. (0) 
sear 8) 
Bee) 

42. = (0) 
56 =) 
aS 

43. =< (0) 
og an el 
a5) 

44, ~ <0 
Bear 2 
or 2 

45. 0 
30 = a 
eS 

46. 0 
BN 
4 2. 

47. == 0 
Shs 4 
332 SPS) 

48. =0 
Cn 2x 
x 

49. = 10 
5 3} 
+4 

ee ey 
iG 
Kea ale 

51. a) 
Be ap 8) 
as 

52. = 
Sa iL 
Be ar til 

53. = 3 
2x ll 
il 

54. =< ill 
Ss) 

pe ee 
“x+t+2 
ae 

56. = 
Beta a 


In Exercises 57-60, use the given functions to find all values of 
x that satisfy the required inequality. 

57. f(x) = 2x’, g(x) = 5x — 2; f(x) = g(x) 

58. f(x) = 4x, g(x) = 9x — 2; f(x) < g(x) 


59. f(x) = g(x) = fey = ele) 
60. f(x) = 57, 8) = LS) = ge) 


Practice PLUS 


Solve each inequality in Exercises 61-66 and graph the solution 
set on a real number line. 


32. Ge NG Ayes 3) =.0 
33. x9 + 2x7 -x-220 
34. x° + 2x7 - 4x -8 =0 
35. x° — 3x? — 9x +27 <0 
36. x°4+ 7x7 —-x-7<0 
B7ake xe 4 4 0 
38. x° — x7 +9x-9>0 
39. x? = 9x? 

40. x° < 4x? 


61. |x? + 2x — 36| > 12 

62. |x? + 6x+1/ >8 
3 3 

63. = 


Be eee) =) 


650 CHAPTER 8 = Quadratic Equations and Functions 


1 2 
= 
rege Il all 


x*—-x-2 

65. Fe 
ae be ees 8} 
x7 -3x+2 

66. Las 
Ihe 8} 


64. 


In Exercises 67-68, use the graph of the polynomial function to 
solve each inequality. 


| flx) = 2x3 + 11x? — 2x — 6 | 
70 


=7 3 


67. 2x7 + 11x? = 7x + 6 
68. 2x7 + 11x* < 7x + 6 


In Exercises 69-70, use the graph of the rational function to 
solve each inequality. 


1 a 3 
AG 2) a AG 2) 
1 = 3 
* A(x + 2) 4(x — 2) 


69. 


70. 


Application Exercises 


71. You throw a ball straight up from a rooftop 160 feet high 
with an initial speed of 48 feet per second. The function 


s(t) = —16t? + 48¢ + 160 
models the ball’s height above the ground, s(t), in feet, 


t seconds after it was thrown. During which time period 
will the ball’s height exceed that of the rooftop? 


72. Divers in Acapulco, Mexico, dive headfirst from the top of 
a cliff 87 feet above the Pacific Ocean. The function 
s(t) = —1617 + 8 + 87 
models a diver’s height above the ocean, s(t), in feet, 
t seconds after leaping. During which time period will 
the diver’s height exceed that of the cliff? 


The functions 


f(x) = 0.0875x? — 0.4x + 66.6 


and 


g(x) = 0.0875x" + 1.9x + 11.6 


model a car’s stopping distance, f(x) or g(x), in feet, traveling 

at x miles per hour. Function f models stopping distance on 

dry pavement and function g models stopping distance on wet 
pavement. The graphs of these functions are shown for speeds 

of 30 miles per hour and greater. Notice that the figure does not 
specify which graph is the model for dry roads and which is the 
model for wet roads. Use this information to solve Exercises 73-74. 


Graphs of Models for 
1 Stopping Distances 


800 + Oo 

600 - 

400 - 

200 - 
(EE 
30 40 50 60 70 80 90 100 


Speed (miles per hour) 


PR 

o N 

Sa= 

StS) 
T T 


Stopping Distance (feet) 


73. a. Use the given functions to find the stopping distance 
on dry pavement and the stopping distance on wet 
pavement for a car traveling at 35 miles per hour. 
Round to the nearest foot. 


b. Based on your answers to part (a), which rectangular 
coordinate graph shows stopping distances on dry 
pavement and which shows stopping distances on wet 
pavement? 


c. How well do your answers to part (a) model the actual 
stopping distances shown in Figure 8.15 on page 638? 


d. Determine speeds on dry pavement requiring stopping 
distances that exceed the length of one and one-half 
football fields, or 540 feet. Round to the nearest mile 
per hour. How is this shown on the appropriate graph 
of the models? 


74. a. Use the given functions to find the stopping distance 
on dry pavement and the stopping distance on wet 
pavement for a car traveling at 55 miles per hour. 
Round to the nearest foot. 


b. Based on your answers to part (a), which rectangular 
coordinate graph shows stopping distances on dry 
pavement and which shows stopping distances on wet 
pavement? 

c. How well do your answers to part (a) model the 
actual stopping distances shown in Figure 8.15 on 
page 638? 


d. Determine speeds on wet pavement requiring stopping 
distances that exceed the length of one and one-half 
football fields, or 540 feet. Round to the nearest mile 
per hour. How is this shown on the appropriate graph 
of the models on page 650? 


A company manufactures wheelchairs. The average cost 
function, C, of producing x wheelchairs per month is given by 


500,000 + 400x 


x 


GG) = 


The graph of the rational function is shown. Use the function to 
solve Exercises 75-76. 


[ Clx) = $00,000 #00 


Average Cost per Wheelchair 
for the Company 
as 
N 
nn 
T 


10,000 50,000 100,000 


Number of Wheelchairs 
Produced per Month 


75. Describe the company’s production level so that the 
average cost of producing each wheelchair does not exceed 
$425. Use a rational inequality to solve the problem. Then 
explain how your solution is shown on the graph. 


76. Describe the company’s production level so that the 
average cost of producing each wheelchair does not exceed 
$410. Use a rational inequality to solve the problem. Then 
explain how your solution is shown on the graph. 


77. The perimeter of a rectangle is 50 feet. Describe the 
possible length of a side if the area of the rectangle is not 
to exceed 114 square feet. 


78. The perimeter of a rectangle is 180 feet. Describe the 
possible lengths of a side if the area of the rectangle is not 
to exceed 800 square feet. 


Writing in Mathematics 


79. What is a polynomial inequality? 

80. What is a rational inequality? 

81. Describe similarities and differences between the solutions of 
= 7 

ica) 


@ = 2G + 5) =.0) “and ==10) 


SECTION 8.5 Polynomial and Rational Inequalities 651 


Technology Exercises 
Solve each inequality in Exercises 82-87 using a graphing utility. 
82. x°+3x—10>0 
63. 24 oe =o = 0 
Xe 
84. = 10 85. 
alll pois) 
1 2 
= 
xl x44 


87. x° +2x*- 5x -62>0 


86. 


The graph shows stopping distances for trucks at various 
speeds on dry roads and on wet roads. Use this information to 
solve Exercises 88-89. 


Stopping Distances for Trucks at Selected Speeds 


M) Dry Pavement [Mj Wet Pavement 
700 - 665 


600 
500 
400 
300 
200 
100 


Stopping Distance (feet) 


35 45 55) 65 
Speed (miles per hour) 


Source: National Highway Traffic Safety Administration 


88. a. Use the statistical menu of your graphing utility and the 
quadratic regression program to obtain the quadratic 
function that models a truck’s stopping distance, f(x), 
in feet, on dry pavement traveling at x miles per hour. 
Round the x-coefficient and the constant term to one 
decimal place. 


b. Use the function from part (a) to determine speeds on 
dry pavement requiring stopping distances that exceed 
455 feet. Round to the nearest mile per hour. 


89. a. Use the statistical menu of your graphing utility and the 
quadratic regression program to obtain the quadratic 
function that models a truck’s stopping distance, 
f(x), in feet, on wet pavement traveling at x miles per 
hour. Round the constant term to one decimal place. 


b. Use the function from part (a) to determine speeds on 
wet pavement requiring stopping distances that exceed 
446 feet. 


Critical Thinking Exercises 


Make Sense? In Exercises 90-93, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


90. When solving f(x) > 0, where f is a polynomial function, 
I only pay attention to the sign of f at each test value and 
not the actual function value. 


91. I’m solving a polynomial inequality that has a value 
for which the polynomial function is undefined. 
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92. Because it takes me longer to come to a stop on a wet 
road than on a dry road, graph (a) for Exercises 73-74 
is the model for stopping distances on wet pavement 
and graph (b) is the model for stopping distances on dry 
pavement. 


== 


93. I began the solution of the rational inequality = 3 
Pade 
by setting both x + 1 and x + 3 equal to zero. 


In Exercises 94-97, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 

94. The solution set of x? > 25 is (5, ~). 


=) 
a 3 < 2 can be solved by multiplying 


95. The inequality 
x 


both sides by x + 3, resulting in the equivalent inequality 
Gt (ate) 
Deo) 
96. (x + 3)\(x —1) =O and Ea =0 have the same 
= 


solution set. 


=) 
z 3 < 2 can be solved by multiplying 


97. The inequality 
x 


both sides by (x + 3)’,x # —3, resulting in the 
equivalent inequality (x — 2)(x + 3) < 2(x + 3). 

98. Write a quadratic inequality whose solution set is 
shale 

99. Write a rational inequality whose solution set is 
m4) UB, ): 

In Exercises 100-103, use inspection to describe each 

inequality’s solution set. Do not solve any of the inequalities. 

100. (x — 2)? >0 

101 \(e— 2) = 0 

1 

103. ——— > 0 
(% — 2) 

104. The graphing calculator screen shows the graph of 


y = 407 — 8x +7. 


[-2, 6, 1] by [-2, 8, 1] 


GROUP PROJECT 


102. (x — 2)? <-1 


quadratic function 


CHAPTER 


a. Use the graph to describe the solution set for 
Ae Ba 7 0: 


b. Use the graph to describe the solution set for 
Ane = Sea 7 <0: 


c. Use an algebraic approach to verify each of your 
descriptions in parts (a) and (b). 


105. The graphing calculator screen shows the graph of 


y = V27 — 3x’. Write and solve a quadratic inequality 
that explains why the graph only appears for—3 = x = 3. 


a 


[-5, 5, 1] by [0, 6, 1] 


Review Exercises 


=5 
106. Solve: ae < 8. (Section 4.3, Example 4) 
107. Divide: 
2x + 6 ; a= 9 
e+8xt+16 x +3x-4 


(Section 6.1, Example 7) 


108. Factor completely: x* — 16y*. (Section 5.5, Example 3) 


Preview Exercises 


Exercises 109-111 will help you prepare for the material 
covered in the first section of the next chapter. In each exercise, 
use point plotting to graph the function. Begin by setting up a 
table of coordinates, selecting integers from —3 to 3, inclusive, 
for x. 


109. f(x) = 2" 
110. f(x) =2~* 
did fay — 2 al 


Throughout the chapter, we have considered functions that model the position of 
free-falling objects. Any object that is falling, or vertically projected into the air, has 
its height above the ground, s(t), in feet, after tf seconds in motion, modeled by the 


s(t) = —16t? + uot + 50, 


where vy is the original velocity (initial velocity) of the object, in feet per second, and 
So is the original height (initial height) of the object, in feet, above the ground. In this 


exercise, group members will be working with this position function. The exercise is 
appropriate for groups of three to five people. 
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a. Drop a ball from a height of 3 feet, 6 feet, and 12 feet. Record the number of seconds it 
takes for the ball to hit the ground. 

b. For each of the three initial positions, use the position function to determine the time 
required for the ball to hit the ground. 

c. What factors might result in differences between the times that you recorded and the times 
indicated by the function? 

d. What appears to be happening to the time required for a free-falling object to hit the 
ground as its initial height is doubled? Verify this observation algebraically and with a 
graphing utility. 

e. Repeat part (a) using a sheet of paper rather than a ball. What differences do you observe? 
What factor seems to be ignored in the position function? 

f. What is meant by the acceleration due to gravity and how does this number appear in the 
position function for a free-falling object? 


Chapter 8 Summary 


Definitions and Concepts Examples 


Section 8.1 The Square Root Property and Completing the Square 


The Square Root Property Solve: (x - 6) = 50. 
If wv is an algebraic expression and d is a real number, then x—-6=+V50 
Ifu2=d, then u= Vd or u=—-Va. x-6= +V25-2 
Equivalently, path= SVD 
Ifu? =d, then u=+V4. x= 6 2 oVS 


The solutions are 6 + BA? and the solution set is {6 ac 5V 2}. 


Completing the Square Complete the square: 
D 
If x? + bx is a binomial, then by adding ae the square of Rae 
half the coefficient of x, a perfect square trinomial will result. ic 
es Half of 2 is $+ 2 = 4 and (4)? =% | 
ONG b\? 
eo =(x4 : 2 
pe 6) (« 5] x? 4 ae z aie *) 
Wl 49 7 
Solving Quadratic Equations by Completing the Square Solve by completing the square: 
1. Ifthe coefficient of x’ is not 1, divide both sides by this 2x? + 16x — 6 = 0. 
pocineicat: oe lee 6 0 7 
2. Isolate variable terms on one side. re ae ee he 
3. Complete the square by adding the square of half the os a 0 Simplify 


coefficient of x to both sides. 
x7 +8x=3 Add3. 


The coefficient of x is 8. Half of 8 is 4 and 42 = 16. Add 16 to 
both sides. 


4. Factor the perfect square trinomial. 
5. Solve by applying the square root property. 


x? + 8x + 16 =3 +4 16 
(x + 4)? = 19 
x44=+V19 
x=-4+ V9 
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Section 8.2 The Quadratic Formula 


The solutions of a quadratic equation in standard form 
ax? + bx +c=0, a #0, 
are given by the quadratic formula 
ee: Vb* — 4ac 


2a 


The Discriminant 

The discriminant, b? — 4ac, of the quadratic equation 
ax? + bx + c = 0 determines the number and type of 
solutions. 


Discriminant Solutions 


Positive perfect square, with 2 real rational solutions 


a, b, and c rational numbers 


Positive and not a 2 real irrational solutions 


perfect square 


Zero, with a, b, and c 1 real rational solution 


rational numbers 


Negative 2 imaginary solutions 


Writing Quadratic Equations from Solutions 


The zero-product principle in reverse makes it possible to 
write a quadratic equation from solutions: 


IfA=0 or B=0, then AB=0. 


Solve using the quadratic formula: 
2x? = 6x — 3. 
First write the equation in standard form by subtracting 6x 


and adding 3 on both sides. 


2x? — 6x +3 =0 
A yk 


| a=2||b=-6 || c=3 | 


, = LO) = V6)" = 42:3 _ 6 + V36 = 24 


BOD) 4 


2x? — 7x -4=0 
| 


(a2) (b= (c= } 


B — 4ae-=(-7) — 40) (-4) 
49 — (-32) = 49 + 32 = 81 


The equation has two real rational solutions. 


Write a quadratic equation with the solution set 


(-2V3,2V3}. 
x =-2V3 eSNG 
x+2V3=0 or x-2V3=0 
(x + 2V3)(x - 2V3) =0 
x? — (2V3)? =0 


x7-12=0 


Summary 655 


Definitions and Concepts Examples 


Section 8.3 Quadratic Functions and Their Graphs 


The graph of the quadratic function Graph: f(x) = —(x + 3 +1. 


f(x) = a(x — hy? +k, a#Q0, f(x) es 3))2 14 (ae) (-3, 1) | 
A y eee’ sh 


is called a parabola. The vertex, or turning point, is (h, k). ANS aie 
The graph opens upward if a is positive and downward if [4=-1) C =a) ik =!) im 7m} 0) 
a is negative. The axis of symmetry is a vertical line passing © Vertex (h, k) = (3, 1) : 
through the vertex. The graph can be obtained using the 
vertex, x-intercepts, if any, (set f(x) equal to zero and solve), 
and the y-intercept (set x = 0). 


p< 


e¢ Opens downward because 
a<0 


e x-intercepts: Set f(x) = 0. 
Oa) We 
(x +3? =1 { Axis of symmetry: x =—3 | 
s+ 3=4V1 
ear Sil Or gar gl 


x=-2 x=-4 


e y-intercept: Set x = 0. 
f(0) =-(0+37?+1=-9+1=-8 


A parabola whose equation is in the form Graph: 
f(x) = ax? + bx +c, a 40, f(x) = x2 — 6x + 5. 

has its vertex at (@=1) P=) ca 

az) 

2a\~ 2a) ) * Vertex: 

The parabola is graphed as described in the left column ie b =f 3 y 
above. The only difference is how we determine the vertex. If 2a Zell 

re eee 3) = 3°-6-3+5=-4 ] 
a > 0, then f has a minimum that occurs at x = ar This FQ) (0, 5) 7] 


Vertex is at (3, —4). 


Nar ; b : 
minimum value is f (- 2) Ifa < 0, then f has a maximum S (ehanatiacedlieeuse 


tie ame LAB (oY 
that occurs at x = — om This maximum value is f (- +) eS {t, 0) 


e x-intercepts: Set f(x) = 0. 
: il 
x — 6x +5=0 Vertex: (3, —4) 7 
(Ce = es = S) = 0) 
x=1 or x =5 


e y-intercept: Set x = 0. 
f0)=0 —-6:04+5=5 


Section 8.4 Equations Quadratic in Form 


An equation that is quadratic in form is one that can be Solve: - ; 
expressed as a quadratic equation using an appropriate oo — She) oe 2) == (0) 
substitution. In these equations, the variable factor in one ( x3) = 3x5 15) = (9) 
term is the square of the variable factor in the other variable ee t 
term. Let u = the variable factor that reappears squared. If ; , 
at any point in the solution process both sides of an equation ue — 3u+2=0 
are raised to an even power, a check is required. (u — 1) — 2) =0 
u-1=0 or u-2=0 
u=1 u=2 
1 il 
se = Il 53) == 7) 
1 
0 ee a: el 
=] . 


The solutions are 1 and 8, and the solution set is {1, 8}. 
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Section 8.5 Polynomial and Rational Inequalities 


Solving Polynomial Inequalities 
1. Express the inequality in the form 
fey <0 Ce jc) > w, 
where f is a polynomial function. 
2. Solve the equation f(x) = 0. The real solutions are the 
boundary points. 
3. Locate these boundary points on a number line, thereby 
dividing the number line into intervals. 
4. Choose one representative number, called a test value, 
within each interval and evaluate f at that number. 
a. If the value of f is positive, then f(x) > 0 for all x in 
the interval. 
b. If the value of f is negative, then f(x) < 0 for all x in 
the interval. 
5. Write the solution set, selecting the interval or intervals 
that satisfy the given inequality. 


This procedure is valid if < is replaced by = and > is 
replaced by =. In these cases, include the boundary points in 
the solution set. 


Solving Rational Inequalities 
1. Express the inequality in the form 
ie) <0 G fe) =>, 
where f is a rational function written as a single quotient. 


2. Set the numerator and the denominator of f equal to 
zero. The real solutions are the boundary points. 


3. Locate these boundary points on a number line, thereby 
dividing the number line into intervals. 


4. Choose one representative number, called a test value, 
within each interval and evaluate f at that number. 


a. If the value of f is positive, then f(x) > 0 for all x in 
the interval. 


b. If the value of f is negative, then f(x) < 0 for all x in 
the interval. 


5. Write the solution set, selecting the interval or intervals 
that satisfy the given inequality. 


This procedure is valid if < is replaced by = and > is 
replaced by =. In these cases, include any values that make 
the numerator of f zero. Always exclude any values that 
make the denominator zero. 


Solve: 2x7+x-—6> 0. 
The form of the inequality is f(x) > 0 with 
f(x) = 2x? + x — 6. Solve f(x) = 0. 
Wx? +x-6=0 
(2x — 3)(x + 2) =0 
ne = 3) = or x+2=0 


3 
x= > x=-2 
2) 
2 sf > X 
i) ry 


Use —3, 0, and 2 as test values. 
f(-3) = 2(-3)? + (-3) — 6 = 9, positive 

f(x) > 0 for all x in (—%, —2). 

f(0) = 2-0? + 0 — 6 = -6, negative 
f(x) < 0 for all x in (-2 >) 

f(2) =2:2? +2 — 6 = 4, positive 

3) 

f(x) > 0 for all x in 3. =), 


The solution set is (—%, —2) U ie. 00), 


=a) 


Solve: 
aes Nast 


ae ee ane) 
ae ae al Sea a 


= = 3} 
=0 
x+4 
36 = fi 
The form of the inequality is f(x) = 0 with f(x) = aa -. 


Set the numerator and the denominator equal to zero. 
pe — 13) = () x+4=0 


-8 =x x=-4 
+ + Xx 
=a -4 
Use —9, —7, and —3 as test values. 
peace ' 
f(-9) ee Tg negative 
f (x) < 0 for all x in (~~, —8). 
ae ee ee 
f(-7) Santer 3 3? Positive 
f (x) > 0 for all x in (—8, —4). 
Dees es) ee 
fC-3) ea 1 5, negative 


f(x) < 0 for all x in (-4, ~). 


Because of =, include —8, the value that makes the 
numerator zero, in the solution set. 
The solution set is [-8, —4). 


CHAPTER 8 REVIEW EXERCISES 


8.1 In Exercises 1-5, solve each equation by the square 
root property. If possible, simplify radicals or rationalize 
denominators. Express imaginary solutions in the forma + bi. 


dat xe 13) — 195 2. 3x? — 150 =0 


3. 3x7-2=0 4. (x — 47 = 18 


5. (x + 7) = —36 


In Exercises 6-7, determine the constant that should be added to 
the binomial so that it becomes a perfect square trinomial. Then 
write and factor the trinomial. 

6. x = 20x 


7. x? — 3x 


In Exercises 8-10, solve each quadratic equation by completing 
the square. 


8 x7 — 12x + 27=0 


9. x7 -7x-1=0 


10. 2x7 + 3x -4=0 


11. In 2 years, an investment of $2500 grows to $2916. Use the 
compound interest formula 
A=P(1+7r) 
to find the annual interest rate, r. 
12. The function W(t) = 3¢7 models the weight of a human 
fetus, W(t), in grams, after t weeks, where 0 < ¢ < 39. After 
how many weeks does the fetus weigh 588 grams? 


13. A building casts a shadow that is double the length of 
the building’s height. If the distance from the end of the 
shadow to the top of the building is 300 meters, how high is 
the building? Express the answer in simplified radical form. 
Then find a decimal approximation to the nearest tenth of 
a meter. 


8.2 In Exercises 14-16, solve each equation using the 
quadratic formula. Simplify solutions, if possible. 


14. x7 =2x+4 
15. x7-2x+19=0 


16. 2x7 =3 — 4x 


In Exercises 17-19, without solving the given quadratic 
equation, determine the number and type of solutions. 


{te 4 1s 0 

18. 9x? = 2 — 3x 

19. 2x7 + 4x =3 

In Exercises 20-26, solve each equation by the method of your 
choice. Simplify solutions, if possible. 

20. 3x? — 10x - 8 = 0 

21. (2x — 3)(x + 2) = x7 - 2x44 


22. 5x7 -x-1=0 
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23. x7 - 16=0 
24. (x —- 3-8 =0 


25. 3x7 --x+2=0 


pee ha, Aye bg 
“x41 4 


In Exercises 27-29, write a quadratic equation in standard form 
with the given solution set. 


il 3} 
eo 
28. {—9i, 9i} 

29. {-4V3,4V/3} 


30. The graph shows stopping distances for motorcycles at 
various speeds on dry roads and on wet roads. 


Stopping Distances for Motorcycles at Selected Speeds 
(Dry Pavement [ij Wet Pavement 


705 


800 - 
700 
600 
500 
400 
300 
200 
100 


Stopping Distance (feet) 


35 45 55 65 
Speed (miles per hour) 


Source: National Highway Traffic Safety Administration 


The functions 


f(x) = 0.125x* — 0.8x + 99 


g(x) = 0.125x? + 2.3x + 27 


and 


model a motorcycle’s stopping distance, f(x) or g(x), in feet 
traveling at x miles per hour. Function f models stopping 
distance on dry pavement and function g models stopping 
distance on wet pavement. 


a. Use function g to find the stopping distance on wet 
pavement for a motorcycle traveling at 35 miles per 
hour. Round to the nearest foot. Does your rounded 
answer overestimate or underestimate the stopping 
distance shown by the graph? By how many feet? 


b. Use function f to determine a motorcycle’s speed 
requiring a stopping distance on dry pavement of 
267 feet. 
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31. The graphs of the functions in Exercise 30 are shown for 
speeds of 30 miles per hour and greater. 


y Graphs of Models for a 
Motorcycle’s Stopping Distances 


1400 
1200 
1000 
800 
600 
400 
200 


glx) = 0.125x? + 2.3x +27 | 


\ 


| fle) = 0.125x? — 0.8% + 99 | 


Stopping Distance (feet) 


30 40 50 60 70 80 90 100 
Speed (miles per hour) 


a. How is your answer to Exercise 30(a) shown on the 
graph of g? 
b. How is your answer to Exercise 30(b) shown on the 
graph of f? 
32. A baseball is hit by a batter. The function 
s(t) = —16t? + 140¢ + 3 


models the ball’s height above the ground, s(t), in feet, 
t seconds after it is hit. How long will it take for the ball 
to strike the ground? Round to the nearest tenth of a 
second. 


8.3 In Exercises 33-36, use the vertex and intercepts to sketch 
the graph of each quadratic function. 


33. f(x) =—-(x +17 +4 
35. f(x) =—-x? + 2x +3 
37. The function 


34. f(x) = (x + 4) -2 
36. f(x) = 2x? — 4x — 6 


f(x) =—0.02x7 +x +1 


models the yearly growth of a young redwood tree, f(x), in 
inches, with x inches of rainfall per year. How many inches 
of rainfall per year result in maximum tree growth? What 
is the maximum yearly growth? 


38. A model rocket is launched upward from a platform 40 feet 
above the ground. The quadratic function 


s(t) = —161 + 400¢ + 40 
models the rocket’s height above the ground, s(t), in feet, 
t seconds after it was launched. After how many seconds 
does the rocket reach its maximum height? What is the 
maximum height? 
39. The function 
f(x) = 104.5x” — 1501.5x + 6016 


models the death rate per year per 100,000 males, f(x), 
for U.S. men who average x hours of sleep each night. 
How many hours of sleep, to the nearest tenth of an 
hour, corresponds to the minimum death rate? What is 
this minimum death rate, to the nearest whole number? 


40. A field bordering a straight stream is to be enclosed. The 
side bordering the stream is not to be fenced. If 1000 yards 
of fencing material is to be used, what are the dimensions 
of the largest rectangular field that can be fenced? What 
is the maximum area? 


ayy 


41. Among all pairs of numbers whose difference is 14, find a pair 
whose product is as small as possible. What is the minimum 
product? 


8.4 In Exercises 42-47, solve each equation by making an 
appropriate substitution. When necessary, check proposed solutions. 
42. x*- 6x7 + 8 =0 
43. x + 7Vx-8=0 
44, (x? + 2x) = 14? 4 
45. x? + x" —56=0 
46. x3 — x3 —12=0 
47. pe 3u= 10 20 


2x) = 15 


8.5 In Exercises 48-52, solve each inequality and graph the 
solution set on a real number line. 


48. 2x7 + 5x -3 <0 
49. 2x7 + 9x +4=0 
50. x° + 2x? > 3x 


51. 
38 or 2) 


53. A model rocket is launched from ground level. The function 
s(t) = —16t7 + 48r 
models the rocket’s height above the ground, s(q), in feet, 


t seconds after it was launched. During which time period 
will the rocket’s height exceed 32 feet? 


54. The function i 
H(x) = ge — 30x + 200 


models heart rate, H(x), in beats per minute, x minutes 
after a strenuous workout. 


a. What is the heart rate immediately following the 
workout? 


b. According to the model, during which intervals of time 
after the strenuous workout does the heart rate exceed 
110 beats per minute? For which of these intervals has 
model breakdown occurred? Which interval provides 
a more realistic answer? How did you determine this? 
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Express solutions to all equations in simplified form. 
Rationalize denominators, if possible. 


In Exercises 1-2, solve each equation by the square root 
property. 


1. 2x7 -5=0 
2. (x — 3 = 20 


In Exercises 3-4, determine the constant that should be added to 
the binomial so that it becomes a perfect square trinomial. Then 
write and factor the trinomial. 


3. x* — 16x 
2 
CN ea 
6 57 


5. Solve by completing the square: x? — 6x + 7 = 0. 


6. Use the measurements determined by the surveyor to find 
the width of the pond. Express the answer in simplified 
radical form. 


In Exercises 7-8, without solving the given quadratic equation, 
determine the number and type of solutions. 


7. 30 42 0 
8 x7 = 4x — 8 
In Exercises 9-12, solve each equation by the method of your 
choice. 
9. 2x7 + 9x = 5 
10. x7 + 8x +5=0 
1. (x +2)? + 25=0 
12. 2x7 - 6x +5=0 


In Exercises 13-14, write a quadratic equation in standard form 

with the given solution set. 

Kh 7 

14. {—10i, 107} 

15. As gas prices surge, more Americans are cycling as a way 
to save money, stay fit, or both. In 2010, Boston installed 
20 miles of bike lanes and New York City added more 
than 50 miles. The bar graph in the next column shows the 
number of bicycle friendly U.S. communities, as designated 


by the League of American Bicyclists, for selected years 
from 2003 through 2011. 
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Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on You({J} (search “BlitzerlnterAlg” and click 
on “Channels”). 


Number of U.S. Communities Designated 
“Bicycle Friendly” by the 
League of American Bicyclists 
210 


180 
150 
120 
90 75 


60 45 
30 25 


120 


Number of Communities 


2003 2005 2007 


‘Year 


2009 


2011 


Source: League of American Bicyclists 
The function 
f(x) = 1.7x? + 6x + 26 

models the number of bicycle friendly communities, 

f(x), x years after 2003. 

a. Use the function to find the number of bicycle friendly 
communities in 2011. Round to the nearest whole 
number. Does this rounded value underestimate or 
overestimate the number shown by the graph? By how 
much? 

b. Use the function to determine the year in which 826 
U.S. communities will be bicycle friendly. 

In Exercises 16-17, use the vertex and intercepts to sketch the 
graph of each quadratic function. 
16. f(x) =(x+ 17% +4 17. f(x) =x? -2x -3 
A baseball player hits a pop fly into the air. The function 

s(t) = —16t? + 64¢ + 5 
models the ball’s height above the ground, s(t), in feet, t seconds 
after it is hit. Use the function to solve Exercises 18-19. 


18. When does the baseball reach its maximum height? What 
is that height? 


19. After how many seconds does the baseball hit the ground? 
Round to the nearest tenth of a second. 


20. The function f(x) = —x? + 46x — 360 models the daily 
profit, f(x), in hundreds of dollars, for a company that 
manufactures x computers daily. How many computers 
should be manufactured each day to maximize profit? 
What is the maximum daily profit? 


In Exercises 21-23, solve each equation by making an appropriate 
substitution. When necessary, check proposed solutions. 


21. (2x — 5)? + 42x -5)+3=0 

22. x = 13x? + 36 =0 

23. x3 — 9x3 + 8 =0 

In Exercises 24-25, solve each inequality and graph the solution 
set on a real number line. 


Dre ill 
= 


24. x*-x-12<0 25. =3 
Se) 
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In Exercises 1-13, solve each equation, inequality, or system. 
1. 9% -— 1) =1+4 3(x — 2) 
2. {3x + 4y =—-7 
. =2y ==9 
3. x= y + 3ZS=9 
2x + 3y-—z= 16 
5x +2y-—z=15 


4. 7x +18 = 9x -— 2 

5. 4x —-3 < 13 and—3x -4=28 
6. 2x+4>80rx -72=3 

7. |2x -1]) <5 

8. 2x -4|=2 

4 6 — 24 


x-3 x+3 ;?-9 


10. Vxt+t4-Vx-3=1 


1. 2x7 =5- 4x 


2 1 
12. x3 — 5x3 +6=0 


13. 2° +x-6=50 

In Exercises 14-17, graph each function, equation, or inequality 
in a rectangular coordinate system. 

14. x-3y= 

15. f(x) ==x-1 

16. 3x — 2y > -6 

17. f(x) =—-2(x — 3)? +2 


In Exercises 18-28, perform the indicated operations, and 
simplify, if possible. 


18. 4[2x — 6(x — y)] 
19. (—5Sx3y’)(4x4y) 


20. (8x7 — Oxy — lly?) — (7x? — 4xy + Sy?) 
21. (3x — 1)(2x + 5) 
22. (3x2 — 4y) 


3x 2 
23. 
x+5  x%+7x+4+ 10 
= 
x 
24. 3 
1+ 


25. 


26. 


27. 


28. 


r-—6x +8 x-4 
3x + 9 x +3 

V5xy + V10x2y 

4V72 — 3/50 

(5 + 3i)(7 — 31) 


In Exercises 29-31, factor completely. 


29. 
30. 
31. 


81x* - 1 
24x3 — 22x? + 4x 
x + 27Ty? 


In Exercises 32-34, let f(x) = x? + 3x — 15 and g(x) = x — 2. 
Find each indicated expression. 


32. 


33. 


34. 


35. 


36. 
37. 


38. 


39. 


40. 


41. 


42. 


(f — g)(x) and (f — g)(5) 
f were 
(Jeo and the domain of Z 


flat h)-f@ 
h 
Divide using synthetic division: 


(3x3 — x7 + 4x + 8) + (x + 2). 


R 
Rt+r 
Write the slope-intercept form of the equation of the line 
through (—2, 5) and parallel to the line whose equation is 
3x +y = 9, 


Solve for R: J = 


Evaluate the determinant: 


—2 —-4 

5 7] 
The price of a computer is reduced by 30% to $434. What 
was the original price? 


The area of a rectangle is 52 square yards. The length of the 
rectangle is 1 yard longer than 3 times its width. Find the 
rectangle’s dimensions. 


You invested $4000 in two stocks paying 12% and 14% 
annual interest. At the end of the year, the total interest 
from these investments was $508. How much was invested 
at each rate? 


The current, J, in amperes, flowing in an electrical circuit 
varies inversely as the resistance, R, in ohms, in the circuit. 
When the resistance of an electric percolator is 22 ohms, it 
draws 5 amperes of current. How much current is needed 
when the resistance is 10 ohms? 


CHAPTER 


an I put aside $25,000 when I’m 20 and 
wind up sitting on half a million dollars 
by my early fifties? Will population growth lead 
to a future without comfort or individual choice? 
Why did I feel I was walking too slowly on my 
visit to New York City? Are Californians at greater 
risk from drunk drivers than from earthquakes? 
What is the difference between earthquakes 
measuring 6 and 7 on the Richter scale? And 
what can possibly be causing merchants at our 
local shopping mall to grin from ear to ear as they 
watch the browsers? 
The functions that you will be learning 
about in this chapter will provide you with the 
mathematics for answering these questions. You 
will see how these remarkable functions enable us 
to predict the future and rediscover the past. 


You'll be sitting on $500,000 in Example 8 of Section 9.5. Here’s 
where you'll find the other models related to our questions: 
e World population growth: Section 9.6, Examples 4 and 5 } 


e Population and walking speed: Section 9.6, Check Point 3, 
and Review Exercises, Exercise 84 


e Alcohol and risk of a car accident: Section 9.5, Example 7 <= 4 


Earthquake intensity: Section 9.3, Example 9 


We open the chapter with those grinning merchants and the sound 
of ka-ching! 
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Exponential Functions 


Just browsing? Take your time. 
Researchers know, to the dollar, 


Objectives the average amount the typical 
consumer spends per minute 
1 | Evaluate exponential at the shopping mall. And the 
functions. longer you stay, the more you 
; spend. So if you say you’re just 
ey Graph exponential browsing, that’s just fine with the 
functions. mall merchants. Browsing is time 
E} Evaluate functions with and, as shown in Figure 9.1, time 
base e. is money. 
; The data in Figure 9.1 can be 
4 | Use compound interest modeled by the function 
formulas. 


f(x) = 42.2(1.56)*, 


where f(x) is the average 
amount spent, in dollars, at a 
shopping mall after x hours. 
Can you see how this function 
is different from polynomial 
functions? The variable x is in 
the exponent. Functions whose 
equations contain a_ variable 
in the exponent are called 
exponential functions. Many 


Mall Browsing Time and Average Amount Spent 


real-life situations, including a 
: >= $200 
population growth, growth of 3 $200- 
: “ ; : & 
epidemics, radioactive decay, Z $160b $149 
and other changes that involve 3 
rapid increase or decrease, can a $120- a 
be described using exponential %  ssob $73 
functions. 5 $47 
: +) 
0.5 1 2 3 3.5 
Time at a Shopping Mall (hours) 
Figure 9.1 


Source: International Council of Shopping Centers Research, 2006 


Definition of an Exponential Function 


The exponential function f with base b is defined by 
(OVE Ge we aes 


where b is a positive constant other than 1(b > Oandb # 1) and xis any real number. 
Here are some examples of exponential functions: 


x-1 
fy=2 gator w=" iy = (3) 


Base is 2. Base is 10. Base is 3. Base is t 


Each of these functions has a constant base and a variable exponent. 


1 | Evaluate exponential 
functions. 
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By contrast, the following functions are not exponential functions: 


Variable is the base The base of an exponential The base of an exponential Variable is both the 
and not the exponent. function must be a positive function must be positive. base and the exponent. 
constant other than 1. 


Why is G(x) = 1* not classified as an exponential function? The number 1 raised to 
any power is 1. Thus, the function G can be written as G(x) = 1, which is a constant 
function. 

Why is H(x) = (—1)* not an exponential function? The base of an exponential 
function must be positive to avoid having to exclude many values of x from the domain 
that result in nonreal numbers in the range: 


H(x) = (-1)" (3) = ( 1p = V-1 =i, 


Not an exponential 


function All values of x resulting in 


even roots of negative numbers 
produce nonreal numbers. 


You will need a calculator to evaluate exponential expressions. Most scientific 
*| key. Graphing calculators have a |/\| key. To evaluate 


calculators have a | y 


expressions of the form b*, enter the base b, press | y* | or | A |, enter the exponent x, 
and finally press | =| or | ENTER]. 


| EXAMPLE 1 | Evaluating an Exponential Function 


The exponential function f(x) = 42.2(1.56)* models the average amount spent, f(x), 
in dollars, at a shopping mall after x hours. What is the average amount spent, to the 
nearest dollar, after four hours? 


Solution Because we are interested in the amount spent after four hours, substitute 
4 for x and evaluate the function. 


f(x) = 42.2(1.56)* This is the given function. 
f(4) = 42.2(1.56) 4 Substitute 4 for x. 


Use a scientific or graphing calculator to evaluate f(4). Press the following keys on 
your calculator to do this: 


Scientific calculator: 42.2] X |1.56| y* |4) = 
Graphing calculator: 42.2} X |1.56| A |4| ENTER |. 
The display should be approximately 249.92566. 
f(4) = 42.2(1.56)* ~ 249.92566 ~ 250 


< 


Thus, the average amount spent after four hours at a mall is approximately $250. @ 


CHECK POINT 1 Use the exponential function in Example 1 to find the 
average amount spent, to the nearest dollar, after three hours at a shopping mall. 
Does this rounded function value underestimate or overestimate the amount shown in 
Figure 9.1? By how much? 
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2 | Graph exponential 
functions. 


Graphing Exponential Functions 


We are familiar with expressions involving b* where x is a rational number. For 
example, 


7 10 1B 400 
bl? = pi0 = pi and pi = 100 = / bp. 


However, note that the definition of f(x) = b* includes all real numbers for the 
domain x. You may wonder what b* means when x is an irrational number, such as 


bY3 or b”. Using closer and closer approximations for V3 (V3 =~ 1.73205 iP we can 
think of bY? as the value that has the successively closer approximations 


1.7 p1.73 1.732 1.73205 
bbe, be b sane 


In this way, we can graph the exponential function with no holes, or points of 
discontinuity, at the irrational domain values. 


| EXAMPLE 2 | Graphing an Exponential Function 
Graph: f(x) = 2%. 


Solution We begin by setting up a table of coordinates. 


x f(x) = 2* 
1 
—3 3) =23 = 5 
f(-3) ; 
1 
2 | flaa2t=G ss 
4 8 
44 Se 
-1 fl) = 24 =5 3 
0 f() =2°=1 a 
1 fQ)=2'=2 
2 2)=2?=4 2 a 
£Q) =? <— week Me 
3 ieL=2 8 Horizontal asymptote: 
vee Domain: (—~, 09) 


Figure 9.2 The graph of f(x) = 2* 


We plot these points, connecting them with a continuous curve. Figure 9.2 shows 
the graph of f(x) = 2*. Observe that the graph approaches, but never touches, the 
negative portion of the x-axis. Thus, the x-axis, or y = 0, is a horizontal asymptote. 
The range is the set of all positive real numbers. Although we used integers for x in our 
table of coordinates, you can use a calculator to find additional points. For example, 
f(0.3) = 2°3 ~ 1.231 and f(0.95) = 2°° ~ 1.932. The points (0.3, 1.231) and 
(0.95, 1.932) approximately fit the graph. m™ 


CHECK POINT2 Graph: f(x) = 3%. 


SECTION 9.1 = Exponential Functions 665 
| EXAMPLE 3 | Graphing an Exponential Function 
1 x 
Graph: g(x) = (5) : 


Solution We begin by setting up a table of coordinates. We compute the function 
values by noting that 


eo) = (5) = @y=2" 


4\* A 
x g(x) = (3) or 2-* gt 
=3 g(-3) = 2 =H =8 a 
=9 g(-2) =2%7 =P =4 67 
=i g(-1) =2) =2! =2 e il 
3 S 44 
0 g(0) =2°=1 a : 
11 5 ii 
~jta tat Ss 
1 gl) = 2 “917 2 a 27 
2 (2) =27=S= = eal 
8 2 4 — i 4 x 
3-2 -1 3 
3 iL 1 5 
3 g(3) =23 = z= . Horizontal asymptote: 
2 Vad Domain: (—»9, ©) 


x 
Figure 9.3 The graph of g(x) = (3) 
We plot these points, connecting them with a continuous curve. Figure 9.3 shows the 
graph of g(x) = (3). This time the graph approaches, but never touches, the positive 
portion of the x-axis. Once again, the x-axis, or y = 0, is a horizontal asymptote. The 
range consists of all positive real numbers. & 


Do you notice a relationship between the graphs of f(x) = 2* and g(x) = (3)" in 


Figures 9.2 and 9.3? The graph of g(x) = G)* is a mirror image, or reflection, of the 
graph of f(x) = 2* about the y-axis. 


[\¥| CHECK POINT3 Graph: f(x) = (+)*. Note that f(x) = ($)* = 3°" = 3%. 


Four exponential functions have been 
graphed in Figure 9.4. Compare the black 
and green graphs, where b > 1, to those in 
blue and red, where b < 1. When b > 1, 
the value of y increases as the value of 
x increases. When b < 1, the value of 
y decreases as the value of x increases. 
Notice that all four graphs pass through 
(0, 1). These graphs illustrate general 
characteristics of exponential functions, 
listed in the box on the next page. 


-3\-2 -1l 1 2, 3 


Figure 9.4 Graphs of four exponential 


Sinetions Horizontal asymptote: y = 0 
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Characteristics of Exponential Functions of the Form f(x) = b~ 


1. The domain of f(x) = b* consists of all real numbers: (— ©, ©). The range of 
f(x) = b* consists of all positive real numbers: (0, ~). 


2. The graphs of all exponential functions of the form f(x) = b* pass through the 
point (0, 1) because f(0) = b° = 1 (b # 0). The y-intercept is 1. 

3. If b > 1, f(x) = b* has a graph that y 
goes up to the right and is an increasing i 
function. The greater the value of b, the 
steeper the increase. 

= ie (x) = b* 

4. If 0< b <1,f(x) = b* has a graph pee 
that goes down to the right and is a 
decreasing function. The smaller the (0,1) 
value of b, the steeper the decrease. » sly 

5. The graph of f(x) = b* approaches, but \ { 
does not touch, the x-axis. The x-axis, or 
y = 0, 1s a horizontal asymptote. 


| Horizontal asymptote: y = 0 


| EXAMPLE 4 | Graphing Exponential Functions 


Graph f(x) = 3* and g(x) = 3**! in the same rectangular coordinate system. How is 
the graph of g related to the graph of f? 


Solution We begin by setting up a table showing some of the coordinates for f 
and g, selecting integers from —2 to 2 for x. Notice that x + 1 is the exponent for 


g(x) = 31, 
x f(x) = 3* g(x) = gxt1 y 
—2 | f(-2)=37=5 | g(-2)=3°%*1=31 =3 6+ 
1 | f(-1)=31=3% | g-1)=3 11 = 39 =1 5 
0 f(0) =3°=1 g(0) = 3% =31=3 4y 
1 fQ) =3' =3 AS e =F S90 ene 3 f(x) = 3* 
2 f2)=3 =9 60) SS BS 97 (1.1) 


(0,1) 


3 2\1 12 3 


Horizontal asymptote: y = 0 


Figure 9.5 


We plot the points for each function and connect them with a smooth curve. Because 
of the scale on the y-axis, the points on each function corresponding to x = 2 are not 
shown. Figure 9.5 shows the graphs of f(x) = 3" and g(x) = 3**'. The graph of g is the 
graph of f shifted one unit to the left. ™ 


'/| CHECK POINT 4 Graph f(x) = 3* and g(x) = 3°! in the same rectangular 
coordinate system. Select integers from —2 to 2 for x. How is the graph of g related to the 
graph of f? 
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| EXAMPLE 5 | Graphing Exponential Functions 


Graph f(x) = 2* and g(x) = 2* — 3 in the same rectangular coordinate system. How 
is the graph of g related to the graph of f? 
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Solution We begin by setting up a table showing some of the coordinates for f and g, 
selecting integers from —2 to 2 for x. 


x f(x) = 2* g(x) = 2* - 3 

72 i ee lee M2) S223 73 3-2) 

=i (OU S2°=3 g-s2'=3=7=3—=2) 

0 f(0) =22=1 g(0) =2°-3=1-3=-2 
1 fGQ)=2'=2 g1) =2'-3=2-3=-1 glx) =2"-3 
2 f2)=2=4 e(2) =2?7-3=4-3=1 


3 | Evaluate functions with 
base e. 


Using Technology 
Graphic Connections 


As n increases, the graph of 
y = (1 + 7)" approaches 
the graph of y = e. 


[0, 15, 1] by [0, 3, 1] 


Horizontal asymptote: y = —3 


Figure 9.6 


We plot the points for each function and connect them with a smooth curve. 
Figure 9.6 shows the graphs of f(x) = 2* and g(x) = 2* — 3. The graph of g is 
the graph of f shifted down three units. As a result, y = —3 is the horizontal 
asymptote for g. & 


[\¥| CHECK POINT5 Graph f(x) = 2* and g(x) = 2* + 3 inthe same rectangular 
coordinate system. Select integers from —2 to 2 for x. How is the graph of g related to 
the graph of f? 


The Natural Base e 


Table 9.1 


An irrational number, symbolized by 4\" 
the letter e, appears as the base in many us (1 = ‘) 
applied exponential functions. The number 5 
e is defined as the value that (1 + a) 
approaches as n gets larger and larger. 2 2.25 
Table 9.1 shows values of (1 +7)" 5 2.48832 
for increasingly large values of n. As n 10 259374246 
increases, the approximate value of e to 100 2704813829 
nine decimal places is 
1000 2.716923932 
e ~ 2.718281827. 10,000 2.718145927 
The irrational number e, approximately 100,000 2.718268237 
2.72, is called the natural base. The function 1,000,000 2.718280469 
f(x) = e* is called the natural exponential 1,000,000,000 2.718281827 


function. 


Asn takes on increasingly large 
values, the expression (1 + fy} 
approaches e. 


668 CHAPTER 9_ Exponential and Logarithmic Functions 


Blitzer Bonus 


Exponential Growth: The Year Humans Become Immortal 


In 2011, Jeopardy! aired a three-night match between a personable computer named Watson and the show’s two most successful 
players. The winner: Watson. In the time it took each human contestant to respond to one trivia question, Watson was able to 
scan the content of one million books. It was also trained to understand the puns and twists of phrases unique to Jeopardy! clues. 
Watson’s remarkable accomplishments can be thought of as a single data point on an exponential curve that models growth 
in computing power. According to inventor, author, and computer scientist Ray Kurzweil (1948- __), computer technology is 
progressing exponentially, doubling in power each year. What does this mean in terms of the accelerating pace of the graph 
of y = 2* that starts slowly and then rockets skyward toward infinity? According to Kurzweil, by 2023, a supercomputer will 
surpass the brainpower of a human. As progress accelerates exponentially and every hour brings a century’s worth of scientific 
breakthroughs, by 2045, computers will surpass the brainpower equivalent to that of all human brains combined. Here’s where 
it gets exponentially weird: In that year (says Kurzweil), we will be able to scan our consciousness into computers and enter a 
virtual existence, or swap our bodies for immortal robots. Indefinite life extension will become a reality and people will die only if 
they choose to. 


Use_a scientific or graphing calculator with 
an | e* | key to evaluate e to various powers. For 
example, to find e*, press the following keys on 


most calculators: 


Scientific calculator: 2] e* 


Graphing calculator: | e* |2| ENTER |]. 


The display should be approximately 7.389. 
e? = 7.389 


The number e lies between 2 and 3. Because 2” = 4 
and 3* = 9, it makes sense that e”, approximately 
7.389, lies between 4 and 9. 


Because 2 <e <3, the graph of y = e* is Horizontal asymptote: y = 0 
between the graphs of y = 2* and y = 3°, shown in 
Figure 9.7. Figure 9.7 Graphs of three 


exponential functions 


| EXAMPLE 6 | Gray Wolf Population 


Insatiable killer. That’s the reputation the gray wolf acquired in the United States in the 
nineteenth and early twentieth centuries. Although the label was undeserved, an 
estimated two million wolves were shot, trapped, or poisoned. By 1960, the population 
was reduced to 800 wolves. Figure 9.8 on the next page shows the rebounding population 
in two recovery areas after the gray wolf was declared an endangered species and 
received federal protection. 


4 | Use compound interest 
formulas. 
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Gray Wolf Population in Two Recovery Areas for Selected Years 


Northern Rocky Mountains Western Great Lakes 


3949 


F 2369 
1243 r 1235 1500 
27 aa 
ay te 


1979 1989 1999 2006 1979 1989 1999 2006 
‘Year Year 


Figure 9.8 
Source: U.S. Fish and Wildlife Service 


The exponential function 
fy = 1262e""" 


models the gray wolf population of the Northern Rocky Mountains, f(x), x years after 
1978. If the wolf is not removed from the endangered species list and trends shown in 
Figure 9.8 continue, project its population in the recovery area in 2010. 


Solution Because 2010 is 32 years after 1978, we substitute 32 for x in the given 
function. 


f(@) = 1.202" This is the given function. 
f(B2) = 1.26e°472) Substitute 32 for x. 
Perform this computation on your calculator. 


Scientific calculator: 1.26| x || (|.247| x [32] ) || e* || = 
Graphing calculator: 1.26| x || e* || (|.247| x |32|_) || ENTER 


The display should be approximately 3412.1973. Thus, This aavoatharia.le givenion 
f(32) = 1.26¢924782) = 3412. some calculators. 


This indicates that the gray wolf population of the Northern Rocky Mountains in the 
year 2010 is projected to be 3412. m 


|\“| CHECK POINT6 The exponential function f(x) = 1066e°?* models the 
gray wolf population of the Western Great Lakes, f(x), x years after 1978. If trends 
shown in Figure 9.8 continue, project the gray wolf’s population in the recovery area 
in 2012. 


In 2008, using exponential functions and projections like those in Example 6 and 
Check Point 6, the U.S. Fish and Wildlife Service removed the gray wolf from the 
endangered species list, a ruling environmentalists vowed to appeal. 


Compound Interest 


In Chapter 8, we saw that the amount of money, A, that a principal, P, will be worth 
after ¢ years at interest rate r, compounded annually, is given by the formula 


A= P( + ry 
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Most savings institutions have plans in which interest is paid more than once a year. 
If compound interest is paid twice a year, the compounding period is six months. We 
say that the interest is compounded semiannually. When compound interest is paid 
four times a year, the compounding period is three months and the interest is said 
to be compounded quarterly. Some plans allow for monthly compounding or daily 
compounding. 

In general, when compound interest is paid 1 times a year, we say that there are 
n compounding periods per year. The formula A = P(1 + r)‘ can be adjusted to take 
into account the number of compounding periods in a year. If there are n compounding 
periods per year, the formula becomes 


r \" 
a=P(i+2)" 
n 


Some banks use continuous compounding, where the number of compounding 
periods increases infinitely (compounding interest every trillionth of a second, every 
quadrillionth of a second, etc.). As n, the number of compounding periods in a year, 

n 
increases without bound, the expression (1 + —)] approaches e. As a result, the 
n 
formula for continuous compounding is A = Pe”. Although continuous compounding 
sounds terrific, it yields only a fraction of a percent more interest over a year than daily 
compounding. 


Formulas for Compound Interest 


After t years, the balance, A, in an account with principal P and annual interest 
rate r (in decimal form) is given by the following formulas: 


nt 
1. For m compounding periods per year: A = > ate 4 


2. For continuous compounding: A = Pe”. 


> Nt 8-aeae Choosing Between Investments 


You decide to invest $8000 for 6 years and you have a choice between two accounts. 
The first pays 7% per year, compounded monthly. The second pays 6.85% per year, 
compounded continuously. Which is the better investment? 


Solution The better investment is the one with the greater balance in the account 
after 6 years. Let’s begin with the account with monthly compounding. We use 
the compound interest model with P = 8000,r = 7% = 0.07,n = 12 (monthly 
compounding means 12 compounding periods per year), and t = 6. 


nt 0.0 12°6 
A= (1 + ") = s000( 1 + a7) = 12,160.84 


The balance in this account after 6 years is $12,160.84. 
For the second investment option, we use the model for continuous compounding 
with P = 8000, r = 6.85% = 0.0685, and t = 6. 


A = Pe" = 80009 ~ 12,066.60 


The balance in this account after 6 years is $12,066.60, slightly less than the previous 
amount. Thus, the better investment is the 7% monthly compounding option. & 


/| CHECK POINT7 A sum of $10,000 is invested at an annual rate of 8%. Find 
the balance in the account after 5 years subject to a. quarterly compounding and 
b. continuous compounding. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The exponential function f with base b is defined by f(x) = 
domain of this function is and the range is 


2. The graph of the exponential function f with base b approaches, 


equation is , is a/an asymptote. 


n 


1 
3. The value that (1 + —] approaches as n gets larger and larger is the irrational number 
rn 
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,b > Oandb ¥ 1. Using interval notation, the 


but does not touch, the 


base. This irrational number is approximately equal to 


4. Consider the compound interest formula 


nt 
A = (1 +2) ; 
n 


This formula gives the balance, , in an account with principal 


, in decimal form, subject to compound interest paid 


5. If compound interest is paid twice a year, we say that the interest is compounded 


four times a year, we say that the interest is compounded 
infinitely, we call this compounding. 


9.1 EXERCISE SET [RA M)AME a): aaah ta cnc 


Practice Exercises 


In Exercises 1-10, approximate each number using a 
calculator. Round your answer to three decimal places. 


1. 23.4 2. 32.4 
3. 3V5 4. 5V3 
5. 415 6. 6! 
Toe Gunes 
9. e 0:95 10. e 0-75 


In Exercises 11-16, set up a table of coordinates for each 
function. Select integers from —2 to 2, inclusive, for x. Then use 
the table of coordinates to match the function with its graph. 
[The graphs are labeled (a) through (f).] 


WA fc) = 3" i foi= 2! 
1S) f= 3? Sal 14. f(x) =-3* 
1S of Ge) See 16. f(x) =—-37* 
y 
A 


-axis. This axis, whose 


, called the 


and annual interest rate 
times per year. 


. If compound interest is paid 


. If the number of compounding periods increases 
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In Exercises 17-24, graph each function by making a table of 
coordinates. If applicable, use a graphing utility to confirm 


your hand-drawn graph. 


Exponential and Logarithmic Functions 


41. Suppose that you have $12,000 to invest. Which investment 
yields the greater return over 3 years: 7% compounded 
monthly or 6.85% compounded continuously? 

42. Suppose that you have $6000 to invest. Which investment 


yields the greater return over 4 years: 8.25% compounded 
quarterly or 8.3% compounded semiannually? 


17. f(x) =¥ 18 f= 3" 

19. g(x) = (3) 20: 9a) = (3) 
21. h(x) = (Gy 22. h(x) = (3) 
23. f(x) = (0.6) 24. f(x) = (0.8)* 


In Exercises 25-38, graph functions f and g in the same 
rectangular coordinate system. Select integers from —2 to 2, 


Practice PLUS 


In Exercises 43-48, use each exponential function’s graph to 
determine the function’s domain and range. 


inclusive, for x. Then describe how the graph of g is related to 
the graph of f. If applicable, use a graphing utility to confirm 
your hand-drawn graphs. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


i= 2 aad 42" 
HoH? snd 20)So? 
f@\=2 and) 2@)j= 2 
f(x) = 2" and g(x) = 2" 

f(x) = 2* and g(x) = 2% +1 
f(x) = 2* and g(x) = 27 +2 
f(x) =2* and g(x) =2*-2 
f(x) =2* and g(x) =2*-1 
f(x) =3* and g(x) =-3* 
f(x) =3* and g(x) = 3% 
fa=2 and gaj)=2"" =1 
fQ=2 and goj=2"=2 
f@%) =3 and g(x) = 3-3" 
f@) =3 and g(x) =3-3* 


nt 


: r 
Use the compound interest formulas, A = P\ 1 + — 


n 
and A = Pe", to solve Exercises 39-42. Round answers to the 
nearest cent. 


39. 


40. 


Find the accumulated value of an investment of $10,000 
for 5 years at an interest rate of 5.5% if the money is 
a. compounded semiannually; b. compounded monthly; 
¢. compounded continuously. 


Find the accumulated value of an investment of $5000 
for 10 years at an interest rate of 6.5% if the money is 
a. compounded semiannually; b. compounded monthly; 
¢. compounded continuously. 


43. 


44. y 
4 
4+ 
2+ 
++ ++ At tt x 
eee) 
LN f= 27 =3 


45. 
46. 

St SSS eee 
eden Ddncbon Draitand 
=o 
=e 
47. y 

4A 


maser 


48. y 


In Exercises 49-50, graph f and g in the same rectangular 
coordinate system. Then find the point of intersection of the 
two graphs. 


49. f(x) = 2*,g(x) =2* 

50. f(x) — 2") — 22 * 

51. Graph y = 2* and x = 2” in the same rectangular 
coordinate system. 


52. Graph y = 3* and x = 3” in the same rectangular 
coordinate system. 


Application Exercises 


Use a calculator with a | y* | key ora | A | key to solve 


Exercises 53-56. 


53. India is currently one of the world’s fastest-growing 
countries. By 2040, the population of India will be larger 
than the population of China; by 2050, nearly one-third 
of the world’s population will live in these two countries 
alone. The exponential function f(x) = 574(1.026)* models 
the population of India, f(x), in millions, x years after 1974. 


a. Substitute 0 for x and, without using a calculator, find 
India’s population in 1974. 


b. Substitute 27 for x and use your calculator to find 
India’s population, to the nearest million, in the year 
2001 as modeled by this function. 


c. Find India’s population, to the nearest million, in the 
year 2028 as predicted by this function. 


d. Find India’s population, to the nearest million, in the 
year 2055 as predicted by this function. 


e. What appears to be happening to India’s population 
every 27 years? 


54. The 1986 explosion at the Chernobyl! nuclear power plant 
in the former Soviet Union sent about 1000 kilograms 
of radioactive cesium-137 into the atmosphere. The 
function f(x) = 1000(0.5)30 describes the amount, f(x), in 
kilograms, of cesium-137 remaining in Chernobyl x years 
after 1986. If even 100 kilograms of cesium-137 remain in 
Chernobyl’s atmosphere, the area is considered unsafe for 
human habitation. Find f(80) and determine if Chernobyl 
will be safe for human habitation by 2066. 


The formula S = C(1 + r)' models inflation, where C = the 
value today, r = the annual inflation rate, and S = the inflated 
value t years from now. Use this formula to solve Exercises 55-56. 
Round answers to the nearest dollar. 


55. If the inflation rate is 6%, how much will a house now 
worth $465,000 be worth in 10 years? 
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56. If the inflation rate is 3%, how much will a house now 


worth $510,000 be worth in 5 years? 


x 


Use a calculator with an | e* | key to solve Exercises 57-63. 


As of July 2010, 500 million people worldwide shared versions 
of their lives on Facebook. The graph shows the number of 
active Facebook users (users who returned to the site within 
30 days) for selected months from 2009 through 2010. 


Number of Active 
Users (millions) 
ie>) 
iS 
SS) 

T 


Number of Active Facebook Users 


600 - 


500 
400 
350 
300 
250 
200 
200 F 459° 175 


Jan. Feb. April July Sept. Dec. Feb. July 
2009 2009 2009 2009 2009 2009 2010 2010 


Month and Year 


Source: Facebook 


The data can be modeled by 


f(x) = 19x + 127 and g(x) = 152.6¢%.9667*, 


in which f(x) and g(x) represent the number of active 
Facebook users, in millions, x months after December 2008. 
Use these functions to solve Exercises 57-58. Round answers to 
the nearest whole million. 


57. 


58. 


59. 


a. According to the linear model, how many millions of 
active Facebook users were there in February 2010, 
14 months after December 2008? 


b. According to the exponential model, how many 
millions of active Facebook users were there in 
February 2010? 


c. Which function is a better model for the data in 
February 2010? 


a. According to the linear model, how many millions 
of active Facebook users were there in July 2010, 
19 months after December 2008? 


b. According to the exponential model, how many millions 
of active Facebook users were there in July 2010? 


c. Which function is a better model for the data in 
July 2010? 


In college, we study large volumes of information— 
information that, unfortunately, we do not often retain for 
very long. The function 
f(x) = 80e°>* + 20 
describes the percentage of information, f(x), that a 
particular person remembers x weeks after learning the 
information. 
a. Substitute 0 for x and, without using a calculator, 
find the percentage of information remembered at 
the moment it is first learned. 
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b. Substitute 1 for x and find the percentage of 
information that is remembered after 1 week. 


c. Find the percentage of information that is remembered 
after 4 weeks. 


d. Find the percentage of information that is remembered 
after one year (52 weeks). 


60. In 1626, Peter Minuit persuaded the Wappinger Indians to 
sell him Manhattan Island for $24. If the Native Americans 
had put the $24 into a bank account paying 5% interest, 
how much would the investment have been worth in the 
year 2005 if interest were compounded 
a. monthly? 

b. continuously? 
The function 
90 
1 2ne oe 


f(x) = 


models the percentage, f(x), of people x years old with 
some coronary heart disease. Use this function to solve 
Exercises 61-62. Round answers to the nearest tenth of a percent. 


61. Evaluate f(30) and describe what this means in practical 
terms. 


62. Evaluate f(70) and describe what this means in practical 
terms. 


63. The function 

30,000 
iF 202 
describes the number of people, M(t), who become ill with 
influenza ft weeks after its initial outbreak in a town with 
30,000 inhabitants. The horizontal asymptote in the graph 
indicates that there is a limit to the epidemic’s growth. 


NO 


N() = 


ple 
Ww 
S 
°o 
S 
=) 


5) 


30,000 
ftern2 Oem 


: >t 
Number of people Tim 
initially ill with the flu 


a. How many people became ill with the flu when the 
epidemic began? (When the epidemic began, t = 0.) 


N(t) = 


Number of II Peo 


b. How many people were ill by the end of the third 
week? 


c. Why can’t the spread of an epidemic simply grow 
indefinitely? What does the horizontal asymptote 
shown in the graph indicate about the limiting size of 
the population that becomes ill? 


Writing in Mathematics 


64. What is an exponential function? 
65. What is the natural exponential function? 


66. Use a calculator to obtain an approximate value for e to 
as many decimal places as the display permits. Then use 


ill x 
the calculator to evaluate (1 + *) for x = 10, 100, 1000, 


Xx 
10,000, 100,000, and 1,000,000. Describe what happens to 
the expression as x increases. 


67. Write an example similar to Example 7 on page 670 in 
which continuous compounding at a slightly lower yearly 
interest rate is a better investment than compounding 
n times per year. 


68. Describe how you could use the graph of f(x) = 2* to 
obtain a decimal approximation for yD. 


Technology Exercises 


69. You have $10,000 to invest. One bank pays 5% interest 
compounded quarterly and the other pays 4.5% interest 
compounded monthly. 


a. Use the formula for compound interest to write a 
function for the balance in each account at any time ¢ in 
years. 


b. Use a graphing utility to graph both functions in 
an appropriate viewing rectangle. Based on the 
graphs, which bank offers the better return on your 
money? 


2 
70. a. Graphy = e*andy=1+x+ ae the same viewing 


rectangle. 
Xo ae 
b. Graph y = e*andy=1+x4 5) in the same 
viewing rectangle. 
2 3 4 
y a bY 
: hy =e* andy=14 t t t in th 
c. Graph y = e* and y oS 6 74 0 e 


same viewing rectangle. 


d. Describe what you observe in parts (a)-(c). Try 
generalizing this observation. 


Critical Thinking Exercises 


Make Sense? In Exercises 71-74, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


71. My graph of f(x) = 3-2* shows that the horizontal 
asymptote for f is x = 3. 

72. I’m using a photocopier to reduce an image over and 
over by 50%, so the exponential function f(x) = (3)* 
models the new image size, where x is the number of 
reductions. 


73. 


74. 


Taxing thoughts: I’m looking at data that show the number 
of pages in the publication that explains the U.S. tax 
code for selected years from 1945 through 2009. A linear 
function appears to be a better choice than an exponential 
function for modeling the number of pages in the tax code 
during this period. 


Number of Pages in 
the Federal Tax Code 


80,000 
70,320 


70,000 + 
60,000 + 

50,000 F 

40.000 40,500 
30,000 

20.000 19,500 

10,000 F ra 


1945 1974 1993 2009 
Year 


Number of Pages 


Source: CCH Inc. 
I use the natural base e when determining how much 
money Id have in a bank account that earns compound 
interest subject to continuous compounding. 


In Exercises 75-78, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


75. 


76. 


77. 
78. 


79. 


As the number of compounding periods increases on a 
fixed investment, the amount of money in the account over 
a fixed interval of time will increase without bound. 


The functions f(x) = 3“ and g(x) = —3* have the same 
graph. 

If f(x) = 2*, then f(a + b) = f(a) + f(b). 

The functions f(x) = (Gyr and g(x) = 3 * have the same 
graph. 

The graphs labeled (a)—(d) in the figure represent y = 3°, 
y=S,y= Gy, andy = (7 but not necessarily in that 
order. Which is which? Describe the process that enables 
you to make this decision. 
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80. The hyperbolic cosine and hyperbolic sine functions are 
defined by 
x 4 9% 2 Aen 
cosh x = = and sinhx = == 


Prove that (cosh x)* — (sinh x)? = 1. 


Review Exercises 
ab 


81. Solve forb: D = ; 
a+b 


(Section 6.7, Example 1) 
3 2 
2. Evaluate: 5 
8 valuate E a 
(Section 3.5, Example 1) 


83. Solve: x(x — 3) = 10. 
(Section 5.7, Example 2) 


Preview Exercises 


Exercises 84-86 will help you prepare for the material covered 
in the next section. 


84. Let f(x) = 3x — 4and g(x) = x7 + 6. 
a. Find f(5). 
b. Find g(f(5)). 


=) 
85. Simplify: a) a 


86. Solve for y: = [yeas 


676 CHAPTER 9_ Exponential and Logarithmic Functions 


Objectives 


@ Form composite 
functions. 


2 | Verify inverse functions. 


3 | Find the inverse of a 
function. 


4 | Use the horizontal line 
test to determine if a 
function has an inverse 
function. 


5 | Use the graph of a 
one-to-one function 
to graph its inverse 
function. 


Composite and Inverse Functions 


Based on Shakespeare’s Romeo and Juliet, the film West Side Story swept the 1961 
Academy Awards with ten Oscars. The top four movies to win the most Oscars are 
shown in Table 9.2. 


H-|°)(-°a Films Winning the Most Oscars 


Number of 
Movie Year Academy Awards 
Ben-Hur 1960 11 
Titanic 1998 11 
The Lord of the Rings: The 2003 11 
Return of the King 
West Side Story 1961 10 


Source: Russell Ash, The Top 10 of Everything, 2011 


We can use the information in Table 9.2 to define a function. Let the domain of the 
function be the set of four movies shown in the table. Let the range be the number of 
Academy Awards for each of the respective films. The function can be written as follows: 


f: {(Ben-Hur, 11), (Titanic, 11), (The Lord of the Rings, 11), (West Side Story, 10)}. 


“cc 


Now let’s “undo” f by interchanging the first and second components in each of the 
ordered pairs. Switching the inputs and outputs of f, we obtain the following relation: 


Same first component 


Undoing f: {(11, Ben-Hur), (11, Titanic), (11, The Lord of the Rings), (10, West Side Story)}. 


Different second components 


Can you see that this relation is not a function? Three of its ordered pairs have the 
same first component and different second components. This violates the definition of 
a function. 

If a function fis a set of ordered pairs, (x, y), then the changes produced by f can be 
“undone” by reversing the components of all the ordered pairs. The resulting relation, 
(y, x), may or may not be a function. In the next section, we will reverse the components 
of the ordered pairs of exponential functions. To understand what occurs when we 
interchange components, we turn to the topics of composite and inverse functions. 


1 | Form composite 
functions. 
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Composite Functions 


In Chapter 2, we saw that functions could be combined using addition, subtraction, 
multiplication, and division. Now let’s consider another way of combining two functions. 
To help understand this new combination, suppose that your local computer store is 
having a sale. The models that are on sale cost either $300 less than the regular price 
or 85% of the regular price. If x represents the computer’s regular price, the discounts 
can be described with the following functions: 


f(x) =x -— 300 g(x) = 0.85x. 


The computer is on The computer is on 
sale for $300 less sale for 85% of its 
than its regular price. regular price. 


At the store, you bargain with the salesperson. Eventually, she makes an offer 
you can’t refuse. The sale price will be 85% of the regular price followed by a $300 
reduction: 


0.85x — 300. 


85% of followed by 
the regular a $300 
price reduction 


In terms of functions f and g, this offer can be obtained by taking the output of 
g(x) = 0.85x, namely 0.85x, and using it as the input of f: 


f(x) = x — 300 
Replace x with 0.85x, the output of g(x) = 0.85x. 


f(0.85x) = 0.85x — 300. 


Because 0.85x is g(x), we can write this last equation as 
f(g(x)) = 0.85x — 300. 


We read this equation as “f of g of x is equal to 0.85x — 300.” We call f(g(x)) the 
composition of the function f with g, or a composite function. This composite function 
is written fe g. Thus, 


(feg)(x) = f(g(x)) = 0.85x — 300. 


This can be read “f of g of x" 
or “f composed with g of x.” 


Like all functions, we can evaluate f° g for a specified value of x in the function’s 
domain. For example, here’s how to find the value of the composite function describing 
the offer you cannot refuse at 1400: 


(f °g)(x) = 0.85x — 300 


Replace x with 1400. 


(f °g)(1400) = 0.85(1400) — 300 = 1190 — 300 = 890. 
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Because (f° g)(1400) = 890, this means that a computer that regularly sells for $1400 is 
on sale for $890 subject to both discounts. We can use a partial table of coordinates for 
each of the discount functions, g and f, to numerically verify this result. 


Computer's 85% of the 85% of the $300 
regular price regular price regular price reduction 
x g(x) = 0.85x x f (x) = x — 300 
1200 1020 1020 720 
1300 1105 1105 805 
1400 1190 1190 890 


Using these tables, we can find (f° g)(1400): 
(f °g)(1400) = f(g(1400)) = f(1190) = 890. 
EE 


The table for g shows The table for f shows 
that 2(1400) = 1190. _ that f(1190) = 890. 


This verifies that a computer that regularly sells for $1400 is on sale for $890 subject to 
both discounts. 

Before you run out to buy a computer, let’s generalize our discussion of the 
computer’s double discount and define the composition of any two functions. 


The Composition of Functions 


The composition of the function f with g is denoted by fo g and is defined by the 
equation 


(fog)(x) = flg(x)). 
The domain of the composite function f° g is the set of all x such that 


1. x isin the domain of g and 
2. g(x) is in the domain of f. 


| EXAMPLE 1 | Forming Composite Functions 


Given f(x) = 3x — 4 and g(x) = x? + 6, find each of the following composite 
functions: 


a. (f° g)(x) b. (g°f)(x). 


Solution 


a. We begin with (f° g)(x), the composition of f with g. Because (f° g)(x) means 
f(g(x)), we must replace each occurrence of x in the equation for f with g(x). 


f(x) =3x -4 This is the given equation for f. 


Replace x with g(x). 


(f eg)(x) = f(g(x)) = 3g(x) — 4 
= 3(x7 + 6) -—4 Because g(x) = % + 6, replace g(x) with 


+ 6. 
= 3x7 +18—4 Use the distributive property. 
= 3x7 + 14 Simplify. 


Thus, (f° g)(x) = 3x? + 14. 
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b. Next, we find (g°f)(x), the composition of g with f. Because (g°f)(x) means 
g(f(x)), we must replace each occurrence of x in the equation for g with f(x). 


g(x) = +6 This is the given equation for g. 
Replace x with f(x). 


(g°f)(x) = g(f(x)) = (f(x)? + 6 


= (3x — 4)? + 6 Because f(x) = 3x — 4, replace 
f(x) with 3x — 4. 

= 9x* — 24x + 16 + 6 Use (A — B)* = A? — 2AB + B? 
to square 3x — 4. 

= 9x* — 24x + 22 Simplify. 


Thus, (g° f)(x) = 9x? — 24x + 22. 
Notice that f° g is not the same function as gof. & 


\“| CHECK POINT1 Given f(x) = 5x + 6 and g(x) = x? — 1, find each of the 
following composite functions: 


a. (f° g)(x) b. (go f(x). 


Inverse Functions 
Here are two functions that describe situations related to the price of a computer, x: 
f(x) = x — 300 g(x) = x + 300. 


Function f subtracts $300 from the computer’s price and function g adds $300 to the 
computer’s price. Let’s see what f(g(x)) does. Put g(x) into f: 


f(x) = x — 300 This is the given equation for f. 


Replace x with g(x). 


f(g(x)) = g(x) — 300 
x + 300 — 300 Because g(x) = x + 300, 
replace g(x) with x + 300. 


This is the computer's 
original price. 


By putting g(x) into f and finding f(g(x)), we see that the computer’s price, x, went 
through two changes: the first, an increase; the second, a decrease: 


x + 300 — 300. 
The final price of the computer, x, is identical to its starting price, x. 


In general, if the changes made to x by function g are undone by the changes made 
by function f, then 


F(g(x)) = x. 
Assume, also, that this “undoing” takes place in the other direction: 
g(f(x)) = x. 


Under these conditions, we say that each function is the inverse function of the other. 
The fact that g is the inverse of f is expressed by renaming gas f ! , read “f-inverse.” 
For example, the inverse functions 


f(x) = x — 300 g(x) = x + 300 
are usually named as follows: 
f(xy) =x- 300 f(x) =x + 300. 


680 CHAPTER 9_ Exponential and Logarithmic Functions 


We can use partial tables of coordinates for f and f~' to gain numerical insight into 
the relationship between a function and its inverse function. 


Computer's $300 Price with $300 price 
regular price reduction $300 reduction increase 
x F(x) = x — 300 x f~'(x) = x + 300 
1200 900 900 1200 
1300 1000 1000 1300 
1400 1100 1100 1400 
Ordered pairs for f: Ordered pairs for f—!: 
(1200, 900), (1300, 1000), (1400, 1100) (900, 1200), (1000, 1300), (1100, 1400) 


The tables illustrate that if a function f is the set of ordered pairs (x, y), then the 
inverse, f !, is the set of ordered pairs (y, x). Using these tables, we can see how one 
function’s changes to x are undone by the other function: 


(f+ -f)(1300) = f-1(f(1300)) = f-1(1000) = 1300. 
| t ] 


The table for f shows The table for f—' shows 
that f(1300) =1000. that f (1000) = 1300. 


The final price of the computer, $1300, is identical to its starting price, $1300. 
With these ideas in mind, we present the formal definition of the inverse of a 


function: 
Great Question! Definition of the Inverse of a Function 
Is the —1 in f~' an Let f and g be two functions such that 
exponent? _ f ee ae 
The notation f | represents TE) SX Gn Seeger casera ae 
the inverse function of f. and 
The —1 is not an exponent. : P 
The notation f does not g(f(x)) =x for every x in the domain of f. 
ean L The function g is the inverse of the function f, and is denoted by f ! (read 
f “f-inverse”). Thus, f(f'(x)) = x and f '(f(x)) = x. The domain of f is equal to 
ple a the range of f_', and vice versa. 


| 2 | Verify inverse functions. | EXAMPLE 2 | Verifying Inverse Functions 


Show that each function is the inverse of the other: 

f(x) = 5x and g(x) = = 
Solution To show that f and g are inverses of each other, we must show that 
f(g(x)) = x and g(f(x)) = x. We begin with f(g(x)). 


f(x) = 5x This is the given equation for f. 


Rapluesiewtth gle: Because g(x) = replace g(x) with = 


fale) = Seta) = (2) =x Then simplify. 


Add 2. 


Subtract 2. 


ifm 


Figure 9.9 f~' undoes the changes 
produced by f. 
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Next, we find g(f(x)). 


This is the given equation for g. 


Replace x with f(x). 


g(f(x)) = 4 = 5 = 


Because f(x) = 5x, replace f(x) with 5x. 
Then simplify. 


Because g is the inverse of f (and vice versa), we can use inverse notation and write 
= —1 x 
f(x) =5x and f (x)= 5" 
Notice how f! undoes the change produced by f: f changes x by multiplying by 5 and 
f! undoes this change by dividing by 5. = 
CHECK POINT 2 Show that each function is the inverse of the other: 


f(x) = 7x and =—s g(x) = = 


ONT e-ecee Verifying Inverse Functions 


Show that each function is the inverse of the other: 


f(x) =3x+2 and g(x) = = 


Solution To show that f and g are inverses of each other, we must show that 
f(g(x)) = x and g(f(x)) = x. We begin with f(g(x)). 


f(x) =3x +2 


Replace x with g(x). 


F(g()) = 3e(x) +2=3(5 52) 42= (2) 42-2 


glx) = at 
Next, we find g(f(x)). 
#H= 2 
g(x) = 7 
Replace x with f(x). 
._ aH 2 . Berg 2 32% _ 
sia) = : =x 
f\x) =3x+2 


Because g is the inverse of f (and vice versa), we can use inverse notation and write 


pe = 2 
a (x) 3 . 
Notice how f ! undoes the changes produced by f:f changes x by multiplying by 3 
and adding 2, and f' undoes this by subtracting 2 and dividing by 3. This “undoing” 
process is illustrated in Figure 9.9. & 


f(x) = 3x +2 and 
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3 | Find the inverse of a 
function. 


/| CHECK POINT 3 Show that each function is the inverse of the other: 


x +7 
ra 


f(x) = 4x -—7 and g(x) = 


Finding the Inverse of a Function 


The definition of the inverse of a function tells us that the domain of f is equal to the 
range of f', and vice versa. This means that if the function f is the set of ordered pairs 
(x, y), then the inverse of f is the set of ordered pairs (y, x). If a function is defined by 
an equation, we can obtain the equation for f—|, the inverse of f, by interchanging the 
role of x and y in the equation for the function f. 


Finding the Inverse of a Function 


The equation for the inverse of a function f can be found as follows: 


1. Replace f(x) with y in the equation for f(x). 
2. Interchange x and y. 


3. Solve for y. If this equation does not define y as a function of x, the function 
f does not have an inverse function and this procedure ends. If this equation 
does define y as a function of x, the function f has an inverse function. 


4. If f has an inverse function, replace y in step 3 with f'(x). We can verify our 
result by showing that f(f-'(x)) = x and f '(f(x)) = x. 


The procedure for finding a function’s inverse uses a switch-and-solve strategy. 
Switch x and y, then solve for y. 


| EXAMPLE 4 | Finding the Inverse of a Function 


Find the inverse of f(x) = 7x — S. 


Solution 
Step 1. Replace f(x) with y: 
y= 7x — 5. 
Step 2. Interchange x and y: 
x = Ty — 5. This is the inverse function. 


Step 3. Solve for y: 
x+5=7y Add 5 to both sides. 


=y. Divide both sides by 7. 
Step 4. Replace y with f~' (x): 
iC oe 


x+5 
Thus, the inverse of f(x) = 7x — 5 is f~ on ) = ——. (Verify this result by showing 
that f(f-'(x)) = x and f (f(x) = x.) 


The inverse function, f~!, undoes the changes produced by f. f changes x by multiplying 
by 7 and subtracting 5. f-' undoes this by adding 5 and dividing by 7. = 


—— 


The equation is written with f—' on the left. 


¥| CHECK POINT 4 Find the inverse of f(x) = 2x + 7. 


4 | Use the horizontal line 
test to determine if a 
function has an inverse 
function. 
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| EXAMPLE 5 | Finding the Inverse of a Function 


Find the inverse of f(x) = x*° + 1. 


Solution 

Step 1. Replace f(x) withy: y= wet. 

Step 2. Interchange x andy: x = y? +1. 

Step 3. Solve for y. We need to solve x = y* + 1 for y. 


Our goal is to isolate y. 
Because V/y? = y, we will 
take the cube root of both 

sides of the equation. 


x-l=y Subtract 1 from both sides of x=y* +1. 


3 3 

Vx-1= Vy Take the cube root on both sides. 
3 

Vx-l=y Simplify. 


Step 4. Replace y with f—'(x): f-'(x) = Wx -— 1. 
Thus, the inverse of f(x) = x° + lis f-'(x) = We—1. # 


\/| CHECK POINT5 Find the inverse of f(x) = 4x3 — 1. 


The Horizontal Line Test and One-to-One Functions 


Let’s see what happens if we try to find the inverse of the quadratic function f(x) = x’. 


Step 1. Replace f(x) withy: y= x. 
Step 2. Interchange x andy: x = ye: 
Step 3. Solve fory: We apply the square root property to solve y” = x for y. We obtain 


y= 2 Vx: 


The + in this last equation shows that for certain values of x (all positive real 
numbers), there are two values of y. Because this equation does not represent y as a 
function of x, the quadratic function f(x) = x does not have an inverse function. 


We can use a few of the solutions of y = x? to illustrate numerically that this function 
does not have an inverse: 


Four solutions of y = x2. (-2, 4), (-1, 1), (1, 1), (2, 4), 


Interchange x and y in each 


ordered pair. (4,-2), (1,-1), (1,1), (4, 2). 


The input 1 is associated 
with two outputs, —1 and 1. 


The input 4 is associated 
with two outputs, —2 and 2. 


A function provides exactly one output for each input. Thus, the ordered pairs in the 
bottom row do not define a function. 
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Figure 9.10 The horizontal line 
intersects the graph twice. 


Discover for Yourself 


How might you restrict 
the domain of f(x) = x’, 
graphed in Figure 9.10, so 
that the remaining portion 
of the graph passes the 
horizontal line test? 


Can we look at the graph of a function and tell if it represents a function with an 
inverse? Yes. The graph of the quadratic function f(x) = x? is shown in Figure 9.10. 
Four units above the x-axis, a horizontal line is drawn. This line intersects the graph 
at two of its points, (—2, 4) and (2, 4). Inverse functions have ordered pairs with the 
coordinates reversed. We just saw what happened when we interchanged x and y. We 
obtained (4, —2) and (4, 2), and these ordered pairs do not define a function. 

If any horizontal line, such as the one in Figure 9.10, intersects a graph at two or 
more points, the set of these points will not define a function when their coordinates 
are reversed. This suggests the horizontal line test for inverse functions. 


The Horizontal Line Test for Inverse Functions 


A function f has an inverse that is a function, f ', if there is no horizontal line that 
intersects the graph of the function f at more than one point. 


| EXAMPLE 6 | Applying the Horizontal Line Test 


Which of the following graphs represent functions that have inverse functions? 


Ba y y y 
AL > X A x > X > X 
(a) (b) (c 


) (d) 


Solution Notice that horizontal lines can be drawn in graphs (b) and (c) that intersect 
the graphs more than once. These graphs do not pass the horizontal line test. These are 
not the graphs of functions with inverse functions. By contrast, no horizontal line can 
be drawn in graphs (a) and (d) that intersects the graphs more than once. These graphs 
pass the horizontal line test. Thus, the graphs in parts (a) and (d) represent functions 
that have inverse functions. 


y y » y 
A ry 
>Xx / \ >Xx 2 >x >Xx 
Has an inverse function No inverse function No inverse function Has an inverse function 
(a) (b) (c) (d) | 


|\“| CHECK POINT6 Whichof the following graphs represent functions that have 
inverse functions? 


y y y 
>xX i x +. x 
(a) (b) (c) 


A function passes the horizontal line test when no two different ordered pairs have 
the same second component. This means that if x, # x, then f(x,;) ¥ f(x,). Such 
a function is called a one-to-one function. Thus, a one-to-one function is a function 
in which no two different ordered pairs have the same second component. Only 


5 | Use the graph of a 
one-to-one function 
to graph its inverse 
function. 
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one-to-one functions have inverse functions. Any 
function that passes the horizontal line test is a 
one-to-one function. Any one-to-one function has 
a graph that passes the horizontal line test. 


>< 


a 


@ 
# 
Z 


Graphs of f and f~ salt” Ge 
There is a relationship between the graph of a 
one-to-one function, f, and its inverse, f_'. Because 
inverse functions have ordered pairs with the 
coordinates reversed, if the point (a, b) is on the ai 
graph of f, then the point (b, a) is on the graph of é 

f-'. The points (a, b) and (b, a) are symmetric with a 
respect to the line y = x. Thus, the graph of f~! is 
a reflection of the graph of f about the line y = ¥. Figure 9.14 The graph of fis a 

This is illustrated in Figure 9.11. reflection of the graph of f about y = x. 


Graphing the Inverse Function 


Use the graph of f in Figure 9.12 to draw the graph of its inverse function. 


(b,a) Graph of f 


> xX 


Solution We begin by noting that no horizontal line intersects the graph of f, 
shown again in blue in Figure 9.13, at more than one point, so f does have an inverse 
function. Because the points (—3, —2), (—1, 0), and (4, 2) are on the graph of f, the 
graph of the inverse function, f—', has points with these ordered pairs reversed. Thus, 
(—2, -3), (0, -1), and (2, 4) are on the graph of f~'. We can use these points to graph 
f |. The graph of f~! is shown in green in Figure 9.13. Note that the green graph of f 
is the reflection of the blue graph of f about the line y = x. 


Figure 9.13 The graphs of f and f! 


Figure 9.12 


'/| CHECK POINT7 The graph of function f consists of two line segments, one 
segment from (—2, —2) to (—1, 0) and a second segment from (—1, 0) to (1, 2). Graph 
f and use the graph to draw the graph of its inverse function. 


Achieving Success 


Warm up your brain before starting the assigned homework. Researchers say 
the mind can be strengthened, just like your muscles, with regular training and rigorous 
practice. Think of the book’s Exercise Sets as brain calisthenics. If you’re feeling a bit 
sluggish before any of your mental workouts, try this warmup: 


In the list below say the color the word is printed in, not the word itself. Once you 
can do this in 15 seconds without an error, the warmup is over and it’s time to move 
on to the assigned exercises. 


Blue Yellow Red Green Yellow Green Blue Red Yellow Red 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The notation f° g, called the of the function f with g, is defined by (f° g)(x) = 
2. I find (f° g)(x) by replacing each occurrence of x in the equation for with 
3. The notation g°f, called the of the function g with f, is defined by (g°f)(x) = 
4. I find (g°f)(x) by replacing each occurrence of x in the equation for with 
5. True or false: f° g is the same function as g of. 
6. True or false: f(g(x)) = f(x): g(x) 
7. The notation f_' means the of the function f. 
8. Ifthe function g is the inverse of the function f, then f(g(x)) = and g(f(x)) = 
9. A function fhas an inverse that is a function if there is no line that intersects the graph of f at more than one point. 
Such a function is called a/an function. 
10. The graph of f 1! is a reflection of the graph of f about the line whose equation is 
a & 
7 i: 
9.2 EXERCISE SET [MA M)AMEt IE: otre 
Practice Exercises In Exercises 15-24, find f(g(x)) and g(f(x)) and determine 
In Exercises 1-14, find whether each pair of functions f and g are inverses of each other. 
a. (f°g)(x); b. (g°f)(x); ce. (f°g)(2). 15. f(x) =4x and g(x) =~ 
is /KEO) = Ase, Ge) ke ae ‘. 
iG 
2. f(x) =3x, g(x) =x-5 16. f(x) =6x and g(x) = 6 
3. f(x) =x+4, g(x) =2x +1 8 


17. f(x) =3x+8 and g(x) = 


4. f(x) =5x +2, g(x) =3x-4 


18. f(x) =4r+9 and g(x) =~ 
5. f(x) = 4x — 3, g(x) = 5x? -2 
= 2 19. f(x) =5x—-9 and (= 
6. f(x) = 7x +1, g(x) = 2x" - 9 9 
7 f(x) =x? +2, = 77-2 
=a gia) = '% ie AB ea 2 3 
8 f(x) =x? +1, g(x) =x? -3 
9. f(x) = Vx, g(x) =x-1 1. fay = — and g(x) = “ A 
10. f(x) = Vx, g(x) =x4+2 5 > 
22. f(x) =——~ and g(x)=-+5 
4293 Pa) x 
11. f(x) = 2x — 3, g(x) => : 
ees 23. f(x) =—x and g(x) =—x 
UI Le eC ees 
7 fay = oe -1 A fG)= VE 4 and ee)=e4 
1 2 
14. f(x) = = g(x) = e 


The functions in Exercises 25-44 are all one-to-one. For each 


function, 


a. 


Find an equation for f\(x), the inverse function. 


b. Verify that your equation is correct by showing that 
FFG) = wand f“(f@)) ==. 

25. f(x) =x+3 

26.9 fi(6)—— eS 

27. f(x) = 2x 

28. f(x) = 4x 

29. f(x) = 2x +3 

30. f(x) =3x-1 

31. f(x) =x° +2 

32. f(x) =x -1 

33. f(x) = (x + 2)3 

34. f(x) = (x - 1% 

35. f(e) = — 

36. f(x) = — 

37. f(x) = Vx 

38. f(x) = Wx 

39. f(x) =x? + 1, forx =0 

40. f(x) = x? - 1, forx = 0 
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Dee el 

41. = 
fe) =, 
Deo 8) 

42. = 
Fe) eel 


43. f(x) = Wx-44+3 


3 


44. f(x) = x 


Which graphs in Exercises 45-50 represent functions that have 
inverse functions? 


45. y. 


_ 
. 


47. 


49. 


. wn 
+ 
He 
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Exponential and Logarithmic Functions 


In Exercises 51-54, use the graph of f to draw the graph of its 
inverse function. 


51. 52. 


Practice PLUS 


In Exercises 55-60, f and g are defined by the following tables. 
Use the tables to evaluate each composite function. 


x F(x) x g(x) 
=i 1 =I 0 
0 4 1 1 
5 4 2 
2 = 10 =i 
55. f(g(1)) 56. f(g(4)) 


57. (g°f)(-1) 58. (g°f)(0) 
59. f '(g(10)) 60. f-'(g(1)) 


In Exercises 61-64, use the graphs of f and g to evaluate each 
composite function. 


61. (f° g)(-1) 
63. (g°f)(0) 


62. (feg)(1) 
a Sa a) 


In Exercises 65-70, let 
f(x) = 2x —5 
g(x) = 4x - 1 
h(x) = x7 +x +42. 


Evaluate the indicated function without finding an equation for 
the function. 


65. (f° g)(0) 
67. f ‘(1) 
69. g(f[h(1)]) 


66. (¢°f)(0) 
68. g 1(7) 
70. f(g[A(1)]) 


Application Exercises 
71. The regular price of a computer is x dollars. Let 
f(x) = x — 400 and g(x) = 0.75x. 
a. Describe what the functions f and g model in terms of 
the price of the computer. 


b. Find (f° g)(x) and describe what this models in terms 
of the price of the computer. 


c. Repeat part (b) for (g° f)(x). 


d. Which composite function models the greater 
discount on the computer, f° g or g° f? Explain. 


e. Find f ! and describe what this models in terms of 
the price of the computer. 


72. The regular price of a pair of jeans is x dollars. Let 
f(x) = x — Sand g(x) = 0.6x. 
a. Describe what functions f and g model in terms of the 
price of the jeans. 


b. Find (f° g)(x) and describe what this models in terms 
of the price of the jeans. 


c. Repeat part (b) for (g°f)(x). 


d. Which composite function models the greater discount 
on the jeans, fog or g° f? Explain. 


e. Find f ! and describe what this models in terms of the 
price of the jeans. 


Way to Go _ Holland was the first country to establish an 
official bicycle policy. It currently has over 12,000 miles of 
paths and lanes exclusively for bicycles. The graph at the top of 
the next page shows the percentage of travel by bike and by car 
in Holland, as well as in four other selected countries. Use the 
information in the graph to solve Exercises 73-74. 


Modes of Travel in Selected Countries 
HM by bike MEM by car 
90% 84% 


Povo 
62% 

60% 
ee) 42% 45% 45% 

ly 
30% ls 

eG \= 
15% 1% Soe 5% 5% 

US. UK. 


Italy France Holland 
Country 


Percentage of Travel 


Source: EUROSTAT 


73. a. Consider a function, f, whose domain is the set of the 


74. 


75. 


five countries shown in the graph. Let the range be the 
percentage of travel by bike in each of the respective 
countries. Write function f as a set of ordered pairs. 


b. Write the relation that is the inverse of f as a set of ordered 
pairs. Is this relation a function? Explain your answer. 


a. Consider a function, f, whose domain is the set of the 
five countries shown in the graph. Let the range be the 
percentage of travel by car in each of the respective 
countries. Write function f as a set of ordered pairs. 


b. Write the relation that is the inverse of f as a set of ordered 
pairs. Is this relation a function? Explain your answer. 


The graph represents the probability that two people 
in the same room share a birthday as a function of the 
number of people in the room. Call the function f. 


Probability That Two People 
Share the Same Birthday 
i=) 
nn 
T 


| | (ey 


L | 
0 10° 20) 30 40" 50° 60 
Number of Persons 


a. Explain why f has an inverse that is a function. 


b. Describe in practical terms the meanings of f1(0.25), 
f-*(0.5), and f71(0.7). 
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76. A study of 900 working women in Texas showed that 


77 


their feelings changed throughout the day. As the graph 
indicates, the women felt better as time passed, except for 
a blip at lunchtime. 


Average Level of Happiness 
at Different Times of Day 


Average Level 
of Happiness 


i 


a fe ee fs | | 
8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 


Time of Day 


Source: D. Kahneman et al., “A Survey Method for Characterizing Daily Life 
Experience.” Science, Vol. 306, No. 5702, Dec. 3, 2004, pp. 1776-1780. 


a. Does the graph have an inverse that is a function? 
Explain your answer. 


b. Identify two or more times of day when the average 


happiness level is 3. Express your answers as ordered 
pairs. 


c. Do the ordered pairs in part (b) indicate that the graph 
represents a one-to-one function? Explain your answer. 


. The formula 
9 
Y= fey aa 32 


is used to convert from x degrees Celsius to y degrees 
Fahrenheit. The formula 


y = g(x) = 3(e - 32) 


is used to convert from x degrees Fahrenheit to y degrees 
Celsius. Show that f and g are inverse functions. 


Writing in Mathematics 


78. 
79. 


80. 
81. 
82. 


83. 


Describe a procedure for finding (f° g)(x). 


Explain how to determine if two functions are inverses of 
each other. 


Describe how to find the inverse of a one-to-one function. 
What is the horizontal line test and what does it indicate? 


Describe how to use the graph of a one-to-one function to 
draw the graph of its inverse function. 


How can a graphing utility be used to visually determine if 
two functions are inverses of each other? 
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Technology Exercises 


In Exercises 84-91, use a graphing utility to graph each 
function. Use the graph to determine whether the function has 
an inverse that is a function (that is, whether the function is 
one-to-one). 

84. f(x) =x? -1 


85. f(x) = V2-—x 


ios) 


86. f(x) = = 
4 
87. f(x) = a 


88. f(x) = |x — 2| 

89. f(x) = (x — 1) 

90. f(x) =-V16 — x? 

91. f(x) =xtxtl 
In Exercises 92-94, use a graphing utility to graph f and g in 
the same viewing rectangle. In addition, graph the line y = x 
and visually determine if f and g are inverses. 


92. f(x) =4x +4, g(x) = 0.25x - 1 
1 if 
93. f(x) = = +2, g(x) = a 


94. f(x) = Wx =2, e@) = + 2)? 


Critical Thinking Exercises 


Make Sense? In Exercises 95-98, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


95. This diagram illustrates that f(g(x)) = x7 + 4. 


1st 2nd 
fx) Output g(x) 


@ 
Ist — 2nd 
Input Input 
Pn am 


96. I must have made a mistake in finding the composite 
functions f° g and gof, because I notice that fog is the 
same function as g° f. 


Reed 


97. Regardless of what exponential function I graph, its shape 
indicates that it always has an inverse function. 
98. I’m working with the linear function f(x) = 3x + 5 and 
I do not need to find f~ in order to determine the value 
of (f° f')(17). 
In Exercises 99-102, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 
99. The inverse of {(1, 4), (2, 7)} is {(2, 7), (1, 4)}. 


100. The function f(x) = 5 is one-to-one. 


Output 


101. If f(x) = Vx and g(x) = 2x — 1, then (f° g)(5) = g(2). 

102. If f(x) = 3x, then f (x) = = 

103. If h(x) = V3x" + 5, find functions f and g so that 
h(x) = (fe g)(x). 


104. If f(x) = 3x and g(x) =x +5, find (fog) (x) and 
G =F JO): 
105. Show that 


10) eo 


is its own inverse. 


106. Consider the two functions defined by f(x) = myx + b; 
and g(x) = mx + bz. Prove that the slope of the 
composite function of f with g is equal to the product of 
the slopes of the two functions. 


Review Exercises 


107. Divide and write the quotient in scientific notation: 


4.3 xX 10° 
8.6 x 104 


(Section 1.7, Example 4) 
108. Graph: f(x) = x? — 4x + 3. 
(Section 8.3, Example 4) 


109. Solve: Vx+4- Vx-1=1. 


(Section 7.6, Example 4) 


Preview Exercises 


Exercises 110-112 will help you prepare for the material 
covered in the next section. 


110. What problem do you encounter when using the switch- 
and-solve strategy to find the inverse of f(x) = 2*? 


111. 25 to what power gives 5? (25’ = 5) 
112. Solve: (x - 3 >0. 
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Objectives 


1 | Change from 
logarithmic to 
exponential form. 


| 2 | Change from 
exponential to 
logarithmic form. 
Evaluate logarithms. 
Use basic logarithmic 
properties. 

Graph logarithmic 
functions. 


Find the domain of a 
logarithmic function. 


00 oa oo 


Use natural logarithms. 


Use common logarithms. 


Logarithmic Functions 


The earthquake that ripped through northern California 
on October 17, 1989, measured 7.1 on the Richter 
scale, killed more than 60 people, and injured more 
than 2400. Shown here is San Francisco’s Marina 
district, where shock waves tossed houses off 
their foundations and into the street. 

A higher measure on the Richter scale is 
more devastating than it seems because for 
each increase in one unit on the 
scale, there is a tenfold increase 
in the intensity of an earthquake. 
In this section, our focus is on 
the inverse of the exponential 
function, called the logarithmic 
function. The logarithmic 
function will help you to 
understand diverse phenomena, 
including earthquake intensity, 
human memory, and the pace of 
life in large cities. 


The Definition of Logarithmic Functions 


No horizontal line can be drawn that intersects the graph of an exponential function at 
more than one point. This means that the exponential function is one-to-one and has 
an inverse. Let’s use our switch-and-solve strategy to find the inverse. 


All exponential functions have 
inverse functions. f(x) = p* 


Step 1. Replace f(x) with y: y= b*. 
Step 2. Interchange x and y: x = b’. 
Step 3. Solve for y: ? 


The question mark indicates that we do not have a method for solving b” = x for y. 
To isolate the exponent y, a new notation, called logarithmic notation, is needed. This 
notation gives us a way to name the inverse of f(x) = b*. The inverse function of the 
exponential function with base b is called the logarithmic function with base b. 


Definition of the Logarithmic Function 
For x > Oandb > 0,b # 1, 


y = log, x is equivalent to b” = x. 


The function f(x) = log, x is the logarithmic function with base b. 


The equations 
y=log,x and by =x 


are different ways of expressing the same thing. The first equation is in logarithmic 
form and the second equivalent equation is in exponential form. 

Notice that a logarithm, y, is an exponent. Logarithmic form allows us to isolate this 
exponent. You should learn the location of the base and exponent in each form. 
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Location of Base and Exponent in Exponential and 
Logarithmic Forms 


Logarithmic Form: y = log, x Exponential Form: bY = x 


Great Question! 


Much of what you’ve discussed so far involves changing from logarithmic form 
to the more familiar exponential form. Is there a pattern | can use to help me 
remember how to do this? 


Yes. To change from logarithmic form to exponential form, use this pattern: 


y = log, x means bY = x. 
GD change from | EXAMPLE 1 | Changing from Logarithmic to Exponential Form 
logarithmic to 
exponential form. Write each equation in its equivalent exponential form: 
a. 2 = logsx b. 3 = log, 64 c. log37 = y. 
Solution We use the fact that y = log, x means b” = x. 
a. 2 = log;x means 5? = x. b. 3 = log, 64 means b> = 64. 
Logarithms are exponents. Logarithms are exponents. 
c. log;7 = yor y = log37 means3” = 7. & 
'/| CHECK POINT1 Write each equation in its equivalent exponential form: 
a. 3 = log7x b. 2 = log, 25 c. log, 26 = y. 
© Change from | EXAMPLE 2 | Changing from Exponential to Logarithmic Form 
exponential to 
logarithmic form. Write each equation in its equivalent logarithmic form: 
a. 12?=x b. b> = 8 c. ey = 9. 


Solution We use the fact that b” = x means y = log, x. In logarithmic form, the 
exponent is isolated on one side of the equal sign. 


a. 127 =x means 2 = logy x. b. b> = 8 means 3 = log, 8. 
Exponents are logarithms. Exponents are logarithms. 


c. ec» = 9means y = log,9. & 


\/| CHECK POINT 2 Write each equation in its equivalent logarithmic form: 
a. 2 =x b. b> = 27 c. e% = 33. 


3 | Evaluate logarithms. 


4 | Use basic logarithmic 
properties. 
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Remembering that logarithms are exponents makes it possible to evaluate some 
logarithms by inspection. The logarithm of x with base b, log, x, is the exponent to 
which b must be raised to get x. For example, suppose we want to evaluate log, 32. 
We ask, 2 to what power gives 32? Because 2° = 32, we can conclude that log, 32 = 5. 


| EXAMPLE 3 | Evaluating Logarithms 


Evaluate: 
a. log, 16 b. log39 c. logs; 5. 
Solution 
Logarithmic Question Needed Logarithmic Expression 
Expression for Evaluation Evaluated 
a. log, 16 2 to what power gives 16? log, 16 = 4 because 2* = 16. 
b. log39 3 to what power gives 9? log;9 = 2 because 3” = 9. 
1 
c. logos 5 25 to what power gives 5? logos 5 = 4 because 252 = V25 = 5. 


CHECK POINT3 Evaluate: 
a. logy, 100 b. log33 c. 102366. 


Basic Logarithmic Properties 


Because logarithms are exponents, they have properties that can be verified using the 
properties of exponents. 


Basic Logarithmic Properties Involving 1 


1. log,b =1 because 1 is the exponent to which b must be raised to obtain b. 
(b' = b) 
2. log, 1 = 0 because 0 is the exponent to which b must be raised to obtain 1. 
(Y= 1) 
| EXAMPLE 4 | Using Properties of Logarithms 
Evaluate: 
a. log;7 b. logs 1. 
Solution 


a. Because log, b = 1, we conclude log77 = 1. 


b. Because log, 1 = 0, we conclude logs 1 


'\/| CHECK POINT4 Evaluate: 
a. logy9 b. logg1. 


Now that we are familiar with logarithmic notation, let’s resume and finish the 
switch-and-solve strategy for finding the inverse of f(x) = b*. 


Step 1. Replace f(x) withy: y = b*. 

Step 2. Interchange x andy: x = b’. 

Step 3. Solve fory: y = log,x. 

Step 4. Replace y with f-"(x):_ f-'(x) = log, x. 
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5 | Graph logarithmic 
functions. 


g(x) = log, x 


Figure 9.14 The graphs of f(x) = 2* 
and its inverse function 


+—+—+—+ +++ > x 
2.3.4.5.6.7.8 


The completed switch-and-solve strategy illustrates that if f(x) = b*, then 
f (x) = log, x. The inverse of an exponential function is the logarithmic function 
with the same base. 

In Section 9.2, we saw how inverse functions “undo” one another. In particular, 


4F'@) =x and. f'(f(@)) = x 


Applying these relationships to exponential and logarithmic functions, we obtain the 
following inverse properties of logarithms: 


Inverse Properties of Logarithms 
For b > Oandb # 1, 


log, b* = x The logarithm with base b of b raised to a power equals that power. 


bl°&%* = x braised to the logarithm with base b of a number equals that number. 


| EXAMPLE 5 | Using Inverse Properties of Logarithms 


Evaluate: 


a. log,4 b. 6!8%°, 


Solution 
a. Because log, b* = x, we conclude log44° = 5. 


b. Because b!°8* = x, we conclude 6°? = 9. = 


/| CHECK POINT5 ~~ Evaluate: 


a. log,7® b. 3!083 17, 


Graphs of Logarithmic Functions 


How do we graph logarithmic functions? We use the fact that a logarithmic function 
is the inverse of an exponential function. This means that the logarithmic function 
reverses the coordinates of the exponential function. It also means that the graph of 
the logarithmic function is a reflection of the graph of the exponential function about 
the line y = x. 


| EXAMPLE 6 | Graphs of Exponential and Logarithmic Functions 


Graph f(x) = 2* and g(x) = log>x in the same rectangular coordinate system. 


Solution We first set up a table of coordinates for f(x) = 2*. Reversing these 
coordinates gives the coordinates for the inverse function g(x) = log, x. 


A a xlz/s/1/2/4]8 
f(x) = 2% zi1/2]/4]8 g(x) = logyx |-2/-1| 0 | 1 | 2 | 3 


Reverse 
coordinates. 


alH 


We now plot the ordered pairs from each table, connecting them with smooth curves. 
Figure 9.14 shows the graphs of f(x) = 2* and its inverse function g(x) = log, x. The 
graph of the inverse can also be drawn by reflecting the graph of f(x) = 2* about the 
liney=x. © 
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Great Question! 
You found the coordinates of g(x) = log, x by reversing the coordinates of 
f(x) = 2%. Do I have to do it that way? 


Not necessarily. You can obtain a partial table of coordinates for g(x) = log.x without 
having to obtain and reverse coordinates for f(x) = 2*. Because g(x) = log, x means 
28™) = x, we begin with values for g(x) and compute corresponding values for x: 


Use x = 28!) to compute x. For example, 
i = a7eaiad 
if g(x) =—-2, x= 2° = 3, = 3. 


| a, 
aiicsislier 
Start with eRe Ee aa 
values for g(x). g(x) =logx |-2/-1] 0} 1 | 2) 3 


CHECK POINT 6 ~~ Graph f(x) = 3* and g(x) = log; x in the same rectangular 
coordinate system. 


Figure 9.15 illustrates the relationship between the graph of an exponential function, 
shown in blue, and its inverse, a logarithmic function, shown in red, for bases greater than 1 
and for bases between 0 and 1. Also shown and labeled are the exponential function’s 
horizontal asymptote (y = 0) and the logarithmic function’s vertical asymptote (x = 0). 


: 
4 


flx) = b* 


flx)=b* (0,1) 


>> X 


(1,0) 


Horizontal asymptote: Y : 


Horizontal asymptote: a“ 
v= 0 ra 


y=0 , 


=f = ee 
f(x) = logy, x ra fee) = log), x 


Vertical asymptote: Vertical asymptote: ui 
x=0 x=0 


Figure 9.15 Graphs of exponential and logarithmic functions 


The red graphs in Figure 9.15 illustrate the following general characteristics of 
logarithmic functions: 


Characteristics of Logarithmic Functions of the Form f(x) = log, x 

1. The domain of f(x) = log, x consists of all positive real numbers: (0, ©). The 
range of f(x) = log, x consists of all real numbers: (—~, ©). 

2. The graphs of all logarithmic functions of the form f(x) = log, x pass through 
the point (1, 0) because f(1) = log, 1 = 0. The x-intercept is 1. There is no 
y-intercept. 

3. Ifb > 1, f(x) = log, x has a graph that goes up to the right and is an increasing 
function. 


4. If0 < b < 1, f(x) = log, x has a graph that goes down to the right and is a 
decreasing function. 


5. The graph of f(x) = log, x approaches, but does not touch, the y-axis. The 
y-axis, or x = 0, is a vertical asymptote. 
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© Find the domain of a 
logarithmic function. 


+ 3) 


i 
24+ (x) = log, (x 
! 


Figure 9.16 The domain of 
Q(X) = logy(x + 3) is (-3, ©). 


Use common 


The Domain of a Logarithmic Function 


In Section 9.1, we learned that the domain of an exponential function of the form 
f(x) = b* includes all real numbers and its range is the set of positive real numbers. 
Because the logarithmic function reverses the domain and the range of the exponential 
function, the domain of a logarithmic function of the form f(x) = log, x is the set 
of all positive real numbers. Thus, log,8 is defined because the value of x in the 
logarithmic expression, 8, is greater than zero and therefore is included in the domain 
of the logarithmic function f(x) = log.x. However, log,0 and log»(—8) are not 
defined because 0 and —8 are not positive real numbers and therefore are excluded 
from the domain of the logarithmic function f(x) = log2x. In general, the domain of 
S(@) = log, g(x) consists of all x for which g(x) > 0. 


Finding the Domain of a Logarithmic Function 


Find the domain of g(x) = logy (x + 3). 


Solution The domain of g consists of all x for which x + 3 > 0. Solving this 
inequality for x, we obtain x > —3. Thus, the domain of g is (—3, ~). This is illustrated 
in Figure 9.16. The vertical asymptote is x = —3 and all points on the graph of g have 
x-coordinates that are greater than—3. 


/| CHECK POINT7 Find the domain of h(x) = logy (x — 5). 


Common Logarithms 


logarithms. The logarithmic function with base 10 is called the common logarithmic function. The 
function f(x) = log 19x is usually expressed as f(x) = log x. Acalculator witha | LOG 
key can be used to evaluate common logarithms. Here are some examples. 
Most Scientific Most Graphing Display (or Approximate 
Logarithm Calculator Keystrokes Calculator Keystrokes Display) 
log 1000 1000 | LOG LOG | 1000 | ENTER 3 
3 

log; (|5[+]2 | |LoG LOG | | (| 5 [+|2 [J] | ENTER 0.39794 

log 5 

log 2 5 | LOG | |+|2 |LOG} |= LOG |5| =| | LOG| 2 | ENTER 2.32193 

log(—3) 3 | +/- | | LOG LOG | | €) |3 [ENTER ERROR 


Some graphing calculators 
display an open parenthesis 


when the key is pressed. 


In this case, remember to close 
the set of parentheses after 
entering the function's domain value: 


L06]5 [)|[+]|Loe] 2|)|[enteR]. 


The error message or | NONREAL ANS | message given by many calculators for 
log(—3) is areminder that the domain of the common logarithmic function, f(x) = log x, 
is the set of positive real numbers. In general, the domain of f(x) = log g(x) consists 
of all x for which g(x) > 0. 

Many real-life phenomena start with rapid growth and then the growth begins to 
level off. This type of behavior can be modeled by logarithmic functions. 


Modeling Heights of Children 


The percentage of adult height attained by a boy who is x years old can be modeled by 
f(x) = 29 + 48.8 log(x + 1), 


where x represents the boy’s age and f(x) represents the percentage of his adult height. 
Approximately what percentage of his adult height has a boy attained at age eight? 
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Solution We substitute the boy’s age, 8, for x and evaluate the function at 8. 
f(x) = 29 + 48.8 log(x + 1) This is the given function. 
f(8) = 29 + 48.8 log(8 + 1) Substitute 8 for x. 


= 29 + 48.8 log 9 Graphing calculator keystrokes: 
29 |+ | 48.8|LOG| 9 |ENTER 


= 76 
Thus, an 8-year-old boy has attained approximately 76% of his adult height. m 


[“| CHECK POINT8 Use the function in Example 8 to answer this question: 
Approximately what percentage of his adult height has a boy attained at age ten? 


The basic properties of logarithms that were listed earlier in this section can be 
applied to common logarithms. 


Properties of Common Logarithms 


General Properties Common Logarithms 


1. log, 1 =0 1. log1=0 
. log,b = 1 2. log 10 = 1 


2 
3. log, b* = x — Inverse — 3. log 10* = x 


The property log 10* = x can be used to evaluate common logarithms involving 
powers of 10. For example, 


log 100 = log 10? = 2, log 1000 = log 10° = 3, and log10”! = 7.1. 


| EXAMPLE 9 | Earthquake Intensity 


The magnitude, R, on the Richter scale of an earthquake of intensity J is given by 
I 
R = log— 
og I’ 


where Jy is the intensity of a barely felt zero-level earthquake. The earthquake that 
destroyed San Francisco in 1906 was 10° times as intense as a zero-level earthquake. 
What was its magnitude on the Richter scale? 


Solution Because the earthquake was 10°° times as intense as a zero-level 
earthquake, the intensity, J, is 10°7Jp. 


R = log— This is the formula for magnitude on the Richter scale. 


Substitute 10° Io for I. 
= log 108% Simplify. 
= 83 Use the property log 10” = x. 


San Francisco’s 1906 earthquake registered 8.3 on the Richter scale. & 


\“| CHECK POINT9 Use the formula in Example 9 to solve this problem. If an 
earthquake is 10,000 times as intense as a zero-level quake (J = 10,000J)), what is its 
magnitude on the Richter scale? 
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8 | Use natural logarithms. 


[-10, 10, 1] by [-10, 10, 1] 


Figure 9.17 The domain of 
f(x) = In(3 — x) is (2, 3). 


[-10, 10, 1] by [-10, 10, 1] 


Figure 9.18 The value 3 is 
excluded from the domain of 
g(x) = In& — 3)°. 


Natural Logarithms 


The logarithmic function with base e is called the natural logarithmic function. The 
function f(x) = log, xis usually expressed as f(x) = In x, read “elen of x.” A calculator 


with an | LN | key can be used to evaluate natural logarithms. Keystrokes are identical 
to those shown for common logarithmic evaluations on page 696. 

Like the domain of all logarithmic functions, the domain of the natural logarithmic 
function f(x) = Inx is the set of all positive real numbers. Thus, the domain of 
f(x) = In g(x) consists of all x for which g(x) > 0. 


Finding Domains of Natural Logarithmic 


EXAMPLE 10 Functions 


Find the domain of each function: 


a. f(x) = In — x) b. 9(x) = In(x — 3)’. 


Solution 


a. The domain of f(x) = In(3 — x) consists of all x for which 3 — x > 0. Solving this 
inequality for x, we obtain x < 3. Thus, the domain of f is (-~, 3). This is verified 
by the graph in Figure 9.17. 

b. The domain of g(x) = In(x — 3)* consists of all x for which (x — 3)? > 0. It 
follows that the domain of g is all real numbers except 3. Thus, the domain of g 
is (-%,3) U(3, ©). This is shown by the graph in Figure 9.18. To make it more 
obvious that 3 is excluded from the domain, we used a | DOT | format. 


'/| CHECK POINT 10 Find the domain of each function: 


a. f(x) = In(4 — x) 
b. g(x) = Inx’. 


The basic properties of logarithms that were listed earlier in this section can be 
applied to natural logarithms. 


Properties of Natural Logarithms 


General Properties Natural Logarithms 
1. log, 1 =0 Inl =0 


. log, b = 1 Ine=1 


1. 
2 2) 
3. log, bY = x — Inverse -_ 3. Ine* =x 
4 4. 


Wey ice ae __— properties = 


elnx =x 


Examine the inverse properties, In e* = x and e'"* = x. Can you see how In and e 
“undo” one another? For example, 


2 2 
he=2 he*® aie, 2° =2. md eo a7, 
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Dangerous Heat: Temperature 

Roce in an Enclosed Vehicle 

When the outside air temperature is anywhere from 72° to 96° Fahrenheit, the 

temperature in an enclosed vehicle climbs by 43° in the first hour. The bar graph in 

Figure 9.19 shows the temperature increase throughout the hour. The function 


f(x) = 13.4Inx — 11.6 


models the temperature increase, f(x), in degrees Fahrenheit, after x minutes. Use the 
function to find the temperature increase, to the nearest degree, after 50 minutes. How 
well does the function model the actual increase shown in Figure 9.19? 


Temperature Increase 
in an Enclosed Vehicle 


45° 
40° 
35° 
30° 
20° 
20° - 
15° 
10° 

5° 


43° 


41° 
38° gi 

34°... <a 

30 40 50 


Minutes 


29° 


2 
2 


Temperature Increase (°F) 


Figure 9.19 


Source: Lynn I Gibbs and David W. Lawrence, “Heat 
Exposure in an Enclosed Automobile.” Journal of the 
Lousiana State Medical Society, Volume 147(12), 1995 


| 
60 


Solution We find the temperature increase after 50 minutes by substituting 50 for x 
and evaluating the function at 50. 
f(x) = 13.4Inx — 11.6 
f(50) = 13.41n 50 — 11.6 
41 


10 20 


This is the given function. 


Substitute 50 for x. 


Graphing calculator keystrokes: 


13.4 |In| 50 11.6 | ENTER]. On some 
calculators, a parenthesis is needed after 50. 


According to the function, the temperature will increase by approximately 41° after 
50 minutes. Because the increase shown in Figure 9.19 is 41°, the function models the 
actual increase extremely well. & 


|\“| CHECK POINT 11 Use the function in Example 11 to find the temperature 
increase, to the nearest degree, after 30 minutes. How well does the function model the 
actual increase shown in Figure 9.19? 


Achieving Success 


We have seen that the best way to achieve success in math is through practice. Keeping 
up with your homework, preparing for tests, asking questions of your professor, reading 
your textbook, and attending all classes will help you learn the material and boost your 
confidence. Use language in a proactive way that reflects a sense of responsibility for your 
own successes and failures. 


Reactive Language 


Proactive Language 


Tl try. 


Pll do it. 


That’s just the way I am. 


There’s not a thing I can do. 


I can do better than that. 


I have options for improvement. 


I have to. 


I choose to. 


I can’t. 


I can find a way. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


‘Ale 


11. 


y = log, x is equivalent to the exponential form 


log, b = 

log, 1 = 

log, b* = 

poss = 

Using interval notation, the domain of f(x) = log, x is 


The graph of f(x) = log, x approaches, but does not touch, the 
, is a/an asymptote. 


. The logarithmic function with base 10 is called the 
expressed as f(x) = 


The logarithmic function with base e is called the 
expressed as f(x) = 


MyMathbab 


Practice Exercises 


In Exercises 1-8, write each equation in its equivalent 
exponential form. 


1. 4 = log, 16 2. 6 = log, 64 
3. 2 = log3x 4. 2 = logox 

5. 5 = log, 32 6. 3 = log, 27 
7. loge216 = y 8. logs125 = y 


In Exercises 9-20, write each equation in its equivalent 
logarithmic form. 


95 2 — 8 10: 5) — 625 
W.2¢=4 12, 53=4 
igo 2 14. W64=4 
15. 137 =x AGH 52° — x 
17. b* = 1000 18. b> = 343 
19. 7” = 200 20. 8” = 300 


In Exercises 21-42, evaluate each expression without using a 
calculator. 


21. log, 16 22. log; 49 
23. log, 64 24. log; 27 
25. logs k 26. log, b 
27. log, § 28. log; 4 
29. log; V7 30. logs V6 
31. logo J5 32. log3Z5 


33. loge4 8 34. logs; 9 


x >0,b>0,b 41. 


The function f(x) = log,.x is the function with base 


and the range is 


-axis. This axis, whose equation is 


The domain of g(x) = log, (5 — x) can be found by solving the inequality 


logarithmic function. The function f(x) = logjox is usually 


logarithmic function. The function f(x) = log,.x is usually 


Watch the videos Download the 
in MyMathLab MyDashBoard App 


35. 
37. 
39. 
41. 
43. 


44. 


45. 


46. 


logs 5 
log, 1 


logs 5’ 
glogs 19 


36. log,, 11 
38. log, 1 
40. log, 4° 
Cy qs 


Graph f(x) = 4° and g(x) = log, x inthe same rectangular 


coordinate system. 


Graph f(x) = S*and g(x) = logs xin the same rectangular 


coordinate system. 


Graph f(x) = Ge and g(x) = logix in the same 
rectangular coordinate system. 


Graph f(x) = GG)" and g(x) = logix in the same 
rectangular coordinate system. 


In Exercises 47-52, find the domain of each logarithmic 
function. 


47. 
48. 
49. 
50. 
51. 
52. 


fx) = logs(x + 4) 
f(x) = logs(x + 6) 
f(x) = log(2 — x) 
f(x) = log(7 — x) 
f(x) = In(x - 2) 
f(x) = In - 77 


In Exercises 53-66, evaluate each expression without using a 
calculator. 


53. 
55. 
57. 


log 100 
log 107 
198 33 


54. log 1000 
56. log 10° 
58. 10°83 


59. 
61. 


63. 


65. 


In Exercises 67-72, simplify each expression. 
67. 


68. 
69. 
70. 
71. 
72. 


In1 


In e® 


i 
In— 
2° 


en 125 


In e** 


inven 


en Se 
en he 
1 gles Vx 
19!oxV« 


Practice PLUS 


In Exercises 73-76, write each equation in its equivalent 
exponential form. Then solve for x. 


73. 
74. 


75. 


76. 


In Exercises 77-80, evaluate each expression without using a 


log3(x — 1) = 2 
logs(x + 4) = 2 


loggx = —3 


w/t 


logeax = 


calculator. 


77. 
78. 
79. 


80. 


In Exercises 81-86, match each function with its graph. The 
graphs are labeled (a) through (f), and each graph is displayed 
in a[—S, 5, 1] by [-5, 5, 1] viewing rectangle. 


81. 
82. 
83. 
84. 
85. 
86. 


log;(log77) 
logs(log, 32) 
log>(log3 81) 
log(In e) 


f(x) = In(x + 2) 
f(x) = In(x — 2) 
f(x) =Inx + 2 
f(x) =Inx -2 
f(x) = In(1 — x) 
f(x) = In(2 — x) 


a. 


60. 
62. 


64. 


66. 


SECTION 9.3 = Logarithmic Functions 701 


Application Exercises 


The percentage of adult height attained by a girl who is x years 
old can be modeled by 


f(x) = 62 + 35 log(x — 4), 


where x represents the girl’s age (from 5 to 15) and f(x) represents 
the percentage of her adult height. Use the formula to solve 
Exercises 87-88. Round answers to the nearest tenth of a percent. 


87. Approximately what percentage of her adult height 
has a girl attained at age 13? 


88. Approximately what percentage of her adult height has 
a girl attained at age ten? 
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The bar graph indicates that the percentage of first-year college The loudness level of a sound, D, in decibels, is given by the 
students expressing antifeminist views declined after 1970. Use formula 


this information to solve Exercises 89-90. 


D = 10log(10"), 


where I is the intensity of the sound, in watts per meter”. Decibel 


Opposition to Feminism among First-Year levels range from 0, a barely audible sound, to 160, a sound resulting 
United States College Students, 1970-2008 in a ruptured eardrum. Use the formula to solve Exercises 91-92. 
Stas eed Te On ei one 91. The sound of a blue whale can be heard 500 miles away, 
are best confined to the home and family. : ‘ ‘ 6 4 
Eye reaching an intensity of 6.3 X 10° watts per meter“. 
Wi Men Determine the decibel level of this sound. At close 
ee 60% -* 53.8 BE Women range, can the sound of a blue whale rupture the human 
S E 50% + eardrum? 
a 2 
SS 40% | 33.3°32.9 
2% E 2 29.1 28.7 92. What is the decibel level of a normal conversation, 
ap | ; 
gs 20% 485 aa 202 3.2 x 10° watt per meter? 
88 20%+ 16.8 15.5 
a * 10% + 93. Students in a psychology class took a final examination. 
As part of an experiment to see how much of the course 


1970 1980 1990 2000 2008 
‘Year 


Source: John Macionis, Sociology, Thirteenth Edition, Prentice Hall, 2010. 
89. The function 


fis) — 7-92 nee. oS 


models the percentage of first-year college men, f(x), 
expressing antifeminist views (by agreeing with the 
statement) x years after 1969. 

a. Use the function to find the percentage of first-year college 
men expressing antifeminist views in 2008. Round to 
one decimal place. Does this function value overestimate 
or underestimate the percentage displayed by the 
graph? By how much? 


content they remembered over time, they took equivalent 
forms of the exam in monthly intervals thereafter. The 
average score for the group, f(t), after t months was 
modeled by the function 


fit) =88-—15In(t +1), O=f= 12. 


a. What was the average score on the original exam? 


b. What was the average score, to the nearest tenth, after 
2 months? 4 months? 6 months? 8 months? 10 months? 
one year? 


c. Sketch the graph of f (either by hand or with a graphing 
utility). Describe what the graph indicates in terms of 
the material retained by the students. 


b. Use the function to project the percentage of first-year Writing in Mathematics 


college men who will express antifeminist views in 
2015. Round to one decimal place. 


90. The function 


f(x) = —4.82 Inx + 32.5 95. 
96. 
models the percentage of first-year college women, 97 


f(x), expressing antifeminist views (by agreeing with the 
statement) x years after 1969. 


a. Use the function to find the percentage of first-year 
college women expressing antifeminist views in 2008. 


Round to one decimal place. Does this function 100. 


value overestimate or underestimate the percentage 
displayed by the graph? By how much? 


b. Use the function to project the percentage of first-year 101. 


college women who will express antifeminist views in 
2015. Round to one decimal place. 


94. 


99. 


Describe the relationship between an equation in 
logarithmic form and an equivalent equation in 
exponential form. 


What question can be asked to help evaluate log; 81? 
Explain why the logarithm of 1 with base b is 0. 


. Describe the following property using words: log, b* = x. 
98. 


Explain how to use the graph of f(x) = 2* to obtain the 
graph of g(x) = log x. 
Explain how to find the domain of a logarithmic function. 


Logarithmic models are well suited to phenomena in 
which growth is initially rapid, but then begins to level 
off. Describe something that is changing over time that 
can be modeled using a logarithmic function. 


Suppose that a girl is 4 feet 6 inches at age 10. Explain 
how to use the function in Exercises 87-88 to determine 
how tall she can expect to be as an adult. 


Technology Exercises 


In Exercises 102-105, graph f and g in the same viewing 
rectangle. Then describe the relationship of the graph of g to 
the graph of f. 

102. f(x) = Inx, g(x) = In(x + 3) 


103. f(x) = Inx, g(x) = Inx + 3 
104. f(x) = log x, g(x) = —logx 
105. f(x) = log x, g(x) = log(x — 2) + 1 


106. Students in a mathematics class took a final examination. 
They took equivalent forms of the exam in monthly 
intervals thereafter. The average score, f(t), for the 
group after f months is modeled by the human memory 
function f(t) = 75 — 10 log(t + 1), where 0 =f = 12. 
Use a graphing utility to graph the function. Then 
determine how many months will elapse before the 
average score falls below 65. 


107. In parts (a)-(c), graph f and g in the same viewing 
rectangle. 


a. f(x) = In@Gx), g(x) = In3 + Inx 

b. f(x) = log(5x7), g(x) = log5 + log x? 

c. f(x) = In(2x), g(x) = In2 + Inx3 

d. Describe what you observe in parts (a)—(c). Generalize 


this observation by writing an equivalent expression 
for log,(MN), where M > Oand N > 0. 


e. Complete this statement: The logarithm of a product 
is equal to 


108. Graph each of the following functions in the same 
viewing rectangle and then place the functions in order 
from the one that increases most slowly to the one that 
increases most rapidly. 


y=x,y= Vx,y =e%y : 


Inx,y=x,y=x 


Critical Thinking Exercises 


Make Sense? In Exercises 109-112, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


109. I estimate that logg16 lies between 1 and 2 because 
8! = 8 and 8’ = 64. 

110. When graphing a logarithmic function, I like to show the 
graph of its horizontal asymptote. 

111. Ican evaluate some common logarithms without having 
to use a calculator. 

112. An earthquake of magnitude 8 on the Richter scale is 
twice as intense as an earthquake of magnitude 4. 
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In Exercises 113-116, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


log, 8 
feo = 
log,4 4 
114. log(—100) = —2 
115. The domain of f(x) = logs x is (—~, ~). 


116. log,x is the exponent to which b must be raised to 
obtain x. 


117. Without using a calculator, find the exact value of 
log381 — log, 1 
logo/78 — log 0.001 


118. Without using a calculator, find the exact value of 
loga[logs(log, 8)]. 

119. Without using a calculator, determine which is the 
greater number: log, 60 or log; 40. 


Review Exercises 
120. Solve the system: 
2x = 11 — 5y 
Nee — 25 Ie, 
(Section 3.1, Example 5) 
121. Factor completely: 
6x? — 8xy + 2y. 
(Section 5.4, Example 9) 
1225 Solve: x 23 =—4ior2 — 7x = 16. 
(Section 4.2, Example 6) 


Preview Exercises 


Exercises 123-125 will help you prepare for the material 
covered in the next section. In each exercise, evaluate the 
indicated logarithmic expressions without using a calculator. 


123. a. Evaluate: log, 32. 
b. Evaluate: log,8 + log, 4. 
c. What can you conclude about log, 32, or log»(8 +4)? 


124. a. Evaluate: log, 16. 


b. Evaluate: log,32 — log, 2. 


c. What can you conclude about 


82 
log, 16, or toa,( =)? 


125. a. Evaluate: 


b. Evaluate: 


log; 81. 
2 log; 9. 
c. What can you conclude about 


log3 81, or log3 97? 
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Objectives 


1 | Use the product rule. 
2 | Use the quotient rule. 
3 | Use the power rule. 


4 | Expand logarithmic 
expressions. 


5 | Condense logarithmic 
expressions. 


6 | Use the change-of- 
base property. 


1 | Use the product rule. 


Discover for Yourself 


We know that log 100,000 = 5. 


Show that you get the same 
result by writing 100,000 as 
1000 - 100 and then using the 
product rule. Then verify the 
product rule by using other 


numbers whose logarithms are 


easy to find. 


Properties of Logarithms 


The Product Rule 


We all learn new things in different ways. 
In this section, we consider important 
properties of logarithms. What would be 
the most effective way for you to learn 
these properties? Would it be helpful to 
use your graphing utility and discover one 
of these properties for yourself? To do 
so, work Exercise 107 in Exercise Set 9.3 
before continuing. Would it be helpful to 
evaluate certain logarithmic expressions 
that suggest three of the properties? If this 
is the case, work Preview Exercises 123-125 in 
Exercise Set 9.3 before continuing. Would 
the properties become more meaningful 
if you could see exactly where they come 
from? If so, you will find details of the 
proofs of many of these properties in the 
appendix. The remainder of our work in 
this chapter will be based on the properties 
of logarithms that you learn in this section. 


Properties of exponents correspond to properties of logarithms. For example, when we 
multiply exponential expressions with the same base, we add exponents: 


b™@.pr = pnt, 


This property of exponents, coupled with an awareness that a logarithm is an exponent, 
suggests the following property, called the product rule: 


The Product Rule 


Let b, M, and N be positive real numbers with b ¥ 1. 


log,(MN) = log, M + log, N 


The logarithm of a product is the sum of the logarithms. 


When we use the product rule to write a single logarithm as the sum of two logarithms, 
we say that we are expanding a logarithmic expression. For example, we can use the 


product rule to expand In(7x): 


In(7x) = In7 + Inx. 


is the sum of 
the logarithms. 


Using the Product Rule 


Use the product rule to expand each logarithmic expression: 


a. log4(7+5) 


b. log(10x). 


2 | Use the quotient rule. 


Discover for Yourself 


We know that log, 16 = 4. 
Show that you get the same 


3) 
result by writing 16 as = and 


then using the quotient rule. 
Then verify the quotient rule 
using other numbers whose 
logarithms are easy to find. 
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Solution 
a. log4(7-5) = log,7 + logy5 — The logarithm of a product is the sum of the logarithms. 


b. log(10x) = log 10 + log x The logarithm of a product is the sum of the logarithms. 
These are common logarithms with base 10 understood. 


= 1+ logx Because log, b = 1,thenlogi0 = 1. Ml 


\“| CHECK POINT1 Use the product rule to expand each logarithmic expression: 
a. log,(7- 11) b. log(100x). 


The Quotient Rule 
When we divide exponential expressions with the same base, we subtract exponents: 
b™ 


= pn 


b” 
This property suggests the following property of logarithms, called the quotient rule: 


The Quotient Rule 
Let b, M, and N be positive real numbers with b ¥ 1. 


M 
toss“) = log, M — log, N 


The logarithm of a quotient is the difference of the logarithms. 


When we use the quotient rule to write a single logarithm as the difference of two 
logarithms, we say that we are expanding a logarithmic expression. For example, we 


: x 
can use the quotient rule to expand log i 


toa(*) = logx — log 2. 


The logarithm is the difference of 
of a quotient the logarithms. 


| EXAMPLE 2 | Using the Quotient Rule 


Use the quotient rule to expand each logarithmic expression: 


19 e° 
a. tos,( 2) b. n( 5). 
Solution 


19 
a. tos, 2) = log; 19 — logzx The logarithm of a quotient is the difference of the 


logarithms. 
3 
b. In{ — ] = Ine? — In7 The logarithm of a quotient is the difference of the 
7 logarithms. These are natural logarithms with base e 
understood. 
=3-In7 Because Ine = x,thenIne? = 3. 


\“| CHECK POINT 2 Use the quotient rule to expand each logarithmic expression: 


es a(t! 
a. logs| - Inlay} 
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3 | Use the power rule. 


4 | Expand logarithmic 
expressions. 


The Power Rule 
When an exponential expression is raised to a power, we multiply exponents: 
(yap, 


This property suggests the following property of logarithms, called the power rule: 


The Power Rule 


Let b and M be positive real numbers with b # 1, and let p be any real number. 
log, M? = plog,M 


The logarithm of a number with an exponent is the product of the exponent and 
the logarithm of that number. 


When we use the power rule to “pull the exponent to the front,” we say that we 
are expanding a logarithmic expression. For example, we can use the power rule to 
expand In x’: 


Inx? = 2Inx. 


The logarithm of is the product of the 
a number with an exponent and the 
exponent logarithm of that number. 


Figure 9.20 shows the graphs of y = In x” and y = 2 In x in [-5, 5, 1] by [-5, 5, 1] 
viewing rectangles. Are In x” and 2 In x the same? The graphs illustrate that y = In x? 
and y = 2In x have different domains. The graphs are only the same if x > 0. Thus, 
we should write 


Inx? =2Inx for x>0. 


aan a Figure 9.20 
In x? and 2 In x have 


Domain: (—s2, 0) U (0, 22) Domain: (0, e) different domains. 


When expanding a logarithmic expression, you might want to determine whether 
the rewriting has changed the domain of the expression. For the rest of this section, 
assume that all variables and variable expressions represent positive numbers. 


| EXAMPLE 3 | Using the Power Rule 


Use the power rule to expand each logarithmic expression: 


a. logs7* b. In Vx c. log(4x)>. 


SECTION 9.4 Properties of Logarithms 707 


Solution 
a. log;7* = 4logs7 The logarithm of a number with an exponent is the exponent times 
i the logarithm of that number. 
b. In Vx = In x? Rewrite the radical using a rational exponent. 


= > In x Use the power rule to bring the exponent to the front. 


c. log(4x)° = 5 log(4x) We immediately apply the power rule because the entire variable 
expression, 4x, is raised to the 5th power. 


CHECK POINT 3 ___ Use the power rule to expand each logarithmic expression: 
a. log, 8” b. InWx c. log(x + 4). 


Expanding Logarithmic Expressions 


It is sometimes necessary to use more than one property of logarithms when you 
expand a logarithmic expression. Properties for expanding logarithmic expressions are 
as follows: 


Properties for Expanding Logarithmic Expressions 
For M > Oand N > 0: 


1. log,(MN) = log, M + log, N Product rule 
M 
2. togs( = log, M — log, N Quotient rule 


3. log, M? = p log, M Power rule 


Great Question! 


Are there some common screw-ups that | can avoid when using properties of 
logarithms? 


The graphs show Try to avoid the following errors: 
y, = In@+ 3) and y, = Inx + In3. 
The graphs are not the same: 
In + 3) 4 Inx + In3. 
In general, 
log,(M + N) # log, M + log, N. 


Incorrect! 


yg= In x + In 3 


log,(MN?) = p log,(MN) 


[-4, 5, 1] by [-3, 3, 1] 


| EXAMPLE 44 | Expanding Logarithmic Expressions 


Use logarithmic properties to expand each expression as much as possible: 


v2) 
| 2a hy b. 1 ——— 
a tonleve) mea 3 
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5 | Condense logarithmic 
expressions. 


Great Question! 


Are the properties listed 
on the right the same 

as those in the box on 
page 707? 

Yes. The only difference is 
that we’ve reversed the sides 
in each property from the 
previous box. 


Solution Wewill have to use two or more of the properties for expanding logarithms 
in each part of this example. 


1 
a. log,(x?Vy) = log, (xy?) Use exponential notation. 
1 
= log, x? + log, y” Use the product rule. 
i 
= 2log,x + 7 O8ey Use the power rule. 
1 
Wx xe 
b. log, 7 | = lees a Use exponential notation. 
36y 36y 
1 
= logsx? — log,(36y*) Use the quotient rule. 


1 
= loggx? — (logs 36 + loge y*) Use the product rule on logg(36y*). 


1 
= slogex — (logs36 + 4logey) Use the power rule. 


3 
1 
= 3 O86* — logs36 — 4 loge y Apply the distributive property. 
1 
= sloggx — 2 — 4logey logg 36 = 2 because 2 is the power 
3 to which we must raise 6 to get 36. 


(67=36) 


¥| CHECK POINT 4 Use logarithmic properties to expand each expression as 
much as possible: 


Vx 
a. log, (x*W/y) b. ior 


Condensing Logarithmic Expressions 


To condense a logarithmic expression, we write the sum or difference of two or more 
logarithmic expressions as a single logarithmic expression. We use the properties of 
logarithms to do so: 


Properties for Condensing Logarithmic Expressions 
For M > OandN > 0: 


1. log, M + log, N = log,(MN) Product rule 


M 
2. log, M — log, N = toss( 4) Quotient rule 


3. p log, M = log, M? Power rule 


| EXAMPLE 5 | Condensing Logarithmic Expressions 


Write as a single logarithm: 
a. log,2 + log432 
b. log(4x — 3) — log x. 
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Solution 
a. log,2 + log,32 = log,4(2 +32) Use the product rule. 
= log,64 We now have a single logarithm. However, we 
can simplify. 
= 3 log, 64 = 3 because 4° = 64. 


4x —3 
b. log(4x — 3) — log x = log ; Use the quotient rule. Ml 


\/| CHECK POINT5 Write as a single logarithm: 
a. log 25 + log 4 b. log(7x + 6) — log x. 


Coefficients of logarithms must be 1 before you can condense them using the product 
and quotient rules. For example, to condense 


2Inx + In(x + 1), 


the coefficient of the first term must be 1. We use the power rule to rewrite the 
coefficient as an exponent: 


1. Use the power rule to make the number in front an exponent. 
2In x + In(x + 1) = In x? + In(x + 1) = In[x?(x + 1)]. 


2. Use the product rule. The sum of logarithms with 
coefficients of 1 is the logarithm of the product. 


| EXAMPLE 6 | Condensing Logarithmic Expressions 


Write as a single logarithm: 


a. slogx + 4log(x — 1) b. 3In(x + 7) — Inx 

c. 4log, x — 2 log, 6 — Slog, y. 

Solution 

a. Slogx + 4log(x — 1) 
= log e + log(x — 1)4 Use the power rule so that all coefficients are 1. 
= log] x - | Use the product rule. The condensed form can be 


expressed as log| Vx(x — 1)*]. 
b. 3In(x + 7) — Inx 


= In(x + 7) - Inx Use the power rule so that all coefficients are 1. 
(x + 7) 
=I1n a Use the quotient rule. 


c. 4log,x — 2log,6 — Slog, y 
= log, x* — log, 6” — log, ie Use the power rule so that all coefficients are 1. 
= log, xt - (10s, 36 + loess") Rewrite as a single subtraction. 
= log, x? — loss( 36)°) Use the product rule. 
4 


4 
= log, =! or toes =) Use the quotient rule. 
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CHECK POINT6 Write as a single logarithm: 


1 
a. 2Inx + 3 ine + 5) b. 2 log(x — 3) — logx 


Cc. flog, x — 2log,5 — 10 logy y. 


oO Use the change-of- The Change-of-Base Property 


Base property: We have seen that calculators give the values of both common logarithms (base 10) and 


natural logarithms (base e). To find a logarithm with any other base, we can use the 
following change-of-base property: 


The Change-of-Base Property 


For any logarithmic bases a and 5, and any positive number M, 


log, M 
log,b 


log, M = 


The logarithm of M with base b is equal to the logarithm of M with any new base 
divided by the logarithm of b with that new base. 


In the change-of-base property, base b is the base of the original logarithm. Base a 
is a new base that we introduce. Thus, the change-of-base property allows us to change 
from base b to any new base a, as long as the newly introduced base is a positive 
number not equal to 1. 

The change-of-base property is used to write a logarithm in terms of quantities 
that can be evaluated with a calculator. Because calculators contain keys for common 
(base 10) and natural (base e) logarithms, we will frequently introduce base 10 or base e. 


Change-of-Base Introducing Common Introducing Natural 
Property Logarithms Logarithms 
log, M logig M log, M 
log, M = ute log, M = ei eat log, M = ae 
log, b logig b log, b 


a is the new 10 is the new e is the new 
introduced base. introduced base. introduced base. 


Using the notations for common logarithms and natural logarithms, we have the 
following results: 


The Change-of-Base Property: Introducing Common 
and Natural Logarithms 
Introducing Common Logarithms Introducing Natural Logarithms 
log M In M 


log, M = = — 
log b a Inb 


log, M = 


Discover for Yourself 


Find a reasonable estimate of 
logs 140 to the nearest whole 
number: 5 to what power is 
140? Compare your estimate 
to the value obtained in 
Example 7. 
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Changing Base to Common Logarithms 


Use common logarithms to evaluate logs 140. 


: log M 
Solution Because log,M= ; 
log b 
lor<140 = log 140 
mee log 5 
= 3.07. Use a calculator: 140 |LOG|| + | 5 |LOG 


=| or |LOG/140| + | |LOG|5|ENTER). 
On some calculators, parentheses are needed 
after 140 and 5. 


This means that log;140 ~ 3.07. & 


|\“| CHECK POINT 7 —Usecommon logarithms to evaluate log, 2506. 


Changing Base to Natural Logarithms 


Use natural logarithms to evaluate logs 140. 


2 In M 
Solution Because log, M = ; 
In b 
In 140 
log. 140 = 
8s In 5 
= 3.07. Useacalculator: 140 |LN||+|5/LN|| =| or 


LN| 140 | + ||LN|5 |ENTER|. On some calculators, 
parentheses are needed after 140 and 5. 


We have again shown that log; 140 ~ 3.07. & 


\“| CHECK POINT8 Use natural logarithms to evaluate log 72506. 


Using Technology 


We can use the change-of-base property to graph 
logarithmic functions with bases other than 10 or e on 
a graphing utility. For example, Figure 9.21 shows the 
graphs of 

y=log,x and y = logs.x 


in a [0, 10, 1] by [-3, 3, 1] viewing rectangle. Because 


lee = all renner 
pees In2 eee ae In 20’ ane Figure 9.21 Using the change- 
are entered as of-base property to graph 
logarithmic functions 
y, = |LN|x |+||LN|2 
and y, = |LN|x\\|+||LN aN 
\ N 


are needed after x, 2, and 20. 


On some calculators, ae 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 


The product rule for logarithms states that log,(MN) = . The logarithm of a product is the of the 
logarithms. 
M 
. The quotient rule for logarithms states that log {*) = . The logarithm of a quotient is the of the 
logarithms. 
The power rule for logarithms states that log, M? = . The logarithm of a number with an exponent is the 
of the exponent and the logarithm of that number. 
The change-of-base property for logarithms allows us to write logarithms with base b in terms of a new base a. Introducing base 


a, the property states that 


log, M = =—.. 


, as 
ei = MyMathLab®  wesee — oomeriae 


Practice Exercises 29. log V100x 
In all exercises, assume that all variables and variable 30. In Vex 
expressions represent positive numbers. [x 

31. log ie 
In Exercises 1-36, use properties of logarithms to expand each by 


logarithmic expression as much as possible. Where possible, - 
evaluate logarithmic expressions without using a calculator. 32. log y 
1. logs(7°3) 2. loge(13-7) Vxy3 
3. log;(7x) 4. logo(9x) 33. log, 3 
5. log(1000x) 6. log(10,000x) Yxy* 
7 9 34. log, z 
7. ioa,( 2) 8. loas( =>) os 
‘ ss 3/xy 
Bom OOS ie 
x x 23 
9. toa( *) 10 (x5) am 
100 1000 oe, 
64 125 36. logs a6 
11. log,| — 12. log;{ —— 
y y In Exercises 37-60, use properties of logarithms to condense 
4 Tk Ce 44 He ee each logarithmic expression. Write the expression as a single 
/ 5 : 8 logarithm whose coefficient is 1. Where possible, evaluate 
15. log,x° 16. log,x’ logarithmic expressions. 
17. log N° 18. log M8 37. log5 + log2 
19. InW/x 20. InWx 38. log 250 + log 4 
21. log,(x’y) 22. log,(xy°) 39. Inx + In7 
40. Inx + In3 
23. toed “*) 24. toe ¥*) 
64 25 41. log, 96 — log,3 
25} toe 2) 42. log;405 — log35 
Vxt1 
6A 43. log(2x + 5) — logx 
26. logs| ————— 
ol Wee ap :) 44. log(3x + 7) — logx 
27. toes(“2) 45. logx + 3logy 
: 46. logx + 7logy 
x3y 1 
2B Noes 47. inx + Iny 


il 
48. 3inx +Iny 


49. 2log,x + 3log,y 


50. Slog,x + 6log,y 


51. Sinx — 2Iny 525 ini — siniy, 


it 1 
53. re 54. a 


55. 4In(x + 6) — 3Inx 


56. 8In(x + 9) — 4Inx 


of. Sina Siny — olnz 


58. 4Inx + 7Iny — 3lnz 


59. 5(log;x + logsy) — 2logs(x + 1) 


60. }(log4yx — logyy) + 2 log,(x + 1) 


In Exercises 61-68, use common logarithms or natural 


logarithms and a calculator to evaluate to four decimal places. 


61. logs 13 62. log, 17 
63. logy4,87.5 64. log 1657.2 
65. logo, 17 66. logy; 19 
67. log, 63 68. log, 400 


Practice PLUS 


In Exercises 69-74, let log, 2 = A and log,3 = C. Write each 


expression in terms of A and C. 


69. log, > 70. log,6 

71. log,8 72. log, 81 

73. lot = 74. losn| = 
OT 16 


In Exercises 75-88, determine whether each equation is true or 
false. Where possible, show work to support your conclusion. 


If the statement is false, make the necessary change(s) to 
produce a true statement. 


75. Ine =0 

76. In0d=e 

77. log4(2x*) = 3 log,(2x) 

78. In(8x*) = 3 In(2x) 

79. x log 10* = x? 

80. In(x + 1) = Inx + In1 
81. In(5x) + In1 = In(5x) 

82. Inx + In(2x) = In(3x) 


log(x + 3 
83. log(x + 3) — log(2x) = —— 
log(x + 2 
84. ae log(x + 2) — log(x — 1) 


85. 


86. 


87. 


88. 


SECTION 9.4 


toe 34) = logs(x — 1) — loge(x? + 4) 


log.[4(x + 1)] = loge4 + loge(x + 1) 


l = 
0837 log73 


In Exercises 89-92, 


a. 


89. 


90. 


91. 


92: 


Evaluate the expression in part (a) without using a 
calculator. 


Use your result from part (a) to write the expression in 
part (b) as a single logarithm whose coefficient is 1. 


a. log39 
b. log3x + 4log3y — 2 


a. log, 16 


b. logyx + Slogyy — 4 


a. logos5 
1 
b. logysx + logss(x? — 1) — logys(x + 1) -— a 


a. 102366 


1 
b. logyx + logs(x? — 4) — logy(x + 2) -— 2 


Application Exercises 


93. 


94. 


The loudness level of a sound can be expressed by 
comparing the sound’s intensity to the intensity of a sound 
barely audible to the human ear. The formula 

D = 10(log I — log Ip) 
describes the loudness level of a sound, D, in decibels, 
where J is the intensity of the sound, in watts per meter’, 


and J is the intensity of a sound barely audible to the 
human ear. 


a. Express the formula so that the expression in 
parentheses is written as a_ single logarithm. 


b. Use the form of the formula from part (a) to answer 
this question. If a sound has an intensity 100 times the 
intensity of a softer sound, how much larger on the 
decibel scale is the loudness level of the more intense 
sound? 


The formula 


t= =[n A In(A — N)] 


describes the time, ¢, in weeks, that it takes to achieve 
mastery of a portion of a task, where A is the maximum 
learning possible, N is the portion of the learning that is 
to be achieved, and c is a constant used to measure an 
individual’s learning style. 
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a. Express the formula so that the expression in brackets 
is written as a single logarithm. 


b. The formula is also used to determine how long it 
will take chimpanzees and apes to master a task. For 
example, a typical chimpanzee learning sign language 
can master a maximum of 65 signs. Use the form of 
the formula from part (a) to answer this question. 
How many weeks will it take a chimpanzee to master 
30 signs if c for that chimp is 0.03? 


Writing in Mathematics 


95. 


96. 


97. 
98. 


99. 


100. 


101. 


102. 


Describe the product rule for logarithms and give an 
example. 


Describe the quotient rule for logarithms and give an 
example. 


Describe the power rule for logarithms and give an example. 


Without showing the details, explain how to condense 
Inge 2 Ine Ml): 


Describe the change-of-base property and give an 
example. 


Explain how to use your calculator to find log 4283. 


You overhear a student talking about a property of 
logarithms in which division becomes subtraction. Explain 
what the student means by this. 


Find In 2 using a calculator. Then calculate each of the 
following: 1 — 5; 1-$+% Re ee 


23 
1-5+4- 4+ 4.... Describe what you observe. 


Technology Exercises 


103. a. 


104. 


105. 


Use a graphing utility (and the change-of-base property) 
to graph y = log3x. 

b. Graph y=2+ log3x, y =log3(x+ 2), and 
y =—log3;x in the same viewing rectangle as 
y = log;x. Then describe the change or changes that 
need to be made to the graph of y = log3x to obtain 
each of these three graphs. 


Graph y = log x, y = log(10x), and y = log(0.1x) in the 
same viewing rectangle. Describe the relationship among 
the three graphs. What logarithmic property accounts 
for this relationship? 


Use a graphing utility and the change-of-base property 

to graph y = log3x, y = logzsx, and y = logjg9x in the 

same viewing rectangle. 

a. Which graph is on the top in the interval (0, 1)? Which 
is on the bottom? 


b. Which graph is on the top in the interval (1, %)? 
Which is on the bottom? 


c. Generalize by writing a statement about which 
graph is on top, which is on the bottom, and in which 
intervals, using y = log,x where b > 1. 


Disprove each statement in Exercises 106-110 by 


a. 
b. 


110. 


letting y equal a positive constant of your choice, and 
using a graphing utility to graph the function on each 
side of the equal sign. The two functions should have 
different graphs, showing that the equation is not true in 
general. 


. log(x + y) = logx + logy 
x logx 
log- = 
y logy 
. In(x — y) =Inx -Iny 
. In(xy) = (Inx)(In y) 
ny =Inx —Iny 
Iny 


Critical Thinking Exercises 


Make Sense? In Exercises 111-114, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


111. 


112. 


113. 


114. 


Because I cannot simplify the expression b” + b” by 
adding exponents, there is no property for the logarithm 
of a sum. 


Because logarithms are exponents, the product, quotient, 
and power rules remind me of properties for operations 
with exponents. 

Ican use any positive number other than 1 in the change- 
of-base property, but the only practical bases are 10 and 
e because my calculator gives logarithms for these two 
bases. 


IT expanded log a = by writing the radical using a rational 


exponent and then applying the quotient rule, obtaining 


1 
lo8ax — logyy. 


In Exercises 115-118, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


115. 


116. 


unl 
118. 
119. 


120. 


121. 


in V2 = ae 
log7 49 
= log, 49 — | 
log77 O87 9 0g77 
log,(x° + y*) = 3 log,x + 3log,y 


logy(xy)’ = (log,.x + logy yy? 
Use the change-of-base property to prove that 


‘ee 
eee in 10 


If log3 = A and log7 = B, find log79 in terms of A 
and B. 


Write as a single term that does not contain a logarithm: 
en 8x°—In 2x7 


Review Exercises 


122. Graph: 5x — 2y > 10. (Section 4.4, Example 1) 
123) Solyeq = 2 (Gx 2) 23: 
(Section 4.1, Example 2) 
. i  WA0x?y8 
124. Divide and simplify: 


W/5xy , 


(Section 7.4, Example 5) 


What You Know: We evaluated and graphed 
A exponential functions [f(x) = b*,b > Oandb # 1], 

including the natural exponential function [f(x) = e’, 
e ~ 2.718]. We studied composite and inverse functions, noting 
that a function has an inverse that is a function if there is no 
horizontal line that intersects the function’s graph more than 
once. The exponential function passes this horizontal line test 
and we called the inverse of the exponential function with base b 
the logarithmic function with base b. We learned that y = log, x 
is equivalent to bY = x. We evaluated and graphed logarithmic 
functions, including the common logarithmic function 
[f(x) = logj x or f(x) = log x] and the natural logarithmic 
function [f(x) = log.x or f(x) = In x]. Finally, we used properties 
of logarithms to expand and condense logarithmic expressions. 


In Exercises 1-3, find (f° g)(x) and (g° f)(x). Are f and g inverses 
of each other? 
1. f(x) = 3x + 2, g(x) = 4x —-5 


Mid-Chapter Check Point 


Preview Exercises 


Exercises 125-127 will help you prepare for the material 
covered in the next section. 


3 
125. Simplify: 167. 


4 
126. Evaluate 3 In(2x) ifx = x 
ete 1 
127. Ive: =-. 
Bole 4x+3 x 


| MID-CHAPTER CHECK POINT Section 9.1-Section 9.4 


2. f(x) = W7x + 5, 9(x) = ae 


3. f(x) = logsx, g(x) = 5° 


4. Let f(x) = £ . : and g(x) = Vx + 3. 
a. Find (f°g)(6). b. Find (g°f)(-1). 
c. Find (fe f)(5). d. Find (ge g)(—2). 
In Exercises 5-7, find ft. 


5. fx) = a 5 


6. f(x) = 10x37 -—7 


7. f= {(2,5),(10,—-7), (11,—10)} 


In Exercises 8-10, which graphs represent functions? Among these graphs, which have inverse functions? 


8. ve 9. y 10. y 
au x a x n< x 


In Exercises 11-14, graph the given function. Give each function’s 
domain and range. 


11. f(x) = 2* —3 

12. f(x) = (3)' 

13. f(x) = log.x 

14. f(x) = logosx + 1 

In Exercises 15-18, find the domain of each function. 
15. f(x) = log3(x + 6) 

16. g(x) = log3x + 6 

17. h(x) = log3(x + 6)? 

18. f(x) = 3**6 


In Exercises 19-29, evaluate each expression without using a 
calculator. If evaluation is not possible, state the reason. 


19. logs8 + logs25 
20. log35 

21. logigo 10 

22. log\/10 

23. log,(log3 81) 
24. log3(logz) 


26. Inev’ 
28. log 100 0.1 


25, 6!865 
27. 10!°813 


29. log, ay? 


715 


716 


In Exercises 30-31, expand and evaluate numerical terms. 


31. 


CHAPTER 9 


In(e!?x?°) 


Exponential and Logarithmic Functions 


34, : In 
a x 
2 


3Iny — In(z — 2) 


35. Use the formulas 


In Exercises 32-34, write each expression as a single logarithm. 


32. 


33. 


1 
8 log7x — 3 los7y 


Tlogsx + 2 logsx 


nt 
A= (1 4: ") and A = Pe” 
n 


to solve this exercise. You plan to invest $8000 for 3 years 
at an annual rate of 8%. How much more is the return if 
the interest is compounded continuously than monthly? 
Round to the nearest dollar. 


Objectives 


Use like bases to solve 
exponential equations. 


Use logarithms to solve 
exponential equations. 


Use exponential form 
to solve logarithmic 
equations. 


Use the one-to-one 
property of logarithms 
to solve logarithmic 
equations. 


Solve applied problems 
involving exponential 
and logarithmic 
equations. 


Use like bases to solve 
exponential equations. 


At age 20, you inherit $30,000. You’d like to put aside 
$25,000 and eventually have over half a million 
dollars for early retirement. Is this possible? 
In this section, you will see 
how techniques for solving 
equations 
exponents 
answer to this question. 


with 
provide an 


Exponential 
Equations 


variable 


Exponential and Logarithmic Equations 


An exponential equation is an 
equation containing a variable in an exponent. Examples of exponential equations 
include 


28 = 16, 4*=15, and 40e°% = 240. 


Some exponential equations can be solved by expressing each side of the equation 
as a power of the same base. All exponential functions are one-to-one—that is, no 
two different ordered pairs have the same second component. Thus, if b is a positive 
number other than 1 and b” = b’ then M = N. 


Solving Exponential Equations by Expressing Each Side as a 
Power of the Same Base 


If b” = bY, then M=N. 
A A ’ a | 


Express each side as a Set the exponents 
power of the same base. equal to each other. 


1. Rewrite the equation in the form b” = bN. 


2. SetM=N. 
3. Solve for the variable. 


Using Technology 
Graphic Connections 
The graphs of 


y= 23x-8 


and y, = 16 


have an intersection point 
whose x-coordinate is 4. This 
verifies that {4} is the solution 
scton2 a) — 16" 


[-1, 5, 1] by [0, 20, 1] 


Discover for Yourself 
The equation 16* = 64 can 
also be solved by writing each 
side in terms of base 2. Do 
this. Which solution method 
do you prefer? 


2 | Use logarithms to solve 
exponential equations. 
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| EXAMPLE 1 | Solving Exponential Equations 


Solve: a. 23*-§ = 16 b. 16° = 64. 


Solution In each equation, express both sides as a power of the same base. Then set 
the exponents equal to each other. 


a. Because 16 is 2*, we express each side of 2**-® = 16 in terms of base 2. 


on! = 16 This is the given equation. 
2 =o Write each side as a power of the same base. 
3x -8 =4 if bM = bN,b > Oand b ¥ 1, thenM = N. 
3x = 12 Add 8 to both sides. 
x=4 Divide both sides by 3. 
Check 4: 

23x-8 = 16 

2°48 2 16 
2 216 
16 = 16, _—_— true 


The solution is 4 and the solution set is {4}. 


b. Because 16 = 4? and 64 = 4°, we express each side of 16* = 64 in terms of base 4. 


16* = 64 This is the given equation. 
(yy =a Write each side as a power of the same base. 
Apt = ae When an exponential expression is raised to 
a power, multiply exponents. 
2x = 3 If two powers of the same base are equal, 
then the exponents are equal. 
3 
x > Divide both sides by 2. 
3 
Check —: 
2 
16° = 64 
3 
16° = 64 
(V16)3 2 64 pF = (Wb)” 
43 = 64 
64 = 64, true 


The solution is } and the solution set is {3} | 


CHECK POINT 1 
a. 59 = 125 


Solve: 
b. 4% = 32. 


Most exponential equations cannot be rewritten so that each side has the same base. 
Here are two examples: 


4* = 15 10* = 120,000. 


We cannot rewrite both 
sides in terms of base 10. 


We cannot rewrite both 
sides in terms of base 2 
or base 4. 
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Discover for Yourself 


Keep in mind that the 

base used when taking the 
logarithm on both sides of an 
equation can be any base at 
all. Solve 4° = 15 by taking 
the common logarithm on 
both sides. Solve again, this 
time taking the logarithm 
with base 4 on both sides. Use 
the change-of-base property 
to show that the solutions are 
the same as the one obtained 
in Example 2(a). 


Exponential and Logarithmic Functions 


Logarithms are extremely useful in solving equations such as 4* = 15 and 
10* = 120,000. The solution begins with isolating the exponential expression. Notice 
that the exponential expression is already isolated in both 4* = 15 and 10* = 120,000. 
Then we take the logarithm on both sides. Why can we do this? All logarithmic relations are 
functions. Thus, if M and N are positive real numbers and M = N, then log, M = log, N. 

The base that is used when taking the logarithm on both sides of an equation can be 
any base at all. If the exponential equation involves base 10, as in 10* = 120,000, we’ll 
take the common logarithm on both sides. If the exponential equation involves any 
other base, as in 4* = 15, we’ll take the natural logarithm on both sides. 


Using Logarithms to Solve Exponential Equations 
1. Isolate the exponential expression. 


2. Take the common logarithm on both sides of the equation for base 10. Take the 
natural logarithm on both sides of the equation for bases other than 10. 


3. Simplify using one of the following properties: 
Inb* =xInb or Ine*=x or logl0’ =x. 


4. Solve for the variable. 


| EXAMPLE 2 | Solving Exponential Equations 


Solve: a. 4* = 15 b. 10* = 120,000. 


Solution We will use the natural logarithmic function to solve 4* = 15 and the 
common logarithmic function to solve 10* = 120,000. 


a. Because the exponential expression, 4*, is already isolated on the left side of 
“ = 15, we begin by taking the natural logarithm on both sides of the equation. 


4* = 15 This is the given equation. 
In 4* = 1n15 Take the natural logarithm on both sides. 
xIn4=1n15 Use the power rule and bring the variable exponent 
to the front: In & = x|In b. 
In 15 
= in4 Solve for x by dividing both sides by In 4. 


We now have an exact value for x. We use the exact value for x in the equation’s 


and the solution set is {Bel 
In 4 


We can obtain a decimal approximation by using a calculator: x ~ 1.95. Because 
4? = 16, it seems reasonable that the solution to 4* = 15 is approximately 1.95. 


. ‘ .. Mis 
solution set. Thus, the equation’s solution is ini 
n 


b. Because the exponential expression, 10", is already isolated on the left side of 
10* = 120,000, we begin by taking the common logarithm on both sides of the 
equation. 


10* = 120,000 


log 10° = log 120,000 = Take the common logarithm on both sides. 
x = log 120,000 


This is the given equation. 


Use the inverse property log 10” = x on the left. 


The equation’s solution is log 120,000 and the solution set is {log 120,000}. We 
can obtain a decimal approximation by using a calculator: x ~ 5.08. Because 
10° = 100,000, it seems reasonable that the solution to 10° = 120,000 is 
approximately 5.08. & 


3 | Use exponential form 
to solve logarithmic 
equations. 
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'/| CHECK POINT 2 Solve: 
a. 5 = 134 b. 10* = 8000. 


Find each solution set and then use a calculator to obtain a decimal approximation to 
two decimal places for the solution. 


| EXAMPLE 3 | Solving an Exponential Equation 


Solve: 40¢9% — 3 = 237. 


Solution We begin by adding 3 to both sides and dividing both sides by 40 to isolate 


the exponential expression, e°*. Then we take the natural logarithm on both sides of 
the equation. 


Ate * = 3. = 937 This is the given equation. 
40e°* = 240 Add 3 to both sides. 
or 6 Isolate the exponential factor by dividing both sides by 40. 
Ine’ = in6 Take the natural logarithm on both sides. 
0.6x = In 6 Use the inverse property In eX = x on the left. 
In6 
x= 06 = 2.99 Divide both sides by 0.6 and solve for x. 


In 6 
Thus, the solution of the equation is a? = 2.99, Try checking this approximate 


solution in the original equation to verify that {ze} is the solution set. 


\“| CHECK POINT3 Solve: 7e2" — 5 = 58. Find the solution set and then use a 
calculator to obtain a decimal approximation to two decimal places for the solution. 


Logarithmic Equations 


A logarithmic equation is an equation containing a variable in a logarithmic expression. 
Examples of logarithmic equations include 


1 
logyg(x + 3) =2 and In(x + 2) — In(4x + 3) = in( 4). 
Some logarithmic equations can be expressed in the form log,M = c. We can solve 
such equations by rewriting them in exponential form. 


Using Exponential Form to Solve Logarithmic Equations 
1. Express the equation in the form log,M = c. 


2. Use the definition of a logarithm to rewrite the equation in exponential form: 


(6 


a 
log, M =c means = M. 
&p S \ 


[ Logarithms are exponents. | 


3. Solve for the variable. 


4. Check proposed solutions in the original equation. Include in the solution set 
only values for which M > 0. 
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| EXAMPLE 4 | Solving Logarithmic Equations 


Solve: a. log4(x + 3) =2 b. 3 In(2x) = 12. 

Using Technology Solution The form log, M = c involves a single logarithm whose coefficient is 1 on 
Graphic Connections one side and a constant on the other side. Equation (a) is already in this form. We will 
The graphs of need to divide both sides of equation (b) by 3 to obtain this form. 

y, = loga(x + 3) and y, = 2 a. log4(x + 3) =2 This is the given equation. 
have an intersection point V=x+3 Rewrite in exponential form: log, M = c means b° = M. 
whose x-coordinate is 13. This 16=x+3 Square 4. 
weaales nan I) Re eo Uo 13 =x Subtract 3 from both sides. 
set for logy(x + 3) = 2. 
Check 13: 
loga(x + 3) = 2 This is the given logarithmic equation. 
log,(13 + 3) = 2 Substitute 13 for x. 
log, 16 + 2 
2=2, true log416 = 2 because 47 = 16. 


[-3, 17, 1] by [-2, 3, 1] b. 3 In(2x) = 12 
In(2x) = 4 
log (2x) = 4 
= 2% 
a 
2 = 
4 
e 
Check 2° 
3 In(2x) = 12 
4 
e 2 
3 In} 2| — = 12 
12) 
3Ine* = 12 
3+4 212 
12 = 12, 


This true statement indicates that the solution is 13 and the solution set is {13}. 


This is the given equation. 
Divide both sides by 3. 


Rewrite the natural logarithm showing base e. This step is 
optional. 


Rewrite in exponential form: log, M = c means b° = M. 


Divide both sides by 2. 


This is the given logarithmic equation. 


é 
Substitute = for x. 


2 e 
Simplify: —-— = e*. 
plify: To 
Because In & = x, we conclude In e* = 4. 


true 


4 4 
‘ we. ge ‘ 1 @ x P é 
This true statement indicates that the solution is es and the solution set is iS} | 


“| CHECK POINT 4 


a. log,(x — 4) = 3 


Solve: 


b. 4In(3x) = 8. 


Logarithmic expressions are defined only for logarithms of positive real numbers. 
Always check proposed solutions of a logarithmic equation in the original equation. 
Exclude from the solution set any proposed solution that produces the logarithm of a 
negative number or the logarithm of 0. 

To rewrite the logarithmic equation log,M = c in the equivalent exponential form 
b° = M, we need a single logarithm whose coefficient is one. It is sometimes necessary 
to use properties of logarithms to condense logarithms into a single logarithm. In the 
next example, we use the product rule for logarithms to obtain a single logarithmic 
expression on the left side. 


4 | Use the one-to-one 
property of logarithms 
to solve logarithmic 
equations. 
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| EXAMPLE 5 | Solving a Logarithmic Equation 


Solve: log, x + logo(x — 7) = 3. 


Solution 
logy x + logo(x — 7) = 3 This is the given equation. 
logs[x(x — 7)] = 3 Use the product rule to obtain a single 
logarithm: log, M + log, N = log,(MN). 
= x(x — 7) Rewrite in exponential form. 
8 = x7 — 7x Evaluate 2° on the left and apply the 


distributive property on the right. 
0=x*-7x-8 Set the equation equal to O. 
0 = (x — 8)(x + 1) Factor. 


x-8=0 or x+1=0 Set each factor equal to O. 


x= x =-1 Solve for x. 
Check 8: Check — 1: 
logyx + logo(x — 7) = 3 logyx + log»(x — 7) = 3 
log,8 + log,(8 — 7) + 3 log,(—1) + log.(—1 — 7) = 3 
log,8 + log, 1 23 The number —1 does not check. It produces 
2 logarithms of negative numbers. Neither —1 nor 
3+0=3 —6 are in the domain of a logarithmic function. 
3 = 3, true 


The solution is 8 and the solution set is {8}. = 


\/| CHECK POINT5 Solve: logx + log(x — 3) = 1. 


Some logarithmic equations can be expressed in the form log, M = log, N. Because 
all logarithmic functions are one-to-one, we can conclude that M = N. 


Using the One-to-One Property of Logarithms to Solve 
Logarithmic Equations 


1. Express the equation in the form log, M = log, N. This form involves a single 
logarithm whose coefficient is 1 on each side of the equation. 


2. Use the one-to-one property to rewrite the equation without logarithms: 
Iflog, M = log, N, then M = N. 
3. Solve for the variable. 


4. Check proposed solutions in the original equation. Include in the solution set 
only values for which M > Oand N > 0. 
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5 | Solve applied problems 
involving exponential and 
logarithmic equations. 


| EXAMPLE 6 | Solving a Logarithmic Equation 


1 
Solve: In(x + 2) — In(4x + 3) = in( 4) 
Solution In order to apply the one-to-one property of logarithms, we need a single 
logarithm whose coefficient is 1 on each side of the equation. The right side is already in 
this form. We can obtain a single logarithm on the left side by applying the quotient rule. 


1 
In(x + 2) — In(4x + 3) = in( 4) This is the given equation. 
K+ 2. 1 
In = In| — Use the quotient rule to obtain a single 
4x + 3 7 logarithm on the left side: 
M 
log, M — log, N = a,( ™). 
N 
x +2 1 ieuak i 
Ng se the one-to-one property: 
4x+3 x or 


If log, M = log, N, then M = N. 


+2 1 
x(4x + 3)( = ) = x(4x + a(4 ) Multiply both sides by x(4x + 3), the LCD. 


4x +3 

x(x + 2) = 4x + 3 Simplify. 
xe +2x = 4x +3 Apply the distributive property. 

x7 -2x-3=0 Subtract 4x + 3 from both sides and set 
the equation equal to O. 
(x — 3)(x +1) =0 Factor. 
x-3=0 or x+1=0 Set each factor equal to O. 
x=3 x=-1 9 Solve forx. 


Substituting 3 for x into the original equation produces the true statement 
In(+) = in(4). However, substituting —1 produces logarithms of negative numbers. 
Thus, —1 is not a solution. The solution is 3 and the solution set is {3}. ™ 


Using Technology 
Numeric Connections 
A graphing utility’s | TABLE | feature can be 
used to verify that {3} is the solution set of 


In(@x + 2) — In(4x + 3) = in( 2), 


{ y, = In(x + 2) — In(4x + 3) | y2=ln(4) 


| yy and y, are equal when x = 3, J 


¥| CHECK POINT6 ~ Solve: In(x — 3) = In(7x — 23) — In(x + 1). 


Applications 


Our first applied example provides a mathematical perspective on the old slogan 
“Alcohol and driving don’t mix.” In California, where 38% of fatal traffic crashes 
involve drunk drivers, it is illegal to drive with a blood alcohol concentration of 0.08 
or higher. At these levels, drivers may be arrested and charged with driving under the 
influence. 


A blood alcohol concentration of 0.22 
corresponds to near certainty, or a 100% 
probability, of a car accident. 


R 
A 
100% 
=] L 
3 80% EF 
3 Lt 
< Le 
= 60% F 
1S) | 
ws L 
6 40% EF 
ts = 
4 aqey 
20% [F R = 6el2.77x 
Copy = 
0.05 0.10 0.15 0.20 0.25 
Blood Alcohol 
Concentration 
Figure 9.22 


x 
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EXAMPLE 7 Alcohol and Risk of a Car Accident 


Medical research indicates that the risk of having a car accident increases exponentially 
as the concentration of alcohol in the blood increases. The risk is modeled by 


R= 6e 12-77% 
where x is the blood alcohol concentration and R, given as a percent, is the risk of 


having a car accident. What blood alcohol concentration corresponds to a 17% risk of 
a car accident? How is this shown on the graph of R in Figure 9.22? 


Solution For arisk of 17%, we let R = 17 in the equation and solve for x, the blood 
alcohol concentration. 


R=te"™ This is the given equation. 
6g" = 17 Substitute 17 for R and (optional) reverse the 
two sides of the equation. 
12.77x — 7 F er 
e Isolate the exponential factor by dividing both 
6 sides by 6. 
17 
ne?" = n( 2) Take the natural logarithm on both sides. 
17 
12.77x = in( 2) Use the inverse property In e“ = x on the left side. 
17 
n(Z) 
x= D7 = 0.08 Divide both sides by 12.77. 


For a blood alcohol concentration of 0.08, the risk of a car accident is 17%. This is 
shown on the graph of R in Figure 9.22 by the point (0.08, 17) that lies on the blue 
curve. Take a moment to locate this point on the curve. In many states, it is illegal to 
drive with a blood alcohol concentration of 0.08. & 


\/| CHECK POINT7 Use the formula in Example 7 to solve this problem. What 
blood alcohol concentration corresponds to a 7% risk of a car accident? (In many 
states, drivers under the age of 21 can lose their licenses for driving at this level.) 


Suppose that you inherit $30,000 at age 20. Is it possible to invest $25,000 and have 
over half a million dollars for early retirement? Our next example illustrates the power 
of compound interest. 


Revisiting the Formula for Compound Interest 


nt 
A = (1 +1) 
nN 


describes the accumulated value, A, of a sum of money, P, the principal, after ¢ years 
at annual percentage rate r (in decimal form) compounded n times a year. How long 
will it take $25,000 to grow to $500,000 at 9% annual interest compounded monthly? 


The formula 


Solution 
r\nt 
A= (1 + ") This is the given formula. 


0.09 \ 1" 
500,000 = 25,000( 1 + “0 ) A(the desired accumulated value) = 500,000, 


P(the principal) = 25,000, 
r(the interest rate) = 9% = 0.09, and n = 12 
(monthly compounding). 
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Blitzer Bonus 


Playing Doubles: Interest 
Rates and Doubling Time 


One way to calculate what 
your savings will be worth at 
some point in the future is to 
consider doubling time. The 
following table shows how 
long it takes for your money 
to double at different annual 
interest rates subject to 
continuous compounding. 


Annual Years to 
Interest Rate Double 

5% 13.9 years 

7% 9.9 years 

9% 7.7 years 

11% 6.3 years 


Of course, the first problem 
is collecting some money to 
invest. The second problem 
is finding a reasonably safe 

investment with a return of 
9% or more. 


Nicole Bengiveno/The New York Times 


Exponential and Logarithmic Functions 


Our goal is to solve the equation for ¢. Let’s reverse the two sides of the equation and 
then simplify within parentheses. 


Reverse the two sides of the previous equation. 


0.0 12t 
25,000( 1 a a = 500,000 


25,000(1 + 0.0075)!7" = 500,000 = 0.0075. 
25,000(1.0075)!*" = 500,000 
(1.0075) = 20 

In(1.0075)! = In 20 


12t In(1.0075) = In 20 


Divide within parentheses: 


Add within parentheses. 
Divide both sides by 25,000. 
Take the natural logarithm on both sides. 


Use the power rule to bring the exponent to the 
front: In X& = xin b. 


-_ In 20 
~ 12 In 1.0075 
= 33.4 


Solve for t, dividing both sides by 12 In 1.0075. 


Use a calculator. 


After approximately 33.4 years, the $25,000 will grow to an accumulated value of 
$500,000. If you set aside the money at age 20, you can begin enjoying a life of leisure 
at about age 53. 


CHECK POINT 8 Howlong, to the nearest tenth of a year, will it take $1000 to 
grow to $3600 at 8% annual interest compounded quarterly? 


Modeling Attitudes of College Freshmen 


Researchers have surveyed attitudes of college freshmen every year since 1969. Figure 9.23 
shows that since 1980, there has been a decline in first-year college students’ opposition 
to homosexual relationships. This is part of an historical trend among college students 
toward greater tolerance. 


Opposition to Homosexual Relationships 
among First-Year United States College 
Students, 1980-2008 


Statement: “It is important to have laws 
prohibiting homosexual relationships.” 


70% 
60% 
50% 
40% 


; ; 30.1 
ae 20.1 
20% : 17.9 
10% 
Figure 9.23 


Source: John Macionis, Sociology, Thirteenth Edition, Prentice Hall, 2010. 


56.3 MO Men 
52.1 (8 Women 


Percentage Agreeing 
with the Statement 


The function 
f(x) = -6.2Inx + 40.5 


models the percentage of first-year college women, f(x), opposed to homosexual 
relationships x years after 1979. If trends modeled by the function continue, when will 
opposition to homosexual relationships among first-year college women diminish to 
16%? Round to the nearest year. 
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Solution To find when 16% of first-year college women will oppose homosexual 
relationships, we substitute 16 for f(x) and solve for x, the number of years after 1979. 


x) = —-6.2Inx + 40.5 This is the given function. 
16 = —6.21nx + 40.5 Substitute 16 for f(x). 


r 


Our goal is to isolate In x and then 
rewrite the equation in exponential form. 


16 — 40.5 = —6.2 In x + 40.5 — 40.5 Subtract 40.5 from both sides. 


—24.5 = —6.2 Inx Simplify. 
245 —6.2Inx en ee 
62 62 ivide both sides by —6.2. 
te = in simpli 
62 x implify. 
24.5 
—— = log, x Rewrite the natural logarithm 
6.2 showing base e. This step is optional. 
24.5 
e62 =x Rewrite in exponential form. 
52 =x Use a calculator. 


Approximately 52 years after 1979, in the year 2031, 16% of first-year college women 
will oppose homosexual relationships. 


\“| CHECK POINT9 The function g(x) = —7 Inx + 59 models the percentage 
of first-year college men, g(x), opposed to homosexual relationships x years after 
1979. According to this model, when did 40% of male freshmen oppose homosexual 
relationships? Round to the nearest year. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


Ali 


go a F YS DN 


10. 


If b” = bN, then 

If 2*-! = 27, then = 7. 
If x In9 = In 20, then x = 

Ife” = 6, then 0.6x = 


If logs(x + 1) = 3, then =xt+1. 

If log; x + log3(x + 1) = 2, then log; = 2. 
1x = 23 

it n( —e ) = ince = 3), then =x-—3, 


True or false: x = 15 is an exponential equation. 
True or false: 4° = 15 is an exponential equation. 


True or false: —3 is a solution of logs 9 = 2 logs x. 
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MyachLab 


Practice Exercises 

Solve each exponential equation in Exercises 1-18 by 
expressing each side as a power of the same base and then 
equating exponents. 


ih Sos 23" — Si 
So) — 125 45°57 — 1625 

5 30) 6. 327 
i CO = el Baro esee 15 
Ch = 40m 42 — 32, 
he of =O) 12. 125* = 625 
13. 3% =5 14, 8% = 5 
18 6* = V6 ee = Vi 
7. = 18, = —— 

Vi W3 


Solve each exponential equation in Exercises 19-40 by taking 
the logarithm on both sides. Express the solution set in terms 
of logarithms. Then use a calculator to obtain a decimal 
approximation, correct to two decimal places, for the solution. 


19. e* = 5.7 


20. e* = 0.83 
21. 10° = 3.91 
22. 10° = 8.07 
Ph By == Aly 
24. 19° = 143 
25. Se* = 25 
26. 9e* = 99 


27. 3e°* = 1977 

28. 4e” = 10,273 

29. e°7* = 13 

30. 08x =4 

31. 1250e".>* = 3750 
32h 11250e2n — 16250 
33. 30 — (1.4)" =0 
34. 135 — (4.7) =0 
35. el * = 793 

36. e! & = 7957 


Si de — 40) 


cy Se = sy 


Watch the videos Download the 
in MyMathLab MyDashBoard App 
39 get = 5° 
40, ae) = 9 


Solve each logarithmic equation in Exercises 41-90. Be sure 
to reject any value of x that is not in the domain of the original 
logarithmic expressions. Give the exact answer. Then, where 
necessary, use a calculator to obtain a decimal approximation, 
correct to two decimal places, for the solution. 


41. log;x = 4 42. logsx = 3 
43. log,x = —4 44. logsx = —5 
45. logox = Z 46. logosx = u 
2 2 
47. logx = 2 48. logx = 3 
49. logy(x + 5) = 3 50. logs(x — 7) = 2 


51. log3(x — 4) = —3 
52. log7(x + 2) = —2 
53. log4(3x + 2) = 3 
54. log,(4x + 1) =5 


55. Inx = 2 
56. Inx = 3 
57. Inx =—3 
58. Inx =—4 


59. 5In(2x) = 20 


60. 6 In(2x) = 30 


61. 6+ 2Inx =5 
62. 7+ 3lnx =6 


638. InVx+3=1 
64. nVxt+4=1 


65. logsx + log;(4x — 1) =1 

66. logs(x + 5) + loggx = 2 

67. log3(x — 5) + log3(x + 3) = 2 
68. logo(x — 1) + log,(x + 1) = 3 
69. log,(x + 2) — log,(x — 5) = 3 
70. logy(x + 2) — logy(x — 1) =1 
71. log(3x — 5) — log(5x) = 2 

72. log(2x — 1) — logx = 2 


735 Inge D> Ina — 1 


74. In(x + 2) — Inx = 2 

75. log3(x + 4) = log37 

76. log,(x — 5) = logs4 

77. log(x + 4) = logx + log 4 

78. log(5x + 1) = log(2x + 3) + log 2 
79. log(3x — 3) = log(x + 1) + log 4 
80. log(2x — 1) = log(x + 3) + log3 
81. 2 log x = log 25 

82. 3 log x = log 125 


83. log(x + 4) — log2 = log(5x + 1) 
84. log(x + 7) — log3 = log(7x + 1) 
85. 2logx — log7 = log 112 

86. log(x — 2) + log5 = log 100 

87. logx + log(x + 3) = log 10 


88. log(x + 3) + log(x — 2) = log 14 

89. In(x — 4) + In(x + 1) = In(x — 8) 

90. log,(x — 1) — log.(x + 3) = toa,(+) 
x 
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100. The formula A = 22.9e°9!8% models the population of 


Texas, A, in millions, ¢ years after 2005. 


a. What was the population of Texas in 2005? 


b. When will the population of Texas reach 27 million? 


The function f(x) = 20(0.975)* models the percentage of 
surface sunlight, f(x), that reaches a depth of x feet beneath 
the surface of the ocean. The figure shows the graph of this 
function. Use this information to solve Exercises 101-102. 


Intensity of Sunlight Beneath 


Practice PLUS Nn the Ocean’s Surface 
In Exercises 91-98, solve each equation. 14 
91. 5-54 = 125 92. 3**?.3* = 81 gr 
oo. 3° 5 B2 1p 
o 

@e Slr f(x) = 20(0.975}* 
94. 5° = 50 SE 6b 

ge ab 
95. log,(x — 6) + log,(x — 4) — logy»x = 2 BA 
96. log.(x — 3) + logyx — log,(x + 2) = 2 ie air 


97, 5° = 95 98, 3°"? = 9 
Application Exercises 


99. The formula A = 36.1e°°!?" models the population of 
California, A, in millions, ¢ years after 2005. 


a. What was the population of California in 2005? 


b. When will the population of California reach 40 million? 


101. 


102. 


> X 


20 40 60 80 100 120 140 
Ocean Depth (feet) 


Use the function to determine at what depth, to the 
nearest foot, there is 1% of surface sunlight. How is this 
shown on the graph of f? 


Use the function to determine at what depth, to the 
nearest foot, there is 3% of surface sunlight. How is this 
shown on the graph of f? 


nt 
In Exercises 103-106, complete the table for a savings account subject to n compounding periods per year E = r(1 SF ") | 
n 


Round answers to one decimal place. 


Number of 
Amount Compounding Annual Interest Accumulated Time t 
Invested Periods Rate Amount in Years 
103. $12,500 4 5.75% $20,000 
104. $7250 i) 6.5% $15,000 
105. $1000 360 $1400 
106. $5000 360 $9000 


In Exercises 107-110, complete the table for a savings account subject to continuous compounding (A = Pe"). Round answers to 


one decimal place. 


Amount Annual Interest Accumulated Time t 
Invested Rate Amount in Years 
107. $8000 8% Double the amount invested 
108. $8000 $12,000 
109. $2350 Triple the amount invested 
110. $17,425 4.25% $25,000 
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By 2019, nearly $1 out of every $5 spent in the U.S. economy 
is projected to go for health care. The bar graph shows the 
percentage of the U.S. gross domestic product (GDP) going 
toward health care from 2007 through 2010, with projections 
for 2014 and 2019. 


Percentage of the Gross Domestic Product 
in the United States Going Toward Health Care 
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Percentage of GDP 
for Health Care 


Source: Health Affairs (healthaffairs.org) 


The data can be modeled by the function f(x) = 1.2Inx + 15.7, 
where f(x) is the percentage of the U.S. gross domestic product 
going toward health care x years after 2006. Use this information 
to solve Exercises 111-112. 


111. a. Use the function to determine the percentage of the US. 
gross domestic product that went toward health care in 
2009. Round to the nearest tenth of a percent. Does this 
underestimate or overestimate the percent displayed by 
the graph? By how much? 


b. According to the model, when will 18.5% of the U.S. 
gross domestic product go toward health care? Round 
to the nearest year. 


112. a. Use the function to determine the percentage of the USS. 
gross domestic product that went toward health care in 
2008. Round to the nearest tenth of a percent. Does this 
underestimate or overestimate the percent displayed by 
the graph? By how much? 


b. According to the model, when will 18.6% of the U.S. 
gross domestic product go toward health care? Round 
to the nearest year. 


The function P(x) = 95 — 30 log, x models the percentage, 
P(x), of students who could recall the important features of a 
classroom lecture as a function of time, where x represents the 
number of days that have elapsed since the lecture was given. 
The figure shows the graph of the function. Use this information 
to solve Exercises 113-114. Round answers to one decimal place. 


P(x) = 95 — 30 logs x 


Percentage Remembering 
the Lecture 
nn 
S 
T 


12345 6° 7 8 910 
Days after Lecture 


113. After how many days do only half the students recall 
the important features of the classroom lecture? (Let 
P(x) = 50 and solve for x.) Locate the point on the graph 
that conveys this information. 


114. After how many days have all students forgotten the 
important features of the classroom lecture? (Let 
P(x) = 0 and solve for x.) Locate the point on the graph 
that conveys this information. 


The pH scale is used to measure the acidity or alkalinity of a 
solution. The scale ranges from 0 to 14, A neutral solution, such 
as pure water, has a pH of 7. An acid solution has a pH less than 7 
and an alkaline solution has a pH greater than 7. The lower the 
DH below 7, the more acidic is the solution. Each whole-number 
decrease in pH represents a tenfold increase in acidity. 


The pH Scale 


Neutral: pH =7 
Pure Water 


== <=. 
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The pH of a solution is given by 

pH = —log x, 
where x represents the concentration of the hydrogen ions in 
the solution, in moles per liter. Use the formula to solve 
Exercises 115-116. Express answers as powers of 10. 


115. a. Normal, unpolluted rain has a pH of about 5.6. What 
is the hydrogen ion concentration? 

b. An environmental concern involves the destructive 

effects of acid rain. The most acidic rainfall ever had a 

pH of 2.4. What was the hydrogen ion concentration? 


c. How many times greater is the hydrogen ion 
concentration of the acidic rainfall in part (b) than the 
normal rainfall in part (a)? 


116. a. The figure indicates that lemon juice has a pH of 2.3. What 
is the hydrogen ion concentration? 

b. Stomach acid has a pH that ranges from 1 to 3. What 
is the hydrogen ion concentration of the most acidic 
stomach? 

c. How many times greater is the hydrogen ion 
concentration of the acidic stomach in part (b) than 
the lemon juice in part (a)? 


Writing in Mathematics 


117. What is an exponential equation? 


118. Explain how to solve an exponential equation when both 
sides can be written as a power of the same base. 


119. Explain how to solve an exponential equation when both 
sides cannot be written as a power of the same base. Use 
= 140 in your explanation. 


120. What is a logarithmic equation? 


121. Explain the differences between solving log3(x — 1) = 4 
and log3(x — 1) = log34. 

122. In many states, a 17% risk of a car accident with a blood 
alcohol concentration of 0.08 is the lowest level for charging 
a motorist with driving under the influence. Do you agree 
with the 17% risk as a cutoff percentage, or do you feel that 
the percentage should be lower or higher? Explain your 
answer. What blood alcohol concentration corresponds to 
what you believe is an appropriate percentage? 


Technology Exercises 

In Exercises 123-130, use your graphing utility to graph each 

side of the equation in the same viewing rectangle. Then use 

the x-coordinate of the intersection point to find the equation’s 

solution set. Verify this value by direct substitution into the 

equation. 

123, 2*t! = 8 

125. log;(4x — 7) = 2 

127. log(x + 3) + logx = 1 

128. log(x — 15) + logx = 2 

129. 3° = 2x + 3 

130. S* = 3x + 4 

Hurricanes are one of nature’s most destructive forces. These 

low-pressure areas often have diameters of over 500 miles. The 

function f(x) = 0.48 In(x + 1) + 27 models the barometric air 

pressure, f(x), in inches of mercury, at a distance of x miles from 

the eye of a hurricane. Use this function to solve Exercises 131-132. 

131. Graph the function in a [0, 500, 50] by [27, 30, 1] viewing 
rectangle. What does the shape of the graph indicate 
about barometric air pressure as the distance from the 
eye increases? 


124, 3° — 9 
126. log3(3x — 2) = 2 


132. Use an equation to answer this question: How far from 
the eye of a hurricane is the barometric air_pressure 
29 inches of mercury? Use the | TRACE | and | ZOOM 
features or the intersect command of your graphing utility 
to verify your answer. 


133. The function P(t) = 145e~°-°*" models a runner’s pulse, 
P(t), in beats per minute, ¢t minutes after a race, where 
Q = t = 15. Graph the function using a graphing utility. 
TRACE | along the graph and determine after how 
many minutes the runner’s pulse will be 70 beats per 
minute. Round to the nearest tenth of a minute. Verify 
your observation algebraically. 


134. The function W(t) = 2600(1 — 0.51e~°"")> models the 
weight, W(2), in kilograms, of a female African elephant 
at age f years. (1 kilogram ~ 2.2 pounds) Use a graphing 
utility to graph the function. Then | TRACE | along the 
curve to estimate the age of an adult female elephant 
weighing 1800 kilograms. 


Critical Thinking Exercises 


Make Sense? In Exercises 135-138, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 
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135. Because the equations 2* = 15 and 2* = 16 are similar, 
I solved them using the same method. 


136. Because the equations 
log(3x + 1) = 5 and log(3x + 1) = log5 


are similar, I solved them using the same method. 


137. Ican solve 4° = 15 by writing the equation in logarithmic 
form. 


138. It’s important for me to check that the proposed solution 


of an equation with logarithms gives only logarithms of 
positive numbers in the original equation. 


In Exercises 139-142, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 

139. Iflog(x + 3) = 2, then e? = x + 3. 


140. If log(7x + 3) — log(2x + 5) = 4, then the equation in 
exponential form is 10* = (7x + 3) — (2x + 5). 


1 } 
141. Ifx = zy: then y = e*, 


142. Examples of exponential equations include 10° = 5.71, 
e* = 0.72, and x! = 5.71. 


143. If $4000 is deposited into an account paying 3% interest 
compounded annually and at the same time $2000 is 
deposited into an account paying 5% interest compounded 
annually, after how long will the two accounts have the 
same balance? Round to the nearest year. 


Solve each equation in Exercises 144-146. Check each proposed 
solution by direct substitution or with a graphing utility. 


144, (In x)? = In x’. 
145. (log x)(2logx + 1) =6 
146. In(Inx) = 0 


Review Exercises 


147. Solve: V2x —1-— Vx -1=1. 
(Section 7.6, Example 4) 
5 19 
x+1 <x 7 etx 
(Section 6.6, Example 5) 
149. Simplify: (-2x7y?)*. 


148. Solve: 


(Section 1.6, Example 7) 


Preview Exercises 


Exercises 150-152 will help you prepare for the material 
covered in the next section. 


150. The formula A = 10e°* models the population of 
Hungary, A, in millions, ¢ years after 2006. 


a. Find Hungary’s population, in millions, for 2006, 2007, 
2008, and 2009. Round to two decimal places. 


b. Is Hungary’s population increasing or decreasing? 
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151. a. Simplify: >. The table shows the annual retail sales for Call of Duty 
b. Use your simplification from part (a) to rewrite 3* in video games from 2004 through 2010. Create a scatter plot 
terms of base e. for the data. Based on the shape of the scatter plot, would 


a logarithmic function, an exponential function, or a linear 


152. US. soldiers fight Russian troops who have invaded New function be the best choice for modeling the data? 


York City. Incoming missiles from Russian submarines 
and warships ravage the Manhattan skyline. It’s just 
another scenario for the multi-billion-dollar video games 


Annual Retail Sales for Call of Duty Games 


Call of Duty, which have sold more than 100 million games Retail Sales 
since the franchise’s birth in 2003. Year (millions of dollars) 

: mT 2004 56 

! 1 2 5 a 2005 101 

__ eh , 2006 196 

| aS 2007 352 

“3 > 

. re 2008 436 

CALL DUTY = 2009 778 

BLACK OPS : 2010 980 


Source: The NPD Group 
Press START 


Exponential Growth and Decay; 
Modeling Data 


Objectives The most casual cruise on 
the Internet shows how 
@ Model exponential people disagree when 


it comes to making 
growth and decay. a 
predictions about 


2 | Choose an appropriate the effects of the 
model for data. world’s — growing 
population. Some 
argue that there is 
a recent slowdown 
in the growth rate, 
economies remain 
robust, and famines 
in North Korea and 
Ethiopia are aberrations 
rather than signs of the 
future. Others say that 
the 6.9 billion people on 
Earth is twice as many as 
can be supported in middle- 
class comfort, and the world 
is running out of arable land and 
fresh water. Debates about entities that are growing exponentially can be approached 
mathematically: We can create functions that model data and use these functions to 
make predictions. In this section, we will show you how this is done. 


3 | Express an exponential 
model in base e. 


4 | Model exponential 
growth and decay. 


Great Question! 


Why does the formula for 
exponential growth look 
familiar? 

You have seen the formula 
for exponential growth 
before, but with different 
letters. It is the formula for 
compound interest with 
continous compounding. 


A = Pe% 
A 
Amount || Principal is the || Interest rate is 
at time ¢|| original amount. ||the growth rate. 
A = Aye 
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Exponential Growth and Decay 


One of algebra’s many applications is to predict the behavior of variables. This can be 
done with exponential growth and decay models. With exponential growth or decay, 
quantities grow or decay at a rate directly proportional to their size. Populations that 
are growing exponentially grow extremely rapidly as they get larger because there are 
more adults to have offspring. For example, the growth rate for world population is 
approximately 1.2%, or 0.012. This means that each year world population is 1.2% 
more than what it was in the previous year. In 2010, world population was 6.9 billion. 
Thus, we compute the world population in 2011 as follows: 


6.9 billion + 1.2% of 6.9 billion = 6.9 + (0.012)(6.9) = 6.9828. 


This computation indicates that 6.9828 billion people populated the world in 2011. 
The 0.0828 billion represents an increase of 82.8 million people from 2010 to 2011, the 
equivalent of the population of Germany. Using 1.2% as the annual growth rate, world 
population for 2012 is found in a similar manner: 


6.9828 + 1.2% of 6.9828 = 6.9828 + (0.012)(6.9828) ~ 7.067. 


This computation indicates that approximately 7.1 billion people populated the world 
in 2012. 

The explosive growth of world population may remind you of the growth of money 
in an account subject to compound interest. Just as the growth rate for world population 
is multiplied by the population plus any increase in the population, a compound 
interest rate is multiplied by your original investment plus any accumulated interest. 
The balance in an account subject to continuous compounding and world population 
are special cases of exponential growth models. 


Exponential Growth and Decay Models 


The mathematical model for exponential growth or decay is given by 
fO=— Ave For sa =A" 


e Ifk > 0, the function models the amount, or size, of a growing entity. Ao is the 
original amount, or size, of the growing entity at time tf = 0, A is the amount at 
time ¢, and k is a constant representing the growth rate. 


e Ifk < 0, the function models the amount, or size, of a decaying entity. A, is the 
original amount, or size, of the decaying entity at time t = 0, A is the amount at 
time ¢, and k is a constant representing the decay rate. 


yy 
A 


>< 


Increasing 


>t 


(a) Exponential growth (b) Exponential decay 


Sometimes we need to use given data to determine k, the rate of growth or decay. 
After we compute the value of k, we can use the formula A = Age“ to make predictions. 
This idea is illustrated in our first two examples. 


| EXAMPLE 1 | Modeling the Growth of the U.S. Population 


The graph in Figure 9.24 on the following page shows the U.S. population, in millions, 
for five selected years from 1970 through 2009. In 1970, the U.S. population was 
203.3 million. By 2009, it had grown to 307.0 million. 
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a. Find an exponential growth function that models the data for 1970 through 2009. 


b. By which year will the U.S. population 


ls 
reach 352 million? U.S. Population, 1970-2009 


Solution 350- 
a. We use the exponential growth model 307.0 
A = Arekt 300 /- 281.4 
. S ae5\ 248.7 
in which ¢ is the number of years after §& 226.5 
1970. This means that 1970 corresponds © 99 ua 
tot = 0. At that time the U.S. population ZF 
was 203.3 million, so we substitute 203.3 3 1507 
for Ag in the growth model: 2 an 
8 L 
A = 203.3e™. 7 
We are given that 307.0 million is the a0 
population in 2009. Because 2009 is 39 


years after 1970, when ¢ = 39 the value 1970 1980 1990 2000 2009 
of A is 307.0. Substituting these numbers Aiea 

into the growth model will enable us Figure 9.24 

to find k, the growth rate. We know that Source: U.S. Bureau of the Census 

k > 0 because the problem involves growth. 


A = 20336" Use the growth model with Ap = 203.3. 
307.0 = 203.3e"? When t = 39, A = 307.0. Substitute these 
numbers into the model. 
30% __ 307.0 
a aay Isolate the exponential factor by dividing both 
203.3 sides by 203.3. We also reversed the sides. 
lne* in( 28) Take the natural logarithm on both sid 
en = ake the natural logarithm on both sides. 
203.3 , 
307.0 
39k = in( 3029) Simplify the left side using In e* = x. 
307.0 
203.3 
k= — 39. = 0.011 Divide both sides by 39 and solve for k. Then use a 


calculator. 


The value of k, approximately 0.011, indicates a growth rate of about 1.1%. We 
substitute 0.011 for k in the growth model, A = 203.3e™, to obtain an exponential 
growth function for the U.S. population. It is 


A = 203.3e°", 
where f¢ is measured in years after 1970. 


b. To find the year in which the U.S. population will reach 352 million, substitute 352 
for A in the model from part (a) and solve for ¢. 


A =200320 This is the model from part (a). 
952 = 053e""" Substitute 352 for A. 
0.011¢ — 352 aa 
e = Divide both sides by 203.3. We also 
203.3 reversed the sides. 
0.011t _ 352 ; ; 
Ine In 3033 Take the natural logarithm on both sides. 
352 
0.011t = In 303.3 Simplify on the left using In & = x. 
; ( 352 ) 
203.3 
t= ae = = 50 Divide both sides by 0.011 and solve for t. 


Then use a calculator. 


Because t represents the number of years after 1970, the model indicates that the 
U.S. population will reach 352 million by 1970 + 50, or in the year 2020. 


Blitzer Bonus 


Carbon Dating and Artistic 
Development 


The artistic community was 
electrified by the discovery 

in 1995 of spectacular cave 
paintings in a limestone 
cavern in France. Carbon 
dating of the charcoal from 
the site showed that the 
images, created by artists 

of remarkable talent, were 
30,000 years old, making them 
the oldest cave paintings ever 
found. The artists seemed to 
have used the cavern’s natural 
contours to heighten a sense 
of perspective. The quality of 
the painting suggests that the 
art of early humans did not 
mature steadily from primitive 
to sophisticated in any simple 
linear fashion. 


SECTION 9.6 = Exponential Growth and Decay; Modeling Data 733 
In Example 1, we used only two data values, the population for 1970 and the 
population for 2009, to develop a model for U.S. population growth from 1970 through 
2009. By not using data for any other years, have we created a model that inaccurately 
describes both the existing data and future population projections given by the U.S. 
Census Bureau? Something else to think about: Is an exponential model the best 
choice for describing U.S. population growth, or might a linear model provide a better 
description? We return to these issues in Exercises 45—49 in the Exercise Set. 


\“| CHECK POINT1 In 1990, the population of Africa was 643 million and by 


2006 it had grown to 906 million. 
a. Use the exponential growth model A = Ave“, in which ¢ is the number of 


years after 1990, to find the exponential growth function that models the data. 


b. By which year will Africa’s population reach 2000 million, or two billion? 


Our next example involves exponential decay and its use in determining the age of fossils 
and artifacts. The method is based on considering the percentage of carbon-14 remaining 
in the fossil or artifact. Carbon-14 decays exponentially with a half-life of approximately 
5715 years. The half-life of a substance is the time required for half of a given sample to 
disintegrate. Thus, after 5715 years a given amount of carbon-14 will have decayed to half 
the original amount. Carbon dating is useful for artifacts or fossils up to 80,000 years old. 
Older objects do not have enough carbon-14 left to determine age accurately. 


| EXAMPLE 2 | Carbon-14 Dating: The Dead Sea Scrolls 


a. Use the fact that after 5715 years a given amount of carbon-14 will have decayed 
to half the original amount to find the exponential decay model for carbon-14. 

b. In 1947, earthenware jars containing what are known as the Dead Sea Scrolls were 
found by an Arab Bedouin herdsman. Analysis indicated that the scroll wrappings 
contained 76% of their original carbon-14. Estimate the age of the Dead Sea Scrolls. 


Solution 


a. We begin with the exponential decay model A = Aye“. We know that k < 0 because 
the problem involves the decay of carbon-14. After 5715 years (¢ = 5715), the amount 


of carbon-14 present, A, is half the original amount, Ay. Thus, we can substitute =o 
for A in the exponential decay model. This will enable us to find k, the decay rate. 


A= Age™ Begin with the exponential decay model. 
A : A 
oe Age® 575 After 5715 years (t = 5715), A = = 
(because the amount present, A, is half the 
original amount, Ao). 
1 
> a Divide both sides of the equation by Ao. 
1 
in( 3) =lee >" Take the natural logarithm on both sides. 
1 
In > = 5715k Simplify the right side using In & = x. 
1 
n(3) 
k= 5715 = —(0).000121 Divide both sides by 5715 and solve for k. 


Substituting for k in the decay model, A = Age“, the model for carbon-14 is 


A = Ae 00001214 
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b. In 1947, the Dead Sea Scrolls contained 76% of their original carbon-14. To find 
their age in 1947, substitute 0.76A, for A in the model from part (a) and solve for ¢. 


A= Ag oe This is the decay model for carbon-14. 


0:76Ay = A,e re" A, the amount present, is 76% of the original 
amount, so A = 0.76Ao. 


0:76 =e Divide both sides of the equation by Ao. 
190.76 = Ing 8°" Take the natural logarithm on both sides. 
In0.76 = —0.000121t Simplify the right side using Ine = x. 

t= ee = 2268 Divide both sides by —O.000121 and solve for t. 
—0.000121 


The Dead Sea Scrolls are approximately 2268 years old plus the number of years 
between 1947 and the current year. & 


Y| CHECK POINT 2  Strontium-90 is a waste product from nuclear reactors. As 
a consequence of fallout from atmospheric nuclear tests, we all have a measurable 
amount of strontium-90 in our bones. 


a. Use the fact that after 28 years a given amount of strontium-90 will have decayed 
to half the original amount to find the exponential decay model for strontium-90. 


b. Suppose that a nuclear accident occurs and releases 60 grams of strontium-90 
into the atmosphere. How long will it take for strontium-90 to decay to a level of 
10 grams? 


2 | Choose an appropriate Modeling Data 


model for data. Throughout this chapter, we have been working with models that were given. 


However, we can create functions that model data by observing patterns in scatter 
plots. Figure 9.25 shows scatter plots for data that are exponential or logarithmic. 


> x Se 


> xX 


y=ab*,a>0,b>1 y=ab*,0<b<1,a>0 y=a+bInx,a>0,b>0 y=a+bInx,a>0,b<0 
Exponential Exponential Logarithmic Logarithmic 


Figure 9.25 Scatter plots for exponential or logarithmic models 
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Choosing a Model for Data 


The data in Table 9.3 indicate that between the ages of 1 and 11, the human brain does 
not grow linearly, or steadily. A scatter plot for the data is shown in Figure 9.26. What 
type of function would be a good choice for modeling the data? 


aFle)(-weece §Growth of the Human Brain 100 - —e 


e 
Percentage of Adult = gol ° 
Age Size Brain as} 
Ss 
1 30% S'S 607 
2 50% eae , 
by oS 
a 3 40 
4 78% 9 © 
o 20 = 
6 88% _ 
fey I | i | | | 
8 92% 2 4 6 8 10 12 
10 95% Age 
iz 99% Figure 9.26 


Source: Gerrig and Zimbardo, Psychology and Life, 18th Edition, Allyn and Bacon, 2008. 


Solution Because the data in the scatter plot increase rapidly at first and then begin 
to level off a bit, the shape suggests that a logarithmic function is a good choice for 


eng ees se Population and Walking Speed 
Population Walkin 

| CHECK ROIs Aable = shows pecuesna Hast aa 

the populations of various cities, in 

thousands, and the average walking 5.5 0.6 

speed, in feet per second, of a person 14 1.0 

living in the city. Create a scatter plot for 71 1.6 

the data. Based on the scatter plot, what 138 19 

type of function would be a good choice 

for modeling the data? ca 24 


Source: Mark H. Bornstein and Helen G. Bornstein, “The 
Pace of Life.” Nature, 259, Feb. 19, 1976, pp. 557-559 


How can we obtain a logarithmic function that 
models the data for the growth of the human 


Table 9.5 


y, Percentage of brain? A graphing utility can be used to obtain 
x, Age | Adult Size Brain a logarithmic model of the form y = a+ blinx. 
1 30 Because the domain of the logarithmic function is 
the set of positive numbers, zero must not be a value 

2 50 a - 
for x. This is not a problem for the data giving the 

4 78 : : 
Figure 9.27 A logarithmic percentage of an adult size brain because the data 
6 88 model for the data in Table 9.5 begin at age 1. We will assign x to represent age and 
8 92 y to represent the percentage of an adult size brain. 
10 95 This gives us the data shown in Table 9.5. Using the logarithmic regression option, we 
obtain the equation in Figure 9.27. 

7 Ze From Figure 9.27, we see that the logarithmic model of the data, with numbers 


rounded to three decimal places, is 
y = 31.954 + 28.947 In x. 


The number r that appears in Figure 9.27 is called the correlation coefficient and is a 
measure of how well the model fits the data. The value of 7 is such that -1 =r = 1. 
A positive r means that as the x-values increase, so do the y-values. A negative r means 
that as the x-values increase, the y-values decrease. The closer that r is to — 1 or 1, the better 
the model fits the data. Because r is approximately 0.99, the model fits the data very well. 
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Table 9.6 


Percentage of U.S. Men 
Who Are Married or Who 
Have Been Married, by Age 


Age Percent 
18 2 
20 7 
25 36 
30 61 
35 75 


Source: National Center for Health 
Statistics 


Although the domain of 
y=ab* is the set of all 
real numbers, some graphing 
utilities only accept positive 
values for x. That's why we 
assigned x to represent the 
number of years after 1949. 


| EXAMPLE 44 | Choosing a Model for Data 


Figure 9.28(a) shows world population, in billions, for seven selected years from 1950 
through 2010. A scatter plot is shown in Figure 9.28(b). Suggest two types of functions 
that would be good choices for modeling the data. 


World Population, 1950-2010 
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Figure 9.28(a) Figure 9.28(b) 


Source: U.S. Census Bureau, International Database 


Solution Because the data in the scatter plot appear to increase more and more 
rapidly, the shape suggests that an exponential model might be a good choice. 
Furthermore, we can probably draw a line that passes through or near the seven points. 
Thus, a linear function would also be a good choice for modeling the data. m 


| CHECK POINT 4 Table 9.6 shows the percentage of U.S. men who are 
married or who have been married, by age. Create a scatter plot for the data. Based on 
the scatter plot, what type of function would be a good choice for modeling the data? 


| EXAMPLE 5 | Comparing Linear and Exponential Models 


The data for world population are shown in Table 9.7. Using a graphing utility’s linear 
regression feature and exponential regression feature, we enter the data and obtain the 
models shown in Figure 9.29. 


Table 9.7 


x, Number of Years y, World Population a=, 4739285714 
after 1949 (billions) b=2 a £63282 oh0 
ne) a r=, 9965755525 
11 (1960) 3.0 
21 (1970) 3.7 
31 (1980) 45 
41 (1990) 53 
51 (2000) 6.1 
61 (2010) 6.9 


Figure 9.29 A linear model and an 

exponential model for the data in Table 9.7 
Because r, the correlation coefficient, is close to 1 in each screen in Figure 9.29, the 
models fit the data very well. 


a. Use Figure 9.29 to express each model in function notation, with numbers rounded 
to three decimal places. 


b. How well do the functions model world population in 2000? 


c. By one projection, world population is expected to reach 8 billion in the year 2026. 
Which function serves as a better model for this prediction? 


Great Question! 


How can | use a graphing 
utility to see how well my 
models describe the data? 


Once you have obtained 
one or more models for the 
data, you_can use a graphing 
utility’s | TABLE | feature 
to numerically see how well 
each model describes the 
data. Enter the models as 
y1, 2, and so on. Create 

a table, scroll through the 
table, and compare the table 
values given by the models 
to the actual data. 
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Solution 
a. Using Figure 9.29 and rounding to three decimal places, the functions 


f(x) = 0.074x + 2.294 and g(x) = 2.577(1.017)* 


model world population, in billions, x years after 1949. We named the linear 
function f and the exponential function g, although any letters can be used. 


b. Table 9.7 shows that world population in 2000 was 6.1 billion. The year 2000 
is 51 years after 1949. Thus, we substitute 51 for x in each function’s equation 
and then evaluate the resulting expressions with a calculator to see how well the 
functions describe world population in 2000. 


f(x) = 0.074x + 2.294 This is the linear model. 
f(51) = 0.074(51) + 2.294 Substitute 51 for x. 
= 6.1 Use a calculator. 
g(x) = 2.577(1.017" This is the exponential model. 
el) = 2.5770.017)" Substitute 51 for x. 
= 6.1 Use a calculator: 


2.577 | X | 1.017] ¥ (or | A.}) 51 |=]. 


Because 6.1 billion was the actual world population in 2000, both functions model 
world population in 2000 extremely well. 

c. Let’s see which model comes closer to projecting a world population of 8 billion 
in the year 2026. Because 2026 is 77 years after 1949 (2026 — 1949 = 77), we 
substitute 77 for x in each function’s equation. 


f(x) = 0.074x + 2.294 This is the linear model. 
f(77) = 0.074(77) + 2.294 Substitute 77 for x. 
= 8.0 Use a calculator. 
e@) = 245771.017¥ This is the exponential model. 
a7?) = 25770 17)" Substitute 77 for x. 
= 94 Use a calculator: 


2.577 | x | 1.017[y*| (or | a |) 77 | =|. 


The linear function f(x) = 0.074x + 2.294 serves as a better model for a projected 
world population of 8 billion by 2026. m 


\/| CHECK POINT5 Use the models in Example 5(a) to solve this problem. 
a. World population in 1970 was 3.7 billion. Which function serves as a better 
model for this year? 


b. By one projection, world population is expected to reach 9.3 billion by 2050. 
Which function serves as a better model for this projection? 


When using a graphing utility to model data, begin with a scatter plot, drawn 
either by hand or with the graphing utility, to obtain a general picture for the shape 
of the data. It might be difficult to determine which model best fits the data—linear, 
logarithmic, exponential, quadratic, or something else. If necessary, use your graphing 
utility to fit several models to the data. The best model is the one that yields the 
value r, the correlation coefficient, closest to 1 or —1. Finding a proper fit for data 
can be almost as much art as it is mathematics. In this era of technology, the process 
of creating models that best fit data is one that involves more decision making than 
computation. 
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3 | Express an exponential 


model in base e. 


Exponential and Logarithmic Functions 


Expressing y = ab“ in Base e 


Graphing utilities display exponential models in the form y = ab*. However, our 
discussion of exponential growth involved base e. Because of the inverse property 
b = e™, we can rewrite any model in the form y = ab* in terms of base e. 


Expressing an Exponential Model in Base e 


y = ab* isequivalentto y = ae *, 


| EXAMPLE 6 | Rewriting the Model for World 
Population in Base e 
We have seen that the function 


g(x) = 2.577(1.017)* 


models world population, g(x), in billions, x years after 1949. Rewrite the model in 
terms of base e. 


Solution We use the two equivalent equations shown in the voice balloons to rewrite 
the model in terms of base e. 


abe y =aellnd)-x 
g(x) = 2.577(1.017)*  isequivalentto g(x) = 2.577e(" 101), 


Using In 1.017 ~ 0.017, the exponential growth model for world population, g(x), in 
billions, x years after 1949 is 
a(x) = 25770°""". a 


In Example 6, we can replace g(x) with A and x with ¢ so that the model has the same 
letters as those in the exponential growth model A = Aye“. 


A= A, ek This is the exponential growth model. 


A = 2.5772" — this is the model for world population. 


The value of k, 0.017, indicates a growth rate of 1.7%. Although this is an excellent 
model for the data, we must be careful about making projections about world population 
using this growth function. Why? World population growth rate is now 1.2%, not 1.7%, 
so our model will overestimate future populations. 


Y| CHECK POINT6 Rewrite y = 4(7.8)* in terms of base e. Express the answer in 
terms of a natural logarithm and then round to three decimal places. 


CONCEPT AND VOCABULARY CHECK 


Fillin each blank so that the resulting statement is true. 
1. Consider the model for exponential growth or decay given by 
A = Aje™. 


Ifk , the function models the amount, or size, of a growing entity. If k 
amount, or size, of a decaying entity. 


2. In the model for exponential growth or decay, the amount, or size, at f = 0 is represented by 
at time fis represented by 


, the function models the 


. The amount, or size, 
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For each of the following scatter plots, determine whether an exponential function, a logarithmic function, or a linear function is the best 


choice for modeling the data. 


3. Y 4. 5. ¥ 
e 
eo @ e 
e bd . 
e 
e e e 
> X > xX > xX 
6. y = 3(5)* can be written in terms of base e as y = 3e\2"*, 
. 
9.6 EXERCISE SET [MB M)AMC\i1 El air mmmcecra 


Practice Exercises and Application Exercises 


The exponential models describe the population of the 
indicated country, A, in millions, t years after 2006. Use these 
models to solve Exercise 1-6. 


India —~ 4 — 1995,4¢9-014¢ 
Iraq —~ 4 = 26 8¢9.027t 


Japan —~ 4 = 127.5¢0.00r 


gag 


Russia —~ 4 — 142 9e~0.0048 


1. What was the population of Japan in 2006? 
2. What was the population of Iraq in 2006? 


3. Which country has the greatest growth rate? By what 
percentage is the population of that country increasing 


each year? 


4. Which country has a decreasing population? By what 
percentage is the population of that country decreasing 


each year? 
5. When will India’s population be 1238 million? 
6. When will India’s population be 1416 million? 


About the size of New Jersey, Israel has seen its population 
soar to more than 6 million since it was established. The graphs 
show that by 2050, Palestinians in the West Bank, Gaza Strip, 
and East Jerusalem will outnumber Israelis. Exercises 7-8 
involve the projected growth of these two populations. 


Palestinian Population 


in West Bank, Gaza, 
Population of Israel and East Jerusalem 


2000: 
6,040,000 


Projected 


2000: 
3,191,000 


Projected 


Population (millions) 
a 
Population (millions) 
lon 


Year Year 


Source: Newsweek Magazine 


L L | L i i | | 
1950 1970 1990 2010 2030 2050 1950 1970 1990 2010 2030 2050 


7. a. In 2000, the population of Israel was approximately 
6.04 million and by 2050 it is projected to grow to 
10 million. Use the exponential growth model 
A= Ae in which ¢ is the number of years after 
2000, to find an exponential growth function that 
models the data. 


b. In which year will Israel’s population be 
9 million? 

8. a. In 2000, the population of the Palestinians in the 
West Bank, Gaza Strip, and East Jerusalem was 
approximately 3.2 million and by 2050 it is projected to 
grow to 12 million. Use the exponential growth model 
A = Aje™, in which t is the number of years after 2000, 
to find an exponential growth function that models the 
data. 


b. In which year will the Palestinian population be 
9 million? 


In Exercises 9-14, complete the table. Round projected populations 
to one decimal place and values of k to four decimal places. 


2007 Projected 2025 | Projected 

Population Population Growth 

Country (millions) (millions) Rate, k 

9. Philippines Onl 0.0147 

10. Pakistan 164.7 0.0157 
11. Colombia 44.4 Spy 
12. Madagascar 19.4 32.4 
13. South Africa 44.0 40.0 

14. Bulgaria 13 6.3 


Source: U.S. Census Bureau, International Programs Center 


An artifact originally had 16 grams of carbon-14 present. The 
decay model A = 16e~.°"!2"' describes the amount of carbon-14 
present after t years. Use this model to solve Exercises 15-16. 


15. How many grams of carbon-14 will be present in 5715 
years? 


16. How many grams of carbon-14 will be present in 11,430 
years? 
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17. 


18. 


Use the exponential decay model for carbon-14, A = Age 


Exponential and Logarithmic Functions 


The half-life of the radioactive element krypton-91 is 
10 seconds. If 16 grams of krypton-91 are initially present, 
how many grams are present after 10 seconds? 20 seconds? 
30 seconds? 40 seconds? 50 seconds? 


The half-life of the radioactive element plutonium-239 
is 25,000 years. If 16 grams of plutonium-239 are initially 
present, how many grams are present after 25,000 years? 
50,000 years? 75,000 years? 100,000 years? 125,000 years? 


—0.000121t 
? 


to solve Exercises 19-20. 


19. 


20. 


21. 


22. 


23. 


24. 


Prehistoric cave paintings were discovered in a cave in 
France. The paint contained 15% of the original carbon-14. 
Estimate the age of the paintings. 


Skeletons were found at a construction site in San 
Francisco in 1989. The skeletons contained 88% of the 
expected amount of carbon-14 found in a living person. In 
1989, how old were the skeletons? 


The August 1978 issue of National Geographic described 
the 1964 find of bones of a newly discovered dinosaur 
weighing 170 pounds, measuring 9 feet, with a 6-inch claw 
on one toe of each hind foot. The age of the dinosaur was 
estimated using potassium-40 dating of rocks surrounding 
the bones. 


a. Potassium-40 decays exponentially with a half-life 
of approximately 1.31 billion years. Use the fact that 
after 1.31 billion years a given amount of potassium-40 
will have decayed to half the original amount to 
show that the decay model for potassium-40 is given 
by A = Aye?!" where t is in billions of years. 


b. Analysis of the rocks surrounding the dinosaur 
bones indicated that 94.5% of the original amount of 
potassium-40 was still present. Let A = 0.945Ap in the 
model in part (a) and estimate the age of the bones of 
the dinosaur. 


A bird species in danger of extinction has a population 
that is decreasing exponentially (A = Age“). Five years 
ago the population was at 1400 and today only 1000 of 
the birds are alive. Once the population drops below 100, 
the situation will be irreversible. When will this happen? 


Use the exponential growth model, A = Aye“, to show that 
the time it takes a population to double (to grow from Ag to 


2A) is given by t = ao 


Use the exponential growth model, A = Aye“, to show 


that the time it takes a Pepulenon to triple (to grow from 
8) 
Apo to 3A) is given by t = a 


In2 
Use the formula t = == that gives the time for a population 


with a growth rate k to double to solve Exercises 25-26. 

Express each answer to the nearest whole year. 

25. The growth model A = 4.1e°°"' describes New Zealand’s 
population, A, in millions, ¢ years after 2006. 


a. What is New Zealand’s growth rate? 


b. How long will it take New Zealand to double its 


population? 
26. The growth model A = 107.4e°°!”" describes Mexico’s 
population, A, in millions, ¢ years after 2003. 


a. What is Mexico’s growth rate? 


b. How long will it take Mexico to double its population? 


Exercises 27-32 present data in the form of tables. For each 
data set shown by the table, 


a. Create a scatter plot for the data. 


b. Use the scatter plot to determine whether an exponential 


function, a logarithmic function, or a linear function is the best 


choice for modeling the data. (If applicable, in Exercise 51 
you will use your graphing utility to obtain these functions.) 


27. Percent of Miscarriages, by Age 


Woman’s Age Percent of Miscarriages 
22 9% 
27 10% 
By) 13% 
37 20% 
42 38% 
47 52% 


Source: Time Magazine 


28. Savings Needed for Health-Care Expenses 
During Retirement 


Age at Death Savings Needed 
80 $219,000 
85 $307,000 
90 $409,000 
95 $524,000 
100 $656,000 


Source: Employee Benefit Research Institute 


29. Intensity and Loudness Level of Various Sounds 


Intensity (watts Loudness Level 
per meter?) (decibels) 

0.1 (loud thunder) 110 

1 (rock concert, 2 yd from speakers) 120 

10 (jackhammer) 130 

100 (jet takeoff, 40 yd away) 140 


30. 


31. 


32. 
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Temperature Increase in an Enclosed Vehicle 


Minutes Temperature Increase (°F) 
10 ie 
20 Oe 
30 34° 
40 38° 
50 41° 
60 43° 


Dads Raising Kids Alone 


Number of Single U.S. Fathers Heading 
Households with Children Younger 
Year Than 18 (millions) 
1980 0.6 
1990 ee, 
2000 1.8 
2008 22, 


Source: U.S. Census Bureau 


Percentage of U.S. Consumers Looking for Trans Fats 
on Food Labels 


Year Percentage of U.S. Consumers 
2004 15% 
2005 20% 
2006 25% 
2007 31% 


Source: U.S. Food and Drug Administration (FDA) 


In Exercises 33-36, rewrite the equation in terms of base e. 
Express the answer in terms of a natural logarithm and then 
round to three decimal places. 


33. 
34. 
35. 
36. 


y = 100(4.6)* 
y = 1000(7.3)* 
y = 2:5(0.7) 
y = 4.5(0.6)* 


Writing in Mathematics 


37. 


38. 


39. 


40. 
41. 


Nigeria has a growth rate of 0.025 or 2.5%. Describe what 
this means. 

How can you tell if an exponential model describes 
exponential growth or exponential decay? 

Suppose that a population that is growing exponentially 
increases from 800,000 people in 1997 to 1,000,000 people in 
2000. Without showing the details, describe how to obtain 
an exponential growth function that models the data. 


What is the half-life of a substance? 


Describe the shape of a scatter plot that suggests modeling 
the data with an exponential function. 


42. You take up weightlifting and record the maximum 
number of pounds you can lift at the end of each week. 
You start off with rapid growth in terms of the weight you 
can lift from week to week, but then the growth begins to 
level off. Describe how to obtain a function that models 
the number of pounds you can lift at the end of each week. 
How can you use this function to predict what might 
happen if you continue the sport? 


43. Would you prefer that your salary be modeled 
exponentially or logarithmically? Explain your answer. 


44. One problem with all exponential growth models is that 
nothing can grow exponentially forever. (Or can it? See 
the Blitzer Bonus on page 668.) Describe factors that 
might limit the size of a population. 


Technology Exercises 


In Example 1 on page 731, we used two data points and an 
exponential function to model the population of the United 
States from 1970 through 2009. The data are shown again in the 
table. Use all five data points to solve Exercises 45-49. 


x, Number of Years after 1969 y, U.S. Population (millions) 
1 (1970) 203.3 
11 (1980) 226.5 
21 (1990) 248.7 
31 (2000) 281.4 
40 (2009) 307.0 


45. a. Use your graphing utility’s exponential regression option 
to obtain a model of the form y = ab* that fits the data. 
How well does the correlation coefficient, r, indicate 
that the model fits the data? 


b. Rewrite the model in terms of base e. By what 
percentage is the population of the United States 
increasing each year? 


46. Use your graphing utility’s logarithmic regression option 
to obtain a model of the form y = a + b In x that fits the 
data. How well does the correlation coefficient, r, indicate 
that the model fits the data? 


47. Use your graphing utility’s linear regression option to 
obtain a model of the form y = ax + b that fits the data. 
How well does the correlation coefficient, r, indicate that 
the model fits the data? 


48. Use your graphing utility’s power regression option to obtain 
amodel of the form y = ax? that fits the data. How well does 
the correlation coefficient, r, indicate that the model fits the 
data? 


49. Use the values of r in Exercises 45-48 to select the 
two models of best fit. Use each of these models to 
predict by which year the U.S. population will reach 
352 million. How do these answers compare to the year 
we found in Example 1, namely 2020? If you obtained 
different years, how do you account for this difference? 
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Exponential and Logarithmic Functions 


50. The figure shows the number of people in the United 
States age 65 and over, with projected figures for the year 
2020 and beyond. 


United States Population Age 65 and Over 


Number of People 65 and Over (millions) 


— N Ww BS 
Co oS ic Co 
S T T T T 
ry 
o 
- 
1930 MS 
1940 [i S 
1950 [mS 
1960 [EN & 
1970 a = 
930 a > 
199) a - 
2000 a : 
2010 ay = 


1900 |i 
1910 |B: 
1920 |: 
2020 
2030 
2040 
2050 


Source: U.S. Bureau of the Census 


a. Let x represent the number of years after 1899 and let 
y represent the U.S. population age 65 and over, in 
millions. Use your graphing utility to find the model 
that best fits the data in the bar graph. 


b. Rewrite the model in terms of base e. By what 
percentage is the 65 and over population increasing 
each year? 


51. In Exercises 27-32, you determined the best choice for 
the kind of function that modeled the data in the table. 
For each of the exercises that you worked, use a graphing 
utility to find the actual function that best fits the data. 
Then use the model to make a reasonable prediction for a 
value that exceeds those shown in the table’s first column. 


Critical Thinking Exercises 


Make Sense? In Exercises 52-55, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


52. I used an exponential model with a positive growth rate 
to describe the depreciation in my car’s value over four 
years. 

53. After 100 years, a population whose growth rate is 3% will 
have three times as many people as a population whose 
growth rate is 1%. 

54. Because carbon-14 decays exponentially, carbon dating 
can determine the ages of ancient fossils. 


55. When I used an exponential function to model Russia’s 
declining population, the growth rate k was negative. 


The exponential growth models describe the population of the 
indicated country, A, in millions, t years after 2006. 


Canada be 4 = 33. ¢9.00% 
Uganda —~ 4 = 28 26.0341 


In Exercises 56-59, use this information to determine whether 
each statement is true or false. If the statement is false, make the 
necessary change(s) to produce a true statement. 


56. In 2006, Canada’s population exceeded Uganda’s by 
4.9 million. 


57. By 2009, the models indicate that Canada’s population 
exceeded Uganda’s by approximately 2.8 million. 


58. The models indicate that in 2013, Uganda’s population 
will exceed Canada’s. 


59. Uganda’s growth rate is approximately 3.8 times that of 
Canada’s. 


60. Over a period of time, a hot object cools to the temperature 
of the surrounding air. This is described mathematically 
by Newton’s Law of Cooling: 

T=C+(h- COe™, 

where ¢ is the time it takes for an object to cool from 
temperature 7p to temperature T, C is the surrounding air 
temperature, and k is a positive constant that is associated 
with the cooling object. A cake removed from the oven 
has a temperature of 210°F and is left to cool in a room 
that has a temperature of 70°F. After 30 minutes, the 
temperature of the cake is 140°F. What is the temperature 
of the cake after 40 minutes? 


Review Exercises 
61. Divide: 
x? — 3x 
2x7 + 11x +5 


x7 -— 9 


Oi? eee 


(Section 6.1, Example 7) 
2 AL 
62: Solve: x? 2x? — 3 =. 


(Section 8.4, Example 5) 


63. Simplify: 6V2 — 2V/50 + 3V98. 
(Section 7.4, Example 2) 


Preview Exercises 

Exercises 64-66 will help you prepare for the material covered 
in the first section of the next chapter. 

In Exercises 64-65, let (x,,y1) = (7, 2) and (x2, y2) = (1,-1). 


64. Find Ve — x,)’ + (y. — y;)*. Express the answer in 
simplified radical form. 


22 
66. Use a rectangular coordinate system to graph the circle 
with center (1, —1) and radius 1. 


BET sp ne + 
65. Find the point represented by ( 1 AAAS I ) 
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GROUP PROJECT This activity is intended for three or four people who would like to take up weightlifting. 
Each person in the group should record the maximum number of pounds that he or 
she can lift at the end of each week for ten consecutive weeks. Use the logarithmic 
regression option of a graphing utility to obtain a model showing the amount of weight 
that group members can lift from week 1 through week 10. Graph each of the models 
in the same viewing rectangle to observe similarities and differences among weight- 
growth patterns of each member. Use the functions to predict the amount of weight 
that group members will be able to lift in the future. If the group continues to work out 
together, check the accuracy of these predictions. 
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Chapter 9 Summary 


Definitions and Concepts Examples 


Section 9.1 Exponential Functions 


The exponential function with base b is defined by f(x) = b*, Graph f(x) = 2° and g(x) = 2°71. 

where b > 0 and b ¥ 1. The graph contains the point (0, 1). 

When b > 1, the graph rises from left to right. When x f(x) = 2% g(x) = 2-" 

0 < 6b <1, the graph falls from left to right. The x-axis is 3 A a 4 

a horizontal asymptote. The domain is (~~,); the range is aeD 27 = 5 

(0, ©). The natural exponential function is f(x) = e*, where al 5 jee 

e ~ 2.71828. i Sa 
0 Qo ll 2 _ a 
1 Op = 9) MY = 1 
2) We = n=” 

The graph of g is the 


graph of f shifted one 
unit to the right. 


Formulas for Compound Interest Select the better investment for $4000 over 6 years: 
After t years, the balance, A, in an account with principal P ¢ 6% compounded semiannually 
and annual interest rate r is given by the following formulas: r\nt 


nt 
1. For n compounding periods per year: A = Pi +r ") 


iM 0.06 


26 
2. For continuous compounding: A = Pe” - 4oo0( 1 oe D ) ~ $5703 
e 5.9% compounded continuously 


A = Pe" = 400009) = $5699 


The first investment is better. 
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Definitions and Concepts Examples 


Section 9.2 Composite and Inverse Functions 


Composite Functions Let f(x) = x7 + x and g(x) = 2x + 1. 

The composite function f° g is defined by © (feog)(x) = f(g(x)) = (g(x))? + g(x) 
(f° g(x) = f(g(x)). 

The composite function go f is defined by 


(g° A(x) = sf). 


Replace x with g(x). 


= (2x +1)? + (Qx + 1) = 4x? + 4 +: 1 + «2x 
= 4x7 + 6x +2 


© (g°f)(x) = g(f(x)) = 2f(x) +1 


= 2(x? + x) +1 = 2x? + 2x 41 


Inverse Functions If f(x) = 2x — 5, find f(x). 
If f(g(x)) = x and g(f(x)) = x, function g is the inverse of y=2x—5 Replace f(x) with y. 
function ih denoted fe and read “f inverse.” The procedure x=2y—5 Exchange x and y. 
for finding a function’s inverse uses a switch-and-solve 5 =o Solve f, 
strategy. Switch x and y, then solve for y. a es oe 

Soar) 

i © i 
+5 
7 (6) = 2 5 Replace y with f '(x). 


The Horizontal Line Test for Inverse Functions 


A function, f, has an inverse that is a function, ee if there 
is no horizontal line that intersects the graph of f at more 
than one point. A one-to-one function is one in which no two Does not have 
different ordered pairs have the same second component. an inverse 


Only one-to-one functions have inverse functions. If the pnellon ands 
not one-to-one 


point (a, b) is on the graph of f, then the point (5, a) is on the 
graph of f '. The graph of f ! is a reflection of the graph of f 
about the line y = x. 


> 


Has an inverse 
function and 
is one-to-one 
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Summary 


Examples 


Section 9.3 Logarithmic Functions 


Definition of the logarithmic function: For x > 0 and b > 0, 
b ¥ 1,y = log, x is equivalent to b» = x. The function 
f(x) = log, x is the logarithmic function with base b. This 
function is the inverse function of the exponential function 
with base b. 


The graph of f(x) = log, x can be obtained from f(x) = b* 
by reversing coordinates. The graph of f(x) = log, x 
contains the point (1,0). If b > 1, the graph rises from left 
to right. If0 < b < 1, the graph falls from left to right. 

The y-axis is a vertical asymptote. The domain is (0, ©); 

the range is (—%, ©). f(x) = log x means f(x) = logiyx 
and is the common logarithmic function. f(x) = In x means 
f(x) = log,x and is the natural logarithmic function. The 
domain of f(x) = log, g(x) consists of all x for which 

g(x) > 0. 


Basic Logarithmic Properties 


Base 10 Base e 
Base b (Common (Natural 
(b > 0,b # 1) Logarithms) Logarithms) 
log,1 = 0 log 1 =0 Intl =0 
log,b = 1 log 10 = 1 Ine=1 
log, b* = x log 10* = x Ine* = x 
plogs x =x 1glos* =x elnx =x 


Properties of Logarithms 
For M > OandN > 0: 


1. The Product Rule: 


e Write log,32 = 5 in exponential form. 


2 = 32 y =log,xmeans bY = x. 
il 
e Write V49 = 7, or 49? = 7, in logarithmic form. 


il 
7 ~ 108497 


bY = x means y = log, x. 
e Find the domain: f(x) = log,(4 — x). 
Al — se (0) 
4>x (orx < 4) 


The domain is (~~, 4). 


e logg1 = 0 because log, 1 = 0. 
e log,4 = 1 because log, b = 1. 
e Ine = 8x because In e* = x. 
° elnve = Wx because e!™* = x. 


¢ log,t? = 25 because log, b* = x. 


Section 9.4 Properties of Logarithms 


log,(MN) = log, M + log, N 


M 
2. The Quotient Rule: los,( = log, M — log, N 


3. The Power Rule: 


log, M? = p log, M 


4. The Change-of Base Property: 


Introducing Introducing 
The General Common Natural 
Property Logarithms Logarithms 
log, M log M In M 
log, M = log, M = log, M = —_ 
ao log,b a log b Be Inb 


e Expand: log3(81x’). 
= log;81 + log3x’ 
= 4+ 7log3x 


e Write as a single logarithm: 7Inx — 4Iny. 


7 
= Inx’ — Iny* = in) 
ey, 


e Evaluate: log,92. 


In92 
log,92 = —— = 2.5237 
O86 In6 
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Definitions and Concepts Examples 


Section 9.5 Exponential and Logarithmic Equations 


An exponential equation is an equation containing a variable Solve: 47-1 = 64. 
in an exponent. Some exponential equations can be solved by (EN = 78 
expressing both sides as a power of the same base. Then set 
2a eS 
the exponents equal to each other: 
If bY = bN, then M =N. a 
x=2 


The solution is 2 and the solution set is {2}. 


If both sides of an exponential equation cannot be expressed Solve: 7* = 103. 
as a power of the same base, isolate the exponential In 7* = 1n103 
expression. Take the natural logarithm on both sides for bases iIn7 = In103 
other than 10 and take the common logarithm on both sides mie 
for base 10. Simplify using x — M103 
Inb*=xInb or Ine*’=x or log10* =x. In7 
Int Int 
The solution is ne and the solution set is a Me \ 
In7 In7 
A logarithmic equation is an equation containing a variable Solve: log,(3x — 1) = 5. Solve: 3In2x = 15. 
in a logarithmic expression. Logarithmic equations in the Sa By = il mars § 
form log,x = c can be solved by rewriting in exponential 
form as b° = x. When checking logarithmic equations, reject 32 = 3x — 1 \ Exponential form \ loge 2x = 5 
proposed solutions that produce the logarithm of a negative 33 = 3x @ = 2x 


number or the logarithm of zero in the original equation. 


11 =x =x 


The solution is 11 and the 


: ; The solution is — and the 
solution set is {11}. 2 


5 
: ae 
solution set is 1st. 


Logarithmic equations in the form log, M = log, N, where Solve: log(2x — 1) = log(4x — 3) — logx. 
M > Oand N > 0, can be solved using the one-to-one ge = 2 
property of logarithms: log(2x — 1) = ioa( zi ) 
If log, M = log, N, then M = N. Ana 
2 = 


o{ Cpe — il) = be 3) 
2x7 — x = 4x — 3 
2x* — 5x +3 =0 
Ce = 3yeo = 1) = 0 
es —= (I) ore ge | (0) 


Li x=1 


Neither number produces the logarithm of 0 or logarithms of 
negative numbers in the original equation. The solutions are 


1 and =. and the solution set is e st. 


Definitions and Concepts 


Review Exercises 747 


Examples 


Section 9.6 Exponential Growth and Decay; Modeling Data 


Exponential growth and decay models are given by 

A = Ace“ in which t represents time, Ap is the amount 
present at ¢ = 0, and A is the amount present at time f. 

If k > 0, the model describes growth and k is the growth 
rate. If k < 0, the model describes decay and k is the 

decay rate. Scatter plots for exponential and logarithmic 
models are shown in Figure 9.25 on page 734. When using a 
graphing utility to model data, the closer that the correlation 
coefficient r is to —1 or 1, the better the model fits the data. 


Expressing an Exponential Model in Base e 
y = ab* is equivalent to y = ae“), 


CHAPTER 9 REVIEW EXERCISES 


9.1 In Exercises 1-4, set up a table of coordinates for each 
function. Select integers from —2 to 2, inclusive, for x. Then use 
the table of coordinates to match the function with its graph. 
[The graphs are labeled (a) through (d).] 


1. fx) =4 2. f(x) =4~* 
3. f(x) =—-47* 4. f(x) =—-4* +3 
a. 


The 1970 population of the Tokyo, Japan, urban area was 
16.5 million: in 2000, it was 26.4 million. Write an exponential 
growth function that describes the population, in millions, 

t years after 1970. Begin with A = Age“. 


A = 16.5e" In 1970 (t = O), the population was 
16.5 million. 
26.4 = 16.5e*30 = When t = 30 (in 2000), A = 26.4. 
30K _ 26.4 : 
Cea Isolate the exponential factor. 
16.5 
30k 26.4 : . 
Ine = In 165 Take the natural logarithm on both sides. 
(#4) 
26.4 16.5 
30k = In| —— d k =——— * 0.016 
o( 5 5) es 30 


The growth function is A = 16.5207". 


| Growth rate is 0.016 or 1.6%. | 


Rewrite in terms of base e: y = 24(7.2)*. 
y= de (in 7.2)x a 2A e1.974x 


In Exercises 5-8, graph functions f and g in the same 
rectangular coordinate system. Select integers from —2 to 2, 
inclusive, for x. Then describe how the graph of g is related to 
the graph of f. If applicable, use a graphing utility to confirm 
your hand-drawn graphs. 

5 fy = 2 ande(iz) = 2" 


6. f(x) = 2* and g(x) = (3) 


7. f(x) = 3* and g(x) = 3*- 1 


8. f(x) = 3 and g(x) = -3* 


Use the compound interest formulas 
r nt 
A (1 + ") and A = Pe” 
to solve Exercises 9-10. 


9. Suppose that you have $5000 to invest. Which investment 
yields the greater return over 5 years: 5.5% compounded 
semiannually or 5.25% compounded monthly? 
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10. Suppose that you have $14,000 to invest. Whichinvestment 16. f(x) = 4x — 3 
yields the greater return over 10 years: 7% compounded 
monthly or 6.85% compounded continuously? 


11. Acup of coffee is taken out of a microwave oven and placed 
in a room. The temperature, T, in degrees Fahrenheit, 
of the coffee after f minutes is modeled by the function 17. f(x) = Vx +2 
T = 70 + 130e~°™85*', The graph of the function is shown 
in the figure. 


18. f(x) = 8x 4+1 


Which graphs in Exercises 19-22 represent functions that have 
inverse functions? 


19: 


Use the graph to answer each of the following questions. 


a. What was the temperature of the coffee when it was first 
taken out of the microwave? 


b. What is a reasonable estimate of the temperature of the 
coffee after 20 minutes? Use your calculator to verify 
this estimate. 


c. What is the limit of the temperature to which the coffee 
will cool? What does this tell you about the temperature 
of the room? 20. 


9.2 In Exercises 12-13, find a. (f° g)(x); b. (g ° f)(x); 
c. (f° g)(3). 
12. f(x) =x? + 3, g(x) = 4x -1 


13. f(x) = Vx,g() =x+1 


In Exercises 14-15, find f(g(x)) and g(f(x)) and determine 
whether each pair of functions f and g are inverses of each 
other. 


14. f(x) = =x ar 5 and g(x) = oy — 2 
21. 
2% 
15. f(x) =2— 5x and g(x) = a 


The functions in Exercises 16-18 are all one-to-one. For each 
function, 


a. Find an equation of f—\(x), the inverse function. 


b. Verify that your equation is correct by showing that 


AG AC) — Gand faa ic)) x 


Review Exercises 749 


22. 42. Graph f(x) = (Gg) and g(x) = logix in the same 
i rectangular coordinate system. Use the graphs to determine 
il each function’s domain and range. 


ee eee In Exercises 43-45, find the domain of each logarithmic 
Souk function. 
eeu 


43. f(x) = logs(x + 5) 


44. f(x) = log(3 — x) 
23. Use the graph of f in the figure shown to draw the graph of 4s, f(x) = In(@e — 1)? 
its inverse function. 


In Exercises 46-48, simplify each expression. 

46. Ine 

Ar en 

48, 10!84° 

49. On the Richter scale, the magnitude, R, of an earthquake 


I 
of intensity J is given by R = log i’ where Jp is the intensity 
0 


of a barely felt zero-level earthquake. If the intensity of an 
earthquake is 1000J), what is its magnitude on the Richter 
scale? 


50. Students in a psychology class took a final examination. As 


9.3 In Exercises 24-26, write each equation in its equivalent part of an experiment to see how much of the course content 


ene ea aun: they remembered over time, they took equivalent forms 
on es log497 25. 3 = logyx of the exam in monthly intervals thereafter. The average 

2 score, f(t), for the group after tf months is modeled by the 
26. log;81 = y function f(t) = 76 — 18 log(t + 1), whereO = ¢ = 12. 

a. What was the average score when the exam was first 

In Exercises 27-29, write each equation in its equivalent given? 
logarithmic form. b. What was the average score, to the nearest tenth, after 
270) = 2G 28. b° = 625 2 months? 4 months? 6 months? 8 months? one year? 
29. 13” = 874 


In Exercises 30-40, evaluate each expression without using a 


calculator. If evaluation is not possible, state the reason. c. Use the results from parts (a) and (b) to graph f. 


Describe what the shape of the graph indicates in terms 


1 

woe le aes Bloat of the material retained by the students. 
32. log3(—9) 

33. logie4 34. log,717 51. The formula 

35. log; 3° 36. Ine? _ in y ) 

ST: ~¢ \A-N 


il 

lgeg 

3 
ce describes the time, ¢, in weeks, that it takes to achieve 
38. In-> mastery of a portion of a task. In the formula, A represents 
° maximum learning possible, N is the portion of the learning 
og that is to be achieved, and c is a constant used to measure 
1000 an individual’s learning style. A 50-year-old man decides to 
40. log3(logg 8) start running as a way to maintain good health. He feels that 
the maximum rate he could ever hope to achieve is 12 miles 
per hour. How many weeks will it take before the man can 

run 5 miles per hour if c = 0.06 for this person? 


39. | 


41. Graph f(x) = 2* and g(x) = log, x in the same rectangular 
coordinate system. Use the graphs to determine each 
function’s domain and range. 
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9.4 In Exercises 52-55, use properties of logarithms to 
expand each logarithmic expression as much as possible. Where 
possible, evaluate logarithmic expressions without using a 
calculator. Assume that all variables represent positive numbers. 


53. toe ~*) 


52. log,(36x°) 


2 
xy 
Bs Top = 
on, 64 ) 
es in 
(2 


In Exercises 56-59, use properties of logarithms to condense 
each logarithmic expression. Write the expression as a single 
logarithm whose coefficient is 1. 


56. log,7 + log,3 57. log3 — 3 logx 


1 
58. 3Inx + 4Iny 59. zinx — Iny 
In Exercises 60-61, use common logarithms or natural 
logarithms and a calculator to evaluate to four decimal places. 


60. log 72,348 61. log,0.863 


In Exercises 62-65, determine whether each equation is true or 
false. Where possible, show work to support your conclusion. If 
the statement is false, make the necessary change(s) to produce a 
true statement. 


62. (Inx)(In1) = 0 
__ log(x + 9) 


63. log(x + 9) ino 


log(x + 1) 


64. (log, x)! = 4 log, x 


65. Ine* = xIne 


9.5 In Exercises 66-71, solve each exponential equation. 
Where necessary, express the solution set in terms of 

natural logarithms and use a calculator to obtain a decimal 
approximation, correct to two decimal places, for the solution. 


66. 2*°2 = 64 67 1257 — 105 
gn ll 

68. 9 = a 

69. 8° = 12,143 


70. 9e* = 1269 


71. 30e°%* = 90 


In Exercises 72-81, solve each logarithmic equation. 


72. logsx = —3 73. logx = 2 
74. logy(3x — 5) =3 75. Inx =—-1 
76. 3 + 4In(2x) = 15 

77. logs(x + 3) + logo(x — 3) =4 

78. log3(x — 1) — log3(x + 2) = 2 

79. log4(3x — 5) = log43 

80. In(x + 4) — In(w + 1) = Inx 


81. logs(2x + 1) = logg(x — 3) + log,¢(x + 5) 

82. The function P(x) = 14.7e~°?!* models the average 
atmospheric pressure, P(x), in pounds per square inch, 
at an altitude of x miles above sea level. The atmospheric 
pressure at the peak of Mt. Everest, the world’s highest 
mountain, is 4.6 pounds per square inch. How many miles 
above sea level, to the nearest tenth of a mile, is the peak 
of Mt. Everest? 


83. The amount of carbon dioxide in the atmosphere, 
measured in parts per million, has been increasing as 
a result of the burning of oil and coal. The buildup of 
gases and particles traps heat and raises the planet’s 
temperature, a phenomenon called the greenhouse effect. 
Carbon dioxide accounts for about half of the warming. 
The function f(f) = 364(1.005)’ projects carbon dioxide 
concentration, f(t), in parts per million, ¢ years after 2000. 
Using the projections given by the function, when will the 
carbon dioxide concentration be double the preindustrial 
level of 280 parts per million? 


84. The function W(x) = 0.37 Inx + 0.05 models the average 
walking speed, W(x), in feet per second, of residents in a 
city whose population is x thousand. Visitors to New York 
City frequently feel they are moving too slowly to keep 
pace with New Yorkers’ average walking speed of 3.38 feet 
per second. What is the population of New York City? Round 
to the nearest thousand. 


85. Use the compound interest formula 


nt 
A =P +") 
n 


to solve this problem. How long, to the nearest tenth of a 
year, will it take $12,500 to grow to $20,000 at 6.5% annual 
interest compounded quarterly? 


Use the compound interest formula 
A = Pe” 
to solve Exercises 86-87. 
86. How long, to the nearest tenth of a year, will it take $50,000 
to triple in value at 7.5% annual interest compounded 
continuously? 


87. What interest rate is required for an investment subject to 
continuous compounding to triple in 5 years? 


9.6 


88. According to the U.S. Bureau of the Census, in 1990 there 
were 22.4 million residents of Hispanic origin living in 
the United States. By 2008 the number had increased to 
46.9 million. The exponential growth function A = 22.4e 
describes the U.S. Hispanic population, A, in millions, 
t years after 1990. 

a. Find k, correct to three decimal places. 

b. Use the resulting model to project the Hispanic resident 
population in 2015. 

c. In which year will the Hispanic resident population 
reach 68 million? 

89. Use the exponential decay model, A = Aye", to solve this 
exercise. The half-life of polonium-210 is 140 days. How 
long will it take for a sample of this substance to decay to 
20% of its original amount? 


Test 751 


Exercises 90-91 present data in the form of tables. For each In Exercises 92-93, rewrite the equation in terms of base e. 
data set shown by the table, Express the answer in terms of a natural logarithm and then 
a. Create a scatter plot for the data. round to three decimal places. 
b. Use the scatter plot to determine whether an exponential 92. y = 73(2.6)" 
function or a logarithmic function is a better choice for 93. y = 6.5(0.43)* 
modeling the data. 94. The figure shows world population projections through 


the year 2150. The data are from the United Nations 
Family Planning Program and are based on optimistic or 
pessimistic expectations for successful control of human 
population growth. Suppose that you are interested in 
Number of Bids Average Amount Saved modeling these data using exponential, logarithmic, linear, 

2 $1171 and quadratic functions. Which function would you use to 
model each of the projections? Explain your choices. For 


90. Average Savings by Getting More Than One Bid on 
a Reroofing Job 


: $1538 the choice corresponding to a quadratic model, would your 
4 $1734 formula involve one with a positive or negative leading 
5 $1901 coefficient? Explain. 

Source: www.Checkbook.org Proj ections in 


World Population Growth 


91. Percentage of U.S. Households with HDTV Sets Bw 
Year Percent a 20 
ta) 
2001 1% Per 
ag 
2004 10% = 10 
6 26% 5 
200: o iS 
a 5 eer 
2009 47% ee ee 
Source: Consumer Electronics Association 2000 2025 2050 2075 2100 2125 2150 


‘Year 


a Test Pre Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on You({} (search “BlitzerInterAlg” and click 
CHAPTER 9 TEST eee Waleble nhiyt 


. Graph f(x) = 2 and g(x) = 2**! in the same rectangular 
coordinate system. 


nt 


2, UsexA = (1 ate ") and A = Pe” to solve this problem. 
n 


Suppose you have $3000 to invest. Which investment 
yields the greater return over 10 years: 6.5% compounded 
semiannually or 6% compounded continuously? How 
much more (to the nearest dollar) is yielded by the better 
investment? 


Amount Given to Charity 


| | | | >x 
0 20 40 60 80 100 


3. If f(x) = x? + x and g(x) = 3x — 1, find (feg)(x) and Income (thousands of dollars) 
(g° AQ). 


4. If f(x) = 5x — 7, find f(x). 


a. Explain why f has an inverse that is a function. 


b. Find f(80). 


5. A function f models the amount given to charity as a c. Describe in practical terms the meaning of f'(2000). 
function of income. The graph of f is shown in the figure. 
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6. Write in exponential form: logs 125 = 3. 
7. Write in logarithmic form: V36 = 6. 


8. Graph f(x) = 3* and g(x) = log3;x in the same rectangular 
coordinate system. Use the graphs to determine each 
function’s domain and range. 


In Exercises 9-11, simplify each expression. 
9. Ine™ 10. log,b 11. logs 1 
12. Find the domain: f(x) = logs (x — 7). 
13. On the decibel scale, the loudness of a sound, in decibels, 


Hi 
is given by D = 10 log i where J is the intensity of the 
0 


sound, in watts per meter”, and Jy is the intensity of a sound 
barely audible to the human ear. If the intensity of a sound 
is 10'*J), what is its loudness in decibels? (Such a sound is 
potentially damaging to the ear.) 


In Exercises 14-15, use properties of logarithms to expand each 
logarithmic expression as much as possible. Where possible, 
evaluate logarithmic expressions without using a calculator. 


14. log,(64x°) 


3 
15. toe(X) 


In Exercises 16-17, write each expression as a single logarithm. 
16. 6logx + 2logy 


1 In? — Sine 


18. Use a calculator to evaluate log,;;71 to four decimal 
places. 


In Exercises 19-26, solve each equation. 
19. 3%? = 81 


20. 5*=14 


21. 400e* = 1600 


22. | eae 
» 10895 2 


23. logs(4x — 1) = 3 


24. 2In(3x) = 8 


25. logx + log(x + 15) = 2 
26. In(x — 4) 1) = In6 
27. The function 


In(x 4 


A = 82.4¢ 0.00% 


models the population of Germany, A, in millions, ¢ years 
after 2006. 


a. What was the population of Germany in 2006? 


b. Is the population of Germany 
decreasing? Explain. 


increasing or 


c. In which year will the population of Germany be 
80.6 million? 


Use the formulas 
r nt 
a=P(1+2) and A = Pe” 
n 


to solve Exercises 28-29. 


28. How long, to the nearest tenth of a year, will it take $4000 
to grow to $8000 at 5% annual interest compounded 
quarterly? 


29. What interest rate is required for an investment subject 
to continuous compounding to double in 10 years? 


30. The 1990 population of Europe was 509 million; in 2000, 
it was 729 million. Write an exponential growth function 
that describes the population of Europe, in millions, ¢ years 
after 1990. 


31. Use the exponential decay model for carbon-14, 
A = Age 921" to solve this exercise. Bones of a 
prehistoric man were discovered and contained 5% of the 
original amount of carbon-14. How long ago did the man 
die? 


In Exercises 32-35, determine whether the values in each table 
belong to an exponential function, a logarithmic function, 
a linear function, or a quadratic function. 


32. x y 33. x Me 
0 5) i = il 
1 1 0 
2B =ll 3 1 
3 =3) 9 2 
4 =) DT 3 
34, x y 35. x y 
0 1 0 WP 
1 5 1 
oy) 25 2 
3) 125 3 
4 625 4 il 


36. Rewrite y = 96(0.38)* in terms of base e. Express the 
answer in terms of a natural logarithm and then round to 
three decimal places. 
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CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-9) 


In Exercises 1-7, solve each equation, inequality, or system. 
1. 8—- (4x -5)=x-7 
2: i +4y = 22 


3x — 8y = -18 
3. 3x + 2y+4z= 6 
Ix — y+ 3z = 23 
2x + 3y Z= 7 
4. |x -1| >3 


.Vxt4-Vx—-4=2 


6. x —4 = 0and—-3x = -6 


a 


7. 2x7 = 3x -2 


In Exercises 8-12, graph each function, equation, or inequality 
in a rectangular coordinate system. 


8 3x = 15 + 5y 
9. 2x —-3y > 6 

1 
10. fe) =—5x +1 


11. f(x) =x? + 6x + 8 
12. f(x) =(x- 3 -4 
13. Evaluate: 


3 1 0 
0 5 —6}. 
=) 1 0 
14. Solve forc: A = ed 3 
ct+d 


In Exercises 15-17, let f(x) = x? + 3x — 15 and g(x) = x — 2. 
Find each indicated expression. 


15. f(g(x)) 

16. g(F(x)) 

17. g(a +h) — g(a) 

18. If f(x) = 7x — 3, find f(x). 

In Exercises 19-20, find the domain of each function. 
w= 2 

Be) Fg aD 

20. f(x) = In(2x — 8) 


21. 


Write the equation of the linear function whose graph 
contains the point (—2, 4) and is perpendicular to the line 
whose equation is 2x + y = 10. 


In Exercises 22-26, perform the indicated operations and 
simplify, if possible. 


22. 


23. 


24. 


25. 


26. 


In Exercises 27-28, factor completely. 


27. 
28. 
29. 


30. 


31. 


33. 


xt — 4x3 + 8x — 32 
2x? + 12xy + 18y? 


Write as a single logarithm whose coefficient is 1: 
1 
2Inx — zIny. 
nx —5Iny 


The length of a rectangular carpet is 4 feet greater than 
twice its width. If the area is 48 square feet, find the carpet’s 
length and width. 

Working alone, you can mow the lawn in 2 hours and your 
sister can do it in 3 hours. How long will it take you to do 
the job if you work together? 


. Your motorboat can travel 15 miles per hour in still water. 


Traveling with the river’s current, the boat can cover 
20 miles in the same time it takes to go 10 miles against the 
current. Find the rate of the current. 


Use the formula for continuous compounding, A = Pe”, 
to solve this problem. What interest rate is required for an 
investment of $6000 subject to continuous compounding to 
grow to $18,000 in 10 years? 
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They enable the Hubble 
satellite about the size 
375 miles above Earth, to 
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yf our evolving universe. They 
h a procedure for dissolving 
inlessly without invasive surgery. 
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matics behind their surprising applications. 


Here’s where you'll find applications that move beyond planet Earth: 


Planetary orbits; Section 10.2, page 772; Group Project, page 811 .. 
Halley’s Comet: Blitzer Bonus, page 774 oe 
f Hubble Space Telescope: Section 10.4, pages 788 and 793. 

For a kidney stone Ge on Earth, see Section 10.2, page 772. 
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CHAPTER 10 


Conic Sections and Systems of Nonlinear Equations 


Objectives 


P(x, 91) F-5 


Find the distance 
between two points. 


Find the midpoint of a 
line segment. 


Write the standard form 
of a circle’s equation. 


Give the center and 
radius of a circle whose 
equation is in standard 
form. 


Convert the general form 
of a circle’s equation to 
standard form. 


Find the distance 
between two points. 


>< 


P (Xp, Y2) 


x] x2 


Figure 10.1 


Distance and Midpoint Formulas; Circles 


It’s a good idea to know your way 
around a circle. Clocks, angles, 
maps, and compasses 
are based on circles. 
Circles occur everywhere 


in nature: in ripples 
on water, patterns on 
a butterfly’s wings, and 


cross sections of trees. Some 
consider the circle to be the 
most pleasing of all shapes. 

The rectangular coordinate 
system gives us a unique way of 
knowing a circle. It enables us to 
translate a circle’s geometric definition 
into an algebraic equation. To do this, 
we must first develop a formula for the distance between any two points in rectangular 
coordinates. 


The Distance Formula 


Using the Pythagorean Theorem, we can find the distance between the two points 
P,(x1, ¥1) and P,(xz, y2) in the rectangular coordinate system. The two points are 
illustrated in Figure 10.1. 

The distance that we need to find is represented by d and shown in blue. Notice that 
the distance between two points on the dashed horizontal line is the absolute value of 
the difference between the x-coordinates of the two points. This distance, |x. — xj|, is 
shown in pink. Similarly, the distance between two points on the dashed vertical line is 
the absolute value of the difference between the y-coordinates of the two points. This 
distance, | y, — y,|, is also shown in pink. 

Because the dashed lines are horizontal and vertical, a right triangle is formed. Thus, 
we can use the Pythagorean Theorem to find the distance d. Squaring the lengths of the 
triangle’s sides results in positive numbers, so absolute value notation is not necessary. 


d? = (x) — x)? + (i — yy)’ Apply the Pythagorean Theorem to the 


right triangle in Figure 10.1. 


d=t V(x — x)? + (» - yy)’ Apply the square root property. 


d= V(x — my + On - yi)? 


Because distance is nonnegative, write 
only the principal square root. 


This result is called the distance formula. 


The Distance Formula 


The distance, d, between the points (x, y,) and (x2, y2) in the rectangular 
coordinate system is 


d = V(x) — my + (2 — y1)*. 


To compute the distance between two points, find the square of the difference 
between the x-coordinates plus the square of the difference between the 
y-coordinates. The principal square root of this sum is the distance. 


y 
A 


Distance is 


2/13 units. 


~3.-4-3-2-1,1 
29,1 
134 
44 
5+ 


Figure 10.2 Finding the distance 
between two points 


2 Find the midpoint of a 
line segment. 
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When using the distance formula, it does not matter which point you call (x,, y,) and 
which you call (x5, y). 


| EXAMPLE 1 | Using the Distance Formula 


Find the distance between (—1, 4) and (3, —2). Express the answer in simplified radical 
form and then round to two decimal places. 


Solution We will let (x,, y;) = (-1, 4) and (x, y2) = (3,—-2). 


d= V (x2 — x1)? + (v2 -— yy)? Use the distance formula. 
= VB — (-DP + 2 —4)% Substitute the given values. 
= V# + (-6) Perform operations inside grouping symbols: 


3 -(-1)=3+1=4and—-2-—4=-6. 


Caution: This 
= V16 + 36 does not equal Square 4 and —6. 


V16 + V'36. 
= V52 Add. 
= V4-13 = 2V13 ~ 7.21 V52 = V4-13 = V4Vi3 = 2V'13 


The distance between the given points is 2/13 units, or approximately 7.21 units. 
The situation is illustrated in Figure 10.2. 


'\/| CHECK POINT1 Find the distance between (—1,—3) and (2, 3). Express the 
answer in simplified radical form and then round to two decimal places. 


The Midpoint Formula 


The distance formula can be used to derive a formula for finding the midpoint of a line 
segment between two points. The formula is given as follows: 


The Midpoint Formula 


Consider a line segment whose endpoints are (x;, y,) and (x2, y2). The coordinates 
of the segment’s midpoint are 


Xy +X. Yi + 2 
D : DY, ‘ 


To find the midpoint, take the average of the two x-coordinates and the average of 
the two y-coordinates. 


Great Question! 


Do | add or subtract coordinates when applying the midpoint and distance 
formulas? 


The midpoint formula requires finding the sum of coordinates. By contrast, the distance 
formula requires finding the difference of coordinates: 


Midpoint: 
Sum of coordinates Distance: 
Difference of coordinates 


| 
EE) cea a 


It’s easy to confuse the two formulas. Be sure to use addition, not subtraction, when 
applying the midpoint formula. 
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34 
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Figure 10.3 Finding a line 
segment’s midpoint 


+> X 


| EXAMPLE 2 | Using the Midpoint Formula 


Find the midpoint of the line segment with endpoints (1, —6) and (—8, —4). 


Solution To find the coordinates of the midpoint, we average the coordinates of the 
endpoints. 


Midpoint = (2 8) = +c) = (z = = (- , -5) 


Average the Average the 
X-coordinates. _y-coordinates. 


Figure 10.3 illustrates that the point (— }, —5) is midway between the points (1, —6) and 
(-8,-4). 


\/| CHECK POINT 2 Find the midpoint of the line segment with endpoints (1, 2) 
and (7, —3). 


Circles 


Our goal is to translate a circle’s geometric definition into an equation. We begin with 
this geometric definition. 


Definition of a Circle 


A circle is the set of all points in a plane that are equidistant from a fixed point, 
called the center. The fixed distance from the circle’s center to any point on the 
circle is called the radius. 


Figure 10.4 is our starting point for obtaining a circle’s equation. We’ve placed the 
circle into a rectangular coordinate system. The circle’s center is (h, k) and its radius 
is r. We let (x, y) represent the coordinates of any point on the circle. 


>< 


Center 


ask) 


% 
\ 


Radius: 7-\\ Any point on 
the circle 


(x, y) 


> xX 


Figure 10.4 A circle centered at (h, k) with radius r 


What does the geometric definition of a circle tell us about the point (x, y) in 
Figure 10.4? The point is on the circle if and only if its distance from the center is r. We 
can use the distance formula to express this idea algebraically: 


The distance between 
(x, y) and (h, k) is always i 


V(x — ny + (y — kP = 9. 


Squaring both sides of V(x — h)? + (y — k)2 =r yields the standard form of the 
equation of a circle. 


3 | Write the standard form 
of a circle’s equation. 


Figure 10.5 The graph of 
re +y=4 
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The Standard Form of the Equation of a Circle 


The standard form of the equation of a circle with center (h, k) and radius r is 
(x —hP +(y—kP =P’. 


| EXAMPLE 3 | Finding the Standard Form of a Circle’s Equation 


Write the standard form of the equation of the circle with center (0, 0) and radius 2. 
Graph the circle. 


Solution The center is (0, 0). Because the center is represented as (h, k) in the 
standard form of the equation, h = 0 and k = 0. The radius is 2, so we will let r = 2 
in the equation. 


(x —h? + (y—k? =P? — Thisis the standard form of a circle’s equation. 
(x — 0)? + (y — 0)? = 2? — Substitute O for h, O for k, and 2 for r. 
x*+y?=4 — Simplify. 
The standard form of the equation of the circle is x” + y? = 4. Figure 10.5 shows the 
graph. 


'\/| CHECK POINT3 Write the standard form of the equation of the circle with 
center (0, 0) and radius 4. 


Using Technology 
To graph a circle with a graphing utility, first solve the 
== equation for y. 
r+y=4 
y=4—x% 
ey ee? 


y is not a 
function of x. 
ae Graph the two equations 
Fests a eee ee ae 


in the same viewing rectangle. The graph of y; = V4 — x7 is the top semicircle because 
y is always positive. The graph of y,) = —V4 — x? is the bottom semicircle because y is 
always negative. Use a | ZOOM SQUARE | setting so that the circle looks like a circle. 
(Many graphing utilities have problems connecting the two semicircles because the 
segments directly to the left and to the right of the center become nearly vertical.) 


Example 3 and Check Point 3 involved circles centered at the origin. The standard 
form of the equation of all such circles is x7 + y? = r*, where r is the circle’s radius. 
Now, let’s consider a circle whose center is not at the origin. 


Finding the Standard Form of a Circle’s Equation 


Write the standard form of the equation of the circle with center (—2, 3) and radius 4. 


Solution The center is (-2,3). Because the center is represented as (h, k) in the 
standard form of the equation, h = —2 and k = 3. The radius is 4, so we will let r = 4 
in the equation. 


(x -—hP +(y—-—kPv =r’ This is the standard form of a circle’s equation. 
[x — (-2)? + (vy -— 3 =4 = Substitute —2 for h, 3 for k, and 4 for r. 
(x + 2)? + (y-3)/ = 16 — Simplify. 
The standard form of the equation of the circle is (x + 2)? + (vy - 3 =16. & 
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4 | Give the center and 
radius of a circle whose 
equation is in standard 
form. 


Figure 10.6 The graph of 
(« — 2% ++ 4 =9 


/| CHECK POINT4 Write the standard form of the equation of the circle with 
center (5, —6) and radius 10. 


| EXAMPLE 5 Using the Standard Form of a Circle’s 
Equation to Graph the Circle 
a. Find the center and radius of the circle whose equation is 
(x - 2? +(y +4 =9. 


b. Graph the equation. 


Solution 
a. We begin by finding the circle’s center, (h, k), and its radius, r. We can find the 


values for h, k, and r by comparing the given equation to the standard form of the 
equation of a circle, (x — h)? + (y — k)? = r’. 

(x — 2)? + (y + 4) 

(x — 2h + (y — (-4))? = 


This is (x —h)*, This is (y — k)?, This is 7, 
with h = 2. with k = —4. with 7 = 3. 


| il 
w © 


We see thath = 2,k = —4, andr = 3. Thus, the circle has center (h, k) = (2, —4) 
and a radius of 3 units. 


b. To graph this circle, first plot the center (2, —4). Because the radius is 3, you can 
locate at least four points on the circle by going out three units to the right, to the 
left, up, and down from the center. 

The points three units to the right and to the left of (2,—4) are (5,—4) and 
(-1,—4), respectively. The points three units up and down from (2,—4) are 
(2,—-1) and (2,—7), respectively. Using these points, we obtain the graph in 
Figure 10.6. & 


Great Question! 
What's the bottom line when identifying h and k in the standard form of a circle’s 
equation? 
It’s easy to make sign errors when finding h and k, the coordinates of a circle’s center, 
(h, k). Keep in mind that h and k are the numbers that follow the subtraction signs in a 
circle’s equation: 

(= 2) iy ay = 9 
Ga) ay (4) — 


The number after the 


subtraction is —4: k =—4. 


The number after the 
subtraction is 2: h = 2. 


/| CHECK POINT 5 Find the center and radius of the circle whose equation is 
(x +3) + (y- 1)? =4 


and graph the equation. 


If we square x — 2 and y + 4in the standard form of the equation of Example 5, we 
obtain another form for the circle’s equation. 


(x — 2) + (y + 4)? =9 This is the standard form of the equation from 
Example 5. 


r?-—4¥+4+ y+ 8y+16=9 Square x — 2andy + 4. 


5 | Convert the general form 
of a circle’s equation to 
standard form. 


Figure 10.7 The graph of 
( + 2)? + y — 3)? = 36 
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x? + y?— 4x + 8y + 20 =9 Combine numerical terms and rearrange terms. 
x +y?— 4x + 8y +11 =0 Subtract 9 from both sides. 


This result suggests that an equation in the form x? + y* + Dx + Ey + F= 0 can 
represent a circle. This is called the general form of the equation of a circle. 


The General Form of the Equation of a Circle 
The general form of the equation of a circle is 


x+y? + Dx + Ey + F=0. 


We can convert the general form of the equation of a circle to the standard form 
(x — h)* + (y — k)* = r?. We do so by completing the square on x and y. Let’s see 
how this is done. 


Great Question! 
Egad! | forgot how to complete the square. Any suggestions? 


To complete the square on x” + bx, take half the coefficient of x. Then square this 
number. By adding the square of half the coefficient of x, a perfect square trinomial will 
result. For more detail, see pages 586-587 of Section 8.1. 


Converting the General Form of a Circle’s 


Equation to Standard Form and Graphing 
the Circle 


Write in standard form and graph: x? + y? + 4x — 6y — 23 = 0. 


Solution Because we plan to complete the square on both x and y, let’s rearrange 
the terms so that x-terms are arranged in descending order, y-terms are arranged in 
descending order, and the constant term appears on the right. 


x? + y* + 4x -— 6y - 23 =0 This is the given equation. 
(x? + 4x ) + (y? — by ) = 23 Rewrite in anticipation of completing 
the square. 


Complete the square on x: 74=2 


and 2? = 4, so add 4 to both 
sides. Complete the square on 


(x? + 4x + 4) + (y? - 6y + 9) = 23 +449 


Remember that numbers added on the left 
side must also be added on the right side. y: a¢ 6) = —3 and ( ay = 9,50 


add 9 to both sides. 


(x + 2)? + (y — 3) = 36 Factor on the left and add on the 
right. 


This last equation is in standard form. We can identify the circle’s center and 
radius by comparing this equation to the standard form of the equation of a circle, 
(x —hP +(y—kP =r’. 
(x + 2)? + (y — 3)? = 36 
(eae) 23 Se 
This is (x — h)?, This is (vy — k)?, This is r2, 


with h =—2, with k = 3. with 7 = 6. 


We use the center, (h,k) = (—2,3), and the radius, r = 6, to graph the circle. The 
graph is shown in Figure 10.7. & 
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Using Technology 


To graph x? + y? + 4x — 6y — 23 = 0, rewrite the equation as a quadratic equation in y. 


y? — 6y + (x? + 4x — 23) = 0 


Now solve for y using the quadratic formula, with a = 1, b = —6, andc = x? + 4x — 23. 
_-b + Vb? = 4ac _ -(-6) + V(-6)? — 4-102 + 4x — 23) 6 + V36 - 4x? + 4x — 23) 
2a A Al 2 
Because we will enter these equations, there is no need to simplify further. Enter Be 
6 + V 36 4G ays) 
vit = 2 
and 


6 — V36 — 4(x? + 4x — 23) 
sh = 5) g 


Use a | ZOOM SQUARE | setting. The graph is shown on the right. 


a) 


'/| CHECK POINT6 Write in standard form and graph: 
+y4+ 4x -4y-1=0. 


Achieving Success 


A recent government study cited in Math: A Rich Heritage (Globe Fearon Educational 
Publisher) found this simple fact: The more college mathematics courses you take, the 
greater your earning potential will be. Even jobs that do not require a college degree 
require mathematical thinking that involves attending to precision, making sense of 
complex problems, and persevering in solving them. No other discipline comes close to 
math in offering a more extensive set of tools for application and intellectual development. 
Take as much math as possible as you continue your journey into higher education. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


al 


2. 


The distance, d, between the points (x;, y,) and (x, yz) in the rectangular coordinate system is d = 


The midpoint of a line segment whose endpoints are (x, y;) and (x2, y2) is ( ; ). 

The set of all points in a plane that are equidistant from a fixed point is a/an . The fixed point is called the 
. The distance from this fixed point to any point on the geometric figure is called the 

The standard form of the equation of a circle with center (A, &) and radius r is 


The equation x? + y? + Dx + Ey + F = Oiscalled the form of the equation of a circle. 


In the equation (x* + 4x) + (y? — 8y__), we complete the square on x by adding to both sides. We complete 
the square on y by adding to both sides. 


m= (aes MyMathLab? wren | oomoatte 


Practice Exercises 

In Exercises 1-18, find the distance between each pair of points. 
If necessary, express answers in simplified radical form and 
then round to two decimal places. 


(4, 1) and (6, 3) 

(2, 3) and (3, 5) 

(0, 0) and (3, 4) 

(0, 0) and (3, -4) 
(—2, —6) and (3, —4) 


1. (2,3) and (14, 8) 
2. (5,1) and (8, 5) 


SOS 


10. 
11. 
12. 
13. 
14. 
15. 
16. 


ive 


18. 


(—4, -1) and (2, —-3) 

(0, -3) and (4, 1) 

(0, —2) and (4, 3) 

(3.5, 8.2) and (—0.5, 6.2) 

(2.6, 1.3) and (1.6, —5.7) 

(0,- -V3) and (V5, 5,0) 

(0,- -V2) and Vee 0) 
(3V3, V5) and (-V3,4V5) 
(2V3. V6) and (~V3.5V6) 


7 i 1 6 
Co hace) 

1 3) 6 
a 4 7)304(F-5) 


In Exercises 19-30, find the midpoint of the line segment with 
the given endpoints. 


19. 
20. 
21 


22a 
23. 
24. 


25. 


26. 


CAE 
28. 
29. 
30. 


In Exercises 31-40, write the standard form of the equation of 


(6, 8) and (2, 4) 
(10, 4) and (2, 6) 
(2, —8) and (—6, —2) 


(—4, -7) and (—1, —-3) 
(—3, —4) and (6, -8) 
(—2,—1) and (-8, 6) 


( 7 2) a( 5 = 

D7) PON a 5 
2 4 

and ( 3 «) 


and (- 6, 7V5) 
—6) and (3V3, = 2) 
—4) and (V2. 2,4) 
—6) and (V2, 226) 


0 
uo 
aS 
Foe n= 


the circle with the given center and radius. 


31. Center (0,0),r = 7 

32. Center (0,0),r = 8 

33. Center (3,2),r = 5 

34. Center (2,—1),r = 4 

35. Center (—1,4),r = 2 

36; (Center (]3)5).7 — 3 

37. Center (=3:—l)37 — V3 
38. Center (—5,—3),r = V5 
39. Center (—4, 0),r = 10 
40. Center (—2,0),r = 6 


In Exercises 41-48, give the center and radius of the circle 
described by the equation and graph each equation. 
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46. (x + 1) + (y — 47% = 25 
47. (x + 2% +(y+2P =4 
48. (x + 4) + (y + 5) = 36 


In Exercises 49-56, complete the square and write the equation 
in standard form. Then give the center and radius of each circle 
and graph the equation. 


49. x7 + y?+ 6x +2y+6=0 
50. x7 + y? + 8x +4y+ 16=0 
51. x? + y? — 10x — 6y — 30 =0 
52. x7 + y?- 4x -12y -9=0 
53. x° + y? + 8x —-2y -8 =0 
54. x° + y? + 12x -6y -4=0 
55. x7 — 2x + y?-15=0 


56. x7 + y? -6y -7=0 


Practice PLUS 


In Exercises 57-60, find the solution set for each system by 
graphing both of the system’s equations in the same rectangular 
coordinate system and finding all points of intersection. Check 
all solutions in both equations. 


57. ie + y? = 16 
x-y=4 
58. me +y=9 
Va 


= G 22+ (y +3 =4 
i= eS) 

Ae 32 + (yt 12 =9 
y= 


In Exercises 61-64, write the standard form of the equation of 
the circle with the given graph. 


61. y 
4h 
24 
x 
-2 6 
251) 
4+ 
~64 
62. 


Alen ey — a6 
42. x? + y? = 49 
43. (x — 3) + (y — 1)° = 36 
44. (x — 2)? + (y - 3% = 16 
45. (x + 3° + (y-2Y =4 
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63. 


64. 


In Exercises 65-66, a line segment through the center of each 
circle intersects the circle at the points shown. 


a. 
b. 
c. 


65. 


Find the coordinates of the circle’s center. 
Find the radius of the circle. 


Use your answers from parts (a) and (b) to write the 
standard form of the circle’s equation. 


66. 


1 


> X 


Application Exercises 


The cellphone screen shows 
coordinates of six cities from 
a rectangular coordinate 


system placed on North 
America by long-distance 
telephone companies. Each 
unit in this system represents 
V0.1 mile. 


Conic Sections and Systems of Nonlinear Equations 


In Exercises 67-68, use the information at the bottom of the 
previous column to find the distance, to the nearest mile, 
between each pair of cities. 


67. 


Boston and San Francisco 


68. New Orleans and Houston 


69. 


A rectangular coordinate system with coordinates in miles 
is placed with the origin at the center of Los Angeles. 
The figure indicates that the University of Southern 
California is located 2.4 miles west and 2.7 miles south 
of central Los Angeles. A seismograph on the campus 
shows that a small earthquake occurred. The quake’s 
epicenter is estimated to be approximately 30 miles from 
the university. Write the standard form of the equation 
for the set of points that could be the epicenter of the 
quake. 


Los Angeles 
(0, 0) 


The Ferris wheel in the figure has a radius of 68 feet. The 
clearance between the wheel and the ground is 14 feet. 
The rectangular coordinate system shown has its origin 
on the ground directly below the center of the wheel. 
Use the coordinate system to write the equation of the 
circular wheel. 


Writing in Mathematics 


71. 


72. 


In your own words, describe how to find the distance 
between two points in the rectangular coordinate 
system. 


In your own words, describe how to find the midpoint of 
a line segment if its endpoints are known. 


SECTION 10.1 


73. What is a circle? Without using variables, describe how 
the definition of a circle can be used to obtain a form of 
its equation. 


74. Give an example of a circle’s equation in standard form. 
Describe how to find the center and radius for this circle. 

75. How is the standard form of a circle’s equation obtained 
from its general form? 


76. Does (x — 3)? + (y — 5)? = Orepresent the equation of 
a circle? If not, describe the graph of this equation. 


77. Does (x — 3)* + (y — 5)* = —25 represent the equation 
of a circle? What sort of set is the graph of this equation? 


Technology Exercises 


In Exercises 78-80, use a graphing utility to graph each circle 
whose equation is given. 


Tike se oy =) 
79. (y +1) = 36 - (x - 3) 
80. x* + 10x + y? — 4y — 20 =0 


Critical Thinking Exercises 


Make Sense? In Exercises 81-84, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


81. I’ve noticed that in mathematics, one topic often leads 
logically to a new topic: 


Pythagorean Distance Equations 
Theorem Formula of Circles 
leads leads 
to to 


82. To avoid sign errors when finding h and k, I place 
parentheses around the numbers that follow the 
subtraction signs in a circle’s equation. 

83. Lused the equation (x + 1)? + (y — 5 = 
the circle’s center and radius. 

84. My graph of (x — 2)? + (y + 1)? = 16 is my graph of 
x? + y? = 16 translated two units right and one unit 
down. 


4 to identify 


In Exercises 85-88, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 
85. The equation of the circle whose center is at the origin 
with radius 16 is x7 + y? = 16. 
86. The graph of (x — 3)? + (y 
radius 6 centered at (—3, 5). 
87. The graph of (x — 4) + (y 
radius 5 centered at (4, —6). 
88. The graph of (x — 3)? + (vy + SP = 
radius 6 centered at (3, —5). 


5)’ = 36 is a circle with 


6) = 25 is a circle with 


36 is a circle with 


89. Show that the points A(1,1+ d), B(3,3 + d), and 
C(6,6 + d) are collinear (lie along a straight line) by 
showing that the distance from A to B plus the distance 
from B to C equals the distance from A to C. 


90. Prove the midpoint formula by using the following 
procedure. 


a. Show that the distance between (x,,y,) and 
Xy +X Yi t+ yo 
De ID) 


) is equal to the distance between 


Xp +X. VW +2) 


d 
(x92) and ( 7? 5) 


b. Use the procedure from Exercise 89 and the distances 
from part (a) to show that the points (x, y,), 
X1 + x2 Yr t V2 

2 rn 


, and (x9, y2) are collinear. 


91. Find all points with y-coordinate 2 so that the distance 
between (x, 2) and (2, —-1) is 5. 


92. Find the area of the doughnut-shaped region bounded 
by the graphs of (x — 2)? + (y+ 3)?=25 and 
(x — 2)? + (y + 3) = 36. 


93. A tangent line to a circle is a line that intersects the circle 
at exactly one point. The tangent line is perpendicular 
to the radius of the circle at this point of contact. Write 
the point-slope form of the equation of a line tangent to 
the circle whose equation is x? + y? = 25 at the point 
(3, —4). 


Review Exercises 
94. If f(x) =x?-2 and g(x) =3x+4, find f(g(x)) 


and g(f(x)). (Section 9.2, Example 1) 
95. Solve: 2x = V7x — 3 + 3. (Section 7.6, Example 3) 


96. Solve: |2x — 5| < 10. (Section 4.3, Example 4) 


Preview Exercises 


Exercises 97-99 will help you prepare for the material covered 
in the next section. 


eh 2 

97. Set y = 0 and find the x-intercepts: 7 oF = = 1. 
Fees 

98. Set x = 0 and find the y-intercepts: car il: 


99. Divide both sides of 25x? + 16y? = 400 by 400 and 
simplify. 
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Objectives 


@ Graph ellipses centered 


at the origin. 


2 | Graph ellipses not 
centered at the origin. 


3 | Solve applied problems 


involving ellipses. 


Pin 
focus 1 tN 


l Taut 
inflexible 
string 


Figure 10.9 Drawing an ellipse 


The Ellipse 


You took on a summer job 
driving a truck, delivering 
books that were ordered 
online. You’re an avid 
reader, so just being 
around books sounded 
appealing. However, now 
you're feeling a bit shaky 
driving the truck for the 
first time. It’s 10 feet wide 
and 9 feet high; compared 
to your compact car, it feels 
like you’re behind the wheel of a tank. Up ahead you see a sign at the semielliptical 
entrance to a tunnel: Caution! Tunnel is 10 Feet High at Center Peak. Then you see 
another sign: Caution! Tunnel is 40 Feet Wide. Will your truck clear the opening of the 
tunnel’s archway? 

Mathematics is present in the movements of planets, bridge and tunnel construction, 
navigational systems used to keep track of a ship’s location, manufacture of lenses for 
telescopes, and even in a procedure for disintegrating kidney stones. The mathematics 
behind these applications involves conic sections. Conic sections are curves that result 
from the intersection of a right circular cone and a plane. Figure 10.8 illustrates the four 
conic sections: the circle, the ellipse, the parabola, and the hyperbola. 

In this section, we study the symmetric oval-shaped curve known as the ellipse. We 
will use a geometric definition for an ellipse to derive its equation. With this equation, 
we will determine if your delivery truck will clear the tunnel’s entrance. 


Circle Ellipse Parabola Hyperbola 


9) 


Figure 10.8 Obtaining the conic sections by intersecting 
a plane and a cone 


Definition of an Ellipse 


Figure 10.9 illustrates how to draw an ellipse. Place pins at two fixed points, each of 
which is called a focus (plural: foci). If the ends of a fixed length of string are fastened 
to the pins and we draw the string taut with a pencil, the path traced by the pencil will 
be an ellipse. Notice that the sum of the distances of the pencil point from the foci 
remains constant because the length of the string is fixed. This procedure for drawing 
an ellipse illustrates its geometric definition. 


P P 
Figure 10.10 
¥ 
P(x, y) 


Figure 10.12 
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Definition of an Ellipse 


An ellipse is the set of all points, P, in a plane the sum of whose distances from two 
fixed points, F, and F), is constant (see Figure 10.10). These two fixed points are 
called the foci (plural of focus). The midpoint of the segment connecting the foci 
is the center of the ellipse. 


Figure 10.11 illustrates that an ellipse can be elongated in any direction. We will limit 
our discussion to ellipses that are elongated horizontally or vertically. The line through 
the foci intersects the ellipse at two points, called the vertices (singular: vertex). The 
line segment that joins the vertices is the major axis. Notice that the midpoint of the 
major axis is the center of the ellipse. The line segment whose endpoints are on the 
ellipse and that is perpendicular to the major axis at the center is called the minor axis 
of the ellipse. 


Vertex 


Major axis 


Vertex 


Minor axis 


Vertex 
Center 


Vertex 


Figure 10.11 Horizontal and vertical elongations of an ellipse 


Standard Form of the Equation of an Ellipse 


The rectangular coordinate system gives us a unique way of describing an ellipse. It 
enables us to translate an ellipse’s geometric definition into an algebraic equation. 

We start with Figure 10.12 to obtain an ellipse’s equation. We’ve placed an ellipse 
that is elongated horizontally into a rectangular coordinate system. The foci are on the 
x-axis at (—c, 0) and (c, 0), as in Figure 10.12. In this way, the center of the ellipse is at 
the origin. We let (x, y) represent the coordinates of any point, P, on the ellipse. 

What does the definition of an ellipse tell us about the point (x, y) in Figure 10.12? 
For any point (x, y) on the ellipse, the sum of the distances to the two foci, d; + do, 
must be constant. As we shall see, it is convenient to denote this constant by 2a. Thus, 
the point (x, y) is on the ellipse if and only if 


d, + dy = 2a. 


Vixt cP ty+ V(x - 0? + y? =2a Use the distance formula. 
After eliminating radicals and simplifying, we obtain 


(a? — c?)x? + a*y? = a*(a* — c’). 


Great Question! 
How did you go from V(x + c? + y2+ V(x — c? + y? = 2ato 
(a? — c?)x? + a*y? = a*(a? — c7)? 
The algebraic details behind eliminating the radicals can be found in the appendix. There 
you will find a step-by-step derivation of the ellipse’s equation. 
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To simplify (a — c”)x* + a’y? = a*(a* — c’), let b? = a* — c?. Substituting b? for 
a’ — c*, we obtain 


= Divide both sides by a*b?. 


a-b2 a7b2 a? b2 
2 2 
- + - =1 Simplify. 
a b 


This last equation is the standard form of the equation of an ellipse centered at the 
origin. There are two such equations, one for a horizontal major axis and one for a 


vertical major axis. 


Standard Forms of the Equations of an Ellipse 


The standard form of the equation of an ellipse with center at the origin and 
major and minor axes of lengths 2a and 2b (where a and b are positive, and 
a > pb jas 


2 2 2 
x 
ee = Ik or —= 


2 
ae 
©) ies 


S| S 


Figure 10.13 illustrates that the vertices are on the major axis, a units from the 
center. The foci are on the major axis, c units from the center. 


40, 2 e >x 
(c, 0) } (a, 0) 


e 
(-a, 0) \ (—c, 0) 


(0, -b) 


(0, -a) 


Figure 10.13(b) Major axis is 
vertical with length 2a. 


Figure 10.13(a) Major axis is 
horizontal with length 2a. 


The intercepts shown in Figure 10.13(a) can be obtained algebraically. Let’s do this for 
2 2 
T +51 
a b 
y-intercepts: Set x = 0. 
2 


x-intercepts: Set y = 0. 


2 
x y 
a’ Be 
preg y=P 
x = +a y=+b 


x-intercepts are —a and a. y-intercepts are —b and b. 


The graph passes through 
(—a, 0) and (a, 0), which 
are the vertices. 


The graph passes through 
(0, —b) and (0, b). 
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@ Graph ellipses centered Using the Standard Form of the Equation of an Ellipse 


abtheronigin. We can use the standard form of an ellipse’s equation to graph the ellipse. 
Using Technology TZU Graphing an Ellipse Centered at the Origin 
We gra se ere cs ar 
ae Ee OF . Graph the ellipse) —+—=1. 
graphing utility by solving for y. 9 4 
y” = ue Solution The given equation is the standard form of an ellipse’s equation with 
4 9 a’ = Yand b? = 4. 
2: 
yaa(i-2) ae 
9 4 : 
x2 
= + = 
Vee oN a®=9. This is the b®= 4. This is the 
Notice that the square root larger of the two smaller of the two 
denominators. denominators. 


property requires us to define 


two functions. Enter : : 
Because the denominator of the x7-term is 


D2) CG || 2 | greater than the denominator of the y?-term, the 


y 
and major axis is horizontal. Based on the standard st 
a form of the equation, we know the vertices are 4+ 
ue ie (—a, 0) and (a, 0). Because a” = 9,a = 3. Thus, 34(0, 2) 
To see the true shape of the the vertices are (—3,0) and (3, 0), shown in Vertex (—3, 0) : Vertex (3, 0) 
ellipse, use the Figure 10.14. 
i" t+—t> X 
ZOOM SQUARE Now let us find the endpoints of the vertical -5-4- B45 
j minor axis. According to the standard form of the 02) 
eats aes nae anes ie equation, these endpoints are (0, —b) and (0, b). 34 
AHO OR AO ca ae Because b? = 4, b = 2. Thus, the endpoints of eal 
unit on the x-axis. : ; 54 
the minor axis are (0,—2) and (0, 2). They are 
shown in Figure 10.14. 2 


: xy 
You can sketch the ellipse in Figure 10.14 by Figure 10.14 The graph of > + 7 = 1 


locating endpoints on the major and minor axes. 


2 2 
32 + - = 1 
Endpoints of the major Endpoints of the minor 
axis are 3 units to the axis are 2 units up and 
right and left of the center. down from the center. 


2 


2 
CHECK POINT 1 Graph the ellipse: = # a =1, 


> ON 8 ee §=6Graphing an Ellipse Centered at the Origin 
Graph the ellipse: 25x? + 16y” = 400. 


Solution We begin by expressing the equation in standard form. Because we want 
1 on the right side, we divide both sides by 400. 


ae 
16° 25 * 


b? = 16. This is the a* = 25. This is the 
smaller of the two larger of the two 
denominators. denominators. 
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A Vertex (0, 5) 


Vertex (0, —5) 


Figure 10.15 The graph of 
xe yr 

—+—=1 

16 25 


| 2 | Graph ellipses not 
centered at the origin. 


2 2 


The equation e + = = 1 is the standard form of an ellipse’s equation with a? = 25 


and b? = 16. Because the denominator of the y”-term is greater than the denominator 
of the x?-term, the major axis is vertical. Based on the standard form of the equation, 
we know that the vertices are (0,—a) and (0, a). Because a* = 25, a = 5. Thus, the 
vertices are (0, —5) and (0, 5), shown in Figure 10.15. 

Now let us find the endpoints of the horizontal minor axis. According to the 
standard form of the equation, these endpoints are (—b, 0) and (b, 0). Because b* = 16, 
b = 4. Thus, the endpoints of the minor axis are (—4, 0) and (4, 0). They are shown in 
Figure 10.15. 

You can sketch the ellipse in Figure 10.15 by locating the endpoints on the major 
and minor axes. 

2 2 
42 52 


Endpoints of the minor Endpoints of the major 

axis are 4 units to the axis are 5 units up and 

right and left of the down from the center. 
center. r] 


/| CHECK POINT 2 Graphtheellipse: 16x” + 9y* = 144. 


Ellipses Centered at (h, k) 


Horizontal and vertical translations can be used to graph ellipses that are not centered 
at the origin. Figure 10.16 illustrates that the graphs of 


— h) — ky y) 2 
Gm  U-Wy y 
a b 


a 


have the same size and shape. However, the graph of the first equation is centered at 
(h, k) rather than at the origin. 


(e-h)? (yk? _ 


1 
a b? 


>< 


(0, 0)] ° 


Figure 10.16 Translating an ellipse’s graph 


Table 10.1 on the next page gives the standard forms of equations of ellipses centered 
at (h, k) and shows their graphs. 
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SE1¢) (“Mle §~Standard Forms of Equations of Ellipses Centered at (h, k) 
Equation Center | Major Axis Vertices Graph 
= 2 = 2 y 
G a Yy a) = 1} (4,k) Parallel to the x-axis, (h — a,k) A 
a b horizontal (h + a,k) Vertex (1 +a, k) 
Endpoints of major ise 
axis are @ units right and ; . 
a units left of center. Major axis - - 
Vertex ( — a, k) 
> X 
= 2 = 2 y 
= OE 1 (h, k) Parallel to the y-axis, (h,k — a) A Vertex (h, k +a) 
b a vertical (h,k + a) 
Endpoints of the major 
a’ > b? axis are @ units above and 
a units below the center. 
> X 
Vertex (h, k — a) 
uf 
Major axis 


Graphing an Ellipse Centered at (h, k) 


Gat? bet 2y 
4 Z- 


Graph the ellipse: 


Solution To graph the ellipse, we need to know its center, (h, k). In the standard 
forms of equations centered at (h, k), h is the number subtracted from x and k is the 
number subtracted from y. 


This is (x —h)* This is (y — k)? 
with A = 1. with k = —2, 
(=i) nie) 
+ =i 
4 9 


We see that h = 1 and k = —2. Thus, the center of the ellipse, (h, k), is (1,—2). We 
can graph the ellipse by locating endpoints on the major and minor axes. To do this, we 
must identify a? and b’. 


#1)" +2) 

(x-1P +2" | 
4 9 

a* = 9. This is the 


larger of the two 
denominators. 


b? = 4. This is the 
smaller of the two 
denominators. 


The larger number is under the expression involving y. This means that the major axis 
is vertical and parallel to the y-axis. 
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Figure 10.17 The graph of an ellipse 
centered at (1, —2) 


3) Solve applied problems 
involving ellipses. 


We can sketch the ellipse by locating endpoints on the major and minor axes. 


x-1) + 2)2 
Se age 


Endpoints of the minor Endpoints of the major 
axis are 2 units to the axis (the vertices) are 
right and left of the 3 units up and down 

center. from the center. 


We categorize the observations in the voice balloons as follows: 


For a Vertical Major Axis with Center (1, —2) 


Vertices | Endpoints of Minor Axis 
3 units 2 units 
above and (1,-2 + 3) = (1,1) | (1 + 2,-2) = (3, -2) right and 
below center (1,-2 — 3) = (1,-5) | (1 — 2,-2) = (-1,-2) left of center 


Using the center and these four points, we can sketch the ellipse shown in 
Figure 10.17. & 


2 = 2 
dy ee 


1. 
9 4 


“| CHECK POINT3 _ Graph the ellipse: 


Applications 


Ellipses have many applications. German scientist Johannes Kepler (1571-1630) 
showed that the planets in our solar system move in elliptical orbits, with the sun at a 
focus. Earth satellites also travel in elliptical orbits, with Earth at a focus. 


‘Verius: 
e@ Earth 


© 


@ -Mekcuty 


Planets move in elliptical orbits. 


One intriguing aspect of the ellipse is that a ray of light or a sound wave emanating 
from one focus will be reflected from the ellipse to exactly the other focus. A whispering 
gallery is an elliptical room with an elliptical, dome-shaped ceiling. People standing at 
the foci can whisper and hear each other quite clearly, while persons in other locations 
in the room cannot hear them. Statuary Hall in the U.S. Capitol Building is elliptical. 
President John Quincy Adams, while a member of the House of Representatives, 
was aware of this acoustical phenomenon. He situated his desk at a focal point of the 
elliptical ceiling, easily eavesdropping on the private conversations of other House 
members located near the other focus. 

The elliptical reflection principle is used in a procedure for disintegrating kidney 
stones. The patient is placed within a device that is elliptical in shape. The patient 
is placed so the kidney is centered at one focus, while ultrasound waves from the 
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other focus hit the walls and are reflected to the kidney stone. The convergence of the 
ultrasound waves at the kidney stone causes vibrations that shatter it into fragments. 
The small pieces can then be passed painlessly through the patient’s system. The patient 
recovers in days, as opposed to up to six weeks if surgery is used instead. 


Whispering in an elliptical dome Disintegrating kidney stones 


Ellipses are often used for supporting arches of bridges and in tunnel construction. 
This application forms the basis of our next example. 


An Application Involving an Ellipse 


A semielliptical archway over a one-way road has a height of 
10 feet and a width of 40 feet (see Figure 10.18). Your truck 
has a width of 10 feet and a height of 9 feet. Will your truck 
clear the opening of the archway? 


Solution Because your truck’s width is 10 feet, to determine 
the clearance, we must find the height of the archway 5 feet Figure 10.18 A 
from the center. If that height is 9 feet or less, the truck will — semielliptical archway 
not clear the opening. 

In Figure 10.19, we’ve constructed a coordinate system with the x-axis on the 
ground and the origin at the center of the archway. Also shown is the truck, whose 
height is 9 feet. 


Figure 10.19 


2 2 
_ x : 
Using the equation — + = = 1, we can express the equation of the blue archway 
a 


2 2 2 2 


x y me 
Figure 10.1 serra * i007 * 
in Figure 10.19 as 202 * 102 » Or 400 | 100 
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and solving for y. 


52 ye 
400 100 
25 2 
By 4 
Figure 10.19 (repeated) 400 100 
4oo( 25.4 ¥) = 400(1) 
400 100 
25 + 4y” = 400 
Ay? = 375 
375 
2 = 
"4 
_ [375 
- 4 
~ 9.68 
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As shown in Figure 10.19, the edge of the 10-foot-wide truck corresponds to 
x = 5. We find the height of the archway 5 feet from the center by substituting 5 for x 


2 
y 

betitute 5 for x in-—~ + ~~ = 1, 

Substitute 5 OF Hs 100 


Square 5. 


Clear fractions by multiplying both sides by 400. 


Use the distributive property and simplify. 
Subtract 25 from both sides. 


Divide both sides by 4. 
Take only the positive square root. The archway is above the 


x-axis, So y is nonnegative. 
Use a calculator. 


Thus, the height of the archway 5 feet from the center is approximately 9.68 feet. Because 
your truck’s height is 9 feet, there is enough room for the truck to clear the archway. & 


/| CHECK POINT 4 


Will a truck that is 12 feet wide and has a height of 9 feet 


clear the opening of the archway described in Example 4? 


Blitzer Bonus 


Halley’s Comet 


Halley’s Comet has an elliptical 
orbit with the sun at one focus. 
The comet returns every 

76.3 years. The first recorded 
sighting was in 239 B.c. It was last 
seen in 1986. At that time, 

1 spacecraft went close to the 
comet, measuring its nucleus 

to be 7 miles long and 4 miles 
wide. By 2024, Halley’s Comet 
will have reached the farthest 
point in its elliptical orbit before 
returning to be next visible from 


Neptune 


76 years Earth 


Jupiter ~ 


Uranus 


The elliptical orbit of Halley’s 


: Comet 
Earth as it loops around the sun 
in 2062. 
CONCEPT AND VOCABULARY CHECK 
Fill in each blank so that the resulting statement is true. 
1. The set of all points in a plane the sum of whose distances from two fixed points is constant is a/an . The 


two fixed points are called the 


2. Consider the following equation in standard form: 


. The midpoint of the line segment connecting the two fixed points is the 
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The value of a’ is , So the x-intercepts are and . The graph passes 
through and , which are the vertices. 
The value of b? is , so the y-intercepts are and . The graph passes through 
and 
3. Consider the following equation in standard form: 
2 
a 
9 
The value of a’ is , so the y-intercepts are and . The graph passes through 
and , which are the vertices. 
The value of b? is , so the x-intercepts are and . The graph passes through 


and 


@+i1yP , = 4) 
5 | 


4. The graph of has its center at 


5. Ifthe center of an ellipse is (3, —2), the major axis is horizontal and parallel to the x-axis, and the distance from the center of the 
ellipse to its vertices is a = 5 units, then the coordinates of the vertices are and 


MyMachLab 


Practice Exercises 
In Exercises 1-16, graph each ellipse. 


x, ¥ x? y 
1: Sec  — 1 Oe ie 
16 4 25 16 
2 2 2 2 
gee ee oes 
9 36 16 49 
x2 We 2 y? 
& —=+2=1 6 —+--=1 
25. 64 49 36 
2 2 a 2 
ee ie Se ee 
49 81 64 ~=100 
9. 25x + 4y? = 100 10. 9x? + 4y? = 36 
11. 4x7 + 16y? = 64 12. 16x? + 9y? = 144 
13. 25x” + 9y? = 225 14. 4x? + 25y* = 100 
15. x2 + 2y? =8 16. 12x? + 4y” = 36 


In Exercises 17-20, find the standard form of the equation of 
each ellipse. 


17. y 


Ai 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


18. My 


19. y 


20. 
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In Exercises 21-32, graph each ellipse. 


=) 2, =f 2 
ba @o2)) Ga Dr 1 
9 4 
-— 1) + 2) 
me ea Ore. 1 
16 9 
23. (x + 3)? + 4(y — 2)? = 16 
24. (x — 3)? + Wy + 2)? = 36 
Sil 2 MEN) 2 
oe See AO 1 
9 25 
aa Gat 
26. 5 a6 1 
we ee) 
=. = 
ote 55 36 : 
G3) a 
28. i oat 
x +3) 
29. ( (y -2 =1 
9 
(x + 2) 
E 3) =a 
30 16 (y — 3) 
31. 9(x — 1)? + 4(y + 3) = 36 
32. 36(x + 4) + (y + 3) = 36 


Practice PLUS 
In Exercises 33-34, find the standard form of the equation of 
each ellipse. 
33. y 
A 


4+ 
(1)37 


e1+ 
433 sallapl 
Espace 

oul 

i4t 


Lo34 


34. y 


In Exercises 35—40, find the solution set for each system by 
graphing both of the system’s equations in the same rectangular 
coordinate system and finding all points of intersection. Check 
all solutions in both equations. 

35. = ar y? all 


x7 + Oy = 
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25x? + y D5) 
ee. ae 
eects onl 
: 25, 9 
ye 
ae 
eS oe ae 
aa 4 36 
6) 
39. ar Ve 
yee 
40. ae +y=4 
xy — 3 


In Exercises 41-42, graph each semiellipse. 


41. y =—-V16 — 4x? 
42. y=—-V4 — 4x? 


Application Exercises 


43. Willa truck that is 8 feet wide carrying a load that reaches 
7 feet above the ground clear the semielliptical arch on 
the one-way road that passes under the bridge shown in 
the figure? 


44. Asemielliptic archway has a height of 20 feet and a width 
of 50 feet, as shown in the figure. Can a truck 14 feet high 
and 10 feet wide drive under the archway without going 
into the other lane? 


45. The elliptical ceiling in Statuary Hall in the U.S. Capitol 
Building is 96 feet long and 23 feet tall. 


— = x 
48.00 Th 
a. Using the rectangular coordinate system in the figure 


shown, write the standard form of the equation of 
the elliptical ceiling. 


(48,0) 


46. 


b. John Quincy Adams discovered that he could 
overhear the conversations of opposing party leaders 
near the left side of the chamber if he situated his desk 
at the focus, (c, 0), at the right side of the chamber, 
where c? = a* — b’. How far from the center of the 
ellipse along the major axis did Adams situate his 
desk? (Round to the nearest foot.) 


If an elliptical whispering room has a height of 30 feet 
and a width of 100 feet, where should two people stand 
if they would like to whisper back and forth and be 
heard? 


Writing in Mathematics 


47. 


48. 


49. 


50. 


51. 


What is an ellipse? 
D) 2 


F x y 
D be how t tits ole 
escribe how to graph 5= + 75 

Describe one similarity and one difference between the 

2 y ~~ y 
hs of = land al 
ee Os Ge eGo Os 
Describe one similarity and one difference between the 
2 f ze = I =I 
eae eae ) v ) = 1. 


25 16 25 16 


An elliptipool is an elliptical pool table with only one 
pocket. A pool shark places a ball on the table, hits it in 
what appears to be a random direction, and yet it bounces 
off the edge, falling directly into the pocket. Explain why 
this happens. 


Technology Exercises 


52. 


53. 


Use a graphing utility to graph any five of the ellipses that 
you graphed by hand in Exercises 1-16. 


Use a graphing utility to graph any three of the ellipses 
that you graphed by hand in Exercises 21-32. First 
solve the given equation for y by using the square root 
property. Enter each of the two resulting equations to 
produce each half of the ellipse. 


Critical Thinking Exercises 


Make Sense? In Exercises 54-57, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


54. 


55. 


I graphed an ellipse with a horizontal major axis and foci 
on the y-axis. 

I graphed an ellipse that was symmetric about its major 
axis, but not symmetric about its minor axis. 


56. 


57. 
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You told me that an ellipse centered at the origin has 
vertices at (—5, 0) and (5, 0), so I was able to graph the 
ellipse. 


In a whispering gallery at our science museum, I stood at 
one focus, my friend stood at the other focus, and we had 
a clear conversation, very little of which was heard by the 
25 museum visitors standing between us. 


In Exercises 58-61, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


58. 


59. 


60. 


61. 


62. 


9) 2 
The graphs of x? + y? = 16 and = a * = 1 do not 
intersect. 
Some ellipses have equations that define y as a function 


OLX. 


x 
The graph of ro ar rig 0 is an ellipse. 
x2 y? 
The equation 1681 aE sa 1 models the elliptical 


opening of a wind tunnel that is 82 feet wide and 58 feet 
high. 

Find the standard form of the equation of an ellipse with 
vertices at (0,—6) and (0, 6), passing through (2, —4). 


In Exercises 63-64, convert each equation to standard form by 
completing the square on x and y. Then graph the ellipse. 


63. 


64. 
65. 


9x? + 25y? — 36x + 50y — 164 = 0 
4x? + Oy? — 32x + 36y + 64 = 0 
An Earth satellite has an elliptical orbit described by 
a Te 
(5000)? (4750) 


Satellite 


Apogee height 
@o- 


Perigee 
height 


(All units are in miles.) The coordinates of the center of 
Earth are (16, 0). 


a. The perigee of the satellite’s orbit is the point that 
is nearest Earth’s center. If the radius of Earth is 
approximately 4000 miles, find the distance of the 
perigee above Earth’s surface. 


b. The apogee of the satellite’s orbit is the point that 
is the greatest distance from Earth’s center. Find 
the distance of the apogee above Earth’s surface. 
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66. The equation of the red ellipse in the figure shown is 


2 2, 

x yy 

252 9 

Write the equation for each circle shown in the figure. 


y 
A 


> XxX 


Review Exercises 
67. Factor completely: x° + 2x” — 4x — 8. 
(Section 5.5, Example 4) 
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68. Simplify: Vv 40x*y’, 
(Section 7.3, Example 5) 
2 4 em IL 
: Ive: = : 
69. Solve a ae 


(Section 6.6, Example 5) 


Preview Exercises 
Exercises 70-72 will help you prepare for the material covered 
in the next section. 
70. Divide both sides of 4x” — 9y? = 36 by 36 and simplify. 
How does the simplified equation differ from that of an 


ellipse? 
ee 
Tale i th OM gt le 
Consider the equation 16.9 
a. Find the x-intercepts. 
b. Explain why there are no y-intercepts. 
72. Consider the equation y = oe = 
: 9 16 


a. Find the y-intercepts. 
b. Explain why there are no x-intercepts. 


Objectives 


1 | Locate a hyperbola’s 
vertices. 


2 | Graph hyperbolas 


centered at the origin. 


section, we 


parts known as the 
hyperbola. 


The Hyperbola 


Conic sections are often used to create unusual 
architectural designs. The top of St. Mary’s 
Cathedral in San Francisco is a 2135-cubic- 
foot dome with walls rising 200 feet above 
the floor and supported by four massive 
concrete pylons that extend 94 feet into 

the ground. Cross sections of the roof 

are parabolas and hyperbolas. In this 
study 
the curve with two 


St. Mary’s Cathedral 


Figure 10.20 Casting hyperbolic 


shadows 


Trans 
axis 


>< 


verse 


Figure 10.21 The two branches of 
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Figure 10.22 
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Definition of a Hyperbola 


Figure 10.20 shows a cylindrical lampshade casting two shadows on a wall. These 
shadows indicate the distinguishing feature of hyperbolas: Their graphs contain two 
disjoint parts, called branches. Although each branch might look like a parabola, its 
shape is actually quite different. 

The definition of a hyperbola is similar to the definition of an ellipse. For an ellipse, 
the sum of the distances from the foci is a constant. By contrast, for a hyperbola, the 
difference of the distances from the foci is a constant. 


Definition of a Hyperbola 


A hyperbola is the set of points in a plane the difference of whose distances from 
two fixed points, called foci, is constant. 


Figure 10.21 illustrates the two branches of a hyperbola. The line through the foci 
intersects the hyperbola at two points, called the vertices. The line segment that joins 
the vertices is the transverse axis. The midpoint of the transverse axis is the center 
of the hyperbola. Notice that the center lies midway between the vertices, as well as 
midway between the foci. 


Standard Form of the Equation of a Hyperbola 


The rectangular coordinate system enables us to translate a hyperbola’s geometric 
definition into an algebraic equation. Figure 10.22 is our starting point for obtaining 
an equation. We place the foci, F, and F;, on the x-axis at the points (—c, 0) and (c, 0). 
Note that the center of this hyperbola is at the origin. We let (x, y) represent the 
coordinates of any point, P, on the hyperbola. 

What does the definition of a hyperbola tell us about the point (x, y) in Figure 10.22? 
For any point (x,y) on the hyperbola, the absolute value of the difference of 
the distances from the two foci, |d, — d,|, must be constant. We denote this constant 
by 2a, just as we did for the ellipse. Thus, the point (x, y) is on the hyperbola if and 
only if 


| dy = d,| = 2a. 
| V(x +cyv+y?—- Vx —c)+y?| =2a 


Use the distance formula. 
After eliminating radicals and simplifying, we obtain 


(e ae = le a’). 


cd og 


2 2 


For convenience, let b? = c* — a’. Substituting b? for c? — a* in the preceding 


equation, we obtain 


b2x2 — a’y? = g2b?. 

b?x2 a’y?— ab? 

be an be Divide both sides by a*b*. 
a = y =1 Simpli 
ab ai 


This last equation is called the standard form of the equation of a hyperbola centered 
at the origin. There are two such equations. The first is for a hyperbola in which the 
transverse axis lies on the x-axis. The second is for a hyperbola in which the transverse 
axis lies on the y-axis. 
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ao Locate a hyperbola’s 
vertices. 


Standard Forms of the Equations of a Hyperbola 


The standard form of the equation of a hyperbola with center at the origin is 
ey yx 
ae a 7 =1 or me om Be = 1. 
Figure 10.23(a) illustrates that for the equation on the left, the transverse axis lies on 
the x-axis. Figure 10.23(b) illustrates that for the equation on the right, the transverse 
axis lies on the y-axis. The vertices are a units from the center and the foci are c units 
from the center. 


¥ y 
A A 
(0,¢) 
BS 
Transverse (0, a) y = & ={ 
axis a 2 
- __| Transverse e 
axis 
(0, -a) 
(0,-¢) 
Figure 10.23(a) Transverse axis lies on Figure 10.23(b) Transverse axis 
the x-axis. lies on the y-axis. 


Great Question! 


How can | tell from a hyperbola’s equation whether the transverse axis is 
horizontal or vertical? 

When the x?-term is preceded by a plus sign, the transverse axis is horizontal. When the 
y’-term is preceded by a plus sign, the transverse axis is vertical. 


Using the Standard Form of the Equation of a Hyperbola 


We can use the standard form of the equation of a hyperbola to find its vertices. 
Because the vertices are a units from the center, begin by identifying a” in the equation. 
In the standard form of a hyperbola’s equation, a” is the number under the variable 
whose term is preceded by a plus sign (+). If the x7-term is preceded by a plus sign, the 
transverse axis lies along the x-axis. Thus, the vertices are a units to the left and right 
of the origin. If the y’-term is preceded by a plus sign, the transverse axis lies along the 
y-axis. Thus, the vertices are a units above and below the origin. 


Finding Vertices from a Hyperbola’s Equation 


Find the vertices for each of the following hyperbolas with the given equation: 


vr oy 
ee ae 
- 16 9 

2 2 
boa et 

> 16 


Vertex 3+... Vertex 
(-4,0) 24... (4, 0) 
++ 


Figure 10.24 The graph of 
x2 y? 

t= 1 

16 9 


24. Vertex (0, 3) 


a a a tt 


5 -4-3-2-141 dap? ae ee eae 
—27~ Vertex (0, —3) 


Figure 10.25 The graph of 
2 2 

a a 

9 16 


Asymptote: 


es 
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Solution Both equations are in standard form. We begin by identifying a? and b? in 
each equation. 


2 2 
a. The first equation is in the form — - 2 = 1. 
a 
2 2 
w _F 4 
160 9 


b* =9. This is the denominator 
of the term preceded by a minus sign. 


a* = 16. This is the denominator 
of the term preceded by a plus sign. 


Because the x?-term is preceded by a plus sign, the transverse axis lies along the 
x-axis. Thus, the vertices are a units to the J/eft and right of the origin. Based on 
the standard form of the equation, we know that the vertices are (—a,0) and 
(a, 0). Because a* = 16, a = 4. Thus, the vertices are (—4, 0) and (4, 0), shown in 
Figure 10.24. 


2 2 
b. The second given equation is in the form — — a = 1. 
a 
2 2 
yi, 
9 16 


b? = 16. This is the denominator of 
the term preceded by a minus sign. 


a’ = 9. This is the denominator of 
the term preceded by a plus sign. 


Because the y*-term is preceded by a plus sign, the transverse axis lies along 
the y-axis. Thus, the vertices are a units above and below the origin. Based on 
the standard form of the equation, we know that the vertices are (0,—a) and 
(0, a). Because a? = 9, a = 3. Thus, the vertices are (0,—3) and (0, 3), shown in 
Figure 10.25. & 


'\“| CHECK POINT 1 
the given equation: 


Find the vertices for each of the following hyperbolas with 


The Asymptotes of a Hyperbola 


As x and y get larger, the two branches of 
the graph of a hyperbola approach a pair 
of intersecting lines, called asymptotes. 
The asymptotes pass through the center of 
the hyperbola and are helpful in graphing 
hyperbolas. 

Figure 10.26 shows the asymptotes for the 
graphs of hyperbolas centered at the origin. 
The asymptotes pass through the corners of 
a rectangle. Note that the dimensions of this 
rectangle are 2a by 2b. 


b 
\ Why are y = +—x the asymptotes for a 
Asymptote: 2 e Ae . 
hyperbola whose transverse axis is horizontal? 


aot 
aes The proof can be found in the appendix. 


Figure 10.26 Asymptotes of a hyperbola 
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2 | Graph hyperbolas Graphing Hyperbolas Centered at the Origin 


centered at the origin. Hyperbolas are graphed using vertices and asymptotes. 


Graphing Hyperbolas 
1. Locate the vertices. 


2. Use dashed lines to draw the rectangle centered at the origin with sides parallel 
to the axes, crossing one axis at +a and the other at +b. 


3. Use dashed lines to draw the diagonals of this rectangle and extend them to 
obtain the asymptotes. 


4. Draw the two branches of the hyperbola by starting at each vertex and 
approaching the asymptotes. 


Gaz TB Graphing a Hyperbola 
2 2 


x y 
h the h bola 7-7 =1. 
Graph the hyperbola 5 16 
Solution 5 2 
x 
Step 1. Locate the vertices. The given equation is in the form — — - = 1, with 
a? = 25 and b? = 16. 2 
2 2 
Gps b? = 16 


Based on the standard form of the equation with the transverse axis on the x-axis, 
we know that the vertices are (—a, 0) and (a,0). Because a” = 25,a = 5. Thus, the 
vertices are (—5, 0) and (5, 0), shown in Figure 10.27. 

Step 2. Draw a rectangle. Because a* = 25 and b* = 16,a =5 and b = 4. We 
construct a rectangle to find the asymptotes, using —5 and 5 on the x-axis (the vertices 
are located here) and —4 and 4 on the y-axis. The rectangle passes through these four 
points, shown using dashed lines in Figure 10.27. 


ye Asymptote if Asymptote 
Se 54 oo 
Ne PRePSrek SP UPS rer rr wal 
glk eS lbe palcor 
! Nae a4 is 
Vertex (—5, 0) | Shed ae Vertex (5, 0) 
p—} 4+} 4+ 4 34+ + + 4 $4 > 
-7-6 174-3-25k4 104 2.3.4 6.7 
1 7 hy 
pe 27 aed 
a +34 a 
Ae oie ast Pee eee 
ee 54 ee 
va ~ 
x2 y? 
Figure 10.27 Preparing to graph — — —~ = 1 
igu paring to grap 25 16 


Step 3. Draw extended diagonals for the rectangle to obtain the asymptotes. We draw 
dashed lines through the opposite corners of the rectangle, shown in Figure 10.27, to 
obtain the graph of the asymptotes. 


Using Technology 
ry 
Graph 55 — 16 1 by 
solving for y: 


V 16x? — 400 
a 


16x? — 400 
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= Mile 
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5 


JS 
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Figure 10.29 Preparing to graph 


a er 
4 9 


Figure 10.30 The graph of 
2 2 
a oo 


4 9 
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Step 4. Draw the two branches of the hyperbola by starting at each vertex and 
approaching the asymptotes. The hyperbola is shown in Figure 10.28. 


. a a 
Figure 10.28 The graph of 25 16 1g 
er yy 
\“| CHECK POINT 2 Graph the hyperbola: 36. ¢«9 7 1. 


Graphing a Hyperbola 


Graph the hyperbola: 9y* — 4x? = 36. 


Solution We begin by writing the equation in standard form. The right side should 
be 1, so we divide both sides by 36. 


dy? _ 4x? _ 36 
36 36 36 
yo x2 
4.9 =1 Simplify. The right side is now 1. 
Now we are ready to use our four-step procedure for graphing hyperbolas. 
2 2 
Step 1. Locate the vertices. The equation that we obtained, ramet = 1,isin the form 
2 2 
*- 4 = 1with a? = 4 and b? = 9, 
a b 
2 2 
Yoo 23 
4 9 
a’=4 b?=9 


Based on the standard form of the equation with the transverse axis on the y-axis, we 
know that the vertices are (0, —a) and (0, a). Because a’ = 4,a = 2. Thus, the vertices 
are (0, —2) and (0, 2), shown in Figure 10.29. 


Step 2. Draw a rectangle. Because a” = 4 and b* = 9,a = 2 and b = 3. We construct 
a rectangle to find the asymptotes, using —2 and 2 on the y-axis (the vertices are located 
here) and —3 and 3 on the x-axis. The rectangle passes through these four points, shown 
using dashed lines in Figure 10.29. 

Step 3. Draw extended diagonals of the rectangle to obtain the asymptotes. We draw 
dashed lines through the opposite corners of the rectangle, shown in Figure 10.29, to 
obtain the graph of the asymptotes. 

Step 4. Draw the two branches of the hyperbola by starting at each vertex and 
approaching the asymptotes. The hyperbola is shown in Figure 10.30. & 


CHECK POINT3  Graphthe hyperbola: y? — 4x”? = 4. 
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Applications 


Hyperbolas have many applications. When a jet flies at a speed greater than the speed 
of sound, the shock wave that is created is heard as a sonic boom. The wave has the 
shape of a cone. The shape formed as the cone hits the ground is one branch of a 
hyperbola. 

Halley’s Comet, a permanent part of our solar system, travels around the sun in 
an elliptical orbit. Other comets pass through the solar system only once, following a 
hyperbolic path with the sun as a focus. 


<> Elliptical orbit 


Hyperbolic orbit 


The hyperbolic shape of a sonic boom Orbits of comets 


Hyperbolas are of practical importance in fields ranging from architecture to 
navigation. Cooling towers used in the design for nuclear power plants have cross 
sections that are both ellipses and hyperbolas. Three-dimensional solids whose cross 
sections are hyperbolas are used in unique architectural creations, including the former 
TWA building at Kennedy Airport in New York City and the St. Louis Science Center 
Planetarium. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. The set of all points in a plane the difference of whose distances from two fixed points is constant is a/an . The line 
through these points intersects the graph at two points, called the , which are joined by the axis. 
9) 2 
2. The vertices of a 1 are and 
2 2 
3. The vertices of Bo 1 are and 
4. The two branches of the graph of a hyperbola approach a pair of intersecting lines, called . These intersecting 
lines pass through the of the hyperbola. 
5. The equation 9x” — 4y? = 36 can be written in standard form by both sides by 


Identify the graph of each equation as an ellipse, a hyperbola, or neither. 


2 2 2 2 
6. +2 =1 4 2-1 
25 4 25 4 
By _ 2_ 9,2 — 
8. 54 1 9. l6oy 9x 144 


10. 16x? + 9y* = 144 


MyMachLab 


Practice Exercises 


In Exercises 1-4, find the vertices of the hyperbola with the 
given equation. Then match each equation to one of the graphs 
that are shown and labeled (a)—(d). 


2 2 
es 
ey 
oy 2 
ee | 
1 4 
2 2 
ci ees 
4. 1 
2 2 
ea 
i 4 


In Exercises 5-18, use vertices and asymptotes to graph each 


hyperbola. 

2; 2 2} 2 
Ce ae ee aes | 
9 25 16 25 

2 2 2) 2 
ie eae es | 
100 64 144 «81 
2 2 2 2) 
| 10. ~-2>=1 
16 36 25 64 
2 2 2 2) 

i, si 12, 2--*~ = 
360-25 100 49 


13. 9x? — 4y* = 36 
15. Sy? — 25x? = 225 
17. 4° =4+y' 


4x? — 25y* = 100 
16y? — 9x? = 144 


. 25y? = 225 + 9x? 
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A 


Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


In Exercises 19-22, find the standard form of the equation of 
each hyperbola. 


19. 
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Practice PLUS 


In Exercises 23-28, graph each relation. Use the relation’s 
graph to determine its domain and range. 


23. ee 
25. are 
26. aa 
28. ia 


In Exercises 29-32, find the solution set for each system by 


graphing both of the system’s equations in the same rectangular 
coordinate system and finding points of intersection. Check all 


solutions in both equations. 
29. ae —y=4 


30. ne 
e+y=4 


r+y=9 


31. re + y?=9 


32. ee + y=4 
y Ser S 9 


y— 4x7 =4 


Application Exercises 


33. An architect designs two houses that are shaped and 


positioned like a part of the branches of the hyperbola 
whose equation is 625y* — 400x? = 250,000, where x 
and y are in yards. How far apart are the houses at their 
closest point? 


34. 


Conic Sections and Systems of Nonlinear Equations 


Scattering experiments, in which moving particles 
are deflected by various forces, led to the concept of 
the nucleus of an atom. In 1911, the physicist Ernest 
Rutherford (1871-1937) discovered that when alpha 
particles are directed toward the nuclei of gold atoms, 
they are eventually deflected along hyperbolic paths, 
illustrated in the figure. If a particle gets as close as 
3 units to the nucleus along a hyperbolic path with an 
asymptote given by y = $x, what is the equation of its 
path? 


Alpha particle 


Writing in Mathematics 
35. What is a hyperbola? 
x Oy? 
36. Describe how to graph 6 7 ile 
37. Describe one similarity and one difference between the 
xe ye 
graphs of 9 7 1 and 9 1 1 
38. How can you distinguish an ellipse from a hyperbola by 


39. 


looking at their equations? 


In 1992, a NASA team began a project called Spaceguard 
Survey, calling for an international watch for comets 
that might collide with Earth. Why is it more difficult to 
detect a possible “doomsday comet” with a hyperbolic 
orbit than one with an elliptical orbit? 


Technology Exercises 


40. 


41. 


42. 


Use a graphing utility to graph any five of the hyperbolas 
that you graphed by hand in Exercises 5-18. 


N 


2 


Use a graphing utility to graph 7 = = = 0. Is the 
graph a hyperbola? In general, what is the graph of 
oy 2, 
gee Ee 
a Be 
x2 2 2 We 
Graph 7 pe and ge ee ee in the same 


viewing rectangle for values of a* and b* of your 
choice. Describe the relationship between the two 
graphs. 


Critical Thinking Exercises 


Make Sense? In Exercises 43-46, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


43. I changed the addition in an ellipse’s equation to 
subtraction and this changed its elongation from 
horizontal to vertical. 


44. I noticed that the definition of a hyperbola closely 
resembles that of an ellipse in that it depends on the 
distances between a set of points in a plane to two fixed 
points, the foci. 


45. I graphed a hyperbola centered at the origin that had 
y-intercepts, but no x-intercepts. 


46. I graphed a hyperbola centered at the origin that was 
symmetric with respect to the x-axis and also symmetric 
with respect to the y-axis. 


In Exercises 47-50, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 
47. If one branch of a hyperbola is removed from a graph, 
then the branch that remains must define y as a function 
of x. 
48. All points on the asymptotes of a hyperbola also satisfy 
the hyperbola’s equation. 


2 2 
49. The graph of = =o ee 1 does not intersect the line 
2 
Va 3h 
50. Two different hyperbolas can never share the same 
asymptotes. 
x — hy — ky 
The graph of ( 5 ) 0 ©) lee 1 is the same as the 
a 
2: 2 


graph of = - Bm = 1, except the center is at (h, k) rather than 
a 


at the origin. Use this information to graph the hyperbolas in 
Exercises 51-54. 


What You Know: We found the length 


Vf, [d= V(x x1) + (2 y1)?| and the 


+ + 
midpoint (AE nem) of the line segment with 


endpoints (x, y;) and (x2, yz). We learned to graph circles with 
hy + (y 

graphed ellipses centered at (h, k) 
(x-hyY | ky @-hy | Gk? 
a : b? ° b? a’ ~ 


center (h, k) and radius r [ (x ky? =r]. We 


iF 


a> | and we saw that the larger denominator (a’) 
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sj (x = 2)" Clean gay 
~ 51g 9 
2) =i) 
pee ee 
9 25 


53. (x — 3)? — 4(y + 3 =4 
54. x7 — y?-2x-4y-4=0 


In Exercises 55-56, find the standard form of the equation of 
the hyperbola satisfying the given conditions. 


55. vertices: (6, 0), (—6, 0); asymptotes: y = 4x, y = —4x 


56. vertices: (0, 7), (0,—7); asymptotes: y = 5x, y = —S5x 


Review Exercises 


57. Use intercepts and the vertex to graph the quadratic 
function: y = —x? — 4x + 5. 
(Section 8.3, Example 4) 


58. Solve: 36° > tly — 4 = 0) 
(Section 8.5, Example 1) 


59. Solve: log4(3x + 1) = 3. 
(Section 9.5, Example 4) 


Preview Exercises 

Exercises 60-62 will help you prepare for the material covered 
in the next section. 
In Exercises 60-61, graph each parabola with the given 
equation. 

60. y=x7+ 4x —5 

61. y =—-3(x — 17? +2 

62. Set x = 0 and find the y-intercepts, correct to one 

decimal place: x = —3(y — 1)? + 2. 


. MID-CHAPTER CHECK POINT | Section 10.1-Section 10.3 


determines whether the major axis is horizontal or vertical. We 


used vertices and asymptotes to graph hyperbolas centered 
2 2 


sea x y 
at the origin E a 
: g — Be 


ee 1 with vertices (0, —a) and (0, | 


= 1 with vertices (—a, 0) and (a, 0) or 
a be 


In Exercises 1-4, graph each circle. 
4. x24 y? =9 

2. (x — 3) + (y + 2)? = 25 

3. x +(y-1r =4 

4. x° + y*— 4x — 2y 


4=0 
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In Exercises 5—8, graph each ellipse. 
2 


roy 
oh eS 
. 25 4 


6. 9x? + 4y? = 36 
Go2: Od aad 


. 16 25 
oa) = 
2 Gt O-_, 
25 16 
In Exercises 9-12, graph each hyperbola. 
9 es 
“gg 2 
2 
10. 7 -y=1 
2 


11. y? — 4x? = 16 
12. 4x? — 49y? = 196 


In Exercises 13-18, graph each equation. 
13. 7+ y?=4 

14. x+y=4 

15. x — yy? =4 

16. x? + 4y? = 

17. (x +1’ +(y-17 =4 

18. 3° + 4(y - 17? =4 


In Exercises 19-20, find the length (in simplified radical form 
and rounded to two decimal places) and the midpoint of the line 
segment with the given endpoints. 


19. (2,—2) and (—2, 2) 
20. (—5, 8) and (—10, 14) 


Objectives 


1 | Graph horizontal 
parabolas. 


2 | Identify conic sections 
by their equations. 


The Parabola; Identifying Conic Sections 


At first glance, this image looks like columns of 
smoke rising from a fire into a starry sky. Those 
are, indeed, stars in the background, but you are 
not looking at ordinary smoke columns. These 
stand almost 6 trillion miles high and are 7000 
light-years from Earth—more than 400 million 
times as far away as the sun. 


This NASA photograph is 
one of a series of stunning 
images captured from the 
ends of the universe by the 
Hubble Space Telescope. 
The image shows infant 
star systems the size of 
our solar system emerging 
from the gas and dust that 
shrouded their creation. 
Using a parabolic mirror 
that is 94.5 inches in 
diameter, the Hubble has 
provided answers to many of the profound mysteries of the cosmos: How big and how 
old is the universe? How did the galaxies come to exist? Do other Earth-like planets 
orbit other sun-like stars? In this section, we study parabolas and their applications, 
including parabolic shapes that gather distant rays of light and focus them into 
spectacular images. 


Directrix 


Figure 10.31 


Parabola 


Focus 


Vertex 


Axis of 
symmetry 


A 
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Definition of a Parabola 


In Chapter 8, we studied parabolas, viewing them 
the form 


y=a(x—h? +k or y= 


Great Question! 


as graphs of quadratic functions in 


ax? + bx +c. 


What should | already know about graphing parabolas? 


Here’s a brief summary: 


Graphing y = a(x — h)?? + k and y = ax? + br +e 


1. Ifa > 0, the graph opens upward. If a < 0, the graph opens downward. 


2. The vertex of y = a(x — h) + kis (h,k). 


a<0 


> X 


[ieee alee 
Sco ay 


Dy 
A 


(h, k) 


y=alx—h)? +k 
a>0 


2 


3. The x-coordinate of the vertex of y = ax“ + bx 4 


Parabolas can be given a geometric definition that enables us to include graphs that 
open to the left or to the right. The definitions of ellipses and hyperbolas involved two 


fixed points, the foci. By contrast, the definition o 
and a line. 


Definition of a Parabola 


A parabola is the set of all points in a plane that 
(the directrix) and a fixed point (the focus) that is 


In Figure 10.31, find the line passing through 
the focus and perpendicular to the directrix. 
This is the axis of symmetry of the parabola. The 
point of intersection of the parabola with its axis 
of symmetry is the parabola’s vertex. Notice that 
the vertex is midway between the focus and the 
directrix. 

Parabolas can open to the left, right, upward, 
or downward. Figure 10.32 shows a basic “family” 
of four parabolas and their equations. Notice that 
the red and blue parabolas that open to the left 
or right are not functions of x because they fail 
the vertical line test—that is, it is possible to draw 
vertical lines that intersect these graphs at more 
than one point. 


f a parabola is based on one point 


are equidistant from a fixed line 
not on the line (see Figure 10.31). 


Figure 10.32 
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1 | Graph horizontal 
parabolas. 


Conic Sections and Systems of Nonlinear Equations 


The equation x = y* interchanges the variables in the equation y = x’. By 


interchanging x and y in the two forms of a parabola’s equation, 
y=a(x-—hy’ +k and y=ax?+ bet, 


we can obtain the forms of the equations of parabolas that open to the right or to the 
left. 


Parabolas Opening to the Left or to the Right 
The graphs of 


x=a(y—k)?+h and x=ay?+by+c 
are parabolas opening to the left or to the right. 


1. Ifa > 0, the graph opens to the right. If a < 0, the graph opens to the left. 
2. The vertex of x = a(y — k)* + his (h,k). 


x=aly—k)?+h x=aly—k)? +h 
a>0 a<0 


: ; b 
3. The y-coordinate of the vertex of x = ay? + by + cisy = an 
a 


Graphing Parabolas Opening to the Left or the Right 


Here is a procedure for graphing horizontal parabolas that are not functions. Notice 
how this procedure is similar to the one that we used in Chapter 8 for graphing vertical 
parabolas. 


Graphing Horizontal Parabolas 

To graph x = a(y — k)? + horx = ay’ + by +, 

1. Determine whether the parabola opens to the left or to the right. If a > 0, it 
opens to the right. If a < 0, it opens to the left. 

2. Determine the vertex of the parabola. The vertex of x = a(y—k)’ +h 


b 
is (h,k). The y-coordinate of the vertex of x = ay? + by +c is y= aang. 
a 
Substitute this value of y into the equation to find the x-coordinate. 
3. Find the x-intercept by replacing y with 0. 


4. Find any y-intercepts by replacing x with 0. Solve the resulting quadratic 
equation for y. 


5. Plot the intercepts and the vertex. Connect these points with a smooth curve. If 
additional points are needed to obtain a more accurate graph, select values for y 
on each side of the axis of symmetry and compute values for x. 
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eho Hy a Horizontal Parabola in the Form 
Sag h onl ah 


Graph: x = —3(y — 1)? +2. 


Solution We can graph this equation by following the steps in the preceding box. 
We begin by identifying values for a, k, and h. 


Step 1. Determine how the parabola opens. Note that a, the coefficient of the squared 
expression in y, is —3. Thus, a < 0; this negative value tells us that the parabola opens 
to the left. 


Step 2. Find the vertex. The vertex of the parabola is at (h, k). Because k = 1 and 
h = 2, the parabola has its vertex at (2, 1). 


Step 3. Find the x-intercept. Replace y with 0 in x = —3(y — 1)* + 2. 
x = -3(0 -1 +2 =-3(-1) + 2 = -3(1) +2 =-1 


The x-intercept is —1. The parabola passes through (—1, 0). 
Step 4. Find the y-intercepts. Replace x with 0 in the given equation. 


x =-3(y - 1) +2 This is the given equation. 
0 =-3(y - 1)? +2 Replace x with O. 
3(y -1r =2 Solve for y. Add 3(y — 1)* to both sides of 
the equation. 
5 2 
(y-1y = 3 Divide both sides by 3. 
2 2 
y-1l= 3 or y-1l=- 3 Apply the square root property. 
2 2, 
y=1t+ 3 y=1- 3 Add 1 to both sides in each equation. 
y~ 18 y =~ 0.2 Use a calculator. 


The y-intercepts are approximately 1.8 and 0.2. The parabola passes through 
approximately (0, 1.8) and (0, 0.2). 


Step 5. Graph the parabola. With a vertex at (2, 1), an x-intercept at —1, and y-intercepts 
at approximately 1.8 and 0.2, the graph of the parabola is shown in Figure 10.33. The 
axis of symmetry is the horizontal line whose equation is y = 1. 


y-intercept: 1.8 -~ Vertex: (2, 1) 


Axis of symmetry: y = 1 


ee 
x-intercept: 1 —2+ y-intercept: 0.2 


54 Figure 10.33 The graph of 
x =-3y —- 1) +2 
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We can possibly improve our graph in Figure 10.33 by finding additional points on the 


x y 
parabola. Choose values of y on each side of the axis of symmetry, y = 1. We use y = 2 
=i 2 and y = —1. Then we compute values for x. The values in the table of coordinates 
710} a show that (—1,2) and (—10,—1) are points on the parabola. Locate each point in 


Figure 10.33 on the previous page. & 


Choose values for y. 


Compute values for x using 


eee CHECK POINT1 Graph: x = —(y — 2)? +1. 
x=-3(2-1)74+2=-3-17+2=-1 
x= -3(-1 -1)?+2 = -3(-2)?+2=-10. 


| EXAMPLE 2 | Graphing a Horizontal Parabola in the Form 
x =ay>+by+c 


Graph: x= y?+4y—-5. 


Solution 


; Step 1. Determine how the parabola opens. Note that a, the coefficient of yy, is 1. Thus 
Using Technology a > 0; this positive value tells us that the parabola opens to the right. 
To graph x = y? + 4y —5 


using a graphing utility, Step 2. Find the vertex. We know that the y-coordinate of the vertex is y = ———-. We 
rewrite the equation as a : : : mere, 2a 
: ae identify a,b, and cin x = ay” + by + ¢. 
quadratic equation in y. 
y + 4y + (-x—5) =0 x=y+4y—5 
a=1 b=4 cH=-5 
Oe eae Substitute the values of a and b into the equation for the y-coordinate: 
to solve for y and enter the 
resulting equations. 
4+ V16—4 5 Se ee 2 
vi = iatiee) - 2a 2-1 , 
2} 
4— V16—-4(—x—5) The y-coordinate of the vertex is —2. We substitute —2 for y into the parabola’s 
y2 = 2 equation, x = y? + 4y — 5, to find the x-coordinate: 
@ x = (-2)? + 4(-2) -5 =4-8-5=-9. 
The vertex is at (—9, —2). 
@) Step 3. Find the x-intercept. Replace y with 0 in x = y? + 4y — 5. 
x=0+4:0-5=-5 
[-10, 6, 1] by [-8, 4, 1] 
The x-intercept is —5. The parabola passes through (—5, 0). 
Step 4. Find the y-intercepts. Replace x with 0 in the given equation. 
x=y+4y-5 This is the given equation. 
0=y'+4y-5 Replace x with O. 
0=(y-1)(v + 5) Use factoring to solve the quadratic equation. 


y-1=0 or y+5=0 Set each factor equal to O. 
y=l y=-5 Solve. 


The y-intercepts are 1 and —5. The parabola passes through (0, 1) and (0, —5). 


Blitzer Bonus 


The Hubble Space 
Telescope 


The Hubble Space Telescope 


For decades, astronomers 
hoped to create an observatory 
above the atmosphere that 
would provide an unobscured 
view of the universe. This 
vision was realized with 

the 1990 launching of the 
Hubble Space Telescope. 

The telescope initially had 
blurred vision due to problems 
with its parabolic mirror. The 
mirror had been ground two 
millionths of a meter smaller 
than design specifications. In 
1993, astronauts from the Space 
Shuttle Endeavor equipped the 
telescope with optics to correct 
the blurred vision. “A small 
change for a mirror, a giant leap 
for astronomy,” Christopher 

J. Burrows of the Space 
Telescope Science Institute 
said when clear images from 
the ends of the universe were 
presented to the public after the 
repair mission. 
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Step 5. Graph the parabola. With a vertex at (—9,—2), an x-intercept at —5, and 
y-intercepts at 1 and —5, the graph of the parabola is shown in Figure 10.34. The axis of 
symmetry is the horizontal line whose equation is y = —2. & 


. 3 
-intercept: 1 
iY P 2 


x-intercept: —5 


Axis of symmetry: y = —2 
Vertex: (—9, —2) 


Figure 10.34 The graph of 


y-intercept: —5 
x=y?+4y-5 


Graph: x = y? + 8y + 7. 


'/| CHECK POINT 2 


Applications 


Parabolas have many applications. Cables hung between structures to form suspension 
bridges form parabolas. Arches constructed of steel and concrete, whose main purpose 
is strength, are usually parabolic in shape. 


We have seen that comets in our solar system travel in orbits that are ellipses and 
hyperbolas. Some comets also follow parabolic paths. Only comets with elliptical 
orbits, such as Halley’s Comet, return to our part of the galaxy. 

If a parabola is rotated about its axis of symmetry, a parabolic surface is formed. 
Figure 10.35(a) shows how a parabolic surface can be used to reflect light. Light 
originates at the focus. Note how the light is reflected by the parabolic surface, so 
that the outgoing light is parallel to the axis of symmetry. The reflective properties 
of parabolic surfaces are used in the design of searchlights [see Figure 10.35(b)], 
automobile headlights, and parabolic microphones. 


Outgoing light 


Axis of symmetry 


Light at focus 


Figure 10.35(b) Light from the focus is 
reflected parallel to the axis of symmetry. 


Figure 10.35(a) Parabolic surface 
reflecting light 
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Incoming light 


Axis of symmetry 


Figure 10.36(a) Parabolic surface 
reflecting incoming light 


| 2 | Identify conic sections 
by their equations. 


The Cone of Apollonius (Detail), © 2011 
Richard E. Prince. 


Conic Sections and Systems of Nonlinear Equations 


Figure 10.36(a) shows how a 
parabolic surface can be used to reflect 
incoming light. Note that light rays 
strike the surface and are reflected 
to the focus. This principle is used in 
the design of reflecting telescopes, 
radar, and television satellite dishes. 
Reflecting telescopes magnify the light 
from distant stars by reflecting the light 
from these bodies to the focus of a 
parabolic mirror [see Figure 10.36(b)]. 


Eyepiece 


Parabolic surface 


Figure 10.36(b) Incoming light rays are 
reflected to the focus. 


Identifying Conic Sections by Their Equations 


What do the equations of the conic sections in this chapter have in common? They contain 
x’-terms, y’-terms, or both. Furthermore, they do not contain terms with exponents 
greater than 2. Table 10.2 shows how to identify conic sections by their equations. 


a1e)(-mlee ~Recognizing Conic Sections from Equations 


Conic Section | How to Identify the Equation Example 

Circle When x?- and y?-terms are onthe | x7 + y* = 16 
same side, they have the same 
coefficient. 

Ellipse When x- and y’-terms are on the | 4x” + 16y? = 64 or (dividing by 64) 
same side, they have different x? y? 7m 
coefficients of the same sign. 16 - 4 1 

Hyperbola When x?- and y”-terms are on the ‘| 9y” — 4x? = 36 or (dividing by 36) 
same side, they have coefficients y? x2 
with opposite signs. a. oO 1 

Parabola Only one of the variables is squared. | , = y? + 4y — 5 


Recognizing Equations of Conic Sections 


Indicate whether the graph of each equation is a circle, an ellipse, a hyperbola, or a 
parabola: 


a. 4y? = 16 — 4x? b. x2 =y*?+9 


ce x+7-6y=y? d. x? = 16 — 16y?. 


Solution (Throughout the solution, in addition to identifying each equation’s graph, 
we'll also discuss the graph’s important features.) If both variables are squared, the 
graph of the equation is not a parabola. In this case, we collect the x’- and y’-terms on 
the same side of the equation. 


a. 4y? = 16 — 4x” 


Both variables, x and y, are squared. 


The graph is a circle, an ellipse, or a hyperbola. To see which one it is, we collect the 


x°- and y”-terms on the same side. Add 4x” to both sides. We obtain 


4x? + 4y? = 16. 
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Because the coefficients of x” and y” are the same, namely 4, the equation’s graph is a 
circle. This becomes more obvious if we divide both sides by 4. 


a ae Divide both sid 4. 
4 4 3 ivide both sides by 4. 


x*+y*=4 — Simplify. 


(x — 0)? + (y — 0)* = 2? ~~ Write in the form (x — h)? + (y — k)? = r with 
center (h, k) and radius r. 


The graph is a circle with center at the origin and radius 2. 
b x =y +9 


Both variables, x and y, are squared. 


The graph cannot be a parabola. To see if it is a circle, an ellipse, or a hyperbola, we 
collect the x’- and y?-terms on the same side. Subtract y” from both sides. We obtain 


voys= i 


Because the x?- and y?-terms have coefficients with opposite signs, the equation’s 
graph is a hyperbola. This becomes more obvious if we divide both sides by 9 to obtain 1 
on the right. 
2 2 
ey ae 
9 9 


The hyperbola’s vertices are (a, O) 
P=9 b=9 and (—a, O), namely (3, O) and (—3, 0). 


cx+7-6y=y" 


Only one variable, y, is squared. 


Because only one variable is squared, the graph of the equation is a parabola. We 
can express the equation of the horizontal parabola in the form x = ay” + by + c by 
isolating x on the left. We obtain 


x=y*+6y—7. Add 6y — 7 to both sides. 


Because the coefficient of the y?-term, 1, is positive, the graph of the horizontal 
parabola opens to the right. 


d. x? = 16 - 16y’ 


Both variables, x and y, are squared. 


The graph cannot be a parabola. To see if it is a circle, an ellipse, or a hyperbola, we 
collect the x’- and y’-terms on the same side. Add 16y” to both sides. We obtain 


x? + 16y* = 16. 


Because the x?- and y’-terms have different coefficients of the same sign, namely 
1 and 16, the equation’s graph is an ellipse. This becomes more obvious if we divide 
both sides by 16 to obtain 1 on the right. 


2, 2 
Le ae 
16 1 


2 


Pe 
An equation in the form at 4 = 1is an ellipse. 


a 
a Ne) (bet The vertices are (4,0) and (—4,0). 
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CHECK POINT 3__ Identify whether the graph of each equation is a circle, an 
ellipse, a hyperbola, or a parabola: 


a. x’ = 4y? + 16 
b. x? = 16 — 4y? 
4x? = 16 — 4y? 
. x =—4y? + 16y. 


2 9 


[ CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. A/an is the set of points in a plane that are equidistant from a fixed line, called the directrix, and a fixed point, 
called the 


2. The graph of x = a(y — k)* + horx = ay” + by + c opens to the right if a 


3. The graph of x = a(y — k)? + horx = ay” + by + c opens to the left if a 

Determine whether the graph of each equation opens upward, downward, to the left, or to the right. 
4. x =-3(y- 17 +2 

5. x =3(y - 1) +2 

6 y=3(-1/P+2 

7 y= -3(x - 1) +2 


8 y=-x7+2x41 
9 x=y?+2y+1 


10. x =~—y 2y+1 


11. y=-x 2x +1 
12. y=x?-2x-1 
13. The vertex of x = a(y — k)* + his 


14. The y-coordinate of the vertex of x = ay? + by + cisy = 


15. The circle, ellipse, hyperbola, and parabola are examples of sections. Their equations contain x’-terms, 
y’-terms, or both. 


a. When these terms both appear, are on the same side, and have coefficients with opposite signs, the equation is that of 
a/an 


b. When these terms both appear, are on the same side, and have different coefficients with the same sign, the equation is that of 
a/an 


c. When these terms both appear, are on the same side, and have the same coefficients, the equation is that of a/an 


d. When one of these terms does not appear, the equation is that of a/an 


10.4 EXERCISE SET MB M)AMETS LE airs & 


Practice Exercises 2x=(y+2)-1 
In Exercises 1-6, the equation of a horizontal parabola is 3 x=(y+2yr41 
given. For each equation: Determine how the parabola opens. A. ey — 2) 
Find the parabola’s vertex. Use your results to identify the ce BEG ay et 
equation’s graph. [The graphs, on the next page, are labeled (a) y 

through (f).] 66s Sa at 


1. x=(y-2)-1 


In Exercises 7-18, find the coordinates of the vertex for the 


t> X 


Qa 
+-+—+++++> < 


horizontal parabola defined by the given equation. 


Ts 


In Exercises 19-42, use the vertex and intercepts to sketch the 
graph of each equation. If needed, find additional points on 
the parabola by choosing values of y on each side of the axis of 


ye 

oa Aye 
x=(y-2P +3 
x=(y-3P +4 
x= -4(y +2 -1 
x =-2y+5/P-1 
12016) 
3 =) 
x=y?-6y+6 
x=y?+6y+8 
x =3y’ 4+ 6y+7 
x =—2y? + 4y + 6 


symmetry. 

19. x=(y-2)-4 
21. x =(y-3/-5 
23. x =-(y-—5P +4 
25. x=(y-4 +1 
27. x =-3(y — 5)? +3 
29. x =-2(y +3)/-1 


. x =(y-3P-4 


=(y 2) —3 
-(y -3/ +4 
(vy —2/ +3 
==Ay 6) +2 
=a eis 2 


we oe Re mR & 
lI 
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= 


SS Oe 
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=F +P +2 
=y-6y+8 
=-y-6y+7 
=y* + 4y 

= —J3y" = oy 

= —2y* + dy —3 


In Exercises 43-54, the equation of a parabola is given. 


31. r=Z +241 
33. x= y*+2y-3 
35. x =—y*— 4y4+ 5 
37. x = y* + 6y 
39. x =—2y? — 4y 
41. x =-2y*-4y +1 
Determine: 

a. 

b. the way the parabola opens. 

c. the vertex. 
43. x =2(y-— 1)? +2 
44. x =2y- 3) +1 
45. y =2(x—1)?4+2 
46. y =2(x-3/4+1 
47. y=-(x + 3 +4 
48. y=-(x+ 1) +4 
49. x =-(y +3) +4 
50. x =-(y + 17° +4 
51. y=x?-4x-1 
52. y =x? + 6x + 10 
53. x =—y?+4y+1 
54. x =—y* — 6y — 10 


if the parabola is horizontal or vertical. 
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In Exercises 55-64, indicate whether the graph of each equation 
is a circle, an ellipse, a hyperbola, or a parabola. 


55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 


x-7-8y=y? 
x —3- 4y = 6y? 


Ay? — 36 = y- 
4x? = 36 + y* 
x? = 36 + 4y? 
x? = 36 — 4y? 
3x? = 12 — 3y? 
3x? = 27 — 3y? 
3x? = 12 + 3y? 
3x? = 27 + 3y? 


In Exercises 65-74, indicate whether the graph of each equation 


is a circle, an ellipse, a hyperbola, or a parabola. Then graph 


the conic section. 


65. 


x? — 4y* = 16 
. 7x2 — Ty? = 28 
. 4x2 + 4y? = 16 
Toe ay — 28 
x? + 4y* = 16 
4x? + y* = 16 


. x=(y-1)7-4 


x=(y-4f%-1 


(x 
Ge 


2 iy 


DP = 16 


Ie aay 


2) = 16 
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Practice PLUS 


In Exercises 75-80, use the vertex and the direction in which the 
parabola opens to determine the relation’s domain and range. 
Is the relation a function? 


75. 


76. 


Male 


78. 


79. 


80. 


x=y?+6y+5 
x=y?-2y-—5 


—x? + 4x — 3 


< 
II 


In Exercises 81-86, find the solution set for each system by 
graphing both of the system’s equations in the same rectangular 
coordinate system and finding points of intersection. Check all 
solutions in both equations. 


81. 


82. 


86. 


Y= —2)—4 
eee 

Nea ae 
x=(y- 3 +2 

ae 

x=y?-3 

ae 

X= yo = 5 

ae 
x=(y+2~-1 

(G 2 Qi 
x = 2y?+ 4y +5 

{e+ v= 2S 1 


Application Exercises 


87. 


The George Washington Bridge spans the Hudson 
River from New York to New Jersey. Its two towers are 
3500 feet apart and rise 316 feet above the road. The cable 
between the towers has the shape of a parabola and the 
cable just touches the sides of the road midway between 
the towers. The parabola is positioned in a rectangular 
coordinate system with its vertex at the origin. The point 
(1750, 316) lies on the parabola, as shown. 


Conic Sections and Systems of Nonlinear Equations 


a. Write an equation in the form y = ax? for the 
parabolic cable. Do this by substituting 1750 for 
x and 316 for y and determining the value of a. 


b. Use the equation in part (a) to find the height of the 
cable 1000 feet from a tower. Round to the nearest 
foot. 


The towers of the Golden Gate Bridge connecting San 
Francisco to Marin County are 1280 meters apart and rise 
140 meters above the road. The cable between the towers 
has the shape of a parabola and the cable just touches 
the sides of the road midway between the towers. The 
parabola is positioned in a rectangular coordinate system 
with its vertex at the origin. The point (640, 140) lies on 
the parabola, as shown. 


Parabolic 
Cable 


(640, 140) 


a. Writeanequationintheform y = ax’ forthe parabolic 
cable. Do this by substituting 640 for x and 140 for y 
and determining the value of a. 

b. Use the equation in part (a) to find the height of the 
cable 200 meters from a tower. Round to the nearest 
meter. 


89. A satellite dish is in the shape of a parabolic surface. 


Signals coming from a satellite strike the surface of the 
dish and are reflected to the focus, where the receiver 
is located. The satellite dish shown has a diameter of 
12 feet and a depth of 2 feet. The parabola is positioned 
in a rectangular coordinate system with its vertex at the 
origin. 


12 feet >| 


Rear) 


a. Write an equation in the form y = ax? for the 
parabola used to shape the dish. 


SECTION 10.4 


b. The receiver should be placed at the focus (0, p). The 
1 
value of p is given by the equation a = an How far 
P 


from the base of the dish should the receiver be 
placed? 


90. An engineer is designing a flashlight using a parabolic 
reflecting mirror and a light source, as shown. The casting 
has a diameter of 4 inches and a depth of 2 inches. The 
parabola is positioned in a rectangular coordinate system 
with its vertex at the origin. 


(2, 2) 


y 
A 


2 inches 


os 4 inches a 


a. Write an equation in the form y = ax? for the 
parabola used to shape the mirror. 


b. The light source should be placed at the focus (0, p). 


i 
The value of p is given by the equation a = an 
P 


Where should the light source be placed relative to 


the mirror’s vertex? 


Moiré patterns, such as those shown in Exercises 91-92, can 
appear when two repetitive patterns overlap to produce a third, 
sometimes unintended, pattern. 
a. In each exercise, use the name of a conic section to 
describe the moiré pattern. 
b. Select one of the following equations that can possibly 
describe a conic section within the moiré pattern: 


x yr = I ye 


Wo ile x4 Agfa 


Oi: 


©) 
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92. 2 . 


|_A 


Baa 
SSS 


Writing in Mathematics 
93. What is a parabola? 
94. If you are given an equation of a parabola, explain how 


to determine if the parabola opens to the right, to the 
left, upward, or downward. 

95. Explain how to use x=2(y+3)’—5 to find the 
parabola’s vertex. 

96. Explain how to use x = y> + 8y +9 to find the 
parabola’s vertex. 


97. Describe one similarity and one difference between the 
graphs of x = 4y? and. x = 4(y ~ 1) + 2. 


98. How can you distinguish parabolas from other conic 
sections by looking at their equations? 


99. How can you distinguish ellipses from hyperbolas by 
looking at their equations? 


100. How can you distinguish ellipses from circles by looking 
at their equations? 


Technology Exercises 


Use a graphing utility to graph the parabolas in Exercises 
101-102. Write the given equation as a quadratic equation in y 
and use the quadratic formula to solve for y. Enter each of the 
equations to produce the complete graph. 


101. y? + 2y —- 6x + 13 =0 


102. y? + 10y-—x+25=0 

103. Use a graphing utility to graph any three of the parabolas 
that you graphed by hand in Exercises 19-42. First solve 
the given equation for y, possibly using the square root 
method. Enter each of the two resulting equations to 
produce the complete graph. 


Critical Thinking Exercises 


Make Sense? In Exercises 104-107, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


104. I graphed a parabola that opened to the right and 
contained a maximum point. 
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105. I’m graphing an equation that contains neither an 
x’-term nor a y?-term, so the graph cannot be a conic 


section. 


106. Knowing that a parabola opening to the right has a vertex 
at (-1, 1) gives me enough information to determine its 
graph. 


107. I noticed that depending on the values for A and B, 
assuming that they are not both zero, the graph of 
Ax? + By? = C can represent any of the conic sections 
other than a parabola. 


In Exercises 108-111, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


108. The parabola whose equation is x = 2y — y” + 5 opens 
to the right. 


109. If the parabola whose equation is x = ay? + by + c has 
its vertex at (3, 2) anda > 0, then it has no y-intercepts. 


110. Some parabolas that open to the right have equations 
that define y as a function of x. 


111. The graph of x = a(y — k) + hisa parabola with vertex 
at (h, k). 


112. Look at the satellite dish shown in Exercise 89. Why 
must the receiver for a shallow dish be farther from 
the base of the dish than for a deeper dish of the same 
diameter? 


Conic Sections and Systems of Nonlinear Equations 


113. The parabolic arch shown in the figure is 50 feet above 
the water at the center and 200 feet wide at the base. Will 
a boat that is 30 feet tall clear the arch 30 feet from the 
center? 


Review Exercises 
114, Graph; An =2 = 


(Section 9.1, 


Example 4) 


1 
115. If f(x) = 3° 5, find f (x). (Section 9.2, Example 4) 


116. Solve: (x + 1)? + (x + 3)? = 4. (Section 5.7, Example 2) 


Preview Exercises 


Exercises 117-119 will help you prepare for the material 
covered in the next section. 


117. Solve by the substitution method: 


4x + 3y =4 
{ y= 2 = 7. 
118. Solve by the addition method: 
ie +4y=-4 
3x + 5y = -3 


119. Solve: x? = 2(3x — 9) + 10. 


Objectives 


1 | Recognize systems of 
nonlinear equations in 
two variables. 


2 | Solve systems of 
nonlinear equations by 
substitution. 


Systems of Nonlinear Equations 
in Two Variables 


Scientists debate the probability that a 
“doomsday rock” will collide with Earth. 
It has been estimated that an asteroid, 
a tiny planet that revolves around the sun, 
crashes into Earth about once every 250,000 
years, and that such a collision would have 
disastrous results. In 1908, a small fragment 
struck Siberia, leveling thousands of acres 
of trees. One theory about the extinction 
of dinosaurs 65 million years ago involves 


Solve systems of 
nonlinear equations by 
addition. 


Solve problems using 
systems of nonlinear 
equations. 


Earth’s collision with a large asteroid and the 

resulting drastic changes in Earth’s climate. 
Understanding the path of Earth and the path 

of a comet is essential to detecting threatening space 

debris. Orbits about the sun are not described by linear 


1 | Recognize systems of 
nonlinear equations in 
two variables. 


2 | Solve systems of 
nonlinear equations by 
substitution. 
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equations in the form Ax + By = C. The ability to solve systems that do not contain 
linear equations provides NASA scientists watching for troublesome asteroids with a 
way to locate possible collision points with Earth’s orbit. 


Systems of Nonlinear Equations and Their Solutions 


A system of two nonlinear equations in two variables, also called a nonlinear system, 
contains at least one equation that cannot be expressed in the form Ax + By = C. 
Here are two examples: 


Not in the form Neither equation is in 

a Ss a2 q 

x° =2y + 10 Ax + By=C. ee Bee, the form Ax + By =C. 
3x -—y=9 The term x? is r+y=9, The terms x? and y? are 


not linear. not linear. 


A solution of a nonlinear system in two variables is an ordered pair of real numbers 
that satisfies all equations in the system. The solution set of the system is the set of all 
such ordered pairs. As with linear systems in two variables, the solution of a nonlinear 
system (if there is one) corresponds to the intersection point(s) of the graphs of the 
equations in the system. Unlike linear systems, the graphs can be circles, ellipses, 
hyperbolas, parabolas, or anything other than two lines. We will solve nonlinear 
systems using the substitution method and the addition method. 


Eliminating a Variable Using the Substitution Method 


The substitution method involves converting a nonlinear system into one equation 
in one variable by an appropriate substitution. The steps in the solution process are 
exactly the same as those used to solve a linear system by substitution. However, when 
you obtain an equation in one variable, this equation may not be linear. In our first 
example, this equation is quadratic. 


| EXAMPLE 1 Solving a Nonlinear System 
by the Substitution Method 
Solve by the substitution method: 


{ x? = 2y + 10 


3x -—y = 9. (The graph is a parabola.) 


(The graph is a line.) 


Solution 


Step 1. Solve one of the equations for one variable in terms of the other. We begin 
by isolating one of the variables raised to the first power in either of the equations. 
By solving for y in the second equation, which has a coefficient of —1, we can avoid 
fractions. 


3x -y=9 This is the second equation in the given system. 
3x =y+9 Add y to both sides. 
3x -9=y Subtract 9 from both sides. 


Step 2. Substitute the expression from step 1 into the other equation. We substitute 
3x — 9 for y in the first equation. 


JL 
y=BE=9) = AHj+10. 
This gives us an equation in one variable, namely 
x” = 2(3x — 9) + 10. 


The variable y has been eliminated. 
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Figure 10.37 Points of intersection 
illustrate the nonlinear system’s 
solutions. 


Step 3. Solve the resulting equation containing one variable. 


x? = 2(3x — 9) +10 This is the equation containing one variable. 


x? = 6x — 18 + 10 Use the distributive property. 
x? = 6x — 8 Combine numerical terms on the right. 
x7 - 6x +8=0 Move all terms to one side and set the 
quadratic equation equal to O. 
(x — 4)(x — 2) =0 Factor. 


x-4=0 or x-2=0 Set each factor equal to O. 


x=4 x=2 Solve for x. 


Step 4. Back-substitute the obtained values into the equation from step 1. Now that we 
have the x-coordinates of the solutions, we back-substitute 4 for x and 2 for x into the 
equation y = 3x — 9. 


Ifxis4, y = 3(4)-9=3, — so (4,3) isa solution. 
Ifxis2, y = 3(2) —-9 =—3, so (2, —3) is a solution. 


Step 5. Check the proposed solutions in both of the system’s given equations. We 
begin by checking (4, 3). Replace x with 4 and y with 3. 


x? =2y + 10 3x —-y=9 These are the given equations. 
4? 2 2(3) + 10 3(4)-3 29 Letx = 4andy = 3. 

16 26+ 10 m=229 Simplify. 

16 = 16, true 9=9, true True statements result. 


The ordered pair (4, 3) satisfies both equations. Thus, (4, 3) is a solution of the system. 
Now let’s check (2, —3). Replace x with 2 and y with —3 in both given equations. 


x? = 2y + 10 3x —-y=9 These are the given equations. 
2? 4 2(-3) + 10 3(2) - (-3) 2.9 Letx = 2andy = —3. 
2-6 +10 6+3249 Simplify. 
=4 true 9=9, true True statements result. 


The ordered pair (2, —3) also satisfies both equations and is a solution of the system. 
The solutions are (4, 3) and (2, —3), and the solution set is {(4, 3), (2, —3)}. 

Figure 10.37 shows the graphs of the equations in the system and the solutions as 
intersection points. & 


CHECK POINT 1 Solve by the substitution method: 


{ vr=y-1 
4x -y=-l1. 


Solving a Nonlinear System 
by the Substitution Method 
Solve by the substitution method: 


x-y=3 : 
te = 2) +(yt 3)? a (The graph is a line.) 
: (The graph is a circle.) 


Solution Graphically, we are finding the intersection of a line and a circle with 
center (2, —3) and radius 2. 


“al... be 2)?+ ly +3)?=4 


Figure 10.38 Points of intersection 
illustrate the nonlinear system’s 
solutions. 


3 | Solve systems of 
nonlinear equations by 
addition. 
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Step 1. Solve one of the equations for one variable in terms of the other. We will solve 
for x in the linear equation — that is, the first equation. (We could also solve for y.) 
x-y=3 This is the first equation in the given system. 


x=y+3_ Addy to both sides. 


Step 2. Substitute the expression from step 1 into the other equation. We substitute 
y + 3 for x in the second equation. 


eer | 
x =ly +3] (x]- 2)? + (y +3 =4 


This gives an equation in one variable, namely 
(y+ 3-22 +(y+3P=4 


The variable x has been eliminated. 
Step 3. Solve the resulting equation containing one variable. 


(y+ 3-2)? + (y + 3)? =4 This is the equation containing one variable. 
(y+ 1)? + (y+ ar = 4 Combine numerical terms in the first parentheses. 


yt2y+1+y?+6y+9=4 Usethe formula(A + BY = A? + 2AB+ B to 
square y + landy + 3. 


2y? + 8y + 10 =4 Combine like terms on the left. 


2y? + 8y + 6 =0 Subtract 4 from both sides and set the quadratic 
equation equal to O. 


2(y? + 4y + 3) =0 Factor out 2. 
2(y + 3)(y + 1) = 0 Factor 2(y” + 4y + 3) completely. 
y+3=0 or y+1=0 Set each variable factor equal to O. 


y=-3 y=-1  Solvefory. 


Step 4. Back-substitute the obtained values into the equation from step 1. Now that 
we have y = —3 and y = —1, or the y-coordinates of the solutions, we back-substitute 
—3 for y and —1 for y in the equation x = y + 3. 


If y = —3: x=-34+3=0, so (0, —3) is a solution. 
Ify =-1: x=-14+3=2, so (2, —1) is a solution. 


Step 5. Check the proposed solutions in both of the system’s given equations. Take 
a moment to show that each ordered pair satisfies both equations. The solutions are 
(0, -3) and (2, —1), and the solution set of the given system is {(0, —3), (2, -1)}. 

Figure 10.38 shows the graphs of the equations in the system and the solutions as 
intersection points. & 


'\/| CHECK POINT 2 Solve by the substitution method: 


{ x+2y=0 
(x — 1)? + (y- 1) =5. 


Eliminating a Variable Using the Addition Method 


In solving linear systems with two variables, we learned that the addition method 
works well when each equation is in the form Ax + By = C. For nonlinear systems, 
the addition method can be used when each equation is in the form Ax? + By” = C. 
If necessary, we will multiply either equation or both equations by appropriate numbers 
so that the coefficients of x? or y* will have a sum of 0. We then add equations. The sum 
will be an equation in one variable. 
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y 
h 4x*+y*=13 


Nn 


BS (1, 3) 


t+—+—> X 
4.5 


xe +yt= 10 
(1, -3) 


Figure 10.39 A system with four 
solutions 


Great Question! 


When solving nonlinear 
systems, do | really have 
to go to the hassle of 
checking my solutions? 


Yes. Extra solutions may 
be introduced that do not 
satisfy both equations in 
the system. Therefore, you 
should get into the habit of 
checking all proposed pairs 
in each of the system’s two 
equations. 


Solving a Nonlinear System 
by the Addition Method 


Solve the system: 


ie + Sa 13 Equation 1 (The graph is an ellipse.) 


xo ty = 10, Equation 2 (The graph is a circle.) 


Solution We can use the same steps that we did when we solved linear systems by 
the addition method. 
Step 1. Write both equations in the form Ax? + By” = C. Both equations are already in 
this form, so we can skip this step. 
Step 2. If necessary, multiply either equation or both equations by appropriate numbers 
so that the sum of the x?-coefficients or the sum of the y*-coefficients is 0. We can 
eliminate y” by multiplying Equation 2 by —1. 
No change 
4x2 + y= 13 fart y= 13 
by a10 ala = 9 = 10 


Steps 3 and 4. Add equations and solve for the remaining variable. 
Ay ay? = 13 
SS y? = -10 
3x? 


3. Add equations. 
ae Divide both sides by 3. 
x= +1 Use the square root property: If x° = c, thenx = + Ve. 


Step 5. Back-substitute and find the values for the other variable. We must back- 
substitute each value of x into either one of the original equations. Let’s use 
x’ + y* = 10, Equation 2. If x = 1, 
17+ y? =10 Replace x with 1 in Equation 2. 

y=9 Subtract 1 from both sides. 

y= 43. Apply the square root property. 
(1, 3) and (1, —3) are solutions. If x = —1, 

(-1)? + y? = 10 Replace x with —1 in Equation 2. 
y? =9 The steps are the same as before. 
y= +3. 


(—1, 3) and (—1, —3) are solutions. 
Step 6. Check. Take a moment to show that each of the four ordered pairs 
satisfies the given equations, 4x7 + y?=13 and x? + y? = 10. The solutions 
are (1, 3), (1,—3), (-1,3), and (-1,—3), and the solution set of the given system is 
(1,3), (1, -3), (1, 3), (-1,-3)}. 

Figure 10.39 shows the graphs of the equations in the system, an ellipse and a 
circle, and the solutions as intersection points. & 


CHECK POINT3__ Solve the system: 


3x? + 2y* = 35 
4x? + 3y”? = 48. 


In solving nonlinear systems, we will include only ordered pairs with real numbers in 
the solution set. We have seen that each of these ordered pairs corresponds to a point 
of intersection of the system’s graphs. 


hODA~ 
—— 
I 
tad 
Es 
ac 
w 


Eze B 4 5 


Figure 10.40 A system with one 
real solution. 


4 | Solve problems using 
systems of nonlinear 
equations. 
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Solving a Nonlinear System 
by the Addition Method 


Solve the system: 
y= x7 +3 Equation 1 (The graph is a parabola.) 
P+ y=9. Equation 2 (The graph is a circle.) 


Solution We could use substitution because Equation 1, y = x? + 3, has y expressed 
in terms of x, but substituting x? + 3 for y in x* + y* = 9 would result in a fourth- 
degree equation. However, we can rewrite Equation 1 by subtracting x? from both 
sides and adding the equations to eliminate the x?-terms. 


Notice how like by 
terms are arranged =x? + y 3 Subtract x° from both sides of Equation 1. 
in columns. x2 +y= 9 This is Equation 2. 
y+ y’ = 12 Add the equations. 


We now solve this quadratic equation. 


yty=12 This is the equation containing one variable. 
y+y—-12=0 Subtract 12 from both sides and write the 
quadratic equation in standard form. 
Gt OG = 2) = 0 Factor. 


y+4=0 or y—3=0 Set each factor equal to 0. 
y=-4 y=3 Solve for y. 


To complete the solution, we must back-substitute each value of y into either one of the 
original equations. We will use y = x? + 3, Equation 1. First, we substitute —4 for y. 
—4=x'?+3 
-J= x Subtract 3 from both sides. 


Because the square of a real number cannot be negative, the equation x7 = —7 does not 


have real-number solutions. We will not include the imaginary solutions, x = + V-—7, 
or iV7 and —iV7, in the ordered pairs that make up the solution set. Thus, we move 
on to our other value for y, 3, and substitute this value into Equation 1. 


y =x? +3 This is Equation |. 
= x* +3  Back-substitute 3 for y. 
C=2 Subtract 3 from both sides. 
=X, Solve for x. 
We showed that if y = 3, then x = 0. Thus, (0, 3) is the solution with a real ordered 
pair. Take a moment to show that (0, 3) satisfies the given equations, y = x” + 3 and 


x’ + y? = 9, The solution set of the system is {(0, 3)}. Figure 10.40 shows the system’s 
graphs and the solution as an intersection point. & 


\“| CHECK POINT 4 Solve the system: 


yH=xr +5 
x? + y* = 25. 


Applications 


Many geometric problems can be modeled and solved by the use of systems of 
nonlinear equations. We will use our step-by-step strategy for solving problems using 
mathematical models that are created from verbal conditions. 
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Figure 10.41 Building an enclosure 


Conic Sections and Systems of Nonlinear Equations 


An Application of a Nonlinear System 


You have 36 yards of fencing to build the enclosure in Figure 10.41. Some of this fencing 
is to be used to build an internal divider. If you’d like to enclose 54 square yards, what 
are the dimensions of the enclosure? 


Solution 


Step 1. Use variables to represent unknown quantities. Let x = the enclosure’s length 
and y = the enclosure’s width. These variables are shown in Figure 10.41. 


Step 2. Write a system of equations that models the problem’s conditions. The first 
condition is that you have 36 yards of fencing. 


Fencing along fencing along fencing for the 36 
both lengths  P'US both widths PLUS internal divider CUA yards. 


2x + 2y + y 


36 


Adding like terms, we can express the equation that models the verbal conditions for 
the fencing as 2x + 3y = 36. 


The second condition is that you’d like to enclose 54 square yards. The rectangle’s area, 
the product of its length and its width, must be 54 square yards. 


Length times width is 54 square yards. 
x . y = 54 


Step 3. Solve the system and answer the problem’s question. We must solve the system 


‘o + 3y = 36 ~— Equation 1 
xy = 54. — Equation 2 


We will use substitution. Because Equation 1 has no coefficients of 1 or —1, we will 
work with Equation 2 and solve for y. Dividing both sides of xy = 54 by x, we obtain 


= 
rs 
; 54 : é 
Now we substitute i for y in Equation 1 and solve for x. 


2x + 3y = 36 This is Equation 1. 


54 
2x +3: he 36 Substitute — for y. 
x 


2x + ar 36 Multiply. 


xf i mene 1) = 36°x Clear fractions by multiplying both sides by x. 


2x* + 162 = 36x —Use the distributive property on the left side. 


2x? — 36x + 162 = 0 Subtract 36x from both sides and write the quadratic 
equation in standard form. 
2(x? — 18x + 81) =0 Factor out 2. 
a(x — 9)? =0 Factor completely using A* — 2AB + B* = (A — BY. 
x-9=0 Set the repeated factor equal to zero. 


x=9 Solve for x. 
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54 
We back-substitute this value of x into y = 7. 


Ifx = 9, eae os 


This means that the dimensions of the enclosure in Figure 10.41 are 9 yards by 6 yards. 
Step 4. Check the proposed solution in the original wording of the problem. Take a 


moment to check that a length of 9 yards and a width of 6 yards results in 36 yards of 
fencing and an area of 54 square yards. 


CHECK POINT 5 Find the length and width of a rectangle whose perimeter is 
20 feet and whose area is 21 square feet. 


Achieving Success 


Try to relax during a math test. Many of us have had the experience of feeling anxious and 
panicky during a test. If this happens to you, close your eyes and breathe deeply. Take a 
short break and think about something pleasant. This may help you to calm down and put 
the test in perspective. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


Ale 


A system of two equations in two variables that contains at least one equation that cannot be expressed in the form 


Ax + By = Cis called a system of equations. 
When solving 
{ —-4y= 4 
x + y=-l1 
by the substitution method, we obtain x = —4 or x = 0, so the solution set is 
When solving 
me + 2y? = 35 
4x? + 3y? = 48 


by the addition method, we can eliminate x? by multiplying the first equation by —4 and the second equation by : 


and then adding the equations. 


When solving 
i + 4y? = 16 
x2 = y? =| 


by the addition method, we obtain y? = 3, so the solution set is 


When solving 
{: + y* = 13 
w-y =7 
by the addition method, we can eliminate x* by multiplying the second equation by and then adding the 


equations. We obtain 


, a quadratic equation in y. 


When solving 
ie + 4y? = 20 
xy=4 
by the substitution method, we can eliminate y by solving the second equation for y. We obtain y = . Then we 
substitute for in the first equation. 
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MyMachLab 


Practice Exercises 


In Exercises 1-18, solve each system by the substitution 


method. 
1. ees 
y=x-4 
<i feta) = 
y=x?-4x +4 
5. fy =x*-— 4x -10 
y =x? — 2x + 14 
Ti \(oe soe — 5) 
x-y=1 
9. {xy =6 
ey ail 
W. fy =x-9 
2y=x-3 
13. [xy =3 
x? + y? = 10 
ley fee soy = J 
x? + xy —y?=-5 
Ata ec y al 
(x — 17 + (vy + 2)? = 10 
18. J2x+y= 
(x +1? +(y-2/ =4 


10. 


12. 


16. 


y=x 4x +5 
y=x?+2x-1 
rty=5 

3x -y=5 

XY — ND, 
x—2y+ 14=0 
r+y=4 
Die yl 
xy = 

pe ae 
sae iS) 

x? + 2y? = 12y + 18 


In Exercises 19-28, solve each system by the addition method. 


19. {i + y* = 13 


ry =5 
20. (4x?-y=4 
4x? + y? = 
21. {x2 — 4y? =-7 
3x7 + y? = 31 
22. (3x? — 2y? =—-5 
Ix? = y? =-2 
23. (3x? + 4y?- 16 =0 
2x? — 3y? -5=0 
24. {16x — 4y7- 72 =0 
Coy =3=6 
Pi ise ee 5 
e= 8) y? = Al 
26. fx? +y?=4 
rP+(y-3P =9 


Watch the videos 
in MyMathLab 


Conic Sections and Systems of Nonlinear Equations 


Download the 
MyDashBoard App 


27. ag es 


eae 
28. {[x?-2y=8 
x? + y? = 16 
In Exercises 29-42, solve each system by the method of your 
choice. 
29. (3x? + 4y* = 16 
Sy 
30. f[xty=4 
r+ y=16 
31. (2x? + y? = 18 
xy =4 
32. [x? + 4y? = 20 
xy =4 
33. [x* + 4y? = 20 
ae PAY 
34. (3x? — 2y? =1 
4x -—-y=3 
35. [x+y =0 
x-y=0 
36. fxr +y=0 
2x7 -y=0 
37. (x? +(y-2P =4 
Cy 
38. {x7 -y?-4x + 6y-4=0 
x? + y? — 4x —- 6y + 12 =0 
39. fy =(x + 3) 
xe Dy 2 
40. {(x-1 +(y+1P% =5 
28 = y= 
41. fx? + y? + 3y =22 
2 ay 
42. \|(x—3y =—5 
rt y-25= 


In Exercises 43-46, let x represent one number and let y represent 
the other number. Use the given conditions to write a system of 
nonlinear equations. Solve the system and find the numbers. 


43. 


44. 


45. 


46. 


The sum of two numbers is 10 and their product is 24. 
Find the numbers. 


The sum of two numbers is 20 and their product is 96. 
Find the numbers. 


The difference between the squares of two numbers 
is 3. Twice the square of the first number increased by 
the square of the second number is 9. Find the numbers. 


The difference between the squares of two numbers is 5. 
Twice the square of the second number subtracted from 
three times the square of the first number is 19. Find the 
numbers. 
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Practice PLUS 


In Exercises 47-52, solve each system by the method of your 


choice. 
47. {2x7 + xy =6 
x? + 2xy = 0 
48. {4x7 + xy = 30 
t+ Sty = = 
49. {-4x +y=12 
y= x3 + 3x? 
50. {—9x + y = 45 
y =x + 5x? 
51. 2. + = =F 
x ey) 
5) 2 
og 
?) il 
52. DD AP =) — il 
x y 
4 2 
ee =~ =) = —-14 
ny 


In Exercises 53-54, make a rough sketch in a rectangular 
coordinate system of the graphs representing the equations in 
each system. 


53. 


54. 


The system, whose graphs are a circle and an ellipse, 
has two solutions. Both solutions can be represented as 
points on the x-axis. 


The system, whose graphs are a line with positive 


slope and a parabola that is not a function, has two 
solutions. 


Application Exercises 


55. 


56. 


57. 


58. 


A planet follows an elliptical path described by 
16x? + 4y* = 64. A comet follows the parabolic path 
y =x?-— 4. Where might the comet intersect the 
orbiting planet? 


A system for tracking ships indicates that a ship lies on a 
hyperbolic path described by 2y* — x” = 1. The process 
is repeated and the ship is found to lie on a hyperbolic 
path described by 2x” — y* = 1. If it is known that the 
ship is located in the first quadrant of the coordinate 
system, determine its exact location. 


Find the length and width of a rectangle whose perimeter 
is 36 feet and whose area is 77 square feet. 


Find the length and width of a rectangle whose perimeter 
is 40 feet and whose area is 96 square feet. 
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Use the formula for the area of a rectangle and the Pythagorean 
Theorem to solve Exercises 59-60. 


59. 


60. 


61. 


62. 


A small television has a picture with a diagonal measure 
of 10 inches and a viewing area of 48 square inches. Find 
the length and width of the screen. 


The area of a rug is 108 square feet and the length of 
its diagonal is 15 feet. Find the length and width of the 
rug. 


The figure shows a square floor plan with a smaller square 
area that will accommodate a combination fountain and 
pool. The floor with the fountain-pool area removed has 
an area of 21 square meters and a perimeter of 24 meters. 
Find the dimensions of the floor and the dimensions of 
the square that will accommodate the fountain and pool. 


x 


The area of the rectangular piece of cardboard shown on 
the left is 216 square inches. The cardboard is used to 
make an open box by cutting a 2-inch square from each 
corner and turning up the sides. If the box is to have a 
volume of 224 cubic inches, find the length and width of 
the cardboard that must be used. 
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63. 


Percentage of Total Labor Force 


The bar graph shows that compared to a century ago, 
work in the United States now involves mostly white- 
collar service jobs. 


The Changing Pattern of Work in the United States, 1900-2005 
M) White Collar Mi Blue Collar {Farming 


90 
80 76 


1900 1920 1940 1960 


Year 


1980 2005 


Source: U.S. Department of Labor 


The data can be modeled by linear and quadratic functions. 


05x — y = -18 
y = —0.004x* 4 
0.4x + y = 35 


In each function, x represents the number of years after 1900 
and y represents the percentage of the total US. labor force. 


0.23x + 41 


a. Based on the information in the graph, it appears 
that there was a year when the percentage of white- 
collar workers in the labor force was the same as the 
percentage of blue-collar workers in the labor force. 
According to the graph, between which two decades 
did this occur? 


b. Solve a nonlinear system to determine the year 
described in part (a). Round to the nearest year. What 
percentage of the labor force, to the nearest percent, 
consisted of white-collar workers and what percentage 
consisted of blue-collar workers? 


c. According to the graph, for which year was the 
percentage of white-collar workers the same as the 
percentage of farmers? What percentage of U.S. 
workers were in each of these groups? 


d. Solve a linear system to determine the year described 
in part (c). Round to the nearest year. Use the models 
to find the percentage of the labor force consisting of 
white-collar workers and the percentage consisting 
of farmers. How well do your answers model the 
actual data specified in part (c)? 


Writing in Mathematics 


64. 


65. 


66. 


What is a system of nonlinear equations? Provide an 
example with your description. 

Explain how to solve a nonlinear system using the 
substitution method. Use x? + y? = 9 and 2x — y = 3 
to illustrate your explanation. 

Explain how to solve a nonlinear system using the 
addition method. Use x? — y? = 5 and 3x? — 2y? = 19 
to illustrate your explanation. 


67. 


Conic Sections and Systems of Nonlinear Equations 


The daily demand and supply models for a carrot cake 

supplied by a bakery to a convenience store are given 

by the demand model N = 40 — 3p and the supply 
2 


model N = a 


N is the number of cakes sold or supplied each day to the 
convenience store. Explain how to determine the price at 
which supply and demand are equal. Then describe how 
to find how many carrot cakes can be supplied and sold 
each day at this price. 


, in which p is the price of the cake and 


Technology Exercises 


68. 


69. 


Verify your solutions to any five exercises from Exercises 
1-42 by using a graphing utility to graph the two 
equations in the system in the same viewing rectangle. 
Then use the trace or intersection feature to verify the 
solutions. 


Write a system of equations, one equation whose graph 
is a line and the other whose graph is a parabola, that has 
no ordered pairs that are real numbers in its solution set. 
Graph the equations using a graphing utility and verify 
that you are correct. 


Critical Thinking Exercises 


Make Sense? In Exercises 70-73, determine whether each 

’ 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


70. 


71. 


72. 


73. 


I use the same steps to solve nonlinear systems as I did 
to solve linear systems, although I don’t obtain linear 
equations when a variable is eliminated. 


I graphed a nonlinear system that modeled the elliptical 
orbits of Earth and Mars, and the graphs indicated the 
system had a solution with a real ordered pair. 


Without using any algebra, it’s obvious that the nonlinear 
system consisting of x7 + y? = 4and x” + y? = 25 does 
not have real-number solutions. 


I think that the nonlinear system consisting of 
x? + y? = 36 and y = (x — 2)? — 3 is easier to solve 
graphically than by using the substitution method or the 
addition method. 


In Exercises 74-77, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


74. 


75. 


76. 


77. 


A system of two equations in two variables whose graphs 
are a circle and a line can have four real ordered-pair 
solutions. 


A system of two equations in two variables whose graphs 
are a parabola and a circle can have four real ordered-pair 
solutions. 


A system of two equations in two variables whose graphs 
are two circles must have at least two real ordered-pair 
solutions. 


A system of two equations in two variables whose graphs 
are a parabola and a circle cannot have only one real 
ordered-pair solution. 


78. Find a and 5 in this figure. 


Group Project 
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82. Find the slope of the line passing through (—2,—3) and 


(1, 5). 
(Section 2.4, Example 2) 

83. Multiply: (3x — 2)(2x? — 4x + 3). 
(Section 5.2, Example 3) 


——- ; z Preview Exercises 
Exercises 84-86 will help you prepare for the material covered 
Solve the systems in Exercises 79-80. in the first section of the next chapter. 
79. ( log,x = 3 80. (logex27 =y+3 —1)" 
{ e { oe y 84. Evaluate ce forn = 1, 2,3, and 4. 
logy(4x) = 5 logx =y-1 Sil 


Review Exercises 


81. Graph: 3x — 2y = 6. 
(Section 4.4, Example 1) 


GROUP PROJECT 


CHAPTER 


85. Find the product of all positive integers from n down 


through | forn = 5. 


86. Evaluate n” + 1 for all consecutive integers from 1 to 6. 


Then find the sum of the six evaluations. 


Modeling Planetary Motion 


Polish astronomer Nicolaus Copernicus (1473-1543) was correct in stating that planets in 
our solar system revolve around the sun and not Earth. However, he incorrectly believed 
that celestial orbits move in perfect circles, calling his system “the ballet of the planets.” 


Earth 
J 


\@ Venus 
‘Venus 
Mars 


) 


~ Mercury 


Earth cg Mercury 


® Sun 


@ 
Moon 


Sun 


\S& Saturn 


=e Jupiter — Jupiter 


Ptolemaic model Copernican model 


Saturn 


German scientist and mathematician Johannes Kepler (1571-1630) discovered that 
planets move in elliptical orbits with the sun at one focus. In this exercise, group 
members will write equations for two of these orbits and use a graphing utility to see 


what they look like. Use the following information: 


Earth’s orbit: Length of major axis: 186 million miles 


Length of minor axis: 185.8 million miles 


Mars’s orbit: Length of major axis: 283.5 million miles 
Length of minor axis: 278.5 million miles. 


2 y? 


a. Group members should write equations in the form —, + —, = 1 for the 
a 


2 
elliptical orbits of Earth and Mars. b 


b. Use a graphing utility to graph the two ellipses in the same [—300, 300, 50] by 
[—200, 200, 50] viewing rectangle. Based on these graphs, explain why early 
astronomers incorrectly used the Copernican model to describe planetary motion. 


c. Describing planetary orbits, Kepler wrote, “The heavenly motions are nothing 
but a continuous song for several voices, to be perceived by the intellect, not by 
the ear.” Group members should discuss what Kepler meant by this statement. 
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Chapter 10 Summary 


Definitions and Concepts 


Conic Sections and Systems of Nonlinear Equations 


Examples 


Section 10.1 Distance and Midpoint Formulas; Circles 


The Distance Formula 
The distance, d, between the points (x;, y;) and (x2, yo) is 


given by 
d= V (x2 


ie arte 


The Midpoint Formula 
The midpoint of the line segment whose endpoints are 
(x;, ¥;) and (x9, y2) is the point with coordinates 


Xt X. Yi + Yo 
ae 2 ; 


A circle is the set of all points in a plane that are equidistant 
from a fixed point, the center. The distance from the center to 
any point on the circle is the radius. 


Standard Form of the Equation of a Circle 
Oe Te) 


The graph of (x k) = r’ is a circle with center 


(h, k) and radius r. 

General Form of the Equation of a Circle 
x+y? + Dx + Ey + F=0 

Convert from the general form to the standard form by 

completing the square on x and y. 


Find the distance between (—3, —5) and (6, —2). 


d= V[6 — -3)P + -2- CSP 
= VP +32? = V81 +9 = V90 = 3V10 ~ 9.49 


Find the midpoint of the line segment whose endpoints are 
(-3, 6) and (4, 1). 


Hine (24551) (3.3) 
midpoint = ) 5 = \ 505 


Find the center and radius and graph: 
(x — 3° + (vy + 4? = 16. 


(C= SGP a) ee 


The center, (h, k), is (3, —4) and » 
the radius, r, is 4. 


Section 10.2 The Ellipse 


An ellipse is the set of all points in a plane the sum of whose 
distances from two fixed points, the foci, is constant. The 
midpoint of the segment connecting the foci is the center of 
the ellipse. 


Standard Forms of the Equations of an Ellipse 
Centered at the Origin (a2 > b?) 


Vertical with 
vertices (0, a) and (0, —a) 


Horizontal with 
vertices (a, 0) and (—a, 0) 


Lenore BY oy 
eC iF be ae 
a | A__A 


Endpoints of major axis a units Endpoints of major axis a units 
left and right of center; minor up and down from center; minor 
axis b units up and down from axis b units left and right of 


center. center. 


Ae (- WP 
a’ : b? 
Ca) =. 
b? . wr 
centered at (h, k). 


The equations = land 


= 1(a* > b’) represent ellipses 


(Coa ee 
i = 


(x = (-2)? | 


ay 
Center, (h, k), is (-2, —4). y 
With a* = 25, vertices are : 
5 units above and below 
the center. With b* = 9, 
endpoints of minor axis are 


3 units to the left and right 
of the center. 


Graph: 


Summary 813 


Definitions and Concepts Examples 


Section 10.3 The Hyperbola 


A hyperbola is the set of all points in a plane the difference Graph: 4x” — 9y* = 36. 
of whose distances from two fixed points, the foci, is constant. 2 Qy2 
We 
Standard Forms of the Equations of a Hyperbola si al) Sh) 
Centered at the Origin 
ey 
SS 1 
2 2 2 2 9 4 


Draw a rectangle using —3 and 


Vertices are Vertices are 
(a, 0) and (—a, 0). (0, a) and (0, —a). Vertices are (3,0) and (—3, 0). y 
A 


As x and y get larger, the two branches of a hyperbola 3 on the x-axis and —2 and 
approach a pair of intersecting lines, called asymptotes. Draw 2 on the y-axis. Its extended 
the rectangle centered at the origin with sides parallel to the diagonals are the asymptotes. 


axes, crossing one axis at +a and the other at +b. Draw 
the diagonals of this rectangle and extend them to obtain 
the asymptotes. Draw the two branches of the hyperbola by 
starting at each vertex and approaching the asymptotes. 


Section 10.4 The Parabola; Identifying Conic Sections 


A parabola is the set of all points in a plane that are Find the vertex and graph: 
equidistant from a fixed line, the directrix, and a fixed point, . 
the focus, that is not on the line. The line passing through aa Oa) eet 


the focus and perpendicular to the directrix is the axis of 
symmetry. The point of intersection of the parabola with its 
axis of symmetry is the vertex. 


x=-1y — (-3)) +4 


Equations of Horizontal Parabolas (a=) (k=-3) (A=4) 
x=a(y—kP +h x=ay?>+byte 
Vertex is (h, k). y-coordinate of Parabola opens to the left. Vertex, (h, k), is (4, —3). 
x-intercept: Let y = 0. 
vertex is y = aa 
2 x=-(04+3% +4=-9+4=-5 

If a > 0, the parabola opens to the right. If a < 0, the 
parabola opens to the left. y-intercepts: Let x = 0. 


Equations of Vertical Parabolas 2 
0=-(y+ 3 +4 


y=ae—hy +k y=ax’+bxt+e 
Vertex is (A, k). x-coordinate of Gas 
WONG Ras yt3= +V4 
a 


y=-l or y=—5 

3e 

f 
fe f 
anc 


Ifa > 0, the parabola opens upward. If a < 0, the parabola 
opens downward. 
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Definitions and Concepts 


Recognizing Conic Sections from Equations 


Conic sections result from the intersection of a cone and a 
plane. Their equations contain x-terms, y7-terms, or both. 
For parabolas, only one variable is squared. For circles, 
ellipses, and hyperbolas, both variables are squared. Collect 
x’. and y?-terms on the same side of the equation to identify 


the graph: 
° Circle: x” and y” have the same coefficient of the same sign. 


e Ellipse: x? and y” have different coefficients of the same 
sign. 


e Hyperbola: x? and y” have coefficients with opposite signs. 


A system of two nonlinear equations in two variables, x and y, 
contains at least one equation that cannot be expressed 

in the form Ax + By = C. Systems can be solved by the 
substitution method or the addition method. Each real 
solution corresponds to a point of intersection of the system’s 
graphs. 


CHAPTER 10 REVIEW EXERCISES 


10.1 In Exercises 1-2, find the distance between each pair of 
points. If necessary, express answers in simplified radical form 
and then round to two decimal places. 


1. (—2,—-3) and (3, 9) 
2. (—4,3) and (2,5) 


In Exercises 3-4, find the midpoint of the line segment with the 
given endpoints. 


3. (2,6) and (—12, 4) 
4. (4,—6) and (15, 2) 


Conic Sections and Systems of Nonlinear Equations 


Examples 


Section 10.4 The Parabola; Identifying Conic Sections (continued) 


© 9x? + dy? = 36 
\__K 


| Different coefficients of the same sign; ellipse | 


© Oy? = 25x? + 225 
Qy? — 25x" = 225 
\ \ 


| Coefficients with opposite signs; hyperbola | 


ex =-—y’ + 4y 


| Only one variable, y, is squared; parabola } 


Dy 2, 

e lg e eee 
9 9 
r+ y=9 


Same coefficient; circle 


Section 10.5 Systems of Nonlinear Equations in Two Variables 


Solve: x? + y? = 25 

ie = y= 5h 
Using substitution: x = 3y — 5 

Gy= 5) y= 25 


9y? — 30y + 25 + y? = 25 

10y? — 30y = 0 

Ivy = 3) = 0 

y=0 or y=3 

If y=0: x =3y-5=3:0-5=-5. 
If y=3: x =3y —-5=3-3-5=4. 


The solutions are (—5, 0) and (4, 3), and the solution set is 


(G9; 0), (4, 3)}. 


In Exercises 5-6, write the standard form of the equation of the 
circle with the given center and radius. 


5. Center (0,0),r = 3 

6. Center (—2, 4),r = 6 
In Exercises 7-10, give the center and radius of each circle and 
graph its equation. 

7 x2 + y? = 

8 (x +2 4+ (y-3)P =9 

9. x2 + y? — 4x + 2y 

10. x2 + y?-4y =0 


10.2 In Exercises 11-16, graph each ellipse. 


x y? x.y 

the Se or =e — IL es ae ll 
36.25 25 16 

13. 4x? + y? = 16 14. 4x7 + Dy? = 36 


gp ae, ED Oe 


16 9 9 16 


17. A semielliptic archway has a height of 15 feet at the 
center and a width of 50 feet, as shown in the figure. The 
50-foot width consists of a two-lane road. Can a truck 
that is 12 feet high and 14 feet wide drive under the 
archway without going into the other lane? 


1 


10.3 In Exercises 18-21, use vertices and asymptotes to 
graph each hyperbola. 


x Vy, 
138. =; = 19. —- x= 
OG. tee 
20. 9x? — 16y” = 144 21. 4y* — x? = 16 


10.4 In Exercises 22-25, use the vertex and intercepts to 
sketch the graph of each equation. If needed, find additional 
points on the parabola by choosing values of y on each side of 
the axis of symmetry. 
22. x =(y-3/-4 23. x = —2(y + 3)? +2 
24. x =y*— 8y +12 25. x =-y? — 4y + 6 


In Exercises 26-32, indicate whether the graph of each equation 
is a circle, an ellipse, a hyperbola, or a parabola. 


26. x + 8y =y*+10 

27. 16x* = 32 - y’ 

28. x* = 25 + 25y? 

29. x7 =4-y’ 

30. 36y* = 576 + 16x” 

eo ae 
> # 

32. y=x7+6x +9 


31. 1 


In Exercises 33-41, indicate whether the graph of each equation 
is a circle, an ellipse, a hyperbola, or a parabola. Then graph 
the conic section. 


33. 5x? + Sy? = 180 
34. 4x? + Dy? = 36 
35. 4x? — 9y? = 36 


36. = = — 
37. x +3 =—y? + 2y 


Review Exercises 815 


38. y —3 =x? — 2x 
@+2P  (-5) 
Ce or 
40. (x - 3° +(y+2P =4 
4. x? +y%?+ 6x -2y+6=0 


39. il 


42. Anengineer is designing headlight units for automobiles. 
The unit has a parabolic surface with a diameter of 
12 inches and a depth of 3 inches. The situation is 
illustrated in the figure, where a coordinate system has 
been superimposed. 


Vertex (0, 0) 
12 inches 


a. Use the point (6, 3) to write an equation in the form 
y = ax’ for the parabola used to design the headlight. 


b. The light source should be placed at the focus (0, p). 
1 
The value of p is given by the equation a = 4b’ 


DP 
Where should the light source be placed? Describe 
this placement relative to the vertex. 


10.5 In Exercises 43-53, solve each system by the method of 
your choice. 
43. ee =x-1 


44. fy=x?+2x41 
x=y—1 


Xt pve l 
45. [x2 +y?=2 46. {2x7 + y* = 24 
x2 + y? = 15 


47. 48. { y- — 4x 


y= Dy 3s — 0 


49. 


50. |xy = 
v= 26 Ml 


52. 
53. 


51. eee 


54. The perimeter of a rectangle is 26 meters and its area is 
40 square meters. Find its dimensions. 
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55. Find the coordinates of all points (x, y) that lie on the line 56. Two adjoining square fields with an area of 2900 square feet 
whose equation is 2x + y = 8, so that the area of the are to be enclosed with 240 feet of fencing. The situation is 
rectangle shown in the figure is 6 square units. represented in the figure. Find the length of each side where 


a variable appears. 


> X 


a Test Pre Step-by-step test solutions are found on the Chapter Test Prep Videos 
available in MyMathLab’ or on You({JJ (search “BlitzerlnterAlg” and click 
CHAPTER 10 TEST [MRS) bhatt seer 


Cay We 2. 


1. Find the distance between (—1,5) and (2, —3). Express 14, 


the answer in radical form and then round to two decimal 16 9 
places. 15. (x +1? +(y+2P =9 
2. Find the midpoint of the line segment whose endpoints ey? 
are (—5,—2) and (12, —6). 1G ae 
3. Write the standard form of the equation of the circle with In Exercises 17-18, solve each system. 
center (3, —2) and radius 5. 17. [x2 + y2 = 25 
Gaye all 


In Exercises 4-5, give the center and radius of each circle. 
4 (x 5 + (y +3 = 49 18. ee Sy = 2 
3x? + 2y? = 35 

5. x+y? + 4x - 6y —-3 =0 


19. The rectangular plot of land shown in the figure is to 
In Exercises 6-7, give the coordinates of the vertex for each be fenced along three sides using 39 feet of fencing. No 
parabola. fencing is to be placed along the river’s edge. The area 


4 of the plot is 180 square feet. What are its dimensions? 
Cpieeg == AS) oe 


7 x = y? + 10y + 23 
In Exercises 8-16, indicate whether the graph of each equation 
is a circle, an ellipse, a hyperbola, or a parabola. Then graph 
the conic section. 


8 —-—=1 


9. 4x? + 9y* = 36 


10. x=(y+1)-4 
11. 16x? + y* = 16 20. A rectangle has a diagonal of 5 feet and a perimeter of 
4 4 14 feet. Find the rectangle’s dimensions. 

M2 29a te at 225 


13. x =—y? + 6y 
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CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-10) 


In Exercises 1-7, solve each equation, inequality, or system. In Exercises 16-17, factor completely. 
1. 3x+7>40r6-x<1 16. 12 en 7k 
Too 2 Oe, 


2. x(2x — 7) =4 
18. Find the domain: f(x) = V6 — 3x. 


5 30 


2 =n a x2 -9 19. Rationalize the denominator: ! : = 

4. oy) ee tS = 0 ‘i 

53° ol 20. Write as a single logarithm: zinx + 7Iny. 

30e°* = 240 21. Divide using synthetic division: 
Ue ee + 4y* = 39 (3x3 — Sx? + 2x — 1) + (x — 2). 
5x? — 2y? = -13 
22. Write a quadratic equation whose solution set is 

In Exercises 8-11, graph each function, equation, or inequality (-2V3, 23}. 
in a rectangular coordinate system. 23. Two cars leave from the same place at the same time, 


traveling in opposite directions. The rate of the faster car 
8. fw) =- cme exceeds that of the slower car by 10 miles per hour. After 
3 2 hours, the cars are 180 miles apart. Find the rate of each 

Cy ene i (6) car. 
10. x2 + y?+ 4x -6y + 9=0 24. Rent-a-Truck charges a daily rental rate of $39 plus 
$0.16 per mile. A competing agency, Ace Truck Rentals, 
charges $25 a day plus $0.24 per mile for the same truck. 


11. 9x? — 4y* = 36 


In Exercises 12-15, perform the indicated operations and How many miles must be driven in a day to make the 
simplify, if possible. daily cost of both agencies the same? What will be the 
2 
eo 206] 0) = 42523 eoet . 
13. 3 _ 1072 + 17x + 4) < rT 25. Three apples and two bananas provide 354 calories, 
: be ae i 3 bi ci ) and two apples and three bananas provide 381 calories. 
A Ny Nay Find the number of calories in one apple and one 


15. (2 + 3i)(4 — i) banana. 
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CHAPTER 


sequences, series, 
and the Binomial 
Theorem 


omething incredible has happened. 

Your college roommate, a gifted 
athlete, has been given a six-year contract 
with a professional baseball team. He 
will be playing against the likes of 
Alex Rodriguez and Vernon Wells. 
Management offers him three 
options. One is a beginning salary of 
$1,700,000 with annual increases of 
$70,000 per year starting in the second \ 
year. A second option is $1,700,000 the ai ‘ . 
first year with an annual increase of 2% per 
year beginning in the second year. The third 
option involves less money the first year— f 
$1,500,000—but there is an annual increase \ 
of 9% yearly after that. Which option offers \ | 
the most money over the six-year contract? 


A similar problem appears as Exercise 77 in Exercise 
Set 11.3, and this problem appears as the Group 
Project on page 864. 
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Objectives 


1 | Find particular terms 
of a sequence from the 
general term. 


2 | Use factorial notation. 


3 | Use summation 
notation. 


Blitzer Bonus 


Fibonacci Numbers on the 
Piano Keyboard 


aaa 
One Octave 


Numbers in the Fibonacci 
sequence can be found 

in an octave on the piano 
keyboard. The octave 
contains 2 black keys in one 
cluster and 3 black keys in 
another cluster, for a total 
of 5 black keys. It also has 

8 white keys, for a total of 
13 keys. The numbers 2, 3, 
5, 8, and 13 are the third 
through seventh terms of the 
Fibonacci sequence. 


Sequences and Summation Notation 


Sequences 


Many creations in nature involve intricate 
mathematical designs, including a variety of 
spirals. For example, the arrangement of the 
individual florets in the head of a sunflower 
forms spirals. In some species, there are 

21 spirals in the clockwise direction and 

34 in the counterclockwise direction. The 
precise numbers depend on the species of 
sunflower: 21 and 34, or 34 and 55, or 55 and 
89, or even 89 and 144. 

This observation becomes more 
interesting when we consider a sequence of 
numbers investigated by Leonardo of Pisa, also 
known as Fibonacci, an Italian mathematician of 
the thirteenth century. The Fibonacci sequence 
of numbers is an infinite sequence that begins as 
follows: 


1,1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233,.... 


The first two terms are 1. Every term thereafter is the sum 
of the two preceding terms. For example, the third term, 2, is the sum of the first and 
second terms: 1 + 1 = 2. The fourth term, 3, is the sum of the second and third terms: 
1 + 2 = 3,andso on. Did you know that the number of spirals in a daisy or a sunflower, 
21 and 34, are two Fibonacci numbers? The number of spirals in a pinecone, 8 and 13, 
and a pineapple, 8 and 13, are also Fibonacci numbers. 

We can think of the Fibonacci sequence as a function. The terms of the sequence 


1, 1,2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, .. 


are the range values for a function f whose domain is the set of positive integers. 
Domain: 1, 2, 
Range: 1, 1, 2, 3, 5, 8, 13, 


Thus, f(1) = 1, f(2) = 1, f(3) = 2, f(4) = 3, f(5) = 5, f(6) = 8, f(7) = 13, andso on. 

The letter a with a subscript is used to represent function values of a sequence, 
rather than the usual function notation. The subscripts make up the domain of the 
sequence and they identify the location of a term. Thus, a, represents the first term of 
the sequence, a, represents the second term, a3 the third term, and so on. This notation 
is shown for the first six terms of the Fibonacci sequence: 


1, iB 2, 3, 5 8. 


a,=1 a,=1 a3=2 a,=3 a5=5 a,=8 


The notation a, represents the nth term, or general term, of a sequence. The entire 
sequence is represented by {a,}. 


1 | Find particular terms 
of a sequence from the 
general term. 


Great Question! 


What effect does (— 1)” 
have on the terms of a 
sequence? 


The factor (-1)” in the 
general term of a sequence 
causes the signs of the terms 
to alternate between positive 
and negative, depending on 
whether n is even or odd. 


a. ad, = 3n+4 b. a, 
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Definition of a Sequence 


An infinite sequence {a,,} is a function whose domain is the set of positive integers. 
The function values, or terms, of the sequence are represented by 


QA,,49,43,44,..-.,Ay,....- 


Sequences whose domains consist only of the first m positive integers are called 
finite sequences. 


| EXAMPLE 1 | Writing Terms of a Sequence from 
the General Term 


Write the first four terms of the sequence whose nth term, or general term, is given: 


_ 1" 
3" - 1 


Solution 


a. We need to find the first four terms of the sequence whose general term is 


a, = 3n + 4. To do so, we replace 7 in the formula with 1, 2, 3, and 4. 


a,, Ist Ay, 2nd 


n 
term 3-14+4=3+4=7 term 3-2+4=6+4=10 


3, 3rd 


Ay, 4th 
term 3°34+4=94+4=13 term 3°4+4=12+4=16 


The first four terms are 7, 10, 13, and 16. The sequence defined by a, = 3n + 4can 
be written as 


7,10,13,16,...,3n + 4,.... 


. We need to find the first four terms of the sequence whose general term is 


-—1 n 
a, = 7 » 7 To do so, we replace each occurrence of 7 in the formula with 1, 2, 3, 
and 4. 
dy, Ist _4)1 A, 2nd _4)\2 
he (1) ee ee na (Gh = 1 = 
33-1 3-1 2 3-1 9-1 
3, 3rd _4)3 Ag, 4th _4)4 
ine ( 1) — =1 — 1 ten ( 1) = 1 —_ 1 
3-1 27-1 26 37-1 81-1 80 
_4yn 
The first four terms are — 4, 5,— 5g, and gp. The sequence defined by an oan be 
written as 


11 11 (-1)" 
78 2680 ~~ =1 


\/| CHECK POINT1 Write the first four terms of the sequence whose nth term, 
or general term, is given: 


oe 


: =2n+5 = , 
a. ay, n an re 


Although sequences are usually named with the letter a, any lowercase letter 


can be used. For example, the first four terms of the sequence {b,} = {(5)"} are 


1 1 1 =f 
2,52 = 4,63 = g, and by = 7g. 


822 CHAPTER 11 Sequences, Series, and the Binomial Theorem 


Using Technology 


Graphing utilities can write 
the terms of a sequence and 
graph them. For example, 

to find the first six terms of 


{a,} = {4}. enter 


General Stop 
term at dg. 


[SEQ|(1[+]x, x, 1, 6,1). 


A. \ 


Variable | | Start The 
used in | | at ay. “step” 
general from 
term a, to dz, 
dq to dz, 


The first few terms of the 
sequence are shown in 

the viewing rectangle. By 
pressing the right arrow key 
to scroll right, you can see 
the remaining terms. 


seqci-Hsk21:;6:;13 


Frac 


il i¢e les led... 


2 | Use factorial notation. 


Using Technology 


Calculators have factorial 
keys. To find 5 factorial, 
most calculators use one of 
the following: 


Many Scientific Calculators: 


5) || sal 
Many Graphing Calculators: 
5 |!] | ENTER 


Because n! becomes quite 
large as n increases, your 
calculator will display these 
larger values in scientific 
notation. 


etc., is 1. 


Because a sequence is a function whose domain is the set of positive integers, the 
graph of asequence is a set of discrete points. For example, consider the sequence whose 
general term is a,, = +. How does the graph of this sequence differ from the graph of 
the rational function f(x) = +? The graph of f(x) = + is shown in Figure 11.1(a) for 
positive values of x. To obtain the graph of the sequence {a,} = { a}, remove all the 
points from the graph of f except those whose x-coordinates are positive integers. 


Thus, we remove all points except (1, 1),(2, i) a? +), (4, +), and so on. The remaining 


points are the graph of the sequence {a,,} = {i} , Shown in Figure 11.1(b). Notice that 
the horizontal axis is labeled n and the vertical axis is labeled a,,. 


Ba ay 
A 
3 3b 
2 ab 
(1, 1) 
1 ip oe” 24) G4 
2) (3,5 L 
e | 3) (4 3] 
° e 
L L L ! >n 
1 2 3 4 
Figure 11.1(a) The graph of Figure 11.1(b) The graph of 
fx) =x,x >0 {an} = {i} 


Comparing a continuous graph to the graph of a sequence 


Factorial Notation 


Products of consecutive positive integers occur quite often in sequences. These 
products can be expressed in a special notation, called factorial notation. 


Factorial Notation 


If n is a positive integer, the notation n! (read “n factorial”) is the product of all 
positive integers from n down through 1. 


n! = n(n — 1)(n — 2)... (3)(2)Q) 


0! (zero factorial), by definition, is 1. 


= 
I 
—_ 


The values of n! for the first six positive integers are 
1! =1 
2!=2:1=2 
3! = 3-2-1=6 
4! = 4+3-2-1 = 24 
5! = 5:4-3+2-1 = 120 
6! = 6°5°4°3-2-1 = 720. 
Factorials affect only the number or variable that they follow unless grouping 
symbols appear. For example, 


2°3! = 2(3-2-1) = 2-6 = 12 
whereas 
(2:3)! = 6! = 6°5:4:3-2-1 = 720. 


In this sense, factorials are treated similar to exponents in the order of operations. 


3 | Use summation notation. 
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> ON a -eee §=Finding Terms of a Sequence Involving Factorials 


Write the first four terms of the sequence whose nth term is 
Qn 
oe = At 
Solution We need to find the first four terms of the sequence. To do so, we replace 
each nv in the formula with 1, 2, 3, and 4. 


ay, Ast yh 2 9 
term = = =), 
(i-1)! of 1 


Qo, 2nd 2 
tore 2 a as = . =4 


3, 3rd EY 
jet a = 8 — J =4 


Ay, 4th ia 16 16 16 8 
term = = 


a=~i! 3 29994 .6 3 


The first four terms are 2, 4, 4, and 3. | 


\/| CHECK POINT2 Write the first four terms of the sequence whose nth term is 
— 20 
Be Gea Ty 


Summation Notation 


It is sometimes useful to find the sum of the first n terms of a sequence. For example, 
consider the cost of raising a child born in the United States in 2006 to a middle-income 
($43,200-$72,600 per year) family, shown in Table 11.1. 


ac\3(Sue The Cost of Raising a Child Born in the U.S. in 2006 to a Middle-Income Family 


Year | 2006 2007 2008 2009 2010 2011 2012 2013 2014 


Average Cost | $10,600 | $10,930 | $11,270 | $11,960 | $12,330 | $12,710 | $12,950 | $13,350 | $13,760 


Child Child Child Child Child Child Child Child Child 
is under 1. (3 ths is 2. isha is 4. is 5. is 6. ishfs is 8. 


Year | 2015 2016 2017 2018 2019 2020 2021 2022 2023 


Average Cost | $13,970 | $14,400 | $14,840 | $16,360 | $16,860 | $17,390 | $18,430 | $19,000 | $19,590 


Child Child Child Child Child Child Child Child Child 
is 9. is 10. is 11. is 12. is 13. is 14. is 15. is 16. is 17. 


Source: Blitzer, Robert F.. ALGEBRA AND TRIGONOMETRY, 4th, © 2010. Printed and Electronically reproduced by permission of 
Pearson Education, Inc., Upper Saddle River, New Jersey. 
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We can let a, represent the cost of raising a child in year n, where n = 1 corresponds 
to 2006, n = 2 to 2007, n = 3 to 2008, and so on. The terms of the finite sequence in 
Table 11.1 are given as follows. 


10,600, 10,930, 11,270, 11,960, 12,330, 12,710, 12,950, 13,350, 13,760, 

a ay a3 My ds Ms ay dg dg 
13,970, 14,400, 14,840, 16,360, 16,860, 17,390, 18,430, 19,000, 19,590. 
A419 ay AQ a3 AN4 Ns QN6 ay A8 


Why might we want to add the terms of this sequence? We do this to find the total 
cost of raising a child born in 2006 from birth through age 17. Thus, 


+ a3 + dg + a5 + Ag + AZ + Ag + Ag + Ayy + Aq, + Ay2 + A434 Ayg + Ays + Ayo + Ay7 + Ajyg 
= 10,600 + 10,930 + 11,270 + 11,960 + 12,330 + 12,710 + 12,950 + 13,350 + 13,760 

+ 13,970 + 14,400 + 14,840 + 16,360 + 16,860 + 17,390 + 18,430 + 19,000 + 19,590 
= 260,700. 


We see that the total cost of raising a child born in 2006 from birth through age 17 is 
$260,700. 


There is a compact notation for expressing the sum of the first n terms of a sequence. 
For example, rather than write 


a, + Ag + a3 + Ag + A5 + Ag + a7 + Ag t+ dg + Ayy + A441 
+ dig + d13 + ig + G15 + Gig + G17 + ajg, 


we can use summation notation to express the sum as 


18 
Sagi. 
i=1 


We read this expression as “the sum as i goes from 1 to 18 of a;.” The letter 7 is called 
the index of summation and is not related to the use of i to represent V—1. 


You can think of the symbol > (the uppercase Greek letter sigma) as an instruction 
to add up the terms of a sequence. 


Summation Notation 
The sum of the first 7 terms of a sequence is represented by the summation notation 
n 
en ee eo, 
i=1 


where / is the index of summation, 7 is the upper limit of summation, and 1 is the 
lower limit of summation. 


Any letter can be used for the index of summation. The letters i, 7, and k are used 
commonly. Furthermore, the lower limit of summation can be an integer other than 1. 

When we write out a sum that is given in summation notation, we are expanding the 
summation. Example 3 shows how to do this. 


Using Summation Notation 


Expand and evaluate the sum: 


6 7 5 
a. ae + 1) b. 2 [C2 — 5] c. 23 


Using Technology 


Graphing utilities can 
calculate the sum of a 
sequence. For example, to 

find the sum of the sequence 


in Example 3(a), enter 


SUM] |SEQ 


Then press 


97 should be displayed. 
Use this capability to verify 
Example 3(b). 


(x? + 1, x, 1,6, 1). 


ENTER |; 


q 


SECTION 11.1 Sequences and Summation Notation 825 


Solution 
6 
a. To find >) (i? + 1), we must replace i in the expression i* + 1 with all consecutive 


i=1 
integers from 1 to 6, inclusive. Then we add. 


SC N=@+ y+ @+y+@+y+e+y 
- + (* +1)+(@ +1) 


=2+5+10+ 17 + 26 + 37 
= 97 


b. The index of summation in a (—2)* — 5] is k. First we evaluate (—2)* — 5 for all 


=4 
consecutive integers from 4 through 7, inclusive. Then we add. 


PAC ars | = (eral + ey 5] 
+ (G2P—S] + 12) =3] 
= (16 — 5) + (-32 — 5) + (64 — 5) + (-128 — 5) 
= 11 + (-37) + 59 + (-133) 
= —100 


5 
c. To find >'3, we observe that every term of the sum is 3. The notation i = 1 


i=1 
through 5 indicates that we must add the first five terms of a sequence in which 
every term is 3. 


5 
33 =34+34+34+3+3=15 o 
1=1 


|\“| CHECK POINT3 Expand and evaluate the sum: 


6 
a. a" 


Although the domain of a sequence is the set of positive integers, any integers can 
be used for the limits of summation. For a given sum, we can vary the upper and lower 
limits of summation, as well as the letter used for the index of summation. By doing so, 
we can produce different-looking summation notations for the same sum. For example, 
the sum of the squares of the first four positive integers, 1° + 2? + 3? + 4’, can be 
expressed in a number of equivalent ways: 


4 
Y?P=HV + +37 + 4 = 30 
i=1 


3 
SMG4+1P = 04+ 1? +a4+17? +041" +6417 
i=( 

=1 +2? +37 +4 = 30 


DE-W = 2-17 + B-1P + G-1P +O -P 


iM» 


=17 +2743? +4 = 30. 
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| EXAMPLE 44 | Writing Sums in Summation Notation 


Express each sum using summation notation: 


oe ee 1 
212342439 4+---+7 ~14+ 54+ 5-4 54+---4+ 
. a : S. O° oF at 


Solution In each case, we will use 1 as the lower limit of summation and i for the 


index of summation. 


a. The sum 13 + 2? + 3° +--- + 7? has seven terms, each of the form i°, starting at 


i = 1 and ending ati = 7. Thus, 


9+ 279+37+---+ P= 


iIM-~ 
fan 
~. 
Uo 


b. The sum 
1 1 1 1 
1+-+-4+—4+---4+— 
3° OG 27 a 
1 
has n terms, each of the form roe starting at i = 1 and ending at i = n. Thus, 
1 1 1 1 “1 
1+o-+—-+— 4-4 = —. # 
3. 9 27 as 23-1 


CHECK POINT 4 Express each sum using summation notation: 


1 1.1 1 
~174+274+32+--- +9 ~Ltiot+ ote otert 
7 i 2 4 8 at 


Achieving Success 


Don’t wait too long after class to review your notes. Reading notes while the 
classroom experience is fresh in mind will help you to remember what was covered during 
lecture. 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. {a,} = a4, a2, 43, 4,...,4n,... represents an infinite , a function whose domain is the set of positive 
. The function values aj, a7, a43,... are called the 
2. The nth term of a sequence, represented by a,, is called the term. 


Write the first term of each sequence. 


1)" 
3. a, =5n- 6 4. n= an _q 
5. 5!, called 5 , is the product of all positive integers from down through 
By definition, 0! = 
n 
6. dai = + ote eentnete . In this summation notation, i is 
1 
called the of summation, 7 is the of summation, and 1 is the of summation. 
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11.1 EXERCISE SET [BMM)\¢Meten) Ml) meri morn 


Practice Exercises cee ue 
DS Bh dl 144+1 
In Exercises 1-16, write the first four terms of each sequence 1 2 3 16 
whose general term is given. 38. 
3 4 5 16 2 
1. a, =3n+2 2. a, = 4n—1 
ING oe: nee 
3. a3" 4 a,= (2) . a “on 
= (3) 1 
an ( ) 40. | eae ul 
1\" 9 92 93 OF 
6 ay, = "3 
hl Map Yar oy ar eo arg = Il) 
7. Gn = (-1)"(n + 3) 
Gel) 4) 42. at+ar+ar?+---+ar™! 
2n 3n 
ee ra a ae In Exercises 43-48, express each sum using summation 
cay notation. Use a lower limit of summation of your choice and 
W.ae= k for the index of summation. 
1 Be 
(-1)""1 AST iced) 9) ae I ei 
12:4. — 
Diesel : 
ae (n + 1)! 44, 8 10 T 2 Lees al By) 
13. an — a 14. an = — on 
i z 45. a + ar + ar? +--+ + ar? 
15. a, = 2(n + 1)! 
16. a, =—2(n — 1)! 46. a+ ar+ar?+---+ ar" 
In EES 17-30, find each widened sum. GPa Dee he a eH) 
dz S58 18. S)7i 
i se 48. (a+ d) + (a+d*)+---+(a+d") 


19. 20. 


Ive 
NS 
is) 

Me 
Uo 


Il 
El 
ll 
un 


Practice PLUS 


» 4 
21. Sk(k + 4) 22. Si(k — 3)(k + 2) In Exercises 49-56, use the graphs of {a,,} and {b,} to find each 
k=1 k=1 indicated sum. 
4 al fi 4 1\! 
23) >(-3) 24. > -1) The Graph of {a,,} The Graph of {b,} 
i=1 i=) 
9 7 Pn 
2. >} i 26. > 12 5+ 5+ 
i=5 i=3 ; 4+ e 47-0 
4 SiN 4 = (AP 34 34 
27. >! eZ 28. >! a : Ale 
= i! G+ 1)! ‘| ‘ 
2 5 (i + 2)! | | 
Us t—+—#—++> 1 }+—+—#+ +> 1 
Se 4 (i - 1)! #0 > i! eq Moly 2 onan gt.0.2.3..45 
24 e —24 e 
In Exercises 31-42, express each sum using summation al 23 
notation. Use 1 as the lower limit of summation and i for the stir ig tl fe 
index of summation. 54 eral 
Fe Sie ea es Ss toe 
5 5 
oe 49. D(a? + 1) 50, >) (b} = 1) 
=i = 
2 claws u 5 5 
So - 51. 3'(2a; + b)) 52. S\(a; + 3b) 
=I =i 
34.5457 4+ 5 4--- 452 ay ae rac 
53. ) ey. ) 
35. 12-3 30 4\ 5; A\d; 
tes, Bs Bhs Sl 
36. 1+2+3+-+-+40 55. Sar + 1b 56. Sa? — SD; 


ll 
ur 
Il 
fun 
Il 
4 
ll 
uo 
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Application Exercises 


57. One in 


one hundred. That’s the ratio of individuals in the 


USS. population with autistic disorder, better known as 
autism. The disorder involves severe deficits in language, 
social bonding, and imagination, and is often accompanied 
by mental retardation. The bar graph shows the number 
of autism cases diagnosed in the United States from 2001 
through 2008. 


Autism Cases Diagnosed in the United States 


3505 
300 
= 260 
$& 220 
82 200 59. 
es 170 
oe : 145 
20 
22 100 
Blt 
7 a 
A 
2001 2002 2003 2004 2005 2006 2007 2008 
Year 60. 


Source: Lilienfeld et al., Psychology, Second Edition, Pearson, 2011. 


Let a, represent the number of autism cases diagnosed in 
the United States, in thousands, 1 years after 2000. 


a. Use the numbers given in the graph to find and 
8 


interpret >) q;. 
i=1 


b. The finite sequence whose general term is 


Gyn = 28n + 63, et 
where n = 1,2,3,...,8, models the number of autism 62 
cases diagnosed in the United States, in thousands, : 
8 
n years after 2000. Use this model to find }‘a;. Does 63. 
i=l 
this underestimate or overestimate the actual sum in 
part (a)? By how much? 64. 
65. 
58. The bar graph shows the average state cigarette tax per 
pack from 2005 through 2010. 66 


Average State Cigarette Tax per Pack 


145 


Average Tax per Pack 
(cents) 


2005 2006 2007 2008 2009 2010 
Year 


Source: “Trends in Average State Cigarette Tax Rates.” Campaign for 
Tobacco-Free Kids 


Let a, represent the average state cigarette tax per pack, 
in cents, n years after 2004. 


a. Use the numbers given in the graph to find and 
6 


1 
interpret —\ aj. 

651 

b. The finite sequence whose general term is 
a — ils 78s 
where n = 1,2,3,4,5,6, models the average state 
cigarette tax per pack, in cents, n years after 2004. Use 
6 


1 
this model to find pa a;. How does this compare with 
1 
the actual value you obtained in part (a)? 


A deposit of $6000 is made in an account that earns 
6% interest compounded quarterly. The balance in the 
account after n quarters is given by the sequence 

ay = eooo( 1 a a) 9 = 1233 y 8 


Find the balance in the account after five years. Round to 
the nearest cent. 


A deposit of $10,000 is made in an account that earns 
8% interest compounded quarterly. The balance in the 
account after m quarters is given by the sequence 


= 10,000( 1 +o) eee 


Find the balance in the account after six years. Round to 
the nearest cent. 


Writing in Mathematics 


What is asequence? Give an example with your description. 


Explain how to write terms of a sequence if the formula 
for the general term is given. 


What does the graph of a sequence look like? How is it 
obtained? 


Explain how to find n! if n is a positive integer. 
What is the meaning of the symbol }? Give an example 
with your description. 


You buy a new car for $24,000. At the end of n years, the 
value of your car is given by the sequence 


a, = 24,000( 3) , WS 12S yoes 


Find as and write a sentence explaining what this value 
represents. Describe the nth term of the sequence in terms 
of the value of your car at the end of each year. 


Technology Exercises 


67. 


68. 


Use the | SEQ | (sequence) capability of a graphing utility 
to verify the terms of the sequences you obtained for any 
five sequences from Exercises 1-16. 


Use the | SUM | | SEQ | (sum of the sequence) capability 
of a graphing utility to verify any five of the sums you 
obtained in Exercises 17-30. 


Many graphing utilities have a sequence-graphing mode 

that plots the terms of a sequence as points on a rectangular 
coordinate system. Consult your manual; if your graphing 
utility has this capability, use it to graph each of the sequences 
in Exercises 69-72. What appears to be happening to the terms 
of each sequence as n gets larger? 


69. a, = pers [0, 10, 1] by a,,: [0, 1, 0.1] 
100 
70. a, = ——n: [0, 1000, 100] by a,,: [0, 1, 0.1] 
n 
2n* + Sn —7 
71. a, = —— = n: [0, 10, 1] by a,,: [0, 2, 0.2] 
3nt4+n-1 
72. dy = ;n:[0, 10, 1] by a,: [0, 1, 0.1] 


~ §nt + 2n2 +1 


Critical Thinking Exercises 


Make Sense? In Exercises 73-76, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


73. Now that I’ve studied sequences, I realize that the joke 
in this cartoon is based on the fact that you can’t have a 
negative number of sheep. 


WHEN MATHEMATICIANS CAN'T SLEEP 


74. By writing a1, a7,43,44,...,4,,..., I can see that the 
range of a sequence is the set of positive integers. 


75. It makes a difference whether or not I use parentheses 
around the expression following the summation symbol, 
8 


because the value of >) (i + 7) is 92, but the value of 
8 a 

Si + Tis 43. 

1 


76. Without writing out the terms, I can see that (—1)”” in 
4, 2n 
= ( By causes the terms to alternate in sign. 
n 


an 


In Exercises 77-80, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 


2, 
77. >C-1)'2' =0 
i=1 
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4 4 4 
79. 31+ S4i = D7 
i=1 =i 7=1 
6 i 
80. > 1iG+1r= > 1) 
= j= 


In Exercises 81-88, find a general term, a,,, for each sequence. 
More than one answer may be possible. 


eee ces 820) 142916. a. 
a2 343 aE 
(sie dla ile see 
C4 32434 One 
fe 
Oa Aa oe 
86. 5, 7,9) like 3. 
wr 42,16 25 
ee St 
S843 16, 32.2 s. 


| 
599! 
In Exercises 90-91, rewrite each expression as a polynomial in 
standard form. 
(n + 4)! n! 
0. FD 1. G5! 
In Exercises 92-93, expand and write the answer as a single 
logarithm with a coefficient of 1. 


4 
92. >'log(2i) 
1 


89. Evaluate without using a calculator: 


4 
93. >) 2ilog x 
= 
94. If a, = 7 anda, =a,_, + 5 for n = 2, write the first 


four terms of the sequence. 


Review Exercises 
95. Simplify: W/40x+y’. 
(Section 7.3, Example 5) 


96. Factor: 27x? — 8. 
(Section 5.5, Example 9) 
6 6 5 
2 oy ate ie, 
97. Solve ga 5 


(Section 6.6, Example 4) 


Preview Exercises 
Exercises 98-100 will help you prepare for the material covered 
in the next section. 
98. Consider the 
a2 ~ a1, 43 
observe? 


Sequence 46535 2 —/) eee incl 
a7,44 — a3, and as — ay. What do you 


99. Consider the sequence whose nth term is a, = 4n — 3. 
Find ay — 41,43 — d7,44 — a3, and as — ay. What do 
you observe? 


100. Use the formula a, = 4 + (n — 1)(-7) to find the eighth 
term of the sequence 4, —3,—10,.... 
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Objectives 


Find the common 
difference for an 
arithmetic sequence. 


Write terms of an 
arithmetic sequence. 


Use the formula for 
the general term of an 
arithmetic sequence. 


Use the formula for 
the sum of the first n 
terms of an arithmetic 
sequence. 


Find the common 
difference for an 
arithmetic sequence. 


Arithmetic Sequences 


Your grandmother and her financial 
counselor are looking at options 
SS in case an adult residential 
facility is needed in the future. 
The good news is that your 
grandmother’s total assets 
4 are $500,000. The bad news is 
, that yearly adult residential 
é community costs average 
$64,130, increasing by $1800 
each year. In this section, we 
will see how sequences can be 
used to describe your 
grandmother’s 
situation and 
help her to 
identify realistic 
options. 


Arithmetic Sequences 


Spending on Pets in the United States 


The bar graph in Figure 11.2 shows i 
how much Americans spent on 41 
their pets, rounded to the nearest 
billion dollars, each year from 2001 
through 2007. 

The graph illustrates that each 
year spending increased by $2 billion. 
The sequence of annual spending 


29, 31, 33, 35, 37, 39, 41,... 


Spending (billions of dollars) 


shows that each term after the 
first, 29, differs from the preceding 


2001 2002 2003 2004 2005 2006 2007 


term by a constant amount, namely 2. 
This sequence is an example of an 
arithmetic sequence. 


Year 


Figure 11.2 


Source: American Pet Products Manufacturers Association 


Definition of an Arithmetic Sequence 


An arithmetic sequence is a sequence in which each term after the first differs from 
the preceding term by a constant amount. The difference between consecutive 
terms is called the common difference of the sequence. 


The common difference, d, is found by subtracting any term from the term that 
directly follows it. In the following examples, the common difference is found by 
subtracting the first term from the second term, az — ay. 


2 | Write terms of an 
arithmetic sequence. 


Arithmetic Sequence 
142, 146, 150, 154, 158,... 
9,5 2,154) Tess. 

$335 —2:= 716 12h2.0% 
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Common Difference 

d= 146 - 142 =4 
d=-2-(-5)=-2+5=3 
d=3-8=-5 


Figure 11.3 shows the graphs of the last two arithmetic sequences in our list. The 
common difference for the increasing sequence in Figure 11.3(a) is 3. The common 
difference for the decreasing sequence in Figure 11.3(b) is —5. 


‘ 7 
ue Constant gle First term is 8. 
7T © term-to-term 6L 
577 change Wee 
37 is 3. ot e 
st en i TE \ - 
“1+ 2.4 6 810 ot hd arene 
aT t 
ste ey a Constant 
+7 + First term is —5. is + e sel 
aa -10+ is 5. 
t -12+ e 
-131 


Figure 11.3(a) The graph of 
{a,} = —5,—-2,1,4,7,... 


Figure 11.3(b) The graph of 
{Dak = "8, G2 7,42, ats 


The graph of each arithmetic sequence in Figure 11.3 forms a set of discrete points 
lying on a straight line. This illustrates that an arithmetic sequence is a linear function 
whose domain is the set of positive integers. 

If the first term of an arithmetic sequence is a,, each term after the first is obtained 
by adding d, the common difference, to the previous term. 


Writing the Terms of an Arithmetic 


| EXAMPLE 1 | Sequence Using the First Term 


and the Common Difference 


Write the first six terms of the arithmetic sequence with first term 6 and common 
difference —2. 


Solution To find the second term, we add —2 to the first term, 6, giving 4. For the 
next term, we add —2 to 4, and so on. 

a, (firstterm) = 6 

a, (second term) = 6 + (—2) = 4 

a3(thirdterm) =4+ (-2) =2 

a4 (fourth term) = 2 + (—2) = 0 

as(fifthterm) =0+ (-2) = -2 

dg (sixth term) =-—2 + (-2) =—4 


The first six terms are 


6,4,2,0,—2,and—-4. 


CHECK POINT 1 Write the first six terms of the arithmetic sequence with 
first term 100 and common difference —30. 
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3 | Use the formula for 
the general term of an 
arithmetic sequence. 


The General Term of an Arithmetic Sequence 


Consider an arithmetic sequence whose first term is a, and whose common difference 
is d. We are looking for a formula for the general term, a,,. Let’s begin by writing 
the first six terms. The first term is a,. The second term is a, + d. The third term is 
a, + d+ d, ora, + 2d. Thus, we start with a, and add d to each successive term. The 
first six terms are 


a; a, + d, a,+2d, a,+3d, a,+4d, a, + Sd. 


ay, first Ay, second Gz, third 4, fourth Gs, fifth dy, sixth 
term term term term term term 


Compare the coefficient of d and the subscript of a denoting the term number. Can you 
see that the coefficient of d is 1 less than the subscript of a denoting the term number? 


a: third term = a, + 2d a,: fourth term = a, + 3d 


One less than 3, or 2, is One less than 4, or 3, is 
the coefficient of d. the coefficient of d. 


Thus, the formula for the nth term is 
a,: nth term = a, + (nm — 1)d. 


One less than 7, or 1 — 1, is 
the coefficient of d. 


General Term of an Arithmetic Sequence 


The nth term (the general term) of an arithmetic sequence with first term a, and 
common difference d is 


Gn = a, + (n — 1)d. 


| EXAMPLE 2 | Using the Formula for the General Term 
of an Arithmetic Sequence 


Find the eighth term of the arithmetic sequence whose first term is 4 and whose 
common difference is —7. 


Solution To find the eighth term, ag, we replace n in the formula with 8, a, with 4, 
and d with —7. 

dn = a, + (n— 1)d 
4+ (8 — 1)\(-7) = 4 + 7(-7) = 4 + (-49) = —45 


ag 


The eighth term is —45. We can check this result by writing the first eight terms of the 
sequence: 


4, -3,-10, -17, —24, -31,-38,—-45. 


¥| CHECK POINT 2_ Find the ninth term of the arithmetic sequence whose first 
term is 6 and whose common difference is —5. 


4 | Use the formula for 
the sum of the first n 
terms of an arithmetic 
sequence. 
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| EXAMPLE 3 | Using an Arithmetic Sequence to Model 
Teachers’ Earnings 


According to the National Education Association, teachers in the United States 
earned an average of $30,532 in 1990. This amount has increased by approximately 
$1472 per year. 


a. Write a formula for the nth term of the arithmetic sequence that models teachers’ 
average earnings n years after 1989. 


b. How much will U.S. teachers earn, on average, by the year 2020? 


Solution 
a. We can express teachers’ earnings by the following arithmetic sequence: 


30,532, 32,004, 33,476, 34,948, ... 
ay: earnings in q: earnings in a3: earnings in gq: earnings in 
1990, 1 year 1991, 2 years 1992, 3 years 1993, 4 years 

after 1989 after 1989 after 1989 after 1989 


In this sequence, a,, the first term, represents the amount teachers earned in 1990. 
Each subsequent year this amount increases by $1472, so d = 1472. We use the 
formula for the general term of an arithmetic sequence to write the nth term of the 
sequence that describes teachers’ earnings n years after 1989. 


An = a, + (n — 1)d This is the formula for the general term of an 
arithmetic sequence. 


An = 30,532 + (n — 1)1472 a, = 30,532 and d = 1472. 
ad, = 30,532 + 1472n — 1472 Distribute 1472 to each term in parentheses. 
1472n + 29,060 Simplify. 


~ 
II 


Thus, teachers’ earnings n years after 1989 can be modeled by a,, = 1472n + 29,060. 


b. Now we need to find teachers’ earnings in 2020. The year 2020 is 31 years 
after 1989: That is, 2020 — 1989 = 31. Thus, n = 31. We substitute 31 for 1 in 
a, = 1472n + 29,060. 


a3, = 1472-31 + 29,060 = 74,692 


The 31st term of the sequence is 74,692. Therefore, U.S. teachers are predicted to 
earn an average of $74,692 by the year 2020. 


'/| CHECK POINT3 Thanks to drive-thrus and curbside delivery, Americans 
are eating more meals behind the wheel. In 2004, we averaged 32 a la car meals, 
increasing by approximately 0.7 meal per year. (Source: Newsweek) 


a. Write a formula for the nth term of the arithmetic sequence that models the 
average number of car meals n years after 2003. 


b. How many car meals will Americans average by the year 2024? 


The Sum of the First n Terms of an Arithmetic Sequence 


The sum of the first n terms of an arithmetic sequence, denoted by S,,, and called the 
nth partial sum, can be found without having to add up all the terms. Let 
S, =a, + a, +a3,+°+: +a, 


be the sum of the first n terms of an arithmetic sequence. Because d is the common 
difference between terms, S,, can be written forward and backward, as shown on the 
next page. 
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Forward: Start with 
the first term, a. 
Keep adding d. 


S, = 4a + (a, + ad) + (a, + 2d) + +a, 
Backward: Start with Sn =~ 4n * (4, _ d) * (4, _ 2d) ee 
the last term, ay. 25 = (a, +a,) + (a, t+a,) + (a, + a,) +++ + (a,+4,) Add the two equations. 


Keep subtracting d. 


Because there are n sums of (a, + a,) on the right side, we can express this side as 
n(a, + a,). Thus, the last equation can be written as follows: 


2S, = n(a, + a,). 
n 
Sr = Pac + a,) — Solve for S,, dividing both sides by 2. 


We have proved the following result: 


The Sum of the First n Terms of an Arithmetic Sequence 


The sum, S,,, of the first 1 terms of an arithmetic sequence is given by 
n 
Sa Pac ar Gr), 


in which a, is the first term and a,, is the nth term. 


: : : : n 
To find the sum of the terms of an arithmetic sequence using S, = —(a,; + a,), 


we need to know the first term, a;, the last term, a,,, and the number of terms, n. The 
following examples illustrate how to use this formula. 


Finding the Sum of n Terms 
ES of an Arithmetic Sequence 
Find the sum of the first 100 terms of the arithmetic sequence: 1,3,5,7,.... 


Solution By finding the sum of the first 100 terms of 1, 3,5,7,..., we are finding 
the sum of the first 100 odd numbers. To find the sum of the first 100 terms, S199, we 
replace n in the formula with 100. 


= “(a + a,) 


n i} 
100 
Sito = ml + Ayoq) 


The first term, We must find ayg9, 
a, is 1. the 100th term. 


We use the formula for the general term of an arithmetic sequence to find ajo). The 
common difference, d, of 1,3,5,7,..., is 2. 


an = a, + (n— 1)d This is the formula for the nth term of an arithmetic 
sequence. Use it to find the 100th term. 


A409 = 1+ (100 —1)*2 Substitute 100 for n, 2 for d, and 1 (the first term) for a. 
1+ 99-2 Perform the subtraction in parentheses. 
= 1+ 198 = 199 Multiply (99 +2 = 198) and then add. 


Using Technology 
To find 


25 
ZC — 9) 


on a graphing utility, enter: 


SUM 


SEQ 


Then press 


(Gay = ©), 52, Il, 25, 1); 


ENTER) 
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Now we are ready to find the sum of the 100 terms 1, 3,5,7,..., 199. 


n 
Sy = 3 (a1 + dn) Use the formula for the sum of the first n terms of an 
arithmetic sequence. Let n = 100, a, = 1, and ajgo = 199. 


100 
Sio0 = 3 + 199) = 50(200) = 10,000 


The sum of the first 100 odd numbers is 10,000. Equivalently, the 100th partial sum of 
the sequence 1,3,5,7,... is 10,000. ™ 


/| CHECK POINT 4 _ Find the sum of the first 15 terms of the arithmetic 
sequence: 3,6,9,12,.... 


| EXAMPLE 5 | Using S,, to Evaluate a Summation 


25 
Find the following sum: )(5i — 9). 
I 


Solution 
25 
Si — 9) = (5:1 — 9) + (5-2 -— 9) + (5°3 -— 9) + +++ + (525 — 9) 
i=l 
=-4 +1 +6 +-++++ 116 
By evaluating the first three terms and the last term, we see that a, = —4, d, the 


common difference, is 1 — (—4) or 5, and ays, the last term, is 116. 


n 
S, = x(a, + a,) Use the formula for the sum of the first n terms of an 
2 arithmetic sequence. Let n = 25, a, =—4, and age = 116. 


25 25 
S95 = a + 116) = y (12) = 1400 
Thus, 


25 
S\(5i - 9) = 1400. = 
i=1 


30 
CHECK POINT5 Find the following sum: >\(6i — 11). 
i=1 


| EXAMPLE 6 | Modeling Total Nursing Home Costs 
over a Six-Year Period 


Your grandmother has assets of $500,000. One option that she is considering 
involves an adult residential community for a six-year period beginning in 2014. 
The model 


ay, = 1800n + 64,130 


describes yearly adult residential community costs n years after 2013. Does your 
grandmother have enough to pay for the facility? 
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Solution We must find the sum of an arithmetic sequence whose general term is 
ay, = 1800n + 64,130. The first term of the sequence corresponds to the facility’s costs 
in the year 2014. The last term corresponds to costs in the year 2019. Because the 
model describes costs n years after 2013, n = 1 describes the year 2014 and n = 6 
describes the year 2019. 


1800n + 64,130 This is the given formula for the general term 
of the sequence. 


a, = 1800-1 + 64,130 = 65,930 Find a, by replacing n with 1. 
ag = 1800-6 + 64,130 = 74,930 Find ag by replacing n with 6. 


an 


The first year the facility will cost $65,930. By year six, the facility will cost $74,930. 
Now we must find the sum of the costs for all six years. We focus on the sum of the first 
six terms of the arithmetic sequence 


65,930, 67,730, ..., 74,930. 


Q ay a 


We find this sum using the formula for the sum of the first terms of an arithmetic 
sequence. We are adding 6 terms: n = 6. The first term is 65,930: a; = 65,930. The last 
term —that is, the sixth term —is 74,930: ag = 74,930. 


n 
Sn = Pac + ay) 
6 
Sg = 7 (65,930 + 74,930) = 3(140,860) = 422,580 
Total adult residential community costs for your grandmother are predicted to be 


$422,580. Because your grandmother’s assets are $500,000, she has enough to pay for 
the facility for the six-year period. 


Y| CHECK POINT6 In Example 6, how much would it cost for the adult 
residential community for a ten-year period beginning in 2014? 


CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. 


A sequence in which each term after the first differs from the preceding term by a constant amount is called a/an 


sequence. The difference between consecutive terms is called the of the sequence. 
The nth term of the sequence described in Concept Check 1 is given by the formula a, = , where a, is the 
and d is the of the sequence. 


The sum, S,,, of the first n terms of the sequence described in Concept Check 1 is given by the formula S,, = , 


where a, is the 


20 
The first term of >) (6i — 4) is 
1 


and a,, is the 


and the last term is 


17 
The first three terms of 5) (5i + 3) are ; , and . The common difference is 
i=1 


MyachLab 


Practice Exercises 


In Exercises 1-6, find the common difference for each 
arithmetic sequence. 


da 25.6; 110) late Pe Biytety Sy Ie 
Si 28 onan 4 SO 2 8 ara 
5. 714,711, 708, 705,... 6. 611, 606, 601, 596,... 
In Exercises 7-16, write the first six terms of each arithmetic 
sequence with the given first term, a,, and common difference, d. 
7. a, = 200, d = 20 
8. a, = 300, d = 50 
9. a4, =—-7,d=4 
10. a, =-8,d=5 
11. a, = 300,d = —90 
12. a, = 200,d = —60 


13. eee aed 
2 2 
4 4 


15. a, = —04,d =—-1.6 
16: aq — 0.35.4 ——Al7 
In Exercises 17-24, use the formula for the general term (the 
nth term) of an arithmetic sequence to find the indicated term 


of each sequence with the given first term, a,, and common 
difference, d. 


17. Find ag when a, = 13,d = 4. 

18. Find ay, when a, = 9,d = 2. 

19. Find as) when a, = 7,d = 5. 

20. Find ag) when a, = 8,d = 6. 

21. Find a9) when a, = —40,d = S. 

22. Find a)5) when a; = —60,d = S. 

23. Find ag) when a; = 35,d = —3. 

24. Find a7) when a; = —32,d = 4. 

In Exercises 25-34, write a formula for the general term (the 


nth term) of each arithmetic sequence. Then use the formula 
for ay to find ayo, the 20th term of the sequence. 


25: 15039 13sec. 

265. 2 EDs Nees 
Pils Tish shy aie 
28. 16,14 0 8. 


29) 20524 285-32, 
Kh = (stoner 
See 
32. a, =—-—,d= 
33. a, = 4,d =-03 
34. a, = 5,d = —0.2 


35. Find the sum of the first 20 terms of the arithmetic 
sequence: 4, 10, 16, 22,.... 
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Watch the videos 
in MyMathLab 


Download the 
MyDashBoard App 


36. Find the sum of the first 25 terms of the arithmetic 
sequence: 7, 19,31, 43,.... 

37. Find the sum of the first 50 terms of the arithmetic 
Sequence: — 06,222 ne 

38. Find the sum of the first 50 terms of the arithmetic 
Sequence? lon ON SUG ee 

39. Find 1+2+3+4 
100 natural numbers. 

40. Find2+4+6+8 
100 positive even integers. 


100, the sum of the first 


200, the sum of the first 


41. Find the sum of the first 60 positive even integers. 

42. Find the sum of the first 80 positive even integers. 

43. Find the sum of the even integers between 21 and 45. 

44. Find the sum of the odd integers between 30 and 54. 
For Exercises 45-50, write out the first three terms and the last 


term. Then use the formula for the sum of the first n terms of 
an arithmetic sequence to find the indicated sum. 


ily 

45. >)(5i + 3) 
i=1 
20 


46. >) (6i — 4) 
a 

47. S (=31 5) 
vi 

48. >) (—2i + 6) 
‘00 

49. S4i 
"Gil 

50. >) (-4i) 


Practice PLUS 


Use the graphs of the arithmetic sequences {a,,} and {b,} to 
solve Exercises 51-58. 


ay Di 

A A 
137 13+ e 

oT ale es 

Eat Tar 

St St 

3] ohm 4 

14 ital 

f+ + + + + + + ++ > +++++1++ >n 

lt 1 2 3) 45 lr 1g) 3 Ans 
+34 e 37 
=I ee 
=74 ) +74 


51. Find ayer by. 
52. Find a6 7 big. 


53. If {a,} is a finite sequence whose last term is —83, how 
many terms does {a,} contain? 


54. If {b,} is a finite sequence whose last term is 93, how many 
terms does {b,,} contain? 

55. Find the difference between the sum of the first 14 terms 
of {b,,} and the sum of the first 14 terms of {a,}. 
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(In Exercises 56-58, continue to refer to the graphs at the 
bottom of the previous page.) 


56. Find the difference between the sum of the first 15 terms 
of {b,,} and the sum of the first 15 terms of {a,}. 


57. Write a linear function f(x) = mx + b, whose domain is 
the set of positive integers, that represents {a,,}. 


58. Write a linear function g(x) = mx + b, whose domain is 
the set of positive integers, that represents {b,}. 


Use a system of two equations in two variables, a, and d, to 

solve Exercises 59-60. 

59. Write a formula for the general term (the nth term) of 
the arithmetic sequence whose second term, a, is 4 and 
whose sixth term, dg, is 16. 

60. Write a formula for the general term (the nth term) of the 
arithmetic sequence whose third term, a3, is 7 and whose 
eighth term, ag, is 17. 


Application Exercises 


The bar graphs show changes in educational attainment for 
Americans ages 25 and older from 1970 to 2007. Exercises 61-62 
involve developing arithmetic sequences that model the data. 


Educational Attainment for Americans Ages 25 and Older 


Four Years of High 
School or More 


Four Years of College 
or More 
100 - 


PR 

S 

= 
1 


87.0% 


io.) 
= 
T 


aD 
= 
T 


29.6% 


Years of College or More 


| 11.0% 


Percentage Completing Four 
Years of High School or More 
Percentage Completing Four 


1970 2007 1970 2007 
Year Year 


Source: U.S. Census Bureau 


61. In 1970, 11.0% of Americans ages 25 and older had completed 
four years of college or more. On average, this percentage has 
increased by approximately 0.5 each year. 


a. Write a formula for the nth term of the arithmetic 
sequence that models the percentage of Americans ages 
25 and older who had or will have completed four years 
of college or more n years after 1969. 


b. Use the model from part (a) to project the percentage of 
Americans ages 25 and older who will have completed 
four years of college or more by 2019. 


62. In 1970,55.2% of Americans ages 25 and older had completed 
four years of high school or more. On average, this percentage 
has increased by approximately 0.86 each year. 


a. Write a formula for the nth term of the arithmetic 
sequence that models the percentage of Americans ages 
25 and older who had or will have completed four years of 
high school or more n years after 1969. 
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b. Use the model from part (a) to project the percentage of 
Americans ages 25 and older who will have completed 
four years of high school or more by 2019. 


63. Company A pays $24,000 yearly with raises of $1600 per 
year. Company B pays $28,000 yearly with raises of $1000 
per year. Which company will pay more in year 10? How 
much more? 


64. Company A pays $23,000 yearly with raises of $1200 per 
year. Company B pays $26,000 yearly with raises of $800 
per year. Which company will pay more in year 10? How 
much more? 


In Exercises 65-66, we revisit the data from Chapter 1 showing 
the average cost of tuition and fees at public and private 
four-year U.S. colleges. 


Average Cost of Tuition and Fees at 
Four-Year United States Colleges 


() Public Institutions 


)) Private Institutions 


$30,000 


$25,000 


$20,000 


$15,000 - 


$10,000 


Tuition and Fees 


$5,000 


2007 2008 2009 2010 
Ending Year in the School Year 


Source: The College Board 


65. a. Use the numbers shown in the bar graph to find the 
total cost of tuition and fees at public colleges for a 
four-year period from the school year ending in 2007 
through the school year ending in 2010. 


b. The model 
ay = 395n + 5419 


describes the cost of tuition and fees at public colleges 
in academic year n, where n = 1 corresponds to the 
school year ending in 2007, n = 2 to the school year 
ending in 2008, and so on. Use this model and the 
formula for S,, to find the total cost of tuition and fees 
at public colleges for a four-year period from the school 
year ending in 2007 through the school year ending in 
2010. How does this compare with the actual sum you 
obtained in part (a)? 

66. a. Use the numbers shown in the bar graph to find the 
total cost of tuition and fees at private colleges for a 
four-year period from the school year ending in 2007 
through the school year ending in 2010. 


b. The model 
ay = 1360n + 20,938 
describes the cost of tuition and fees at private colleges 
in academic year n, where n = 1 corresponds to the 


school year ending in 2007, n = 2 to the school year 
ending in 2008, and so on. Use this model and the 


formula for S,,, to find the total cost of tuition and fees at 
private colleges for a four-year period from the school 
year ending in 2007 through the school year ending in 
2010. Does the model underestimate or overestimate 
the actual sum that you obtained in part (a)? By how 
much? 


67. Use one of the models in Exercises 65-66 and the formula 
for S,, to find the total cost of tuition and fees for your 
undergraduate education. How well does the model 
describe your anticipated costs? 


68. A company offers a starting yearly salary of $33,000 
with raises of $2500 per year. Find the total salary over a 
ten-year period. 


69. You are considering two job offers. Company A will start 
you at $19,000 a year and guarantee a raise of $2600 per 
year. Company B will start you at a higher salary, $27,000 
a year, but will only guarantee a raise of $1200 per year. 
Find the total salary that each company will pay over a 
ten-year period. Which company pays the greater total 
amount? 


70. A theater has 30 seats in the first row, 32 seats in the 
second row, increasing by 2 seats each row for a total of 
26 rows. How many seats are there in the theater? 


71. Asection in a stadium has 20 seats in the first row, 23 seats 
in the second row, increasing by 3 seats each row for a 
total of 38 rows. How many seats are in this section of the 
stadium? 


Writing in Mathematics 

72. What is an arithmetic sequence? Give an example with 
your explanation. 

73. What is the common difference in an arithmetic sequence? 

74. Explain how to find the general term of an arithmetic sequence. 


75. Explain how to find the sum of the first m terms of an 
arithmetic sequence without having to add up all the terms. 


Technology Exercises 


76. Use the | SEQ | (sequence) capability of a graphing 
utility and the formula you obtained for a, to verify 
the value you found for a9 in any five exercises from 
Exercises 25-34. 


77. Use the capability of a graphing utility to calculate the 
sum of a sequence to verify any five of your answers to 
Exercises 45-50. 


Critical Thinking Exercises 


Make Sense? In Exercises 78-81, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


78. Rather than performing the addition, I used the formula 
S, = 3(a, + a,) to find the sum of the first thirty terms of 
the sequence 2, 4, 8, 16,32,.... 

79. I was able to find the sum of the first fifty terms of an 


arithmetic sequence even though I did not identify every 
term. 
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80. The sequence for the number of seats per row in our movie 
theater as the rows move toward the back is arithmetic 
with d = 1 so people don’t block the view of those in the 
row behind them. 

81. Beginning at 6:45 a.m., a bus stops on my block every 
23 minutes, so I used the formula for the nth term of an 
arithmetic sequence to describe the stopping time for the 
nth bus of the day. 


In Exercises 82-85, determine whether each statement is true or 

false. If the statement is false, make the necessary change(s) to 

produce a true statement. 

82. The sum ofan arithmetic sequence cannot be negative. 

83. The common difference for the arithmetic sequence 
Ses aya 1S: 

84. An arithmetic sequence is a linear function whose domain 
is the set of natural numbers. 

85. The sequence log, 2, log, 4, log, 8, log, 16, log, 32,... is 
arithmetic. 

86. Give examples of two different arithmetic sequences 
whose fourth term, a4, is 10. 


87. In the sequence 21,700, 23,172, 24,644, 26,116,..., which 
term is 314,628? 

88. A degree-dayisa unit used to measure the fuel requirements 
of buildings. By definition, each degree that the average 
daily temperature is below 65°F is 1 degree-day. For 
example, an average daily temperature of 42°F constitutes 
23 degree-days. If the average temperature on January 1 
was 42°F and fell 2°F for each subsequent day up to and 
including January 10, how many degree-days are included 
from January 1 to January 10? 


89. Show that the sum of the first n positive odd integers, 
14+345+-+: +(2Qn-1), 


is n?. 


Review Exercises 


90. Solve: log(x? — 25) — log(x + 5) = 3. 
(Section 9.5, Example 5) 
91. Solve: x? + 3x = 10. 
(Section 8.5, Example 1) 
92. Solve for P: A = fe : 
Pari 


(Section 6.7, Example 1) 


Preview Exercises 
Exercises 93-95 will help you prepare for the material covered 
in the next section. 


93. Consider the 
az a3 a4 


sequence 1,—2,4,—8,16,.... Find 


a5 
at and —. What do you observe? 
Qa, az a3 a4 


94. Consider the sequence whose nth term is a, = 3-5". Find 
ay az a4 as 
—,—,—, and —. What do you observe? 
a, ay a3 a4 


95. Use the formula a, = a,3" ! to find the 7th term of the 
sequence 1733599 297 so. ae 
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Objectives 


Find the common 
ratio of a geometric 
sequence. 


Write terms of a 
geometric sequence. 


Use the formula for 
the general term of a 
geometric sequence. 


Use the formula for 
the sum of the first 

n terms of a geometric 
sequence. 

Find the value of an 
annuity. 


Use the formula for 
the sum of an infinite 
geometric series. 


4 | Find the common 


ratio of a geometric 
sequence. 


Geometric Sequences and Series 


Here we are at the closing moments of a job interview. You’re 
shaking hands with the manager. You 
managed to answer all the tough questions 
without losing your poise, and now 
you’ve been offered a job. As a matter 
of fact, your qualifications are 
so terrific that you’ve been 
offered two jobs—one just 
the day before, with a rival 
company in the same 
field! One company 
offers $30,000 the first 
year, with increases of 
6% per year for four 
years after that. The 
other offers $32,000 the 
first year, with annual increases of 3% per year after that. Over a five-year period, 
which is the better offer? 

If salary raises amount to a certain percent each year, the yearly salaries over 
time form a geometric sequence. In this section, we investigate geometric sequences 
and their properties. After studying the section, you will be in a position to decide 
which job offer to accept: You will know which company will pay you more over 
five years. 


Geometric Sequences 


Figure 11.4 shows a sequence in which the number of squares is increasing. From 
left to right, the number of squares is 1, 5, 25, 125, and 625. In this sequence, each 
term after the first, 1, is obtained by multiplying the preceding term by a constant 
amount, namely 5. This sequence of increasing numbers of squares is an example of 
a geometric sequence. 


Figure 11.4 A geometric sequence of squares 


Definition of a Geometric Sequence 


A geometric sequence is a sequence in which each term after the first is obtained 
by multiplying the preceding term by a fixed nonzero constant. The amount by 
which we multiply each time is called the common ratio of the sequence. 


The common ratio, r, is found by dividing any term after the first term by the term 
that directly precedes it. In the following examples, the common ratio is found by 


dividing the second term by the first term, ra 
1 


Great Question! 


What happens to the 
terms of a geometric 
sequence when the 
common ratio is negative? 


When the common ratio is 
negative, the signs of the 
terms alternate. 


2 | Write terms of a 
geometric sequence. 


3 | Use the formula for 
the general term of a 
geometric sequence. 
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Geometric Sequence Common Ratio 
1,5, 25; 125, 625,00 pa2=s 

8 
4, 8, 16, 32, 64,... ae eee 

=12 
6, —12, 24, —48, 96,... r= oa. =-2 
eee: a1 
ie a a eee —e” 3 


Figure 11.5 shows a partial graph of the first geometric 
sequence in our list, 1,5, 25,125.... The graph forms a 
set of discrete points lying on the exponential function 
f(x) = 5*"!. This illustrates that a geometric sequence 
with a positive common ratio other than 1 is an 
exponential function whose domain is the set of positive 
integers. 


Figure 11.5 The graph 
of {a,} = 1, 5, 25, 125,... 


How do we write out the terms of a geometric sequence when the first term and the 
common ratio are known? We multiply the first term by the common ratio to get the 
second term, multiply the second term by the common ratio to get the third term, and 
so on. 


Writing the Terms of a Geometric Sequence 


Write the first six terms of the geometric sequence with first term 6 and common 
“1 
ratio 3. 


Solution The first term is 6. The second term is 6+}, or 2. The third term is 2-4, 


or . The fourth term is 3-4, or 3, and so on. The first six terms are 


CHECK POINT 1 Write the first six terms of the geometric sequence with first 
term 12 and common ratio 5. 


The General Term of a Geometric Sequence 


Consider a geometric sequence whose first term is a; and whose common ratio is r. 
We are looking for a formula for the general term, a,,. Let’s begin by writing the first 
six terms. The first term is a). The second term is a,r. The third term is arr, or a,r?. 
The fourth term is a,r?+r, or a,r°, and so on. Starting with a, and multiplying each 
successive term by r, the first six terms are ay, ayr, ayr7, ayr°, ayr+, and ayr°. 
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Great Question! 


When using a,r"~ 1 to 

find the nth term of a 
geometric sequence, what 
should | do first? 


Be careful with the order of 
operations when evaluating 


ayr el 

First subtract 1 in the 
exponent and then raise r to 
that power. Finally, multiply 
the result by ay. 


Sequences, Series, and the Binomial Theorem 


Compare the exponent on r and the subscript of a denoting the term number: 


2 3 4 5 
a, ar, ar, ar, ay’, ar. 


ay, First dy, second 3, third q, fourth as, fifth ag, sixth 
term term term term term term 


Can you see that the exponent on r is 1 less than the subscript of a denoting the term 
number? 


3 


a,: third term = ar a,: fourth term = a,r 


One less than 4, or 3, is 
the exponent on 7. 


One less than 3, or 2, is 
the exponent on 7. 


Thus, the formula for the nth term is 


One less than 7, or n —1, 
is the exponent on r. 


General Term of a Geometric Sequence 


The nth term (the general term) of a geometric sequence with first term a, and 
common ratio r is 


i= ar. 


| EXAMPLE 2 | Using the Formula for the General Term 
of a Geometric Sequence 


Find the eighth term of the geometric sequence whose first term is —4 and whose 
common ratio is —2. 


Solution To find the eighth term, ag, we replace n in the formula with 8, a, with —4, 
and r with —2. 


ag = —4(—2)®"! = —4(-2)’ = —4(-128) = 512 


The eighth term is 512. We can check this result by writing the first eight terms of the 
sequence: 


—4, 8, -16, 32, —64, 128, -256,512. m 


CHECK POINT 2 Find the seventh term of the geometric sequence whose first 
term is 5 and whose common ratio is —3. 


In Chapter 9, we studied exponential functions of the form f(x) = b* and used an 
exponential function to model the growth of the U.S. population from 1970 through 
2009 (Example 1 on page 731). In our next example, we revisit the country’s population 
growth over a shorter period of time, 2000 through 2006. Because a geometric sequence 
is an exponential function whose domain is the set of positive integers, geometric and 
exponential growth mean the same thing. 


Blitzer Bonus 


Geometric Population 
Growth 


Economist Thomas Malthus 
(1766-1834) predicted that 
population would increase 
as a geometric sequence 

and food production would 
increase as an arithmetic 
sequence. He concluded that 
eventually population would 
exceed food production. If 


two sequences, one geometric 


and one arithmetic, are 
increasing, the geometric 
sequence will eventually 
overtake the arithmetic 
sequence, regardless of any 
head start that the arithmetic 


sequence might initially have. 


4 | Use the formula for 
the sum of the first n 
terms of a geometric 
sequence. 
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| EXAMPLE 3 | Geometric Population Growth 


The table shows the population of the United States in 2000, with estimates given by 
the Census Bureau for 2001 through 2006. 


Year 2000 2001 2002 2003 2004 2005 2006 
Population 
(millions) 281.4 284.5 287.6 290.8 294.0 297.2 300.5 


a. Show that the population is increasing geometrically. 
b. Write the general term for the geometric sequence modeling the population of the 
United States, in millions, n years after 1999. 


c. Project the U.S. population, in millions, for the year 2009. 


Solution 


a. First, we use the sequence of population growth, 281.4, 284.5, 287.6, 290.8, and so 
on, to divide the population for each year by the population in the preceding year. 
284.5 287.6 290.8 


Continuing in this manner, we will keep getting approximately 1.011. This means 
that the population is increasing geometrically with r ~ 1.011. The population of 
the United States in any year shown in the sequence is approximately 1.011 times 
the population the year before. 


b. The sequence of the U.S. population growth is 
281.4, 284.5, 287.6, 290.8, 294.0, 297.2, 300.5,.... 
Because the population is increasing geometrically, we can find the general term of 


this sequence using 


=a. 


In this sequence, a; = 281.4 and [from part (a)] r ~ 1.011. We substitute these 
values into the formula for the general term. This gives the general term for the 
geometric sequence modeling the U.S. population, in millions, 1 years after 1999. 


a, = 281.4(1.011)""! 
c. We can use the formula for the general term, a,,, in part (b) to project the U.S. 


population for the year 2009. The year 2009 is 10 years after 1999—that is, 
2009 — 1999 = 10. Thus, n = 10. We substitute 10 for nin a,, = 281.4(1.011)""1. 


Qi = 281.4(1.011)!9-! = 281.4(1.011)® ~ 310.5 


The model projects that the United States will have a population of approximately 
310.5 million in the year 2009. m 


\/| CHECK POINT3 Write the general term for the geometric sequence 
3, 6, 12, 24, 48,.... 


Then use the formula for the general term to find the eighth term. 


The Sum of the First n Terms of a Geometric Sequence 


The sum of the first n terms of a geometric sequence, denoted by S,,, and called the 
nth partial sum, can be found without having to add up all the terms. Recall that the first 
n terms of a geometric sequence are 


2 n—-2 n-1 
41,44", a4r~,...,ayr" “,aqr" . 
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Great Question! 


What is the sum of 
the first n terms of a 


geometric sequence if the 


common ratio is 1? 


If the common ratio is 1, the 


geometric sequence is 


41,41,41,4},.... 


The sum of the first n terms 


of this sequence is nay: 


Da = Oy ae GH ae Gy ae 88 St 
There are n terms. 


= na,. 


We find the sum of a1, a;r, ayr?,... , ayr”7, ayr" | as follows: 
S, =a, + ay tay? +--+ +ayr™* + ayr™! — G,is the sum of the first 
n terms of the sequence. 
rS, =ayrt apr? t+art+es: tayr™! + ar” Multiply both sides of the 


equation by r. 

Subtract the second equation 

from the first equation. 

Factor out 5, on the left 

and a, on the right. 

_ a1 — r") Solve for S, by dividing both 

1l-r sides by 1 — r (assuming 
that r # 1). 


S, — 1S, = a, — ayr" 


S$, — r) = a,(1 — r”) 


We have proved the following result: 


The Sum of the First n Terms of a Geometric Sequence 
The sum, S,,, of the first n terms of a geometric sequence is given by 
a,(1 — r”) 


fs l= 


in which a, is the first term and r is the common ratio (r # 1). 


To find the sum of the terms of a geometric sequence, we need to know the first 
term, a,, the common ratio, r, and the number of terms, 1. The following examples 
illustrate how to use this formula. 


| EXAMPLE 4 | Finding the Sum of the First n Terms of a 
Geometric Sequence 
Find the sum of the first 18 terms of the geometric sequence: 2,—8,32,—128,.... 


Solution To find the sum of the first 18 terms, S$), we replace n in the formula with 18. 


_ a(1 — 7") 
ma 1l-r 

_ a1 — a) 
me TT 


The first term, We must find r, 
ay, is 2. the common ratio. 


We can find the common ratio by dividing the second term of 2, —8, 32, —-128,... by 
the first term. 


ag -—8 
—_— ——— Oo _ —4 
. ay, 2. 
Now we are ready to find the sum of the first 18 terms of 2, —8, 32,—128,.... 
= a,(1 — r”) Use the formula for the sum of the first n terms of a 
nT 4-7 geometric sequence. 
_ 2[1 — (—4)8] a, (the first term) = 2, r=—4, and n=18 
Sig qs (-4) because we want the sum of the first 18 terms. 
= —27,487,790,694 Use a calculator. 
The sum of the first 18 terms is —27,487,790,694. Equivalently, this number is the 18th 
partial sum of the sequence 2, —8, 32,—128,.... © 


¥| CHECK POINT4 Find the sum of the first nine terms of the geometric 
sequence: 2, —6, 18, -54,.... 


Using Technology 
To find 


10 
Sor 
i=1 

on a graphing utility, enter: 

SUM||SEQ](6 x 2", x, 1, 10, 1). 

Then press | ENTER]. 


rer 


hi 


R | \; 
ONE DOLLARS 


, a 
= 


‘sees 10.000 } 


100.000 = Verma 100000 


AQOGOOOOOA 


Oe als 0 
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Using S, to Evaluate a Summation 


10 
Find the following sum: 6-2’. 
i=1 


Solution Let’s write out a few terms in the sum. 


10 
6:2) = 6:24+6°2 +6 P+--- +620 
i=1 


Do you see that each term after the first is obtained by multiplying the preceding term 
by 2? To find the sum of the 10 terms (n = 10), we need to know the first term, a1, 
and the common ratio, r. The first term is 6°2 or 12: a; = 12. The common ratio is 2. 


a,(1 — r”) 
iS aS Use the formula for the sum of the first n terms of a 
Lee geometric sequence. 
12(1 — 2!°) 
Sig = ——2.—___ a, (the first term) = 12, r= 2, and n=10 because we are 
1-2 adding ten terms. 
= 12,276 Use a calculator. 


Thus, 


10 
316-2) = 12,276. = 
i=1 


8 
\Y| CHECK POINTS Find the followingsum: $‘2-3°. 
I 


Some of the exercises in the previous Exercise Set involved situations in which 
salaries increased by a fixed amount each year. A more realistic situation is one in 
which salaries increase by a certain percent each year. Example 6 shows how such a 
situation can be described using a geometric sequence. 


Computing a Lifetime Salary 


A union contract specifies that each worker will receive a 5% pay increase each year 
for the next 30 years. One worker is paid $20,000 the first year. What is this person’s 
total lifetime salary over a 30-year period? 


Solution The salary for the first year is $20,000. With a 5% raise, the second-year 
salary is computed as follows: 
Salary for year 2 = 20,000 + 20,000(0.05) = 20,000(1 + 0.05) = 20,000(1.05). 


Each year, the salary is 1.05 times what it was in the previous year. Thus, the salary for 
year 3 is 1.05 times 20,000(1.05), or 20,000(1.05)”. The salaries for the first five years 
are given in the table. 


Yearly Salaries 


Year 1 Year 2 Year 3 Year 4 Year 5 
20,000 20,000(1.05) 20,000(1.05)" 20,000(1.05)* 20,000(1.05)* 


The numbers in the bottom row form a geometric sequence with a, = 20,000 and 
r = 1.05. To find the total salary over 30 years, we use the formula for the sum of the 
first n terms of a geometric sequence, with n = 30. 
a,(1 — r”) 


Sn = 1 ee 6 
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5 | Find the value of an 
annuity. 


20,000[1 — (1.05)°°] ar de 
30 ~ se 5, = ————" wi 
1 — 1.05 =p 
Total sal a, = 20,000, r = 1.05, 
otal salary a 
over 30 years and n = 30. 
= 1,328,777 Use a calculator. 


The total salary over the 30-year period is approximately $1,328,777. ™ 


¥| CHECK POINT6 A job pays a salary of $30,000 the first year. During the next 
29 years, the salary increases by 6% each year. What is the total lifetime salary over the 
30-year period? 


Annuities 
The compound interest formula 
A =P +r) 


gives the future value, A, after t years, when a fixed amount of money, P, the 
principal, is deposited in an account that pays an annual interest rate r (in decimal 
form) compounded once a year. However, money is often invested in small amounts at 
periodic intervals. For example, to save for retirement, you might decide to place $1000 
into an Individual Retirement Account (IRA) at the end of each year until you retire. 
An annuity is a sequence of equal payments made at equal time periods. An IRA is an 
example of an annuity. 

Suppose P dollars is deposited into an account at the end of each year. The account 
pays an annual interest rate, r, compounded annually. At the end of the first year, the 
account contains P dollars. At the end of the second year, P dollars is deposited again. 
At the time of this deposit, the first deposit has received interest earned during the 
second year. The value of the annuity is the sum of all deposits made plus all interest 
paid. Thus, the value of the annuity after two years is 


P+P(1 +r). 
Deposit of P First-year deposit 
dollars at end of of P dollars with 
second year interest earned for 
a year 


The value of the annuity after three years is 


P + P(lt+r) + = P(1 +r)’. 


Deposit of P Second-year deposit First-year deposit 
dollars at end of == gf P dollars with of P dollars with 
third year interest earned for —_ interest earned 
a year over two years 


The value of the annuity after ¢ years is 


Ps PO tr) Pd ery st PA sey ee SPS 


Deposit of P First-year deposit 
dollars at end of of P dollars with 
year ¢ interest earned 


over ¢ — 1 years 


This is the sum of the terms of a geometric sequence with first term P and common 
ratio 1 + r. We use the formula 
a,(1 — r”) 


e 1-r 


Blitzer Bonus 


Stashing Cash and Making 
Taxes Less Taxing 


As you prepare for your 
future career, retirement 
probably seems very far away. 
Making regular deposits into 
an IRA may not be fun, but 
there is a special incentive 
from Uncle Sam that makes 

it far more appealing. 
Traditional IRAs are 
tax-deferred savings plans. 
This means that you do 

not pay taxes on deposits 

and interest until you begin 
withdrawals, typically at 
retirement. Before then, 
yearly deposits count as 
adjustments to gross income 
and are not part of your 
taxable income. Not only do 
you get a tax break now, but 
you ultimately earn more. 
This is because you do not pay 
taxes on interest from year 

to year, allowing earnings to 
accumulate until you start 
withdrawals. With a tax code 
that encourages long-term 
savings, opening an IRA early 
in your career is a smart way 
to gain more control over how 
you will spend a large part of 
your life. 
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to find the sum of the terms: 


5 - P= a+) it=7). deo = 


1-( +n) =r r 


This formula gives the value of an annuity after ¢ years if interest is compounded once 
a year. We can adjust the formula to find the value of an annuity if equal payments are 
made at the end of each of n yearly compounding periods. 


Value of an Annuity: Interest Compounded n Times Per Year 


If P is the deposit made at the end of each compounding period for an annuity at r 
percent annual interest compounded n times per year, the value, A, of the annuity 


after ¢ years is 
nt 
A (1 + “) - 7 
n 


n 


At 


Determining the Value of an Annuity 


At age 25, to save for retirement, you decide to deposit $200 at the end of each month 
into an IRA that pays 7.5% compounded monthly. 

a. How much will you have from the IRA when you retire at age 65? 

b. Find the interest. 


Solution 


a. Because you are 25, the amount that you will have from the IRA when you retire 
at 65 is its value after 40 years. 


r\nt 
A (1 oP ") = 7 
A = Use the formula for the value of an annuity. 
n 
0.075 12°40 
200| (1 + ve) = 7 The annuity involves month-end deposits of $200: 
A= 12 P= 200. The interest rate is 7.5%: r= 0.075. 


0.075 The interest is compounded monthly: n= 12. The 
Dp number of years is 40: t= 40. 


200[(1 + 0.00625)48° — 1] 
0.00625 


Using parentheses keys, this can be performed in 
a single step on a graphing calculator. 


200[ (1.00625)*°° — 1] 


0.00625 
_ 200(19.8989 — 1) Use a calculator to find (1.00625)*®°: 
- 0.00625 1.00625 |y*| 480| = |. 
= 604,765 


After 40 years, you will have approximately $604,765 when retiring at age 65. 
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b. Interest = Value of the IRA — Total deposits 
=~ $604,765 — $200 - 12 - 40 


$200 per month x 12 months 
per year X 40 years 
= $604,765 — $96,000 = $508,765 


The interest is approximately $508,765, more than five times the amount of your 
contributions to the IRA. 


¥| CHECK POINT7 At age 30, to save for retirement, you decide to deposit 
$100 at the end of each month into an IRA that pays 9.5% compounded monthly. 


a. How much will you have from the IRA when you retire at age 65? 
b. Find the interest. 


© Use the formula for Geometric Series 
the sum of an infinite 
geometric series. 


An infinite sum of the form 
a,tartar tate) tart +--- 


with first term a, and common ratio r is called an infinite geometric series. How can 
we determine which infinite geometric series have sums and which do not? We look 
at what happens to r” as n gets larger in the formula for the sum of the first 1 terms of 


this series, namely 
a,(1 — r”) 
Ss, = a a 


If r is any number between —1 and 1, that is, -—1 < r < 1, the term r” approaches 0 as 


n gets larger. For example, consider what happens to r” for r = 4: 


(3) > : (5) 7 : (3) ~ : (5) ° r (3) 7 =z (3) 7 a 


These numbers are approaching O as 7 gets larger. 


Take another look at the formula for the sum of the first n terms of a geometric sequence. 


ee ca. 
u 1-r 
lf-t<r<t, 
r” approaches O as 
n gets larger. 


Let us replace r” with 0 in the formula for S,,. This change gives us a formula for the 
sum of an infinite geometric series with a common ratio between —1 and 1. 


The Sum of an Infinite Geometric Series 
If—1 <r < 1 (equivalently, 


r| < 1), then the sum of the infinite geometric series 
at+art+art+art-::: 
in which a, is the first term and r is the common ratio is given by 
a 
ae 
If |r| = 1, the infinite series does not have a sum. 


Se 
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To use the formula for the sum of an infinite geometric series, we need to know the 
first term and the common ratio. For example, consider 


1 1 1 i 1 


First term, ay, is 3. 5) oF 4 + 8 + 16 + r) As eae 


“ . a 
Common ratio, 7, is 73. 
1 


r= 


Withr = > the condition that |r| < 1 is met, so the infinite geometric series has asum 


given by S = [3 The sum of the series is found as follows: 
= 
= 2 
1 1 1 ay 2 2 
+ + + + fees = eS el 
16 32 1l-r L- 1 61 
2 2 


Thus, the sum of the infinite geometric series is 1. Notice how this is illustrated in 
Figure 11.6. As more terms are included, the sum is approaching the area of one 
complete circle. 


Figure 11.6 The sum 
1 1,4 


1,14 f ae 


atategtigtat-:: is 
approaching 1. 


SINR = Cinding the Sum of an Infinite 
Geometric Series 
Find the sum of the infinite geometric series: 3 — = aa a ee 


Solution Before finding the sum, we must find the common ratio. 


3 
pe et 
ay 3 16 3 2 
8 
Because r = —3, the condition that |r| < 1 is met. Thus, the infinite geometric series 
has a sum. 
a 
S= This is the formula for the sum of an infinite 
Le geometric series. Let a, = A andr = —}. 
3 3 
- 8 eS 2 ae 
1 1 2 82 4 
2 2 


Thus, the sum of 3 — 4 + 4 — 4 + --- is}. Putin an informal way, as we continue to 
add more and more terms, the sum is approximately }. = 


CHECK POINT 8 Find the sum of the infinite geometric series: 
34+2+$4+$4---. 


850 CHAPTER 11 Sequences, Series, and the Binomial Theorem 


70% is sp 


70% is sp 


o) 
> 


We can use the formula for the sum of an infinite geometric series to express a 
repeating decimal as a fraction in lowest terms. 


| EXAMPLE 9 | Writing a Repeating Decimal as a Fraction 


Express 0.7 as a fraction in lowest terms. 


Solution 
7 7 7 7 


7=0. ‘oo = + 7 - aa 
0.7 = 0.7777 10 100 1000 10,000 


Observe that 0.7 is an infinite geometric series with first term 74 and common ratio 7. 
Because r = i the condition that |r| < 1 is met. Thus, we can use our formula to find 
the sum. Therefore, 


_7:10_7 
19 9 


0.7 = = = 


slels|~ 


An equivalent fraction for 0.7 is §. m 


(“| CHECK POINT 9 Express 0.9 as a fraction in lowest terms. 


Infinite geometric series have many applications, as illustrated in Example 10. 


Tax Rebates and the Multiplier Effect 


A tax rebate that returns a certain amount of money to taxpayers can have a total 
effect on the economy that is many times this amount. In economics, this phenomenon 
is called the multiplier effect. Suppose, for example, that the government reduces taxes 
so that each consumer has $2000 more income. The government assumes that each 
person will spend 70% of this (=$1400). The individuals and businesses receiving 
this $1400 in turn spend 70% of it (=$980), creating extra income for other people to 
spend, and so on. Determine the total amount spent on consumer goods from the initial 
$2000 tax rebate. 


Solution The total amount spent is given by the infinite geometric series 
1400 + 980 + 686 + -:. 


70% of 70% of 
1400 980 


The first term is 1400: a; = 1400. The common ratio is 70%, or 0.7: r = 0.7. Because 
r = 0.7, the condition that |r| < 1 is met. Thus, we can use our formula to find the 
sum. Therefore, 

a, _ 1400 
1-r 1-07 
This means that the total amount spent on consumer goods from the initial $2000 
rebate is approximately $4667. m 


1400 + 980 + 686 +--- = 


= 46067. 


|\/| CHECK POINT10 Rework Example 10 and determine the total amount 
spent on consumer goods with a $1000 tax rebate and 80% spending down the 
line. 
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CONCEPT AND VOCABULARY CHECK | 


Fill in each blank so that the resulting statement is true. 


1. A sequence in which each term after the first is obtained by multiplying the preceding term by a fixed nonzero constant is called 


a/an sequence. The amount by which we multiply each time is called the of the sequence. 
2. The nth term of the sequence described in Concept Check 1 is given by the formula a = , where a is the 
and r is the of the sequence. 


3. The sum, S,,, of the first n terms of the sequence described in Concept Check 1 is given by the formula S,, = 


where a, is the and r is the wre ly 
4. A sequence of equal payments made at equal time periods is called a/an . Its value, A, after ¢ years is given by the 
formula 
Pid t+n"-1 
aa Platon=1) 
where is the deposit made at the end of each compounding period at percent annual interest 


compounded times per year. 


5. Aninfinite sum of the form 


a,+ ayer ayr? t ar t 


is called a/an .If-1<r<___,itssum, S, is given by the formula S = . The series does not 
have a sum if 


6 


6. The first four terms of 2 are ; ; , and . The common ratio is 
i=1 


Determine whether each sequence is arithmetic or geometric. 


7. 4,8, 12,16, 20,... 8. 4,8, 16,32, 64,... 
Oe 139227 68h 10.. —1,.1,.3,.5,7,.... 


11.3 EXERCISE SET MyM athLab*° ee | 


Practice Exercises 1 
12. a, = 24,r => 
In Exercises 1-8, find the common ratio for each geometric 3 
sequence. 13. a, = —4,r = —-10 
1: 5,.15,45,.135:24. 14. a, = —3,r =-10 
1 
2. 5,10, 20,40,... 15. a, = Se =p) 
32 —153307--60; 12059=2 1 
4. —276;=18, 94) 55. 16. a, = “16 = =u 
O27 Sil. ; 
Chen Bs Page In Exercises 17-24, use the formula for the general term (the nth 
term) of a geometric sequence to find the indicated term of each 
6. 8 16 32 sequence with the given first term, a,, and common ratio, r. 
349 27 


17. Find ag when a, = 6,r = 2. 
18. Find ag when a, = 5,r = 3. 
19. Find ay. when a, = 5,r = —2. 
In Exercises 9-16, write the first five terms of each geometric 20. Find aj, when a, = 4,r = —2. 
sequence with the given first term, a,, and common ratio, r. 24. Find a when a, = 6400,r = 


9. a, = 2,r=3 22. Find ag when a; = 8000, r 


10. a4, =2,r=4 23. Find ag when a, = 1,000,000, r = 0.1. 
dla 20 2 24. Find ag when a, = 40,000, r = 0.1. 


7. 4,-0.4, 0.04, —0.004,... 
he fie =n ONO Oi aes 


| 
ll Nie Ll 
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In Exercises 25-32, write a formula for the general term (the 
nth term) of each geometric sequence. Then use the formula for 
a, to find az, the seventh term of the sequence. 


257 Se IAS OD 
26. 3515 7533 oseee 


2) 
21s 18505 2a 
10 453% 
3 
28 1D On 38 see 
J 2 Oe 
2905310512 
it well 
pe ere ee 
cata tee rere 


31. 0.0004, —0.004, 0.04,—-0.4.... 

32. 0.0007, —0.007, 0.07, —0.7,... 

Use the formula for the sum of the first n terms of a geometric 
sequence to solve Exercises 33-38. 


33. Find the sum of the first 12 terms of the geometric 
sequence: 2, 6, 18,54.... 


34. Find the sum of the first 12 terms of the geometric 
sequence: 3, 6, 12, 24,.... 


35. Find the sum of the first 11 terms of the geometric 
Sequence: 3; —6) 1127-94 a. 


36. Find the sum of the first 11 terms of the geometric 
sequence: 4, —12, 36,—108,.... 


37. Find the sum of the first 14 terms of the geometric 
sequence: 3, Be ON Danas 


38. Find the sum of the first 14 terms of the geometric 


cov gS iil 
S€QUeCNCC: 44, 9.69 30°°°° 


In Exercises 39-44, find the indicated sum. Use the formula for 
the sum of the first n terms of a geometric sequence. 


8 6 
6.. 2 40. S14! 
i=1 i=1 


10 IL 
44, 5-2! 42, S')4(-3) 
i=1 i=1 


6 ‘l i#1 6 Al i+1 
43. >(5) 44. >) 
SI i Ne! 


In Exercises 45-52, find the sum of each infinite geometric series. 


eve ee 
5 3 OY Dy 

ite, eel el 
46. 1 t t 
. 4° 16 64 

3 3 8 
47. 3 

4 4? 4B 

5 5 5 
48. 5 

6 6 6 
Pe ae ee a 
, DA ee 
Sei oes 
, 3 9 
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51. > 26(-0:3)" 
i=1 

52. §51(-0.7)" 
i=1 


In Exercises 53-58, express each repeating decimal as a fraction 
in lowest terms. 


a 5 ) 5) 5) 
53, 105 = 
10 100 1000 10,000 
=F ll 1 1 il 
past 10 100 1000 10,000 
At, = AG) 47 47 
eee? 100 10,000 1,000,000 
Race 83 83 83 
ae 100 10,000 1,000,000 
57. 0.257 
58. 0.529 


In Exercises 59-64, the general term of a sequence is given. 
Determine whether the sequence is arithmetic, geometric, 
or neither. If the sequence is arithmetic, find the common 
difference; if it is geometric, find the common ratio. 


59. a, =n+5 
60. a, =n-3 
61. a, = 2” 


2. a, = (4) 
. a, = (= 
os 2; 


63. a, =n? +5 
64. a, =n’ — 3 


Practice PLUS 
In Exercises 65-70, let 


{an} = = 10, 20) 40, aeons 
{b,} = 1079; 20 355 Oey 


and {c,} = -2, 1,-3, i aa 


65. Find aig + by. 

66. Find ayer by. 

67. Find the difference between the sum of the first 10 terms 
of {a,,} and the sum of the first 10 terms of {b,}. 

68. Find the difference between the sum of the first 11 terms 
of {a,,} and the sum of the first 11 terms of {b,,}. 


69. Find the product of the sum of the first 6 terms of {a,,} and 
the sum of the infinite series containing all the terms of 
{Cn}- 

70. Find the product of the sum of the first 9 terms of {a,,} and 
the sum of the infinite series containing all the terms of 


{Cn}. 


In Exercises 71-72, find ay and a3 for each geometric sequence. 
71. 8, a2, 43, 27 
72. 2, 42, 43,—54 


In Exercises 73-74, round all answers to the nearest dollar. 


73. Here are two ways of investing $30,000 for 20 years. 


e Lump-Sum 


Deposit Rate Time 

$30,000 5% compounded 20 years 
annually 

e Periodic 

Deposits Rate Time 

$1500 at the 5% compounded 20 years 

end of each annually 

year 


After 20 years, how much more will you have from the 
lump-sum investment than from the annuity? 


74. Here are two ways of investing $40,000 for 25 years. 


e Lump-Sum 


Deposit Rate Time 

$40,000 6.5% compounded | 25 years 
annually 

e Periodic 

Deposits Rate Time 

$1600 at the 6.5% compounded | 25 years 

end of each annually 

year 


After 25 years, how much more will you have from the 
lump-sum investment than from the annuity? 


Application Exercises 


Use the formula for the general term (the nth term) of a 
geometric sequence to solve Exercises 75-78. 


In Exercises 75-76 suppose you save $1 the first day of a 
month, $2 the second day, $4 the third day, and so on. That is, 
each day you save twice as much as you did the day before. 


75. What will you put aside for savings on the fifteenth day of 
the month? 


76. What will you put aside for savings on the thirtieth day of 
the month? 


77. A professional baseball player signs a contract with a 
beginning salary of $3,000,000 for the first year and an annual 
increase of 4% per year beginning in the second year. That 
is, beginning in year 2, the athlete’s salary will be 1.04 times 
what it was in the previous year. What is the athlete’s salary 
for year 7 of the contract? Round to the nearest dollar. 


78. You are offered a job that pays $30,000 for the first year 
with an annual increase of 5% per year beginning in the 
second year. That is, beginning in year 2, your salary will 
be 1.05 times what it was in the previous year. What can 
you expect to earn in your sixth year on the job? Round to 
the nearest dollar. 
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In Exercises 79-80, you will develop geometric sequences that 
model the population growth for California and Texas, the two 
most-populated U.S. states. 


79. The table shows population estimates for California from 
2003 through 2006 from the U.S. Census Bureau. 


2004 | 2005 
35.89 | 36.13 


Year 2003 
35.48 


2006 
36.46 


Population in millions 


a. Divide the population for each year by the population 
in the preceding year. Round to two decimal places 
and show that California has a population increase 
that is approximately geometric. 


b. Write the general term of the geometric sequence 
modeling California’s population, in millions, n years 
after 2002. 

c. Use your model from part (b) to project California’s 
population, in millions, for the year 2010. Round to 
two decimal places. 

80. The table shows population estimates for Texas from 2003 
through 2006 from the U.S. Census Bureau. 


2004 | 2005 
22.49 | 22.86 


Year 2003 
2212 


2006 
23.41 


Population in millions 


a. Divide the population for each year by the population 
in the preceding year. Round to two decimal places 
and show that Texas has a population increase that is 
approximately geometric. 


b. Write the general term of the geometric sequence 
modeling Texas’s population, in millions, 1 years after 
2002. 


c. Use your model from part (b) to project Texas’s 
population, in millions, for the year 2010. Round to 
two decimal places. 


Use the formula for the sum of the first n terms of a geometric 
sequence to solve Exercises 81-86. 


In Exercises 81-82, you save $1 the first day of a month, $2 the 
second day, $4 the third day, continuing to double your savings 
each day. 


81. What will your total savings be for the first 15 days? 
82. What will your total savings be for the first 30 days? 


83. A job pays a salary of $24,000 the first year. During the 
next 19 years, the salary increases by 5% each year. What 
is the total lifetime salary over the 20-year period? Round 
to the nearest dollar. 


84. You are investigating two employment opportunities. 
Company A offers $30,000 the first year. During the 
next four years, the salary is guaranteed to increase by 
6% per year. Company B offers $32,000 the first year, 
with guaranteed annual increases of 3% per year after 
that. Which company offers the better total salary for a 
five-year contract? By how much? Round to the nearest 
dollar. 
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85. 


86. 


A pendulum swings through an arc of 20 inches. On 
each successive swing, the length of the arc is 90% of the 
previous length. 


20, 0.9(20), 0.97(20), 0.93(20), ... 


Ist 2nd 3rd 4th 
swing swing swing swing 


After 10 swings, what is the total length of the distance the 
pendulum has swung? Round to the nearest hundredth of 
an inch. 


A pendulum swings through an arc of 16 inches. On 
each successive swing, the length of the arc is 96% of the 
previous length. 


0.96(16), (0.96)7(16), (0.96)3(16), 


44 ® & 


After 10 swings, what is the total length of the distance the 
pendulum has swung? Round to the nearest hundredth of 
an inch. 


Use the formula for the value of an annuity to solve 
Exercises 87-92. Round answers to the nearest dollar. 


87. 


88. 


89. 


90. 


91. 


To save money for a sabbatical to earn a master’s degree, 

you deposit $2000 at the end of each year in an annuity 

that pays 7.5% compounded annually. 

a. How much will you have saved at the end of five 
years? 

b. Find the interest. 

To save money for a sabbatical to earn a master’s degree, 

you deposit $2500 at the end of each year in an annuity 

that pays 6.25% compounded annually. 

a. How much will you have saved at the end of five 
years? 

b. Find the interest. 

At age 25, to save for retirement, you decide to deposit 

$50 at the end of each month in an IRA that pays 5.5% 

compounded monthly. 

a. How much will you have from the IRA when you 
retire at age 65? 

b. Find the interest. 

At age 25, to save for retirement, you decide to deposit 

$75 at the end of each month in an IRA that pays 6.5% 

compounded monthly. 

a. How much will you have from the IRA when you 
retire at age 65? 

b. Find the interest. 

To offer scholarship funds to children of employees, a 

company invests $10,000 at the end of every three months 

in an annuity that pays 10.5% compounded quarterly. 
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a. How much will the company have in scholarship funds 
at the end of ten years? 


b. Find the interest. 


92. To offer scholarship funds to children of employees, a 
company invests $15,000 at the end of every three months 
in an annuity that pays 9% compounded quarterly. 


a. How much will the company have in scholarship funds 
at the end of ten years? 


b. Find the interest. 


Use the formula for the sum of an infinite geometric series to 
solve Exercises 93-95. 


93. A new factory in a small town has an annual payroll of 
$6 million. It is expected that 60% of this money will be 
spent in the town by factory personnel. The people in the 
town who receive this money are expected to spend 60% 
of what they receive in the town, and so on. What is the 
total of all this spending, called the total economic impact 
of the factory, on the town each year? 


94. How much additional spending will be generated by a 
$10 billion tax rebate if 60% of all income is spent? 


95. If the shading process shown in the figure is continued 
indefinitely, what fractional part of the largest square will 
eventually be shaded? 


Writing in Mathematics 
96. What is a geometric sequence? Give an example with 
your explanation. 
97. What is the common ratio in a geometric sequence? 
98. Explain how to find the general term of a geometric 
sequence. 
99. Explain how to find the sum of the first n terms of a 
geometric sequence without having to add up all the terms. 
100. What is an annuity? 
101. What is the difference between a geometric sequence 
and an infinite geometric series? 


102. How do you determine if an infinite geometric series has 
a sum? Explain how to find the sum of such an infinite 
geometric series. 

103. Would you rather have $10,000,000 and a brand new 
BMW or 1¢ today, 2¢ tomorrow, 4¢ on day 3, 8¢ on day 4, 
16¢ on day 5, and so on, for 30 days? Explain. 


104. 


For the first 30 days of a flu outbreak, the number of 
students on your campus who become ill is increasing. 
Which is worse: the number of students with the flu is 
increasing arithmetically or is increasing geometrically? 
Explain your answer. 


Technology Exercises 


105. 


106. 


Use the | SEQ | (sequence) capability of a graphing 
utility and the formula you obtained for a, to verify 
the value you found for a7 in any three exercises from 
Exercises 25-32. 


Use the capability of a graphing utility to calculate the 
sum of a sequence to verify any three of your answers to 
Exercises 39-44. 


In Exercises 107-108, use a graphing utility to graph the 
function. Determine the horizontal asymptote for the graph of 
f and discuss its relationship to the sum of the given series. 


107. 


108. 


Function Series 
xX 2 
1-65) |] 2+2(5) +2(3) 
3 3 3 
1) 7 1\3 
i= 3 + 2(2) ote eens 
Function Series 
4[1 — (0.6)"] 4 + 4(0.6) + 4(0.6)? 
IO) = ~T06 + A(O.6)? toe 


Critical Thinking Exercises 


Make Sense? In Exercises 109-112, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


109. 


110. 


111. 


112. 


There’s no end to the number of geometric sequences 
that I can generate whose first term is 5 if I pick 
nonzero numbers r and multiply 5 by each value of r 
repeatedly. 


I’ve noticed that the big difference between arithmetic 
and geometric sequences is that arithmetic sequences are 
based on addition and geometric sequences are based on 
multiplication. 


I modeled California’s population growth with a 
geometric sequence, so my model is an exponential function 
whose domain is the set of natural numbers. 


T used a formula to find the sum of the infinite geometric 
series3 + 1 + ; + § +--+ and then checked my answer 
by actually adding all the terms. 


In Exercises 113-116, determine whether each statement is true 
or false. If the statement is false, make the necessary change(s) 
to produce a true statement. 


113. 


The sequence 2,6, 24,120,... 
geometric sequence. 


is an example of a 
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114. 


115. 


116. 


117. 


118. 
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The sum of the geometric series 5+ f+ %+--: 4 oe 


can only be estimated without knowing precisely what 
terms occur between g and <5. 


oo 10 

10-54 = 
2 4 

tee 

D 


If the nth term of a geometric sequence is a,, = 3(0.5)""1, 
the common ratio is 5. 


In a pest-eradication program, sterilized male flies are 
released into the general population each day. Ninety 
percent of those flies will survive a given day. How many 
flies should be released each day if the long-range goal 
of the program is to keep 20,000 sterilized flies in the 
population? 

You are now 25 years old and would like to retire at 
age 55 with a retirement fund of $1,000,000. How much 
should you deposit at the end of each month for the 
next 30 years in an IRA paying 10% annual interest 
compounded monthly to achieve your goal? Round to the 
nearest dollar. 


Review Exercises 


119. 


120. 


121. 


Simplify: V28 — 3V7 + V63. 
(Section 7.4, Example 2) 
Solve: 2x? = 4 — x. 


(Section 8.2, Example 2) 


6 
Rationalize the denominator: ———————. 
V3- V5 


(Section 7.5, Example 5) 


Preview Exercises 


Exercises 122-124 will help you prepare for the material 
covered in the next section. 


Each exercise involves observing a pattern in the expanded 
form of the binomial expression (a + b)". 


(a+ b)'=a+b 

(a + bY = a* + 2ab + b’ 

(a + b)? = a? + 3a*b + 3ab? + BF 

(a + b)* = a* + 4a°b + 6a*b? + 4ab? + bt 

(a + bp =a? + 5a*b + 10a*b? + 10a7b? + Sab* + BD? 

122. Describe the pattern for the exponents on a. 

123. Describe the pattern for the exponents on b. 

124. Describe the pattern for the sum of the exponents on the 


variables in each term. 
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MID-CHAPTER CHECK POINT Section 11.1-Section 11.3 


What You Know: We learned that a sequence is a 
function whose domain is the set of positive integers. In 
an arithmetic sequence, each term after the first differs 
from the preceding term by a constant, the common difference, d. 
In a geometric sequence, each term after the first is obtained 
by multiplying the preceding term by a nonzero constant, the 
common ratio, r. We found the general term of arithmetic 
sequences [a, = a, + (n — 1)d] and geometric sequences 
[a, = a;r" |] and used these formulas to find particular terms. 
We determined the sum of the first n terms of 


arithmetic sequences |, a 7 (a1 ae a | and geometric 


a,(1 — r") : ; 
sequences | S,, = a . Finally, we determined the sum 
=F 
of an infinite geometric series, a; + ayr + ayr? + ay? +--+, if 
ay 
-1<r<1(S= 
Loy 


In Exercises 1-3, write the first five terms of each sequence. Assume 
that d represents the common difference of an arithmetic sequence 
and r represents the common ratio of a geometric sequence. 


n 
(n — 1)! 
2. a4, =5,d =—3 
3. a, =5,r=—3 


1. a, = (1 


In Exercises 4-6, write a formula for the general term (the nth term) 
of each sequence. Then use the formula to find the indicated term. 


4. 2 6, 10, 14, +2349 


5, 3618, ans vagy 


31 
6. p bez Os - 5.30 


7. 


10. 


Find the sum of the first ten terms of the 
5, 10, 20, 40,.... 

Find the sum of the first 50 terms 
20, 2 Ava 5% 

Find the sum of the first ten terms 
—20, 40, —80, 160,.... 

Find the sum of the first 100 terms 
4,—2,—8,—-14,.... 


sequence: 
of the sequence: 
of the sequence: 


of the sequence: 


In Exercises 11-14, find each indicated sum. 


11. 


13. 


15. 
16. 


17. 


18. 


4 50 
al + 4)(i — 1) 12. 2 Gi — 2) 


(2) = 33) 


Express 0.45 as a fraction in lowest terms. 


Express the sum using summation notation. Use i for the 
index of summation. 


A skydiver falls 16 feet during the first second of a dive, 
48 feet during the second second, 80 feet during the third 
second, 112 feet during the fourth second, and so on. Find the 
distance that the skydiver falls during the 15th second and the 
total distance the skydiver falls in 15 seconds. 

If the average value of a house increases 10% per year, how 
much will a house costing $500,000 in year 1 be worth in 
year 9? Round to the nearest dollar. 


Objectives 


1 | Evaluate a binomial 
coefficient. 


2 | Expand a binomial ) 
raised to a power. 


3 | Find a particular term in 
a binomial expansion. 


The Binomial Theorem 


Galaxies are groupings of billions of stars 
bound together by gravity. Some galaxies, 
such as the Centaurus galaxy shown 
here, are elliptical in shape. 


Is mathematics discovered or 
invented? For example, planets 
revolve in elliptical orbits. Does 
that mean that the ellipse is out 
there, waiting for the mind to discover 
it? Or do people create the definition 
of an ellipse just as they compose a 


1 | Evaluate a binomial 
coefficient. 


Using Technology 


Graphing utilities can 
compute binomial 
coefficients. For example, 


; 6 oe 
to find > many utilities 
require the sequence 


6 | nCr | 2 | ENTER |. 


The graphing utility will 
display 15. Consult your 
manual and verify the other 
evaluations in Example 1. 


SECTION 11.4 The Binomial Theorem 857 


song? And is it possible for the same mathematics to be discovered/invented by 
independent researchers separated by time, place, and culture? This is precisely 
what occurred when mathematicians attempted to find efficient methods for raising 
binomials to higher and higher powers, such as 


(x + 2)7, (x + 2)4, (x + 2), (x + ae 


and so on. In this section, we study higher powers of binomials and a method first 
discovered/invented by great minds in Eastern and in Western cultures working 
independently. 


Binomial Coefficients 


Before turning to powers of binomials, we introduce a special notation that uses 
factorials. 


Definition of a Binomial Coefficient (") 


as AYE é : n 
For nonnegative integers n and r, with n = r, the expression ( ) (read “n above r’”) 
is called a binomial coefficient and is defined by 4 


n n! 
(") 2 aa) 


The symbol ,,C, is often used in place of (") to denote binomial coefficients. 
r 


Can you see that the definition of a binomial coefficient involves a fraction with 
factorials in the numerator and the denominator? When evaluating such an expression, 
try to reduce the fraction before performing the multiplications. For example, consider 


a Rather than writing out 26! as the product of all integers from 26 down to 1, we can 
express 26! as 


26! = 26°25+24+23+22°21!. 


In this way, we can divide both the numerator and the denominator by the common 
factor, 21!. 


26! — 26°25-24-23+22-2141 
21! 2a 


| EXAMPLE 1 | Evaluating Binomial Coefficients 


Evaluate: 


-() =0) =Q) <0) 


Solution In each case, we apply the definition of the binomial coefficient. 


6) 6! SH 
whe) 26-2) 4l  2-ieat 


3 3! a 
 (5)= a coy “opr 1! 


Remember that 0! =1. 


= 26°25-24+23+22 = 7,893,600 
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A 
-\3/7 310-3! 3161 3-2-1-6F 

4 4! a1 
i (\-n4{- 47} aie 


/| CHECK POINT 1 Evaluate: 


©) Expand a binomial The Binomial Theorem 


raised to a power. When we write out the binomial expression (a + b)", where n is a positive integer, 


a number of patterns begin to appear. 
(a+ b)'=at+b 
(a + b)* = a? + 2ab + b* 
(a + b) = a? + 3a*b + 3ab? + BD? 
(a + b)* = at + 4a°b + 6a7b? + 4ab? + b4 
(a + b) = a> + Sab + 10a°b* + 10a7b? + S5ab* + b° 


Each expanded form of the binomial expression is a polynomial. Observe the following 
patterns: 


1. The first term in the expansion of (a + b)" isa”. The exponents on a decrease by 1 in 
each successive term. 


2. The exponents on b in the expansion of (a + 6b)” increase by 1 in each successive 
term. In the first term, the exponent on b is 0. (Because b° = 1, b is not shown in 
the first term.) The last term is b”. 


3. The sum of the exponents on the variables in any term in the expansion of (a + b)” 
is equal to n. 


4. The number of terms in the polynomial expansion is one greater than the power of 
the binomial, 1. There are n + 1 terms in the expanded form of (a + b)”. 


Using these observations, the variable parts of the expansion of (a + b)° are 
a®, ab, ab’, a®b?, a*b*, ab’, b°. 


The first term is a°, with the exponents on a decreasing by 1 in each successive term. 
The exponents on b increase from 0 to 6, with the last term being b°. The sum of the 
exponents in each term is equal to 6. 

We can generalize from these observations to obtain the variable parts of the 
expansion of (a + b)”". They are 


Exponents on a are 
decreasing by 1. 


a”, ab, a™?b’, a™b’,..., ab™, — b", —_Exponents on b are 
increasing by 1. 


Sum of exponents: Sum of exponents: Sum of exponents: 
n-1+1=n n-3+3=n {+n-t=n 


If we use binomial coefficients and the pattern for the variable part of each term, 
a formula called the Binomial Theorem can be used to expand any positive integral 
power of a binomial. 


Using Technology 


You can use a graphing 
utility’s table feature to find 
the five binomial coefficients 
in Example 2. 


i 
rs 
3 
4 
5 
6 
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A Formula for Expanding Binomials: The Binomial Theorem 


For any positive integer n, 


(apy "Nant ("lane + (7 lar-2p2 + (7 lar-3p3 +. + (7 Jor 
0 1 2 3 n 


. n = 
= ("a b’. 


| EXAMPLE 2 | Using the Binomial Theorem 


Expand: (x + 2)*. 


Solution We use the Binomial Theorem 


(a+ by =(" lan + (" Jantp + (7% Jann? + (7 Jar 3p3 +. + (Jon 
0 1 2 3 n 


to expand (x + 2)*. In (x + 2)*,a = x,b = 2, andn = 4. In the expansion, powers of 
x are in descending order, starting with x*. Powers of 2 are in ascending order, starting 
with 2°. (Because 2° = 1, a2 is not shown in the first term.) The sum of the exponents 
on x and 2 in each term is equal to 4, the exponent in the expression (x + 2)*. 


(x + 2)* = (3) + As “2+ (3) -2? + (3): 2+ (ie 


These binomial coefficients are evaluated using (‘,) = AREA 


ia, Mos AY ogy 4b 4! 
0!4! 


+ xree2t+ x x-8+ — -:16 
1!3! 2!2! 3!1! 4!0! 


at Asa or 
AALS PeCyEoy] fz = 


Take a few minutes to verify the other factorial evaluations. 


1-x4 4+ 4x°-2 + 6x7-4 4+ 4x-8+1-16 
=x'4+ 84 24x? + 32x +16 OO 


\/| CHECK POINT2 Expand: (x + 1). 


| EXAMPLE 3 | Using the Binomial Theorem 
Expand: (2x — y). 


Solution Because the Binomial Theorem involves the addition of two terms raised 
to a power, we rewrite (2x — y)° as [2x + (—y)}. We use the Binomial Theorem 


n n n n n 
+b)" = ny mth + n—2p? + Oe as ae ee 
ial os aaa) eae) Meal) 


to expand [2x + (—y)}. In [2x + (-y)]}>, a = 2x, b = —y, andn = 5. In the expansion, 
powers of 2x are in descending order, starting with (2x)°. Powers of —y are in ascending 
order, starting with (—y)°. [Because (—y)° = 1, a —y is not shown in the first term.] 
The sum of the exponents on 2x and —y in each term is equal to 5, the exponent in the 
expression (2x — y)°. 
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(2x — y)° = [2x + (-y)P 
= (5 han? + (Famer + ( Jamreoy + (5 amcor + (Z)ancay + (3) 


Evaluate binomial coefficients using (’,) = soe 


°! Fx) (-y) + Pa x)-y)? + Se 2x*Ry)? + Fay)! + Sa(-y)? 


~ O!5! 


(2x)? + 


Tae Se 
213! ESAs sii 
Take a few minutes to verify the other factorial evaluations. 


= 1(2x)? + 5(2x)*(-y) + 10(2x)?(—y)* + 10(2x)*(-y)? + 5(2x)(—y)* + 1(-y)? 
Raise both factors in these parentheses to the indicated powers. 
= 1(32x°) + 5(16x*)(—y) + 10(8x°)(—y)? + 10(4x7)(-y)? + 5(2x)(-y)* + 1(-y)° 


Now raise —y to the indicated powers. 


= 1(32x°) + 5(16x*)(—y) + 10(8x*)y? + 10(4x”)(—y?) + 5(2x)y* + 1(-y°) 


Multiplying factors in each of the six terms gives us the desired expansion: 


(2x — y)? = 32x° — 80x*y + 80x3y — 40x2y3 + 10xy*— y°. 


/| CHECK POINT3 Expand: (x — 2y)>. 


EB Finda particular termin Finding a Particular Term in a Binomial Expansion 


Oar en pallelan: By observing the terms in the formula for expanding binomials, we can find a formula 
for finding a particular term without writing the entire expansion. 


ist term 2nd term 3rd term 


1\ nyo NY tpl N\ 1-272 
("Jer (") b (") b 


The exponent on b is 1 less than the term number. 


Based on the observation in the bottom voice balloon, the (r + 1)st term of the 
expansion of (a + b)” is the term that contains b’. 


Finding a Particular Term in a Binomial Expansion 
The (r + 1)st term of the expansion of (a + b)” is 


("err 
if 


Blitzer Bonus 
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| EXAMPLE 44 | Finding a Single Term of a Binomial Expansion 


Find the fourth term in the expansion of (3x + 2y)’. 


Solution The fourth term in the expansion of (3x + 2y)’ contains (2y)*. To find the 
fourth term, first note that 4 = 3 + 1. Equivalently, the fourth term of (3x + 2y)’ is 
the (3 + 1)st term. Thus, r = 3,a = 3x, b = 2y, and n = 7. The fourth term is 


(Jenene = (3 axa = a7 onteyy 


! 
Use the formula for We use (7) aad art 
the (r + 1)st term of tovevaluata Gy 
(a+ b)": 
(G\ateibre 


Now we need to evaluate the factorial expression and raise 3x and 2y to the indicated 
powers. We obtain 


7) 7T°6°5°4t 
3! 4! 3-2-1:4F 
The fourth term of (3x + 2y)’ is 22,680x*y*. = 


(81x*)(8y*) = (81x*)(8y*) = 35(81x*)(8y*) = 22,680x*y?. 


|[“| CHECK POINT 4 Find the fifth term in the expansion of (2x + y)’. 


The Universality of Mathematics 


Pascal’s triangle is an array of numbers showing coefficients of the terms in the expansions of (a + b)". Although credited to 
French mathematician Blaise Pascal (1623-1662), the triangular array of numbers appeared in a Chinese document printed in 
1303. The Binomial Theorem was known in Eastern cultures prior to its discovery in Europe. The same mathematics is often 
discovered/invented by independent researchers separated by time, place, and culture. 


Binomial Expansions Pascal’s Triangle Chinese Document: 1303 
(a+ b)°=1 Coefficients in the Expansions 

(a+ b)!'=a+b 1 Hr Hr ws 
(a + b)* = a* + 2ab + Bb? il 4 a 
(a + b)’ = a? + 3a’b + 3ab* + BD 121 

(a + b)* = at + 4a°b + 6a7b? + 4ab? + bt il 22h Al 

(a + bp =a? + 5a*b + 10a°b? + 10a*b? + Sab* + b> i ad 6 4 i 


i © is 2d is © i 
i 7 2 8 25 Bl 7 i 
i & 2s 30 70 30 Bs Ml 


Achieving Success 


As you continue taking college math courses, remember that you are expected to study 
and do homework for at least two hours for each hour of class time. In order to make 
education a top priority, be consistent in the time and location for studying. Arrange your 
schedule so that you can work in a quiet location without distractions and at a time when 
you are alert and best able to study. Do this on a regular basis until the routine of studying 
and doing homework becomes familiar and comfortable. 
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CONCEPT AND VOCABULARY CHECK 


Fill in each blank so that the resulting statement is true. 


1. (") is called a/an coefficient. 


5 
4. (e+2)°= (8) + x42 + xo-2? + x? +2 + x 24+ <2 


5. (a+ by" = @ + a" 'b + a" 2p? + gt-3p8 fees pr 


The sum of the exponents on a and b in each term is 


6. The formula in Concept Check 5 is called the Theorem. 


7. The (r + 1)st term of the expansion of (a + b)" is 6 
r 


11.4 EXERCISE SET [MYM Eten) Ble mre 


Practice Exercises 23. (c + 2) 
In Exercises 1-8, evaluate the given binomial coefficient. 24. (c + 3) 
By (3) @ 25. (x — 1) 
ile 2. 3. 
3 2 1 26. (x — 2) 
11 6 1S) —yyp 
4, ( ) 5. ( ) 6. ( ) 2 Oe =) 
1 6 2 28. (x — 3y) 
2 98 

30. (a + 2b)° 


In Exercises 9-30, use the Binomial Theorem to expand each 
binomial and express the result in simplified form. 


9. (@ +2) In Exercises 31-38, write the first three terms in each binomial 
10. (x + 4)° expansion, expressing the result in simplified form. 
11. (3x + yp 31. (x + 2)8 
12. (x + 3y) 32. (x + 3)8 
13. (5x — 1)? 33. (x — 2y)'? 
14. (4x - 1) 34. Ge = 2yy 
15. (2x + 1)4 55. 4 1)" 
16. (3x + 1) 36. (x? +1)" 
dite Oy) a7, yo 1) 
21 
18. (x? + y) 38, (7° = 1) 
19; (= 3) 
20 : : 4 In Exercises 39-48, find the indicated term in each expansion. 
ee 4 39. (2x + y)®; third term 
A (2 = 1) ie 
22. (2x5 — 1) 40. (x + 2y)”; third term 


41. (x — 1)’; fifth term 


42. (x — 1)"; fifth term 

43. (x? + yy’; sixth term 
44, (x3 + yy’; sixth term 
45. (x = ie fourth term 
46. (x te 5)8. fourth term 


47. (x7 + y)”; the term containing y'4 


48. (x + 2y)'°: the term containing y° 
Practice PLUS 


In Exercises 49-52, use the Binomial Theorem to expand each 
expression and write the result in simplified form. 


49. (x° + — 


50. (x? + xy 


1 i 
oy ie l| [eves 2 ee) 


2 (1 =) 
a ee 
Wx 


Exercises 53-54 involve expressions containing i, where 
i = V-1. Expand each expression and use powers of i to 
simplify the result. 


53. (-1 + iV3)3 54. (-1 - V3)? 


See I) = Tee 
In Exercises 55-56, find A ? fe) and simplify. 
55. f(x) =x4t+7 
56. f(x) =x +8 
10 
57. Find the middle term in the expansion of € oF * : 
a 


ll 12 
58. Find the middle term in the expansion of € = ) : 


Application Exercises 


The graph shows that U.S. smokers have a greater probability 
of suffering from some ailments than the general adult 
population. Exercises 59-60 are based on some of the 
probabilities, expressed as decimals, shown to the right of 

the bars. In each exercise, use a calculator to determine the 
probability, correct to four decimal places. 


Probability That United States Adults Suffer from Various Ailments 
MM Tobacco-Dependent Population J General Population 


0.28 
0.12 
0.20 
0.10 
0.19 
0.08 
0.14 
0.07 
| L i 1 


Depression 


Frequent 
Hangovers 


Anxiety/Panic 
Disorder 


Severe 
Pain 


| | 
0 0.05 O10 O15 0.20 0.25 0.30 


Probability 


Source: MARS 2005 OTC/DTC Pharmaceutical Study. 
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If the probability an event will occur is p and the probability it 
will not occur is q, then each term in the expansion of (p + q)" 
represents a probability. 


59. The probability that a smoker suffers from depression is 
0.28. If five smokers are randomly selected, the probability 
that three of them will suffer from depression is the third 
term of the binomial expansion of 


5 smokers 
(0.28 + 0 725 are selected. 


A \ 
Probability a Probability a 
smoker suffers smoker does not 
from depression suffer from depression 


What is this probability? 


60. The probability that a person in the general population 
suffers from depression is 0.12. If five people from the 
general population are randomly selected, the probability 
that three of them will suffer from depression is the third 
term of the binomial expansion of 


5 people from the general 
(0.12 + 0 8s)> population are selected. 


A \ 


Probability a person in Probability a person in 
the general population the general population does 
suffers from depression not suffer from depression 


What is this probability? 


Writing in Mathematics 


61. Explain how to evaluate ( ) Provide an example with 
le 

your explanation. 

62. Describe the pattern in the exponents on a in the expansion 
of (a + b)”. 

63. Describe the pattern in the exponents on b in the expansion 
ofa b) ic 

64. What is true about the sum of the exponents on a and b in 
any term in the expansion of (a + b)'"? 


65. How do you determine how many terms there are in a 
binomial expansion? 


66. Explain how to use the Binomial Theorem to expand a 
binomial. Provide an example with your explanation. 


67. Explain how to find a particular term in a binomial 
expansion without having to write out the entire expansion. 


Technology Exercises 


68. Use the | nCr | key on a graphing utility to verify your 
answers in Exercises 1-8. 
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In Exercises 69-70, graph each of the functions in the same 
viewing rectangle. Describe how the graphs illustrate the 
Binomial Theorem. 


69. f\(x) = (x + 2) 
f(x) = x? + 6x? 
fs(x) = x7 + 6x? + 12x + 8 
Use a [—10, 10, 1] by [-30, 30, 10] viewing rectangle. 


fila) =x 


falx) = 0° + 6x? + 12x 


filx) = _ 


falx) = x4 + 4x? + 6x? 


70. f(x) = (x + 1)4 
f(x) = x4 + 4x3 
fs(x) = x4 + 4x? + 6x? + 4x 
fox) = x4 + 4x3 + Ox? + 4x 4-1 
Use a [—5S, 5, 1] by [-30, 30, 10] viewing rectangle. 


In Exercises 71-73, use the Binomial Theorem to find a 
polynomial expansion for each function. Then use a graphing 
utility and an approach similar to the one in Exercises 69 and 70 
to verify the expansion. 


TA. fie) — (& — 1)? 
72. fix) = (x - 2)! 
735 file) — (wet QP 


Critical Thinking Exercises 


Make Sense? In Exercises 74-77, determine whether each 
statement “makes sense” or “does not make sense” and explain 
your reasoning. 


74. In order to expand (x? — yy. I find it helpful to rewrite 
the expression inside the parentheses as x* + (—y*). 


75. Without writing the expansion of (x — 1)°, I can see that 
the terms have alternating positive and negative signs. 
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76. [use binomial coefficients to expand (a + b)", where (") 


is the coefficient of the first term, is the coefficient of 


the second term, and so on. 


: : F Be fl 
77. One of the terms in my binomial expansion is @ Beye. 


In Exercises 78-81, determine whether each statement is true or 
false. If the statement is false, make the necessary change(s) to 
produce a true statement. 
78. The binomial expansion for (a + b)"containsn terms. 
79. The Binomial Theorem can be written in condensed form 
en 
wot apn Sey 
r=0\7 
80. The sum of the binomial coefficients in (a + b)” cannot 
be 2”. 
81. There are no values of a and b such that 
(a + b)* = at + bt. 
82. Use the Binomial Theorem to expand and then simplify 


the result: (x? + x + 1)°. [Hint: Write x7 + x +1 as 
x? + (x + 1), 


83. Find the term in the expansion of (x* + yy containing x4 
as a factor. 


Review Exercises 

84. If f(x) = x* + 2x + 3, find f(a + 1). 
(Section 5.2, Example 11) 

85. If f(x) =x? + 5x and g(x) = 2x — 3, find f(g(x)) and 
g(f(x)). 
(Section 9.2, Example 1) 


aie ol 


86. Subtract: A : 
Die 2 A 


or 


(Section 6.2, Example 7) 


GROUP PROJECT 


Group members serve as a financial team analyzing the three options given to the 
professional baseball player described in the chapter opener on page 819. As a 
group, determine which option provides the most amount of money over the six-year 
contract and which provides the least. Describe one advantage and one disadvantage 
to each option. 
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Chapter 11 Summary 


Definitions and Concepts Examples 


Section 11.1 Sequences and Summation Notation 


An infinite sequence {a,} is a function whose domain is the i anaes 
set of positive integers. The function values, or terms, are General term: a, = aoa 
represented by Ci ihe 
41,42, 43,44,... ,Ay,---- Ua 3 = » C= 23 = a9 
Poe ol) eee ieee ee 
ae eae 2 a Ae 


First four terms are —1, a _ a and ar: 


6! = 6:5+4+3+2+1 = 720 
A= ee iG 


Factorial Notation 
n! = n(n — 1)(n — 2)--: (3)(2)) and O! =1 


Summation Notation g 
a YW - 4) 
n n i n 1 1=3 
(= (0) oe ly are Gi ae aint im (he 
ae aca es = (327-4) + (#- 4) + (8-4 46-4 4+(7-4) 


In the summation shown here, i is the index of summation, 
nis the upper limit of summation, and 1 is the lower limit of 
summation. 


= (l= 4 (16 4) es = ayn 36 = 4) 9 = A) 
= 5 12 4 21 + 32 445 
= 115 


Section 11.2 Arithmetic Sequences 


In an arithmetic sequence, each term after the first differs 
from the preceding term by a constant, the common 
difference. Subtract any term from the term that directly 
follows it to find the common difference. 


Find the general term and the tenth term: 


Sheep lial 5 seaege 


eh Ramen 


Using a, = a, + (n — 1)d, 


General Term of an Arithmetic Sequence 


The nth term (the general term) of an arithmetic sequence 


with first term a, and common difference d is Cia rae = Da oa — 4 
a, = a, + (n — 1). The general term is a, = 4n — 1. 
The tenth term is aj) = 4°10 — 1 = 39. 
The Sum of the First n Terms of an Arithmetic Sequence Find the sum of the first ten terms: 
The sum, S,,, of the first n terms of an arithmetic sequence is DASSt a aoe 
given by 
[a,=2] |d@=5-2=3] 


n 
Sp = 3 (41 ar ay) 


in which a, is the first term and a,, 1s the nth term. 


First find aj9, the 10th term. Using a, = a, + (n — 1)d, 


oe) 


ee 9h dee) 93) 


Find the sum of the first ten terms using 


n 
Si = 5 m1 cs ay). 
1 


0 
S19 = 5 (a, + 


40) = (2 t 


29) = 5(31) = 155 
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Definitions and Concepts Examples 


Section 11.3 Geometric Sequences and Series 


In a geometric sequence, each term after the first is obtained Find the general term and the ninth term: 
by multiplying the preceding term by a nonzero constant, the 3 
common ratio. Divide any term after the first by the term that 1D =O, 8 = Boe 
directly precedes it to find the common ratio. ? 
General Term of a Geometric Sequence 
The nth term (the general term) of a geometric sequence Using a, = ayr", 
with first term a, and common ratio r is 4 
i, = ani = 12(- >) is the general term. 


The ninth term is 


12 a 12 +) 12 3 
= 2 2 356 64° 


The Sum of the First n Terms of a Geometric Sequence ee 8 Ne 
The sum, S,,, of the first n terms of a geometric sequence is x > 
given by 
oe = 4-344-344-3394 --44-3% 
2 ay( i) A 
- lea, a, = 12 r= tik a3 
in which a; is the first term and r is the common ratio (r # 1). ; 
Cea ee 
Using S, = = = ) 
aac 
a (x aman 
The Sum of an Infinite Geometric Series Find the sum: 
If—1 <r < 1 (equivalently, |r| < 1), then the sum of the 6 6 6 


infinite geometric series 
a, + ay + ayr? 


5 ee 
in which @, is the first term and r is the common ratio is 


given by 


ae ay Using S = —_ the sum is 
l=-P 
6 6 3 
If |r| = 1, the infinite series does not have a sum. Ss 1 2 6° ) . 
1 == 2 
5 3} 
Section 11.4 The Binomial Theorem 
Definition of a Binomial Coefficient 8\_ 8! _ & 
eyo) SU See © UE 
n n! 
("\- eo Sadatnel ee 
sho mo lo Saf 
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Definitions and Concepts Examples 


Section 11.4 The Binomial Theorem (continued) 


A Formula for Expanding Binomials: The Binomial Theorem Expand: (3x — y)* = [3x + (-y)]*. 
For any positive ee n, : = (San de (Janey 
(a+ by" = Qa ab (T\erto A A A 
+ (SJavtcy + (SJevtey : ( ‘ey 
~ (3 ert + @iaa feet ("or 
2 3 n = 1-81x4 + 4-27x3(—y) + 6-9x7y? + 4-3x(-y3) + 1-y* 
= 81x — 108x3y + 54x7y? — 12xy3 + y4 


Finding a Particular Term in a Binomial Expansion The 8th term, or (7 + 1)st term (r = 7), of (x + 2y)!is 
The (r + 1)st term in the expansion of (a + b)’ is (1) )x°7@yy 
("py i 
: = ( )seyy = 120x3- 128y7 
= 15,360x7y’. 


CHAPTER 11 REVIEW EXERCISES 


11.1. In Exercises 1-4, write the first four terms of each In Exercises 12-14, use the formula for the general term (the 
sequence whose general term is given. nth term) of an arithmetic sequence to find the indicated term 

1. a= 4 of each sequence. 

wnt+2 12. Find a, when a, = 5,d = 3. 
C= el) Fee | 13. Find a,, when a, = —8, d = —2. 
1 14. Find a,4 when a, = 14,d = —4. 
ee 
(n — 1)! In Exercises 15-18, write a formula for the general term (the 
Zs (-1)"*? nth term) of each arithmetic sequence. Then use the formula 
tn Qn for a,, to find ayy, the 20th term of the sequence. 
15: =e Sel, Ohne 

In ee 5-6, find each indicated ae 16. a, = 200,d = —20 

5. Yer — 3) 6. yoy i ae a -; 

F : : : ihe dst =O ane 
In Exercises 7-8, express each sum using summation notation. Use e z e : : : 
i for the index of summation. 19. Find the sum of the first 22 terms of the arithmetic 
1 ee | 15 sequence? 5, 12,195 26,.....: 
7. 5 he a 20. Find the sum of the first 15 terms of the arithmetic 
Sequence;— 6.3.10) 3 .0- ar 
Bae Sarees as 21. Find 3+6+9+--- + 300, the sum of the first 100 
positive multiples of 3. 

11.2. In Exercises 9-11, write the first six terms of each In Exercises 22-24, use the formula for the sum of the first 
arithmetic sequence. n terms of an arithmetic sequence to find the indicated sum. 


9. a4,=7,d=4 


16 25 
3 Lr i an 
10. a, =—-4,d =—5 22 2, Gi 2) 23 yi 2i + 6) 


30 
th = = SS 24. > C51) 
i=1 
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25. The graphic indicates that there are more eyes at school. 


Percentage of United States Students Ages 12-18 
Seeing Security Cameras at School 


Source: U.S. Department of Education 


In 2001, 39% of students ages 12-18 reported seeing one 

or more security cameras at their school. On average, this 

has increased by approximately 4.75% per year since then. 

a. Write a formula for the nth term of the arithmetic 
sequence that describes the percentage of students ages 
12-18 who reported seeing security cameras at school 
n years after 2000. 

b. Use the model to project the percentage of students 
ages 12-18 who will report seeing security cameras at 
school by the year 2013. 

26. A company offers a starting salary of $31,500 with raises 
of $2300 per year. Find the total salary over a ten-year 
period. 

27. A theater has 25 seats in the first row and 35 rows in all. 
Each successive row contains one additional seat. How 
many seats are in the theater? 


11.3 In Exercises 28-31, write the first five terms of each 
geometric sequence. 


28. a, =3,r=2 


29. ay = 


1 
30. a, = TS 


31. a, =—-5,r=-1 


In Exercises 32-34, use the formula for the general term (the 
nth term) of a geometric sequence to find the indicated term of 
each sequence. 


32. Find az when a, = 2,r = 3. 
or. 
=3,r = 2. 


33. Find ag when a, 


34. Find a; when a, 


In Exercises 35-37, write a formula for the general term (the 
nth term) of each geometric sequence. Then use the formula for 
a, to find ag, the eighth term of the sequence. 


cs 
36. 100,10, Tey, es 
37. 12,-4,3,-§,... 
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38. Find the sum of the first 15 terms of the geometric 
sequence: 5,—15, 45,—135,.... 


39. Find the sum of the first 7 terms of the geometric sequence: 
Sea ler ceas 


In Exercises 40-42, use the formula for the sum of the first 
n terms of a geometric sequence to find the indicated sum. 


6 ff 
40. >)5' At. > 3-2) 
i=1 ia 
5 1 ell 
42. >(4) 
Ai \4 


In Exercises 43-46, find the sum of each infinite geometric series. 


1 
Bs 
A Sea se 

; ae 
8 16 

45. -6 +4 . 
3 9) 


46. >)5(0.8)' 
i=1 


In Exercises 47-48, express each repeating decimal as a fraction 
in lowest terms. 
47. 0.6 48. 0.47 


49. Projections for the U.S. population, ages 85 and older, are 
shown in the following table. 


Year 2000 | 2010 | 2020 | 2030 | 2040 | 2050 


Projected Population | 45 | 59 | 93 | 11.6 | 162 | 227 


in millions 
Actual 2000 population 


Source: U.S. Census Bureau 


a. Show that the U.S. population, ages 85 and older is 
projected to increase geometrically. 


b. Write the general term of the geometric sequence 
describing the U.S. population ages 85 and older, in 
millions, m decades after 1990. 


c. Use the model in part (b) to project the U.S. population, 
ages 85 and older, in 2080. 


50. A job pays $32,000 for the first year with an annual increase 
of 6% per year beginning in the second year. What is 
the salary in the sixth year? What is the total salary paid 
over this six-year period? Round answers to the nearest 
dollar. 


In Exercises 51-52, use the formula for the value of an annuity 

and round to the nearest dollar. 

51. You spend $10 per week on lottery tickets, averaging 
$520 per year. Instead of buying tickets, if you deposited 
the $520 at the end of each year in an annuity paying 6% 
compounded annually, 
a. How much would you have after 20 years? 


b. Find the interest. 


52. To save for retirement, you decide to deposit $100 at the 
end of each month in an IRA that pays 5.5% compounded 
monthly. 

a. How much will you have from the IRA after 
30 years? 
b. Find the interest. 

53. A factory in an isolated town has an annual payroll of 
$4 million. It is estimated that 70% of this money is spent 
within the town, that people in the town receiving this 
money will again spend 70% of what they receive in the 
town, and so on. What is the total of all this spending in the 
town each year? 


11.4 In Exercises 54-55, evaluate the given binomial 


coefficient. 
ae 90 
2 


54. (7) 
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In Exercises 56-59, use the Binomial Theorem to expand each 
binomial and express the result in simplified form. 


56. (2x + 1)° 


57. (x? — 1)4 
58. (x + 2y) 
59. (x — 2)° 


In Exercises 60-61, write the first three terms in each binomial 
expansion, expressing the result in simplified form. 


60. (x* + 3) 
61. (x — 3)’ 
In Exercises 62-63, find the indicated term in each expansion. 


62. (x + 2)°; fourth term 
63. (2x — 3)°; fifth term 


Step-by-step test solutions are found on the Chapter Test Prep Videos 


CHAPTER 11 TEST 4 Test Prep ie sae ea or on You): (search “BlitzerInterAlg” and click 


1. Write the first five iets of the sequence whose general 
Giles 


n2 


term isa, = 


5 
2. Find the indicated sum: )(i? + 10). 
I 


3. Express the sum using summation notation. Use i for the 
index of summation. 


In Exercises 4-5, write a formula for the general term (the 
nth term) of each sequence. Then use the formula to find the 
twelfth term of the sequence. 


4. 4,9,14,19,... 
5. 16,4, 1,555.5; 


In Exercises 6-7, use the formula for the sum of the first 
n terms of an arithmetic sequence. 


6. Find the sum of the first ten terms of the arithmetic 
Sequence: 7. 14S ae 
20 
7. Find >) Gi = 4). 
i=1 


In Exercises 8-9, use the formula for the sum of the first 
n terms of a geometric sequence. 


8. Find the sum of the first ten terms of the geometric 
sequence: 7, —14, 28, —56,.... 


15 
9. Find 5} (-2'. 
1 
10. Find the sum of the infinite geometric series: 


Te ees 
2. 9 9? . 


11. Express 0.73 in fractional notation. 


12. A job pays $30,000 for the first year with an annual increase 
of 4% per year beginning in the second year. What is the 
total salary paid over an eight-year period? Round to the 
nearest dollar. 


13. Evaluate: (>). 


14. Use the Binomial. Theorem to expand and simplify: 
(x? — 1p. 

15. Use the Binomial Theorem to write the first three 
terms in the expansion and simplify: (x + yy. 


870 CHAPTER 11 


Sequences, Series, and the Binomial Theorem 


CUMULATIVE REVIEW EXERCISES (CHAPTERS 1-11) 


In Exercises 1-10, solve each equation, inequality, or system. 


1. 


2 
3. 
4 


V2x+5—-Vx+3=2 


. («x — 5 =-49 


vrt+x>6 


. 6x — 3(5x + 2) = 4(1 — x) 


2 3 12 
x-3 x+3  x-9 


6 3x +2<4and4-x>1 


9 


10. 


3x -2y+ z= 7 
2x+3y- z=13 
x- yt2z=-6 


logo x + logo(x — 8) = 1 


eae 
3x? + 4y* = 16 
a 
x-y=6 


In Exercises 11-15, graph each function, equation or inequality 
in a rectangular coordinate system. 


11. 
12. 
13. 


14. 


15. 


fiz) = @+2y =4 
y<—-3x +5 
i=" 
ey? 

ea 

16 4 . 
vri-y=9 


In Exercises 16-19, perform the indicated operations and 
simplify, if possible. 


16. 


17. 


18. 


19. 


2x +1 4 
x-5  x?-3x- 10 
: +1 
eS 1 
1 
gasae 
6 


Vi-vVi 
8V45 + 2V5 — 7V20 


: : . 5 
20. Rationalize the denominator: ; : 
WV 2x7y 


21. Factor completely: Sax + Say — 4bx — 4by. 


1 
22. Write as a single logarithm: 5 log x — 2 log y. 


1.1 _1 
23. Solve for p: —+—=7-. 
pq f 


24. Find the distance between (6, —1) and (—3, —4). Round to 
two decimal places. 


5 
25. Find the indicatedsum: >) (i? — 4). 
7) 


26. Find the sum of the first 30 terms of the arithmetic 
sequence: 2, 6, 10, 14,.... 

27. Express 0.3 as a fraction in lowest terms. 

28. Use the Binomial Theorem to expand and _ simplify: 
(2x - y’y. 

In Exercises 29-31, find the domain of each function. 


2 
oar co x? + 2x — 15 


30. f(x) = V2x — 6 
31. f(x) = In(1 — x) 
32. The length of a rectangular garden is 2 feet more than 


twice its width. If 22 feet of fencing is needed to enclose 
the garden, what are its dimensions? 


33. With a 6% raise, you will earn $19,610 annually. What is 
your salary before this raise? 


34. The function F(t) = 1 — kIn(t + 1) models the fraction 
of people, F(t), who remember all the words in a list of 
nonsense words f hours after memorizing them. After 
3 hours, only half the people could remember all the 
words. Determine the value of k and then predict the 
fraction of people in the group who will remember all 
the words after 6 hours. Round to three decimal places 
and then express the fraction with a denominator of 1000. 


APPENDIX 


Where Did That Come 
From? Selected Proofs 


Section 9.4 Properties of Logarithms 


The Product Rule 
Let b, M, and N be positive real numbers with b # 1. 
log,(MN) = log, M + log, N 
Proof. We begin by letting log, M = R and log, N = S. 
Now we write each logarithm in exponential form. 


log, M=R means b* = M. 
log,N=S means b®° =N. 


By substituting and using a property of exponents, we see that 
MN = b8bS = pRts 
Now we change MN = b*** to logarithmic form. 
MN = bR*S means log,(MN) = R+ S. 
Finally, substituting log, M for R and log, N for S gives us 
log,(MN) = log, M + log, N, 


the property that we wanted to prove. 
The quotient and power rules for logarithms are proved using similar procedures. 


The Change-of-Base Property 


For any logarithmic bases a and 5, and any positive number M, 


Proof. To prove the change-of-base property, we let x equal the logarithm on the left 
side: 


log, M = x. 
Now we rewrite this logarithm in exponential form. 


log, M=x means b* = M. 


871 
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Because b* and M are equal, the logarithms with base a for each of these expressions 
must be equal. This means that 


log, b* = log,M 
x log, b = log, M 
_ log,M 

—_ log, 5 


Apply the power rule for logarithms on the left side. 


Solve for x by dividing both sides by log, b. 


In our first step we let x equal log, M. Replacing x on the left side by log, M gives us 


log, M 
log, b’ 


log, M = 


which is the change-of-base property. 


section 10.2 The Ellipse 


The Standard Form of the Equation of an Ellipse with a 
Horizontal Major Axis Centered at the Origin 


Proof. Refer to Figure A.1. 


d, + dy = 2a 


The sum of the distances from P 
to the foci equals a constant, 2a. 


Vixt+ ce? + y+ Vix- 0)? + y? = 2a 


Figure A.1 


Use the distance formula. 
V(x +c’ + y? =2a- V(x-c) + y* Isolate a radical. 
(x + c)? + y? = 4a? - 4aV/ (x — c)? + y? Square both sides. 
+ (x—c? + y? 
x? + 2cx + c? + y? = 4a? - daV (x — cP + y? Square x + candx— c. 
+ x? — 2ex + c? + y? 
Acx — 4a? = —daV/ (x —-cf+y? 


ex — a? =-aV(x-cf + y? 


(cx — ay =a[(x —c) + y’] 


Simplify and isolate the radical. 
Divide both sides by 4. 
Square both sides. 


2x? — 2a?cx + at = a(x? — 2cx + c? + y’) Square cx — a” andx — «. 


c7x? — 2a2cx + at = a?x? — 2a*cx + a2c? + ay? Use the distributive property. 


c7x? + at = a?x? + a?c? + ay’ Add 2a* cx to both sides. 


2x? — a?x? — a*y? = a’c* —- a’ Rearrange the terms. 


(c? — a*)x? — a’y* = a*(c? — a?) Factor out x* and a®, respectively. 


(a? — c*)x? + a’y* = a*(a* — c?) Multiply both sides by —1. 
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2 


Refer to the discussion on page 768 and let b? = a” — c’ in the preceding equation. 


b2x2 + ay? = gb? 
x2 2 
3% a= 1 Divide both sides by a°b’. 
a 


Section 10.3 The Hyperbola 


The Asymptotes of a Hyperbola Centered at the Origin 
The hyperbola 

x2 y 
om 


with a horizontal transverse axis has the two asymptotes 
b 4 b 

=—x an =—-—x, 
ya * a 


Proof. Begin by solving the hyperbola’s equation for y. 


2 2 
x ae 
7 pe =1 This is the standard form of the equation of a hyperbola. 
a 
ne 
pe aaa, ia 1 We isolate the term involving y’ to solve for y. 
a 
bee 
y= 72 — b Multiply both sides by b*. 
2. = aes 1 a’ Bx? ‘ 4 ‘ ; 
y= ae = oe Factor out wos on the right. Verify that this result is 


correct by multiplying using the distributive property and 
obtaining the previous step. 


b?x? a’ 
y= 5) (1 = :) Solve for y using the square root property: 
Ifue = dthenu = +V a. 
: re 


x LS Simplify. 


b a 
a x2 


2 
: : a 

As x increases or decreases without bound, the value of — approaches 0. Consequently, 

the value of y can be approximated by m 


alo 


b b 
This means that the lines whose equations are y = —x and y = ——x are asymptotes 
for the graph of the hyperbola. . . 
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Answers to Selected Exercises 


CHAPTER 1 


Section 1.1 Check Point Exercises 
dia 8r +5 b. | = 2x 2. 21.8; At age 10, the average neurotic level is 21.8. 3. 608 4. a. 49.1 million b. It’s the same. 


5. a. true b. true 6. a. —8 is less than —2.; true b. 7 is greater than —3.; true c. —1 is less than or equal to —4.; false 
d. 5 is greater than or equal to 5.; true e. 2 is greater than or equal to —14.; true 
7a. {x|-2 <x < 5} b. {x|1 < x < 3.5} c. {x|x <—1} 

SH tp} 4} ttt 

-5-4-3-2-1 0123 4 5 -5-4-3-2-1 012345 -5-4-3-2-1 012345 


Concept and Vocabulary Check 


1. variable 2. expression 3. b to the nth power; base; exponent 4. formula; modeling; models 5. natural 6. whole 7. integers 
8. rational 9. irrational 10. rational; irrational 11. left 12. 2;5;2;5 13. greater than 14. less than or equal to 


Exercise Set 1.1 
i 3 110 

1x +5 3.x -4 5. 4x 7. 2x + 10 9.6-—<x 11.—--2 13:5 15. 57 17. 10 19. 1- or — 21. 10 23. 44 
2 x 2% 9 9 

25. 46 27. {1, 2,3, 4} 29. {-7,—6, —5, —4} 31. {8,9,10,...} 33. {1, 3,5, 7, 9} 35. true 37. true 39. false 41. true 

43. false 45. true 47. false 49. —6 is less than —2.; true 51. 5 is greater than —7.; true 53. 0 is less than —4.; false 


55. —4 is less than or equal to 1.; true 57. —2 is less than or equal to —6.; false 59. —2 is less than or equal to —2.; true 
: ; 1 
61. —2 is greater than or equal to —2.; true 63. 2 is less than or equal to — 3° false 
65. {x|1 <x < 6} 67. {x|-5 = x < 2} 69. {x|-3 <x < 1} 
tt SS See tt 
2-1012345678 -5-4-3-2-1 012345 -5-4-3-2-1 012345 
71. {x|x > 2} 73. {x|x = —3} 75. {x|x < 3} 
+++} S44 
-5-4-3-2-1012345 -5-4-3-2-1 012345 -5-4-3-2-1 012345 
77. {x|x < 5.5} 79. true 81. false 83. true 85. false 87. false 89. 4.2 91. 0.4 


93. 101; overestimates by 1 95. 10°C 97. 60 ft 117. does not make sense 

119. makes sense 121. false 123. true 125. 2-4 + 20 = 28 and = of 28 is 4, but 2(4 + 20) = 48 
and sof 48 is about 6.86. You can’t purchase 6.86 birds; the correct translation is 2:4 + 20. 127.8 + 2-(4— 3) = 10 129. —5 and5 

130. 8 131. 34; 34 


Section 1.2 Check Point Exercises 


1 1 3 
1. a. 6 b. 4.5 c. 0 2. a. —28 b. 0.7 & 75 3. a. 8 b. -3 4. a. —3 b. 10.5 ee 
81 8 
5. a. 25 b. —25 c. —64 d. 625 6. a. —8 b. 5 7. 74 8. —4 9. addition: 9 + 4x; multiplication: x-4 + 9 


10.a.(6+12)+x=18 +x  b. (-7-4)x =-28x 914. —28x — 8 ~— 12. 14x + 15x? or 15x72 + 14x 18. 12x — 40 14. 42 — 4x 


Concept and Vocabulary Check 


1. negative number 2. 0 3. positive number 4. positive number 5. positive number 6. negative number 7. positive number 
8. divide 9. subtract 10. absolute value; 0; a 11. a;—a 12. 0; inverse; 0; identity 13.b+a 14. (ab)c 15. ab +ac 
16. simplified 


AA2_ Answers to Selected Exercises 


Exercise Set 1.2 


7 yi 2 35 
1.7 3.4 5. 7.6 Y Paes 9. V2 11-=S 13. —11 15. —4 17. —4.5 19. 21. 23. —8.2 25. —12.4 
2 2) 15 36 5 


1 1 
27. 0 29. —11 31.5 33. 0 35. —12 37. 18 39. —15 4. —— 43. 5.5 45. V2 47. —90 49. 33 51. "3B 


53. 0 55. —8 57. 48 59. 100 61. —100 63. —8 65. 1 67. —1 69. 8 M1253 73. 45 75. 0 77. undefined 


9 ik 8 1 
79. Ta 81. —15 83. —2 85. —24 87. 45 89. Di 91. 14 93. "3 95. i! 97. 31 99. 37 


101. addition: 10 + 4x; multiplication: x-4 + 10 103. addition: —5 + 7x; multiplication: x-7 — 5 105. (4+ 6) +x =10+x 


1 
107. (—7°3)x = —21x 109. (-:3)» =y 111. 6x + 15 113. —14x — 21 115. —3x + 6 117. 12x 119. 5x? 


121. 10x + 12x? 123, 18x — 40 125. 8y — 12. 127. l6y — 25 = 120, 12x79 + 11 134. x — (vx + 4);-4 183. 6(—Sx); —30x 
135. 5x — 2x; 3x 137. 8x — (3x + 6); 5x — 6 139. —8 141. 50 143. by 7 145. —3 147. $76.8 billion; overestimates by $0.8 billion 
149. a. 1200 — 0.07x b. $780 169. makes sense 171. does not make sense 173. false 175. false 177. (8 — 2):-3-4= 14 

10 
179. —7 180. — — 4x 181. 42 182. 4 183. —5; 0; 3; 4; 3; 0; -5 184, —8; —3; 0; 1; 0; -3; -8 

7 -5-4-3-2-1 012345 
185, 35 2: 1:0: 1; 2:3 


Section 1.3 Check Point Exercises 


1. y 2. 2 Big, 3. =|x+1 
A SeEsErseee on aes oa ee (1, 0) elt 1 eh 1 23 
“EEA, 5) (1, -SEEAKE (43) HER @ 3) 
ae rey f Bene en eer i CO, (1, 2) 
B(-1, 3)C mn ne (-3, 2) CCGA 
— oe (4, =3) (2, =3) oN AEE 0) 
D(0, 2) HH oH CEH ‘aan a rey) auaa x 
C15 CASE (3, SP EG, 8) cee 


4. a. 0to3 hr b. 3 to 13 hr c. 0.05 mg per 100 ml; after 3 hr d. None of the drug is left in the body. 5. minimum x-value: —100; 
maximum x-value: 100; distance between tick marks on x-axis: 50; minimum y-value: —100; maximum y-value: 100; distance between tick marks on 
y-axis: 10 100 


—100 100 


—100 


Concept and Vocabulary Check 


1. X-axis 2. y-axis 3. origin 4. quadrants; four 5. x-coordinate; y-coordinate 6. solution; satisfies 


Exercise Set 1.3 


1-9. y Wi. ; 13. 15, y=2r+1 
cooeetoo - pe vA q . CooapEr 
ore td, 4) (-3, 5)4 FFF, 5) HEE 3,2) 
ApGue ENTE EERE 0. AU, I) 
re (-2, 0\ J, 0) CAs 
Ata, 1 HE Hse aaa 2 FESCh » 
EEEEEEEEEEEH (“1 FG, =3) BH 

(-3, -5) ~~~ (0, -4) | 
17. 19 y=|x|+1ly 21 23. Soy 

(3,4) ge 4) 7 0, 0 1. 

(-2,3) HEN AB 2, 3) (-1, - Df NG, -D* 

(-1,2) EO) (-2, 4) TN (2, =a) 
Coo Tse Coca 
Shee! a ol | | eei\ el 
a Bia {| fu ee eel 
EERE EEE (-3, —9)$1- F143, -9) 
HHH in| FAeCeeroe 


27. c 29. b 31. c 33. no 35. (2,0) 37. (—2, 4) and (1, 1) 39. y=2x +4 


Answers to Selected Exercises AAS 


4. y =3-— x 43. y=Sy, (5) 
y=3-¥ yy (-3, 9) LAY 3,5) 
seueee( sueee Beza“anhace 
ceeee (0, 3) (-2, 5) (4's) t(1, 5), 5) 
TTT |r ae ee (eee) 
COPPER Sy 
Coo FH | * COCCCeeeet 
Ly tg t ATT I Peet LEE 


47. 35% 49. 1945; 94% 51. 1950-1960; 91% 53. 8 yr old; 1 awakening 55. about 1.9 awakenings 57. a 59. b 61. b 
63. c 73. makes sense 75. makes sense 77. false 79. true 81. $15 83. 14.3 84. 3 85. —14x — 25 86. true 
87. 7 — 3x 88. 15x +5 


Section 1.4 Check Point Exercises 

1. 6 or {6} 2. —1 or {-1} 3. 6 or {6} 4. Lor {1} 5. no solution or @; inconsistent equation 

6. {x|x is a real number} or (—~, ~) or R; identity 7. the school year ending 2015 

Concept and Vocabulary Check 

1. linear 2. equivalent 3 b+c 4. bce 5. apply the distributive property 6. least common denominator; 12 
7. inconsistent; @ 8. identity; (—%, 2) 

Exercise Set 1.4 

1. 3 or {3} 3. 11 or {11} 5. 11 or {11} 7. 7 or {7} 9. 13 or {13} 11. 2 or {2} 13. —4 or {-4} 15. 9 or {9} 


17. —5 or {-5} 19. 6 or {6} 21. 19 or {19} 23. = or {3} 25. 12 or {12} 27. 24 or {24} 29. —15 or {-15} 31. 5 or {5} 


2 
46 46 
33. 13 or {13} 35. —12 or {-12} 37. —or {* 
equation 43. 0 or {0}; conditional equation 45. —10 or {—10}; conditional equation 47. no solution or @; inconsistent equation 
49. 0 or {0}; conditional equation 51. 3(x — 4) = 3(2 — 2x);2 or {2} = 538. —3(x — 3) = 5(2 — x); 0.5 or {0.5} 55.2 57.-7 59. —2or{-2} 
61. no solution or © 63. 10 or {10} 65. —2 or {—2} 67. a. model 1: $25,885; model 2: $26,267; Model 1 underestimates the cost by $388 and 


model 2 underestimates the cost by $6. b. the school year ending 2017 69. a. $52,000 b. $52,723; reasonably well 
c. $52,628; reasonably well 71. model 1; overestimates by $63 73, 2018 


87. 5 or {5} 89. —5 or {-5} 91. makes sense 93. does not make sense 95. false 


\ 39. {x|x is a real number} or (—~, ~) or R; identity 41. no solution or &; inconsistent 


=4x— 2x-1 -5 3 
ee neF- Ag F 97. false 101.2 102 — 103.-60 104 y=x?-4 y4 
20 10 7 ioe tse 
105. a.3x-4=32 b.12 CS, este 5) 
106. x + 44 
- 107. 20,000 — 2500x Pe 
Ld, -3) 


—16 


yy = 2x + 3(x — 4) 


Mid-Chapter Check Point Exercises 


4.3x+10 26o0r{f6} 3-15 4-—T7or{-7} 5.3 613x—23 7 O0or{0} 8&—-7x-34 97 


10. no solution or ©; inconsistent equation 11. 3 or {3} 12. —4 13. {x|x is a real number} or (—~, ~) or R; identity 14. 2 
15. {x|-2 <x < 0} 16. {x|x < 0} 17, y=2x-1yy 18. y=1-Ixlyy 19. y= +2 yh 
Co ram im LOOM mma 
COCOA POOP AS 
poo ——} poy oy 4 4 a HERE AA im y ti 
itt itt a fn =e +E 
-5-4-3-2-1 012345 —5-4-3-2-1 0123 4 5 0, = DEH H MO, 
EEE EAH ¥ EEE © 
EA Eee 
CT Trt Ee 
BES {nee os) Es ] 
CEE a a (2m Be ees ae 


20. true 21. false 22. false 23. true 


Section 1.5 Check Point Exercises 

1. some college: $37,000; associate degree; $41,000; bachelor’s degree: $58,000 2. by 67 years after 1969, or in 2036 3. 300 text messages 
P-2Ii 4 P 

4. $1200 5. S50ftby94ft 6w= 


Lh=— . W = 106 + = 6H + iCc= 
ji Rh=7 - 8 W=106+6HorW=6H+106 & C=7 5, 


Concept and Vocabulary Check 
1. x + 658.6 2. 31 + 2.4x 3. 4 + 0.15x 4. x — 0.15x or 0.85x 5. isolated on one side 6. distributive 


AA4 Answers to Selected Exercises 


Exercise Set 1.5 


1.6 3. 25 5. 120 7. 320 9. 19 and 45 41,2 13. 8 15. all real numbers 17. love: 630; thanks: 243; sorry: 211 

19. 94°, 47°, 39° 21. 59°, 60°, 61° 23. by 2015 25. by 2042 27. a. births: 367,000; deaths: 153,000 b. 78 million 

c. approximately 4 years 29. after 5 months; $165 31. 30 times 33. a. 2017; 22,300 students 

b. y,; = 13,300 + 1000x; yx = 26,800 — 500x 35. $420 37. $150 39. $467.20 41. 50 yd by 100 yd 43. 36 ft by 78 ft 45. 2 in. 


. A 2A I T-—D 2A 2A — hb 3V 
47. 11 min 49. |] = — 51. b = — 53. P = — 55. p = 57. a bora 59. h = —> 
w h rt m h h ar 
61 PH ee gone eee = pel Z = es Pel ees. 
a Tt = 5 => 9 2 Xx = . Sa . T n= . =... . mor 
xX : ve A 24 d d 2w + 2h 
3. [= = 81. 100 83. does not make sense 85. makes sense 87. false 89. false 91. $200 
f = LV — SN 
porte 93. Mrs. Ricardo received $4000; boy received $8000; girl received $2000. 95. C = Sa 
96. {x|—4 < x < 0} 
-5-4-3-2-1 012345 
O| S2a5t08282 w¥se7.26e219 . 129 
0 
7 
97. = 98. —8 or {—8} 99. a. b! b. Db! c. Add the exponents. 100. a. b* 
b. b® c. Subtract the exponents. 101. —8 
Section 1.6 Check Point Exercises 
1 1 
tiaob! bp. 40x yl 2a (-3 or-27) oa. Ox'!'y3 kad hla dd nH hl 10 rd — Ba ¢ 16 
3y* 44 64 x? is 1 b ri 6 y? x 16 15,20 
d. 8 5. a. 72 = 49 b. = 6. a. x b. y4 cb 7. a. 16x b. —27y c. 16x10 8. a. 64 b. xRy8 cx) 
4y"4 64 
9a-12y? b—— « : 
y x6 xoy's 


Concept and Vocabulary Check 


1 
1. b'"*": add 2. b’"~": subtract 3.1 4. ra 5. false 6. b” 7. true 


Exercise Set 1.6 
1. 5! 3. x7 5,32, 7. 6x° 9. 20y!? 44. 100x1y!? 13. 21x>yz4 15. b° 17. 5x° 19. xy 21. 10xy? 23. —8a!b8c4 


1 1 1 1 1 1 x? 8y° ‘ 
25.1 27.1 2-1 31.13 331 35, 37. 39. 41. 43. 45. 5° = 125 
32 9 (-5)° 25 52 25 y> x7 


- bic* 60 1 20 3 14 3,,6 4,10 x? 
: 53. x 55. —~ 57. 7 59. 64x" 61. 9x 63. 8x°y 65. 9x" y 67. —— 
x a‘ bY 27 


ys x20 16 x? Sixt x74 gia a 1 4 2 10a? 
 ——— 71. : 73. 75. 77. 79. 81. xy 83. a°b 85. 87. 89. 91. 

25x 16y16z8 x4 25 y4 ye ’ x9 x x7 pd 
Sy 8a°c!? 27b° 81x? 


107. x!° 109. — 111.1 113. 
q's y2 


47. (-3)' =81 49. 


x a x x x b 
1 8 y° 4 : 
15. ————_ 117. 10x*y* 119. 121. 123. 125. a. 1000 aphids b. 16,000 aphids —_c. 125 aphids 
100a*b!*c8 of 3xy!9 8x!4 128x7y!6 P , P 
127. a. one person b. 10 people 129. a. (0, 1) b. (4, 10) 131. d 133. 0.55 astronomical unit 135. 1.8 astronomical units 
147. makes sense 149. does not make sense 151. false 153. false 155. false 157. true 159, x?” 161. x3" yor*3 


162. y=2xr-ly, 


HI Cen C 
0, -1) SAG, , 163. y = 164. 40 m by 75m 165. It moves the decimal point three places to the right. 


(-1,-3 SS 
gece tits * 166. It moves the decimal point 2 places to the left. 167. a. 10°; 100,000 b. 10°; 1,000,000 


Section 1.7 Check Point Exercises 


1. a. —2,600,000,000  b. 0.000003017 -2.a.5.21 x 10? 3 =b. -6.893X 10% 3.1810’ 4a 3.55 x 107! b. 4 x 108 
5. $8987 6. 3.1 X 10’ mior 31 million mi 


Concept and Vocabulary Check 


1. anumber greater than or equal to 1 and less than 10; integer 2. true 3. false 


Answers to Selected Exercises AA5 


Exercise Set 1.7 


1.380 3.0.0006 5. -7,160000 7.14 9.0.79 114. —0.00415 13. —60,000,100,000 15.3.2 107 17. 6.38 x 10!” 

19. -3.17X 10°24. -5.716 X 10° 23. 2.7 X 10% = 25. 5.04% 10° =. a7. 7X 107 ~— 29. 3.14159 x 10° 34. 6.3 X 107 

33.6.4 10* 35. 1.22 x 10! 37. 2.67 x 10% 3921x108 441.410 43.2x10% 45.510? 47.4 x 10> 

49.9x 107 51.6 10% or{6 x 104} 53. —6.2 x 10° or {-6.2 x 10°} 55. 1.63 x 10” or {1.63 x 10} 57. —3.6 X 10° or {-3.6 x 10°} 
59. $5.6 x 10! ~— 4. $1.3 x 101° 63. approximately 67 hot dogs per person _—65. 2.5 X 107 = 250 chickens 67. a. $1.0813 x 10*; $10,813 


b. $901 69. Medicare; $3242 71. 1.06 x 10°89 73. 3.1536 x 10’ 81. does not make sense 83. makes sense 85. false 
6 


y 
87. false 989 true 91. 1.25105 94. 85x-—26 95. 4o0r{4} 96. ais 97. setl1 98-170 99. 5a+5h+7 
ey 


Review Exercises 


9 1 
1. 2x — 10 2. 6x + 4 3. —+ =x 4. 34 5. 60 6. 15 7. {1,2} 8. {-3,-2,—-1,0, 1} 9. false 10. true 11. true 
x 


2 
12. —S is less than 2.; true 13. —7 is greater than or equal to —3.; false 14. —7 is less than or equal to —7.; true 15. overestimates by 0.4 
16. {x|-2 <x <3} 17. {x|-1.5 <x <2} 18. {x|x > —1} 
+ tt tt 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 -5-4-3-2-1 012345 
1 3 
19. 9.7 20. 5.003 21. 0 22. —7.6 23. —4.4 24. 13 25. 60 26. 10 27. 35 28. —240 29. 16 30. —32 
5 
31. “Db 32. 7 33. —9.1 34. 7 35. 9 36. —2 37. —18 38. 55 39. 1 40. —4 41. —13 42. 17x — 15 


43.9x27 +x 44.5y—-17 45. 10x 46.-3x-8 


50. 53 y=lxl-2 yh 
araat saat 
Pere! (3, 1) 
cH C30, SH aa (2, 0) 
FH (-2, 0) = RA ee 
Coo q (-1, -1 ret (1, —1) 
“EH, -5)4 Pre 1, —2F7 
£0, OS FE EEE EEE 


54. minimum x-value: —20; maximum x-value: 40; distance between tick marks on x-axis: 10; minimum y-value: —5; maximum y-value: 5; distance 
between tick marks on y-axis: 1 


5 55. 20% 56. 85 years old 58. c 59. 6 or {6} 60. —10 or {-10} 61. 5 or {5} 62. —13 or {-13} 
72 72 
63. —3 or {-3} 64. —1 or {-1} 65. 2 or {2} 66. 2 or {2} 67. mu {2} 68. —12 or {-12} 
—20 40 77 717 
69. 15 {Zt 70. no solution or @; inconsistent equation 71. {x|x is a real number} or (—~, ) or R; 
3 3 
identity 72. 0 or {0}; conditional equation 73. 3ot {3: conditional equation 
-5 
74. no solution or @; inconsistent equation 75. a. overestimates by 2% b. 2015 76. engineering: $76 thousand; accounting: $63 thousand; 


marketing: $57 thousand 77. 25°, 35°, 120° 78. a. 2018 b. $1117 billion c. They are shown by the intersection of the graphs at 
approximately (2018, 1117). 79. 500 text messages 80. $60 81. $10,000 in sales 82. 44 yd by 126 yd 


3V = = + mx 
83. a. 14,100 + 1500x = 41,700 — 80x. 2017;32,100 8h = 8B. x PE eee : 
m m 
E E-1I 9C + 160 9 y— ot T x? 
86. R rorR " 87.#F or F C+32 e&g=- = 89.¢=——— 90. 15x38, 
I I 5 5 2 rt+ut ys 
xty7 ‘ll 8 12 8 3 yl2 
92. 93. —, 94, 49x°y? 95. — 96. — 97. 3x! 988, a 86. —24x7y* = 100. — = 101. ——— 
9 x18 y x 2b° 4 125x° 
6x? Oxy xt 
102. -~— 108. — = 104. 377 105. 7,160,000 106. 0.000107 107.—4.1 x 10% 108. 8.09 x 10% ~— 109. 1.26 x 108 
: y 


y 
110. 2.5 x 10! 111. 2.88 x 108 


Chapter Test 
1.4x -—5 2. 170 3. {-4, -3, -2,-1} 4. true 5. —3 is greater than —1.; false 
6. {x|-3 = x < 2} 7. {x|x = —-1} 8. underestimates by 1.9 9. 17.9 10. —7.6 
1 1 
= = = = = 
[eS Saree ee os ed eae 1.50 12-00 18 14.3.1 15. -3 16. 6 
17. —4 18. —5x — 18 19. 6y — 27 20. 17x — 22 
21. _ v4 22. y=" -4 yy , ; : . 
5 an 23. 2 or {2} 24. —6 or {-6} 25. no solution or &; inconsistent equation 26. 23 and 49 
(-3, 5) crf, 5) 
TEA F = 3V 
ED | feo _— BT. Syr 28, 20 prints; $3.80 29, $5090. 120 yd by 380 yd Bt. = 7 
EEA * C=Ax 14 40 x x35 x!6 
(Ch -3)NL 3) gy 33. 34, 35. 36. 37, —— 
(0, 4) B - aye 4y? 64y° gy'® 


38. 0.0000038 39. 4.07 x 101! 40. 5 x 103 41. 1.38 x 10!° 


AA6 Answers to Selected Exercises 


CHAPTER 2 


Section 2.1 Check Point Exercises 


1. domain: {0, 10, 20, 30, 38}; range: {9.1, 6.7, 10.7, 13.2, 15.5} 2. a. not a function b. function 3. a. 29 b. 65 c. 46 d. 6a + 6h +9 
4. a. Every element in the domain corresponds to exactly one element in the range. b. domain: {0, 1, 2, 3, 4}; range: {3, 0, 1, 2} c. 0 
d. 2 e. x = Oandx = 4 


Concept and Vocabulary Check 


1. relation; domain; range 2. function 3:.f5% 4.7; -2 


Exercise Set 2.1 


1. function; domain: {1, 3, 5}; range: {2, 4, 5} 3. not a function; domain: {3, 4}; range: {4, 5} 5. function; domain: {—3, —2, —1, 0}; 
range: {—3, —2,—1, 0} 7. not a function; domain: {1}; range: {4, 5, 6} 9. a. 1 b. 6 c. —7 d. 2a +1 eat+3 11. a. —2 
b. —17 c. 0 d. 12b — 2 e. 3b + 10 13. a. 5 b. 8 ce. 53 d. 32 e. 48b? + 5 15. a. —1 b. 26 c. 19 


3 11 13 2a + 2h — 3 
d. 2b? + 3b -1 e. 50a? + 15a — 1 17. a.7 b. —7 c. 13 d. 12 19. a. b. —3 c. d. eo 
4 8 9 at+th-4 


f. Denominator would be zero. 21. a. 6 b. 12 c. 0 23. a. 2 b. 1 ce. —land1 25. —2:; 10 27. —38 29. —2x3 -— 2x 
31. a. —1 b. 7 c. 19 d. 112 33. a. {(Iceland, 9.7), (Finland, 9.6), (New Zealand, 9.6), (Denmark, 9.5)} b. Yes; each country 
corresponds to exactly one corruption rating. —_¢. {(9.7, Iceland), (9.6, Finland), (9.6, New Zealand), (9.5, Denmark)} d. No; 9.6 in the domain 


corresponds to two countries in the range, Finland and New Zealand. 39. makes sense 41. makes sense 43. false 45. true 47. true 
10 

49.3 51. f2) = 6:f3) =9:f(4) =12;n0 520 53. si 54, {-15} 
Be 


56. YAy=2vt4 


Section 2.2 Check Point Exercises 


1.0 f(x) = 2x ; The graph of g is the graph of f shifted down by 3 units. 
B(x) = 2x = 3 4 


eee 
2,4) A 
a » EE = 20 
(0, 0) = ag 
(-1, -2y oF SN ae d, -1) 
2-4 HANS 0, 9 
(-2, -7) (-1, -5) 
2. a. function b. function c. not a function 3. a. 400 b. 9 c. approximately 425 


4. a. domain: [—2, 1]; range [0, 3] b. domain: (—2, 1]; range: [-1, 2) c. domain: [—3, 0); range: {-3, —2, -1} 
Concept and Vocabulary Check 


1. ordered pairs 2. more than once; function 3. [1, 3); domain 4. [1,~); range 


Exercise Set 2.2 


ts yh G(x) =x +3 3. 5. gx) =x +1 

(2, 5) EEA pny = x faye Yh 5) 

C1) EE 2,2) psa (-2.5)-H Ee 2 

(0, 3) FEA A a, 1) ss (-2, 4) HT 4,1) 
(2-0, 05] * ae (1,2) 
(2,0 “FATS @-D (-1,)- FEE 0 OFF 7 

(-2,-2) (-1,-1) dl, —3) ae ee 

The graph of g is the graph of f The graph of g is the graph of f 
shifted up by 3 units. The graph of g is the graph of f shifted up by 1 unit. 


shifted down by 1 unit. 


7. (“140 y, GD 9% far 


Ly | g(x) =x +2 Al 
(-2,2) DN (0, 2) 
etna. (-1, D2 
(-2, 0) =A 
(1 --F gy (-2, -69) 5 
aya il-2 (-2, -8) T= 
Fes) = be The graph of g is the graph of f 
The graph of g is the graph of f shifted up by 2 units. 


shifted down by 2 units. 


Answers to Selected Exercises AA7 


11. function 13. not a function 15. function 17. not a function 19. —4 21. 4 23. 0 25. 2 27. 2 29. —2 

31. domain: [0, 5); range: [-1, 5) 33. domain: [0, °°); range: [1, ) 35. domain: [—2, 6]; range: [-2, 6] 37. domain: (— =, ©); range: (—~, 2] 
39. domain: {—5, —2, 0, 1, 3}; range: {2} 41. a. (—%, ©) b. [-4, ©) c. 4 d. 2 and 6 e. (1,0), (7, 0) f. (0, 4) g. (1,7) 

h. positive 43. a. 81; In 2010, the wage gap was 81%; (30, 81) b. underestimates by 2% 45. 440; For 20-year-old drivers, there are 440 
accidents per 50 million miles driven.; (20, 440) 47. x = 45; y = 190; The minimum number of accidents is 190 per 50 million miles driven and is 
attributed to 45-year-old drivers. 49. 0.78; It costs $0.78 to mail a 3-ounce first-class letter. 51. $0.61 

57. The number of annual visits decreases until about age 20 and then increases; (20.3, 4.0); The minimum is at about age 20 when 
there are about 4 annual physician visits. 59. makes sense 61. does not make sense 63. true 65. false 


3 3 
67. false 69. —3 70. yes 71. 3 {3} 72. 76 yd by 236 yd 73. Division by 0 is undefined. 
74.19 75, ~2x* + 42x + 1582 


Section 2.3 Check Point Exercises 


5 
toa. (—2,%)  b. (—%,-5)or(-5,%) 2a3x7°+6x+6 b7 Ba —- gO (—~,0) or (0,8) or (8,%) 4 a.23 
x x — 
Ose iid 
b. x? — 3x — 331 c. = = 3 d. —24 5. a. (B + D)(x) 3.2x" + 56x + 6406 b. 6545.2 thousand c. overestimates by 7.2 thousand 
x 


Concept and Vocabulary Check 


1. zero 2. negative 3. f(x) + g(x) 4. f(x) — g(x) 5. f(x)* g(x) a) 7. (—%, 0%) 8. (2, ©) 9. (0, 3); (3, ©) 


fx 
B(x 
Exercise Set 2.3 


1. (—~,2) 3. (—~%, —4) or (—4, ~) 5. (—~, 3) or (3, ©) 7. (~~, 5) or (5, ©) 9. (—%, —7) or (-7, 9) or (9, ©) oa 5x —5 b. 20 
Basetx-5 b75 15.a2x7-2 b. 48 


17. (f + g)(x) = 3x — 3;(f — g)(x) = 7x + 3; (fg)(x) 10x? — 15x; (Z)eo — 3 19. (2%, ~) 21. (—~, 5) or (5, ©) 
23. (— 2, 0) or (0, 5) or (5, ©) 25. (— 2, —3) or (—3, 2) or (2, ©) 27. (—~, 2) or (2, ~) 29. (—2%, ©) 31. x7 + 3x + 2;20 33. 0 


2 
95.x24+5x-2;48 97.-8 99-16 44-135 a 5 4-1 a7. (Cw, 0) 49, (—@, 2)or(2,%) 54.5 
Xx 


53.1 55. [-4, 3] 


57. vi 59. —4 ee —4 63. a. (M + F)(x) = 3.02x + 235.2 b. 295.6 million c. underestimates by 2.4 million 
ae 4 1.54x + 114.6 ; é 
CoCo 65. a. Ye) b. 0.964 c. underestimates by approximately 0.001 
EEE 1.48x + 120.6 
CoCr | T x 
EEEEEEE EH 
SUTRREEEAOTT 

71. y2 10 ¥3 73. ¥3 10 M 
-10 10 -10 10 

-10 -10 
aat y2 
75. No y-value is displayed; y3 is undefined at x = 0. 77. makes sense 79. makes sense 81. true 83. false 
R-3 R 3 
84. b 3 © orb 374 85. 7 or {7} 86. 6b + 8 87. a. 3 b. —2 
5 
88. a. ; yaya 2+ b. (-2, 0) Cc. (0, 4) 89. y= 3” —4 
a | 
Ya, 0: 
0, 4) 
2.0 SEE 
(-3, -2)~< rrr 
FRDECECEo 
CL I 


Mid-Chapter Check Point Exercises 


1. not a function; domain: {1, 2}; range {—6, 4, 6} 2. function; domain: {0, 2, 3}; range: {1, 4} 3. function; domain: [—2, 2); range: [0, 3] 

4. not a function; domain: (—3, 4]; range: [-1, 2] 5. not a function; domain: {—2, —1, 0, 1, 2}; range: {-2, —1, 1, 3} 6. function; domain: (—~, 1]; 
range: [-1, ©) 7. No vertical line intersects the graph of f more than once. 8. 3 9. —2 10. —6 and 2 11. (—2%,2) 12. (-~, 4] 
13. (—%, 0%) 14. (—%,-2) or (-2,2) or (2,0) 15.23 16.23) 17. a*® —S5a—-3 = 18 x7 — 5x 4+3;17 19. x7 — x + 13533 


20. —36 21 x 3x +8 12 22. (-= -3) (-3 =) 
A = 5? ha a 


AA8 Answers to Selected Exercises 


Section 2.4 Check Point Exercises 


7 
1. 3r-2y=6 yy 2.a.6 b. —= 3.m=2;b =—-5 4. y=4x-3 YA 5. fix) = —2x 6. Ya y=3 
Tsl 5) a 3 a Og 1 
l ia (tt [| 
Seeeeeeeey a HEH FH i - = | 
im = CONT (0, OF > 
> 1 ral x Cort H L - 
030 "0, -3T| Het * HEE 
+ { th CoCecerSs css TT f 
im t I im HO im I 
7. x=-3 Yh 8. —0.26; From 1965 through 1970, fuel efficiency decreased by 0.26 mile per gallon each year. 


an 
CT 


y 


9. 0.01 mg per 100 ml per hr 
10. a. C(x) = 1.27x + 310 b. 437 parts per million 


Concept and Vocabulary Check 


: , : y27 Yi Pn : 
1. scatter plot; regression 2. standard 3. x-intercept; zero 4. y-intercept; zero 5..-————— 6. positive 7. negative 8. zero 
a 


9. undefined 10. y = mx + b; slope; y-intercept 11. (0, 3); 2;5 12. horizontal 13. vertical 14. y3x 


Exercise Set 2.4 


1xty=4 y, 3. x+3y=6 yy 5. 6x —2y =12 yh 7 7. 3n-y=6 yh 
| | | moa | | 
EeEee EEE EEE (2, 0) 
SST (3, 1) 7] Cy | - alee 
(0,2) == eae Eee * Earl * 
HEHEHE (© 0) * H HE EHEE Pr @ -3) 
roo Fo, 6). Ht (0, -6) 
I [ Et eas Bi Lt 
; Te 
9. x-3y=9YA 11. 2x =3y +6N4 13. 6x -3y =15 y, 15. m = 4; rises 17. m = —; rises 
T T I TT CT apt yg 
siti acerca a4 
Na : x CTT GB, 0FF x | 10x 
a 7 an LAP | (0, —5 
Hiner serine Heytee 
i i i 


4 5 2 1 
19. m = 0; horizontal 21.m = —33 falls 23. m = 3 rises 25. undefined slope; vertical 27. Ly: 3° Lg-23 Ls: 75 


29.m = 2;b = 1; 31.m =-—2;b = 1; ae >. = 3 ,=7 
y=2xtl yh y=-2xt+1 yh cae =—-2; 35. m = — 3 = 7: 
Fee Co 6h 
Po isan 2 HH PELE Six) — fe —-2 yy, Six) = -2r +7 Ya 
+} ODE me me A, 1) —-}--F5}-}—-}--| FOSSA 3 
fe FAs 0, DPS 
Ct T rt ‘| [ [ T 
im I a | 05 y tty HE EOE 
CT] [ jai NT m= r 1 0, -2) HEE 2 
f t | CrP] © 
im 
4 
37m = =~ b =.0; 41. a. y = —2x 43. ay = =x 
bm =-2;b=0 4 
C. y= =2r 4 b.m = 2:b =0 
iH 5 
EEA, OFF CyH er yy 
tm = 0-744 = [es T 
eer Po 0. - | HEN = * 4 
mI 2 EEEEEEH AEE EEE A 
[ T T = cro, 
270, 05) * 
Ba 
1 | 
im [ 
5 
45.a.y =—3x +2 47. a. y= —3x +5 49. y=3 yh 51. f(x) =—-2 y 
b. m = -3;b = : FS FSH 
e+} 
CG ys-3et2 9A | bm=—2:b = HH EERE 
rH 3 | i 
FLEE 2)-- cG y=—2x+5 yh - EEE 
mai FANE Coo Ht H 
EAE * | L (0, 5)——| 
HECE HAH cHH 
| | | lin i i ie 
H, 
| zl 51x 
EEEEHEEH- HN 


Answers to Selected Exercises AAQ 


HY 


aoe 
i 
BY 


: ; A Cc 
61. 63. m = = falls 65. undefined slope; vertical 67. m B b B 69. —2 
71. 73. 5 75. 11,113, Mo, M4 77. m = 55.7; Smartphone sales are increasing by 55.7 million each year. 
79. m = —0.52; The percentage of U.S. adults who smoke cigarettes is decreasing by 0.52% each year. 
81. a. 30% b. 50% c. m = 4; average increase of 4% of marriages ending in divorce per year 
% 83. a. 254; If no women in a country are literate, the mortality rate of children under 5 is 254 per thousand. 
( , -3) b. —2.4; For each 1% of adult females who are literate, the mortality rate decreases by 2.4 per thousand. 
c. f(x) = —2.4x + 254 d. 134 per thousand 85. P(x) = 0.725x + 18 
10 1 10 
105. m = 2; 107. m = 3 
-10 10 -10 10 
-10 -10 
109. does not make sense 111. does not make sense 113. false 115. true 117. coefficient of x: —6; coefficient of y: 3 


119. a. mx, + mx, + b b. mx, + mx + 2b c. no 120. 16x*y° 121. 3.2 x 10° 122. 3x + 17 123. y = 7x + 33 
mays 2% te y =e t a ok 
Se ee ay = — ae ae js 


Section 2.5 Check Point Exercises 


1.y+3 2(x — 4); y 2x + Sor f(x) =—2x + 5 2ayt+3 2(x — 6)ory —5 2(x — 2) b. y = —2x + Yor f(x) =—2x + 9 
3. Answers will vary due to rounding.; f(x) = 0.17x + 72.9 or f(x) = 0.17x + 73; 83.1 yr or 83.2 yr 
4. y —5 = 3(x + 2);y = 3x + ll or f(x) = 3x + 11 5. a.m = 3 b. y + 6 = 3(x + 2); y = 3x or f(x) = 3x 


Concept and Vocabulary Check 


1.y — yy, = m(x — x) 2. equal/the same 3. -1 4. 5. 6. —4;—-4 7. Y 2 


Exercise Set 2.5 
1.y —5 = 3(x — 2); f(x) = 3x -1 3. y — 6 = 5(x + 2); f(x) = 5x + 16 


7y—0 5(x + 2); f(x) 5x — 10 9. y+ ; 1(x + 2); fix) Pa 


y +2 = -A(x + 3); f(x) = —4x — 14 
11. y —0 (x — 0); fx) ra 


2 2 
13.y +4 30 6); f(x) 3t 15. y —3 =1( —- 6)ory-—2=1(x — 5); f(x) =x - 3 
17. y —0 = 2(x + 2) ory — 4 = 2(x — 0); f(x) = 2x + 4 19. y — 13 2(x + 6) ory — 5 2(x + 2); f(x) 2x +1 
11 11 11 38 
2a1.y-—9 3 1)ory +2 3 4); fix) 3° + 3 23. y + 5 = O(x + 2) ory + 5 = O(% — 3); f(x) 5 
1 1 1 
25. y — 8 = 2(x — 7) ory — 0 = 2(x — 3); f(x) = 2x — 6 27. y —0 rhe 2)ory+1 rh 0); f(x) ra 1 
1 1 i 2 ) 1 
29. a. 5 b. ar 31. a. —7 b. 7 33. a. 2 b. —2 35. a. “5 b. 2 37. a. —4 b. mn 39. a. 75 b. 2 
2 3 
41. a. 3 b. 43. a. undefined b. 0 45. y — 2 = 2(x — 4); y = 2x — 60r f(x) = 2x — 6 
1 1 il 
47.y—4 rh 2);y a + 5 or f(x) = —x +5 49. y + 10 4(x + 8); y 4x — 42 or f(x) = —4x — 42 
2 2 10 2 10 
51.y +3 5(x — 2);y 5x + 7 or f(x) = —5x +7 53. y —2 3 + 2); y 3 + 3 ot f(x) 3 + 3 


1 2 
55.y +7 2(x — 4); y 2x + lor f(x) = -2x +1 57. f(x) = 5 59. f(x) = —3x* all 61. f(x) = —3* 2 
A 
63. f(x) =4x—S 6 —F G7. a. y — 31.1 = 0.78(x ~ 10) or y ~ 38.9 = 0.78(x — 20) b. fx) = 0.78 + 23.3 ©. 54.5% 


AA10 Answers to Selected Exercises 


69. a. & b. Number of Smartphones Sold b. y — 40.8 = 51.16(x — 1) or y — 296.6 = 51.16(x — 6): f(x) = 51.16x — 10.36 ©. 552.4 million 
in the United States 
g YA 
5 Canoes 
eFC Ae 
gS =e ETT 
en ee eee 
S150) EERE EE 
Bs Ceo 
E EEE 
ATT TTT TTT TT 
A. rm 5 mo 
Years after 2004 
71. a.m ~ 43.1; The cost of Social Security is projected to increase at a rate of approximately $43.1 billion per year. b. m ~ 51.4; The cost of 
Medicare is projected to increase at a rate of approximately $51.4 billion per year. c. no; The cost of Medicare is projected to increase at a faster 
rate than the cost of Social Security. 
81. a. b. &d. 300 
-1 7 
0 


83. makes sense 85. makes sense 87. true 89. true 91. —4 93. (—40, 74) and (97, —200) 95. 33 96. —56 
97. 40°, 60°, and 80° 98. a. yes b. yes 99. (3,—4); y, ar—3y=24 100. 1 or {1} 


Tht 
SER EREP An 

Coo, 

HES | a [8] x 
CEPT | 
CHG =4) 
CTT I = 
inane 
CTIA TTT TT) 
y=-x-1 


Review Exercises 


1. function; domain: {3, 4, 5}; range: {10} 2. function; domain: {1, 2, 3, 4}; range: {12, 100, 7, —6} 3. not a function; domain: {13, 15}; range: 
{14,1617} 4a—-5 b16 o-75 dl4a-5 e7a+9 5a2 b52 670 & 3b*>-5b+2 ~~ e@ 48a? — 20a +2 


6. fixy=r 7. (-1,3) (-2, 9 (2,4) (1,3) 
=y-1 oN Lx 
a0) = et ea A (2,2) 
(—2, 4) SE 2 (_a,1) 
(—2, 3) ES ee 2, 3) : 
(-1,1) PEA {rl (,1) (-2, 2) + 
yy eA - 
(1, 0 Ee BEE 
(0, -)) Poet fle) = fe : 
The graph of g is the graph of th aoe é ba h foe 
f shifted down by 1 unit. € grap of gist . Brap.0) 
f shifted up by 2 units. 
8. not a function 9. function 10. function 11. not a function 12. not a function 13. function 14. —3 15. —2 


16. 3 17. [-3, 5) 18. [—5, 0] 
19. a. For each time, there is only one height. 
b. 0; The eagle was on the ground after 15 seconds. 
ce. 45m 
d. 7 and 22; After 7 seconds and after 22 seconds, the eagle’s height is 20 meters. 
e. Answers will vary. 
20. (—~, 2%) 21. (—~, —8) or (—8, ~) 22. (-», 5) or (5, %) 23. a. 6x — 4 b. 14 
24.a.5x7 +1 b.46 25. (—~,4)or(4,%) 26. (—~,—-6) or (—6,-1) or (-1,%) 27%. x7 —x — 551 


2 
=-2 
28.1 2.x2-3x+5:3 309 31-120 32 > aad 33. (—2%,0) 34, (—~, 5) or (5, ~) 
2 
: 2 
36. y, 2x-3y =12 37. 4v=8-2y YA 38. 2; rises 39. ——; falls 
EHS H +H FH my KO, 4) 40. undefined; vertical 


FET (2, oy 41. 0; horizontal 


Answers to Selected Exercises AA11 


42.m =2;b=-1 1 2 
" > > 43.m =—-~b =4; 44.m = =b = 0; 
y=2e-14 2 3 
C4 LI 1 
PEEP by at eee a2 2) 
7 fim = 2 CEP SS (0, 4)- oye 
Sense) Geen = + 1 i [ FEES eo a| 
NE * "oratH m= 2 te 
t 1 1 7 | 1 ss 
roo [O, “yy SeGeReReeea * Ao, oys4 
eee ei I 5 a 
st ne 
45. 2. 4; 2;3b=4 46. 2 2 0 47. ae 2; a 2 
. y xX ;m ; . y zm 3 .y get am 3 
48. y=2 yh 49. 7y=-21 yh 50. fix) =-4 yh 51. x=3 yA 52. 2x = —-10 ya 
FPLC FEF FE ean EHS 
| Tt imi I LI i i) i a | if 
I ia im [ ak at a al a : | : i Hill Hail 
EEE EEeEsIEsuEN at HH, seneanaseela 
EEE © FEPEEEEEEY EEE-EEEETE#] EEE EEE EEE © 
EERE See EERE HE EEE EEE 
See! flere FW Tcl T BB! i ee 1 | 
Petit, [Toy et i) ELIE ea eal fi jae l (SE 2 
53. —0.27; Record time has been decreasing at a rate of 0.27 second per year since 1900. 54. a. 137; There was an average increase of 
approximately 137 discharges per year. b. —202; There was an average decrease of approximately 202 discharges per year. 


9 
55. a. F = 5c + 32 b. 86° 56. y — 2 6(x + 3);y 6x — 16 or f(x) = —6x — 16 57. y — 6 = 2(x — l)ory —2 = 2x + 1); 


y =2x + 4orf(x) = 2x +4 58. y+ 7 3(x — 4);y 3x + Sor f(x) = -3x + 5 59. y—6 3(x + 2); y 3x or f(x) = —3x 
60. a. y — 66 = 8(x — 3) ory — 82 = B(x — 5) b. f(x) = 8x + 42 c. 98% 


Chapter Test 
1. function; domain: {1, 3, 5, 6}; range: {2, 4, 6} 2. not a function; domain: {2, 4, 6}; range: {1, 3, 5, 6} 3. 3a + 10 4. 28 
5. g(x) =x? 4+1 

fix) =x -1 YA 

(-2,5) ft 25) 

ES EFELEL 2, 3) 

(2,3) EET 4,2) 

eG EE, 0) 

(-1, 0) “FREES TS] 

0, -) EHO DS 


The graph of g is the graph of f 


shifted up by 2 units. 
6. function 7. not a function 8. —3 9. —2 and3 10. (—, ~) 11. (—~, 3] 12. (—~, 10) or (10, ~) 
2 
x” + 4x 
13.x7+5x+2;26 14%7+3x-2;-4 15-15 16 5 53 17. (~~, —2) or (—2, ~) 
Pa 
18. _ YA 19. y, f@) = -Er+2 20. f(x) =4 2h 
SaEeERECA) ES +++ 
HEH f- Sere EERE 
fee sei inaes alan EEEEEE * 
“0, -a fo CH © SSeS EERE 
coo Co] HHH CePeeeeet 
HHH COPEL 
CSRs eee 
I ct rl 


1 
21. —-—; falls 22. undefined; vertical 23. 176; In 2005, the number of Super Bowl viewers was 176 million. 24. 3.6; The number of Super 
Bowl viewers is increasing at a rate of 3.6 million per year. 2.y+3=1(x + 1lhory-2=1a4—-4);y=x-2orf(x) =x-2 


1 1 1 
26. y —3 = 2(x + 2);y = 2x + Tor f(x) = 2x +7 27.y+4 rh 6); y a 1 or f(x) =—yr 1 


28, a. y — 0.053 = 0.017(x — 3) or y — 0.121 = 0.017(x — 7) bb. f(x) = 0.017 + 0.002 «0.138 


Cumulative Review Exercises 
1. {0, 1, 2, 3} 2. false 3.7 4. 15 5.7 + 3xor3x +7 6. {-4} 7. {x|xisarealnumber} or (—~, 7%) or R; identity 8. —6 or {-6} 


A- 10 9x19 
9. $2250 10. ¢ Z 11. . 7 12. = 13. 2.1 x 10> 14. function; domain: {1, 2, 3, 4, 6}; range: {5} 
pr 9x y 
1B ny HX), 99 OD 16. (—», 15) or(15,%) 17. 2x7 + x + 556 
on SNE (2,1) 18. fax) =-2v+4 Yh 19. yp x-2y=6 20. y + 5 = 4(x — 3);y = 4x — 17 0r 
, : T_ (1, 0) HHH Greed EEBEEEEEEH fx) = 4x — 17 
(2,4 S| H 4 +H FLEE Hie oye 
eT ee ! EEHEEHE? 2,0) J ar 
HO } im ai H+ Peo 
g(x) = fe] +2 EEEEEEEEHNH aeeiamniueed! 
Six) = |x]- 1 


The graph of g is the graph of f 
shifted up by 3 units. 


AA12_ Answers to Selected Exercises 


CHAPTER 3 


Section 3.1 Check Point Exercises 
1. a. not a solution b. solution 2. (1, 4) or {(1, 4)} 3. (6, 11) or {(6, 11)} 4. (—2, 5) or {(-2, 5)} 5. (-5 2) or \(-3 2)} 


6. (2,-1) or {(2,-1)} 7. (2 2) or {(% =) 8 nosolutionor@ — 9. {(x, y)|x = 4y — 8} or {(x, y)|5x — 20y = —40} 


Concept and Vocabulary Check 
1 
1. satisfies both equations in the system 2. the intersection point 3. {($ -2)} 4. —-2 5. —3 


6. ©; inconsistent; parallel 7. {(x, y)|x = 3y + 2} or {(x, y)|5x — 15y = 10}; dependent; are identical or coincide 
Exercise Set 3.1 


2 
45. {(1,0)} 17.2 19. {(1,2)) 24. (3,} 23.0 25. {(2,4)} 27. {(3,1)} 29. (2,1) ~—34. {(2,-3)}) 88. 


35. {(3,-2)} 37.0 39. {(-5,-1)} 41. {¢e y)ly = ex - 2h or {(x, y)|2x — Sy = 10} = 48. {(5,2)} 45. {(2, -3)} 


1 
1. solution 3. notasolution 5. solution 7. {(3,1)} 9 {(33)$ 11. {(4, 3)} 13. {(x, y)|2x + 3y = 6} or {(x, y)|4x = —6y + 12} 


47. {(-1,1)} 49. {© 2,-7)} 51. {(7,2)} 58. ((4,-D} 55. {(x, y)|2x + 6y = 8Jor {(x, y)|3x + 9y = 12} 57. {(3-4)} 
59. {(—2,-1)} 64. {((1,-3)} 63. {(1,-3)} 65. {(4,3)} 67. {(x, y) |x = 3y — Lfor{(x, y)|2x —6y =-2} 6%. @ ~ 71. {(5,1)} 
73. \(# -)\ 75. {(—5,7)} 77.0 79. {(x, y)|x + 2y — 3 = O} or {(x, y)|12 = 8y + 4x} 81. {(0,0)} 83. {(6,-1} 


1 
85. {(4 3)} 87. m = —4,b = 3 89. y=x—-4y 3% + 4 91. a. 2039; 37% b. by the intersection point (69, 37) 
a 


93. a. y = 0.04x + 5.48 b. y = 0.17x + 1.84 c. 2028; 6.6%; Medicare 95. a. y = —0.54x + 38 b. y = —0.79x + 40 


c. 1993; 33.68% 97. a. 150 sold; 300 supplied b. $100; 250 109. makes sense 111. makes sense 113. false 115. false 


boc, — byeo aycy — anc 
117. a =3,b=2 v9. {( cea ah 

ayby — azb, ayby — ayby 
125. 80x 


10 4 
120. {vt 121. —128x°y8 422. 11 123. 0.15x + 0.07y = 124. 15 mL 


Section 3.2 Check Point Exercises 


1. hamburger and fries: 1240; fettuccine Alfredo: 1500 2. $3150 at 9%: $1850 at 11% 3. 12% solution: 100 oz; 20% solution: 60 oz 
4. boat: 35mph; current: 7 mph 5. a. C(x) = 300,000 + 30x b. R(x) = 80x c. (6000, 480,000); The company will break even when it 
produces and sells 6000 pairs of shoes. At this level, both revenue and cost are $480,000. 6. P(x) = 50x — 300,000 


Concept and Vocabulary Check 
1. 1180x + 125y 2. 0.12x + 0.09y 3. 0.09x + 0.6y 4.x +y;x-y 5. 4(x + y) 6. revenue; profit 7. break-even point 


Exercise Set 3.2 


1.3 and4 3. first number: 2; second number: 5 5. a. 1500 units; $48,000 b. P(x) = 17x — 25,500 7. a. 500 units; $122,500 

b. P(x) = 140x — 70,000 9. after completing college: 41%; after completing high school: 7% 11. 22 computers and 14 hard drives 

13. $2000 at 6% and $5000 at 8% 15. first fund: $8000; second fund: $6000 17. $17,000 at 12%; $3000 at a 5% loss 

19. California: 100 gal; French: 100 gal 21. 18-karat gold: 96 g; 12-karat gold: 204 g 23. cheaper candy: 30 Ib; more expensive candy: 45 Ib 

25. 8 nickels and 7 dimes 27. plane: 130 mph; wind: 30 mph 29. crew: 6 km/hr; current: 2 km/hr 31. in still water: 4.5 mph; current: 1.5 mph 
33. 86 and 74 35. 80°, 50°, 50° 37. 70 ft by 40 ft 39. two-seat tables: 6; four-seat tables: 11 41. 500 radios 

43. —6000; When the company produces and sells 200 radios, the loss in $6000. 45. a. P(x) = 20x — 10,000 b. $190,000 

47. a. C(x) = 18,000 + 20x b. R(x) = 80x c. (300, 24,000); When 300 canoes are produced and sold, both revenue and cost are $24,000. 

49. a. C(x) = 30,000 + 2500x b. R(x) = 3125x c. (48, 150,000); For 48 sold-out performances, both cost and revenue are $150,000. 


59. (6, 300); soo 63. does not make sense 65. makes sense 67. yes, 8 hexagons and 4 squares 
69. 95 71. y —5 2(x + 2) ory — 13 2(x + 6); y 2x + Lor f(x) =—2x +1 
72,.y-0=1(x + 3);y =x + 3o0rf(x) =x +3 73. (—~, 3) or (3, ©) 74, yes 
75. 11x + 4y = —-3 76. l6a + 4b + c = 1682 


Rokersection yeE00 10 


0 


Section 3.3 Check Point Exercises 


1. (-1) — 2(-4) + 3(5) = 22; 2(-1) — 3(-4) — 5 = 5;3(-1) + (-4) — 5(5) 32-2 (1,4, -3) or {(1, 4, -3)} 
3. (4,5, 3) or {(4,5,3)} 9 4. y = 3x? — 12x + 13 or f(x) = 3x? — 12x + 13 


Answers to Selected Exercises AA13 


Concept and Vocabulary Check 
1. triple; all 2. —2;—4 3. z; add Equations | and 3 4. quadratic 5. curve fitting 


Exercise Set 3.3 
1. not a solution 3. solution 5. {(2, 3, 3)} 7. {(2,—-1, 1)} 9. {(1, 2, 3)} 11. {(3, 1, 5)} 13. {(1, 0, -3)} 15. {(1, -5, -6)} 


slip 
17. no solution or © 19. infinitely many solutions; dependent equations 21. (3: 3 -1)} 23, y = 2x7 -x +3 
5. 35 8 3 5 
25. y = 2x +x-5 27. 7,4, and 5 29. {(4, 8, 6)} 31.y = ue + 6x - 11 33. a a 35. a. (0, 5), (50, 31), (100, 15) 
c 
0a + 0b+c=5 ss 
b. { 2500a + 50b +c = 31 37. a. y = —16x? + 40x + 200 b. 0; After 5 seconds, the ball hits the ground. 39. housing; $6133; 


10,000a + 100b + c = 15 


vehicles/gas: $2269; health care: $5438 41. $1200 at 8%; $2000 at 10%; $3500 at 12% 43. 200 $8 tickets; 150 $10 tickets; 50 $12 tickets 
45. 4 oz of food A; 0.5 oz of food B; 1 oz of food C 55. does not make sense 57. makes sense 59. false 61. true 63. 60°, 55°, 65° 65. 30cm 


67. -2r+y=6 y4 66. fz) =-5 yy 


ae 
BY 


69. {(—3, 1)}; The value for y is given and the value for x can be found by back-substitution. 70. {(6, 3, 5)}; The value for z is given and the values of 
1 2 | 


the other variables can be found by back-substitution. 71. | ( 3° 74 


Mid-Chapter Check Point Exercises 
1. {(-1, 2)} 2. {(1, —2)} 3. {(6, 10)} 4. {(x, y)ly = 4x — 5} or {(x, y)|8x — 2y = 10} 5. {(% z\ 6. OD 7. {(-1, 2, -2)} 


8. {(4, -2, 3)} 9. {(3, 2)} 10. {(—2, 1)} 11. a. C(x) = 400,000 + 20x b. R(x) = 100x c. P(x) = 80x — 400,000 

d. (5000, 500,000); The company will break even when it produces and sells 5000 PDAs. At this level, both revenue and cost are $500,000. 
12. 6 roses and 14 carnations 13. $6300 at 5% and $8700 at 6% 14. 13% nitrogen: 20 gal; 18% nitrogen: 30 gal 

15. rowing rate in still water: 3 mph; current: 1.5 mph 16. $4500 at 2% and $3500 at 5% 17. y =-x? + 2x +3 

18. 8 nickels, 6 dimes, 12 quarters 


Section 3.4 Check Point Exercises 


1 6 -3| 7 1 3 -5| 2 4 12 -20| 8 
ta} 4 12 20] 8 b| 1 6 -3] 7 e/1 6 -3| 7 2. (-1,2) or {(-1,2)} 3. (5, 2,3) or {(5, 2, 3)} 
3 -2 1| -9 3 -2 1| -9 16 -8| 12 


Concept and Vocabulary Check 


1. matrix; elements 


2 1 -4 
2. B = | | 3./3 0O 1 yl 4. first; 5 5. 3; second; —2; third 6. false 7. true 
4 3 
Exercise Set 3.4 7 7 
3 1 = i 13 2|5 1 —3 2] 0 
o.5 | 1-3) 2 1 -3 5 2 2 
1 3 3 5. | | 7 9/1 5-5 | 0 4.1/0 10 -7/ 7 
2 24)5 3. 5| -2 ote 8 0 2 \-2 3 0 44/7 2-2 1/3 


13./0 —-3 3] —-15 15. {(4, 2)} 17. {(3,—3)} 19. {(2, —5)} 21. no solution or © 23. infinitely many solutions; 
0 -4 2] -14 
dependent equations 25. {(1,—1, 2)} 27. {(3,-1,-1)} 29. {(1,2,—1)} 31. {(1, 2, 3)} 33. no solution or © 
wo-xt+y+z=3 
x= 2y—2=0 . 
y +62 = 17" 
z=3 
43. {(1, 2,3, —2)} 45. a. s(t) = —16t7 + 56r b. 0; The ball hits the ground 3.5 seconds after it is thrown.; (3.5, 0) 
47. yes: 34%; no: 61%; not sure: 5% 59. makes sense 61. does not make sense 63. false 65. false 67. —6a + 13 68. 15 


35. infinitely many solutions; dependent equations 37. {(-1,2,—2)} 39. {(2,1,-1,3)} 41. 


6.--— 7.2 71.6 72-31 
3y” 


AA14 Answers to Selected Exercises 


Section 3.5 Check Point Exercises 
1.a—4 b-17 2. (4,-2)or{(4,-2)} 3.80 4 (2,-3,4) or {(2,-3, 4)} 


Concept and Vocabulary Check 


3-8 4 
| 8 ‘| F ( 2 1 -2 

1.5°3 — 2-4 = 15 — 8 = 7; determinant; 7 2.x oe Sy ae 3.3) il -4? t +3); ; 4. e cae 
1 1 1 1 1 1 1 3 1 3 1 4 

i 7 It i 2 3 -2 

1-3 -2 


Exercise Set 3.5 


4.1 3-29 5.0 7.33 a2 11. {(5,2)} 13. {(2,-3)}. 15. ((3,-1)} 17. {(4,0)} 19. {(4,2)} 2. {(7, 4} 


23. inconsistent; no solution or @ 25. dependent equations; infinitely many solutions 27. 72 29. —75 31. 0 33. {(—5, —2, 7)} 


2x — 4y = 8 : 
35. {(2,—3, 4)} 37. {(3,—-1, 2)} 39. {(2, 3, 1)} 41. —42 43. {e Sp =—19 45. {-11} 47. {4} 49. 28 sq units 51. yes 
a 8 
53. | 3 5 1 0; y 5% t 5 65. does not make sense 67. does not make sense 69. true 71. false 
—2 #6 1 
‘ er 20 eT 
73. The value is multiplied by —1. 76. (—2, ©) 77. y= 3 78. {0} 79. {14} 80. {—3} 81. (—%, ) 


Review Exercises 

1. notasolution 2 solution 3. {(2,3)} 4. {(x, y)|3x — 2y = 6} or {(x, y)|6x — 4y = 12} 5. {(-5, -6)} 62 7. {(3,4)} 
1 8 

8. {(23,—43)} 9. {(-4, 2)} 10. {6 )} 11. {(x, y)|y = 4 — x} or {(x, y)|3x + 3y = 12} 12. (3. ) 13. D 


14. TV: $350; stereo: $370 15. $2500 at 4%; $6500 at 7% 16. 10 ml of 34%; 90 ml of 4% 17. plane: 630 mph; wind 90 mph 

18. 12 ft by 5ft 19. loss of $4500 20. (500, 42,500); When 500 calculators are produced and sold, both cost and revenue are $42,500. 

21. P(x) = 45x — 22,500 22. a. C(x) = 60,000 + 200x b. R(x) = 450x c. (240, 108,000); When 240 desks are produced and sold, both cost 
and revenue are $108,000 23. no 24. {(0, 1, 2)} 25. {(2, 1,—1)} 26. infinitely many solutions; dependent equations 


1 -8 Bi 1 -3 1 

27. y = 3x* — 4x +5 28. war: 124 million; famine: 111 million; tobacco: 71 million 29. F A | 30. F 7 | a 

Pia 2 ee 

2 2 1 2 2] 2 

31.}1 2-1 2 32.}0 1-1] 2 33. {(—5, 3)} 34. no solution or @ 35. {(1, 3, -4)} 36. {(—2,-1, 0)} 37. 17 38. 4 

[6 4 3 5 | 0 0 9] -9 

7 25 5.9 

39. —86 40. —236 41. r 8 42. {(2,—7)} 43. {(23, —12, 3)} 44. {(—3, 2, 1)} 45. y = st 50x + 1150; 30-year-old 
drivers are involved in 212.5 accidents daily and 50-year-old drivers are involved in 212.5 accidents daily. 


Chapter Test 


1. {(2, 4)} 2. {(6, -—5)} 3. {(1, -3)} 4. {(x, y)|4x = 2y + 6} or {(x, y)|y = 2x — 3} 5. one-bedroom: 15 units; two-bedroom: 35 units 
6. $2000 at 6% and $7000 at 7% 7. 6% solution: 12 oz; 9% solution: 24 oz 8. boat: 14 mph; current: 2 mph 9. C(x) = 360,000 + 850x 
10. R(x) = 1150x 11. (1200, 1,380,000); When 1200 computers are produced and sold, both cost and revenue are $1,380,000. 
1 0 -4 5 
12. P(x) = 85x — 350,000 13. {(1, 3, 2)} 14.;0 -1 26 | —20 15. {(4,—2)} 16. {(—1, 2, 2)} 17. 17 18. —10 19. {(—1, —6)} 
20. {(4, —3, 3)} 2-1 4/3 


Cumulative Review Exercises 


1.1 2. 15x —7 3. {-6} 4. {-15} 5. no solution or © 6. $2000 7. are 8. —4a — 3 9. (—%, —3) or (—3, ©) 
y3 


10. x7 — 3x — 1;-1 


11. a? 
S(x) = Tar? y 


12. 2x-y=6 y 13. y—4 3(x — 2)ory +2 3(x — 4); y 3x + 10 or f(x) = —3x + 10 
I 5 1 
14. y —0 3(x + 1); 3x — 3 or f(x) = —3x — 3 15. {(7 x) 


16. {(3, 2, 4)} 17. pad: $0.80; pen: $0.20 18. 23 19. {(3,-2, 1)} 
rH 20. {(—3, 2)} 


HY 


fal SS 


RY 


FOOT 


CHAPTER 4 


Section 4.1 Check Point Exercises 


1. (-5, ©) 
-8-7-6-5-4-3-2-1 0 1 2 


4. a. (—%, ©) b. © 


Concept and Vocabulary Check 
fs SDE 2. <be 3. >be 


10..x=7 


Exercise Set 4.1 
1. (—~, 3) 


19, [13, 2) 


2. (—~, 4) 
-3-2-1 0123 4 5 6 


5. more than 720 miles 


4. adding 4; dividing; —3; direction; >; < 


3. [7, ©) 
—2-1012345 67 8 
9. [0, 2) 


-§-4-3-2-1 012345 
45. [-6, 2) 
-8 -7-6-5 -4-3-2-1 01 2 


21. (—%, %) 


Answers to Selected Exercises AA15 


6. (—%, 2) 7Ix=7 8&Bx=7 


5. (—%, —4] 
—-8 -7-6-5-4-3-2-1 01 2 
11. (—~, 1) 


-5-4-3-2-1 0123 4 5 


23, (—2, 2) 


i re i i 4 
6 7 8 9 10 11 12 13 14 15 16 -5-4-3-2-1 012345 see es Mee aoe 


25.2 27. (-6, &) 29. [-1, ~) 


-7-6-5-4-3-2-1 01 2 3 -7-6-5-4-3-2-1 0 1 2 3 


31. (— 0, —2) 4 39. (—2, 2) 
a er a ee es ear ae 33. (—, 5) 35. 3 o 37. [6, ~) 
-4-3-2-1-0 123 4 5 6 -3-2-1 01234567 
c—b — ; : ae 
4.x < 43. (-~, —3] 45. (-1.4, ~) 47. (0, 4) 49. intimacy = passion or passion = intimacy 
a 
51. commitment > passion or passion < commitment 53. 9; after 3 years 55. voting years after 2006 


57. (175, ©); The women’s speed skating times will be less than the men’s after the year 2075. 59. more than 100 miles per day 
61. greater than $32,000 63. more than 6250 tapes 65. 40 bags or fewer 


75. y= —2(x + 4) 77. © 79. a. plan A: 4+ 0.10x; plan B: 2 + 0.15x 
10 

b. Plan A 

10 
-10 10 
> 0 50 

y2 = 6x + 16 0 

é oo, =3) Plan B 


c-d. more than 40 checks per month 


81. makes sense 83. makes sense 85. false 87. true 89. Since x > y, y—x <0. Thus, when both sides were multiplied by y — x, the sense 
9 


of the inequality should have been changed. 90. 29 91. {(—1, -1, 2)} 92, —— 93. a. (3, 4} b. {1, 2, 3, 4, 5, 6, 7} 94. a. (— 2, 8) 


gy 


b. (—%, 5) c. any number less than 5 d. any number in [5, 8) 95. a. [1,°0) b. [3, 2) c. any number greater than or equal to 3 
d. any number in [1, 3) 


Section 4.2 Check Point Exercises 


1.3,7} 2(-~,1) 32 4 [-1,4); 5. (3,4,5,6,7,8,9} 6 (—%,1]U(3,%) 7. (—&, &) 


-5-4-3-2-1 0123 45 


Concept and Vocabulary Check 
1. intersection; AN B 2. union; A UB 3. (—~, 9) 4. (—~, 12) 5. middle 


AA16 Answers to Selected Exercises 


Exercise Set 4.2 


1.{2,.44 30 52 7. (6, ©) 9. (-~, 1] 
a i] 
—2-1 0123456378 -§ -4-3-2-1 0123 4 5 
—+—+}—}—- + +} = —S SH > 
-2-1012345678 -5-4-3-2-1 0123 45 
t += SS SS} > 
-2-1012345678 -5-4-3-2-1 0123 45 
11. [-1, 2) 13. © 15. (—6, —4) 
> s+  EE—E EE ee - —S SS > 
-5-4-3-2-1 012345 -5-4-3-2-1 0123 45 -8-7-6-5-4-3-2-1 0 1 2 
SELL aE SS > 4 
-5-4-3-2-1 0123 45 -§-4-3-2-1 0123 4 5 -8-7-6-5-4-3-2-1 0 1 2 
== > +—+—}+—_ ++} > t =) > 
-5-4-3-2-1 012345 -5-4-3-2-1 0123 45 -8-7-6-5-4-3-2-1 0 1 2 
17. (—3, 6] 19. (2,5) 21.0 
SSS SS Se SS 
-4-3-2-1 0123 4 5 6 -5-4-3-2-1 0123 45 -5-4-3-2-1 0123 45 
Se ——— ————} = 
-4-3-2-1 0123 4 5 6 -5-4-3-2-1 0123 45 -5-4-3-2-1 0123 45 
St St + > 
-4-3-2-1 0123 4 5 6 -5-4-3-2-1 012 3 45 -5-4-3-2-1 0123 45 
23. [0, 2) 25. (3,5) 27. [-1, 3) 
t—+—}—_}—} =} > 
5:24.99 0 0 2 Sk aS —2-10123 45678 -5-4-3-2-1 012345 
ft} > 
-§-4-3-2-1 012345 29. (—5,—2] 31. [3, 6) 
> +—}-—_}- fat —} > +} —}—}- ffs) p> 
-5-4-3-2-1 0123 45 -8 -7-6-5-4-3-2-1 0 1 2 -2-10123 45678 
33. {1, 2,3, 4, 5} 35. {1, 2,3, 4,5, 6, 7, 8, 10} 37. {a, e, i, 0, u} 
39. (3, %) 41. (—%, 5] 43. (—%, ~) 
eS} SS SE > SS SSS SS 
-2-1 0123 45 67 8 -2-1 0123 45 67 8 -5-4-3-2-1 0123 45 
t+ <=> 4} ++ +4 > 
-2-10123 45 67 8 -2-1 0123 45 67 8 -5-4-3-2-1 0123 45 
SSS SO > 
-2-1 0123 45 67 8 -2-1 012345 67 8 -5-4-3-2-1 0123 45 
45, (—%,—1) U [2, ~) 47. (—%, -3) U (4, ~) 49. (—~, 1] U [3, ~) 
tt tt =e ttt = <—_—— HH 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 -5-4-3-2-1 012 3 45 
t—t—t +> t+—t> ++ St Ht HH HT Se - 
-5-4-3-2-1 0123 45 -5-4-3-2-1 0123 45 -5-4-3-2-1 0123 45 
—— =} —S . 4 
-5-4-3-2-1 012345 -5-4-3-2-1 0123 45 —5-4-3-2-1 01234 5 
51. (—%, 00) 53. (—, 2) 55. (4, 2) 57. (-~, 0) U (6, ©) 
<< SS SS SH b=é b+e 
-5-4-3-2-1 012345 -§-4-3-2-1 012345 59. 5 61. [-1, 3] 
——S SS > ES. — 2 94 
-5-4-3-2-1 012345 -5-4-3-2-1 0123 45 63. (-1, 3) 65. [-1, 2) 67. {-3,—2,—1} 
—— SSS SSS > 
-5-4-3-2-1 012345 -5-4-3-2-1 0123 45 


69. a. years after 2016 b. years after 2020 c. years after 2020 d. years after 2016 71. between 80 and 110 minutes, inclusive 
73. [76, 126); If the highest grade is 100, then [76, 100]. 75. more than 3 and less than 15 crossings per 3-month period 


83. (—2, 6); ;] 87. Exercise 83: Exercise 85: 


10 


-10 10 


-10 10 
-5 
-5 
89. makes sense 91. makes sense 93. false 95. false 97. (-~, 4] 99. [-1, 4] 101. least: 4 nickels; greatest: 7 nickels 
102. —x7 + 5x —9;-15 103. f(x) = —3e +4 104.17-2x 105. ; and1 —- 106. —1 and3 
107. a. —5 satisfies the inequality. b. no 


Section 4.3 Check Point Exercises 


13 13 4 4 
1. —2 and 3, or {—2, 3} 2. s and 5, or > sh 3: 3 and 10, or es io} 
4. (—3,7 11 
(-3,7) 2 | } 


-3-2-1 0123 4 5 67 


Answers to Selected Exercises AA17 


6. (—%, 1] U [4, ) 


-5-4-3-2-1 0123 4 5 


7. [37.8, 44.2]; The percentage of U.S. adults in the population who dread going to the dentist is between a low of 37.8% and a high of 44.2%. 


Concept and Vocabulary Check 


4..¢;—¢ 2. v;-v 3. —c3¢ 4 =cr€ 5. < 6.< Tei 8 E 9A 


Exercise Set 4.3 


23, 2s. {7} a. {3s} a. {5.3} 31. {0} 33 {4} 35. {4} 87. (-1, 15} 


39. (—3, 3) 41. (1,3) 
Sd }—}—}—}—}_} +} } +> 
-§ -4-3-2-1 012345 -§-4-3-2-1 0123 4 5 

45. (—1,7) 47. (—~, -3) U (3, &) 

+ eae aot 
—2-1 0123 45678 -§-4-3-2-1 012345 
1 

51. (—%, 2] U [6, ~) 53. (-=.3) U (5, ©) 

-10-8 -6-4-2 0 2 4 6 8 10 —2-1012348 678 

57. (—6, 0) 59. (—%, —5] U [3, °°) 

= 


-8 -7-6-5-4-3-2-1 01 2 —5 -4 3-2-1 01 2 3.4 5 
63. © 65. (—%, %) 
ee ee a UL 
-§ -4-3-2-1 012345 
69. (—~, 1) U (2, ~) 71. (—2,-3) U (5, ») 


p44 
T T 
-4-3-2-1 012 3 4 5 6 


-§-4-3-2-1 0123 4 5 


3 7 1 
75. 5 and 4 77. —7 and —2 79. |-2 1| 81. (-~,-1) U(4, ~) 83. (-=.-4| U [3, 2) 85. ( 


89. [—2, 1] 
and a high of 24%. 


outcomes that result in heads is 41 or less or 59 or more, then the coin is unfair. 


105. {—6, 4}; 107. {2, 3}; 
10 5 
-10 10 
—2 5 
-5 -1 
111. (—%, —-3) U (4, ~); 113. (—2, 2); 
10 10 
-10 10 -10 10 


43. [-3,-1] 


-5-4-3-2-1 012345 
49. (—», —4) U (—2, ~) 


-5-4-3-2-1 0123 4 


wm 


55. [-5, 3] 
-6-5-4-3-2-1 0123 4 


61. (—~,—3) U (12, ) 


\ 
t 
10 12 14 16 


| 
Co 

| 
ee 
eet 
cee 
at 
ease 
ot 


67. [—9, 5] 

-10-8 -6-4-2 0 2 4 6 8 10 
73. (—%,—1] U [2, ~) 

-§ -4-3-2-10123 4 5 


—— 7?) 87. (3, 5} 
a 


a 


109. (—2, 3); 


-5 5 
-1 


115. does not make sense 


117. does not make sense 119. false 
121. true 123. a. |x — 4| <3 
b. |x — 4| = 3 125. {1} 


97. If the number of 


21. 0 


91. [18, 24]; The percentage of interviewers in the population turned off by the job applicant being arrogant is between a low of 18% 
93. [50, 64]; The monthly average temperature for San Francisco, CA is between a low of 50°F and a high of 64°F. 
95. [8.59, 8.61]; A machine part that is supposed to be 8.6 cm is acceptable between a low of 8.59 and a high of 8.61 cm. 


AA18 Answers to Selected Exercises 


126.  y4 3x —5y =15 127. fx) = 2x 128. f(x) =-2 YA 
[Ter tT 3° YA 5 
of 
imi | i 
im f HASREEEEEEE 
Ae 
Cl i x 
oy EEE EH EEE Ng 
Sa 


Mid-Chapter Check Point Exercises 


1.(-~,-4] 23,5) 3 {53} 4.(—%,-1) 5. (-~,-9)U(-5,*) 6 I-32 7. (3 be 


a 8. (—4,-2] 9. (—~, ~) 


1 5 
10. (—»,-3] 14. (—~,-3) 12, (-~,-1) U (-4 =) 13. (—%,-10])U[2,%) 140 15, (-=.-2) 16. (4,0) 17. {-2, 7} 
18. © 19. no more than 80 miles per day 20. [49%, 99%) 21. at least $120,000 22. at least 750,000 discs each month 


Section 4.4 Check Point Exercises 


= 3 = 
1. 4x y=8 YA 2 y>-ae y, 3. ay>d yy boxs-2 yy 
aE eae cise 
HEEH-+H iz sat] Serre tee, oS 
x |. ~ EEE © BEEEE-H-H- + 
| - : x HEHHEEH HH HAE 
ia im ims Es | | 
CEE WE Poets Cee 


4. B = (60, 20); Using T = 60 and P = 20, each of the three inequalities for grasslands is true: 60 = 35, true; 5(60) — 7(20) = 70, true; 
3(60) — 35(20) = —140, true. 


5. x-3y <6 6. 
2x + 3y = -6 “it 


HY 


Concept and Vocabulary Check 
1. solution; x; y;5 > 1 2. graph 3. half-plane 4. false 5. true 6. false 7x —y <1;2x + 3y = 12 8. false 


Exercise Set 4.4 


xty23 yh 3 x-y<5 yh 5.x+t+2y>4 yh 7. A aaa 9 F4+2<1)5, 
im P 
HH 10 MSs 
PES + aI anh + - Ao y° | 
eee EEHS ja iva TS 3 | | ‘ | 
= EEE Ee aor COPS HOT HH 
| 4 EERE EECA rr t [$1 
SpESEEETEEE pect SeceeeTueeee HEE t 
im | ial im 1 im | iva 
i ! 7 All ia | ol Eh 
11. 1 13. ys3r+2y4 15. 1 17. «52 V4 19. y>-4 YA 
> 3% yy Poors y<~Gt yp Be 2 
f 5 H im | | i i. oI a 
ct Cees Rea x 
iz Pee etre ry tt yy 
cal oni mi a | ! - ~ 
{ t =¥ Breet > im SHH = 
paanaeueeeeale H PEEECEEEEE © HT Soeeecesas 
HE im im t 
CEPT Try rr rrr} 
21. y=0 Yh 23. 3x + 6y <6 25. 2x - 5y = 10 27. y>2x-3 29. x+2y<4 
5 wry sBy, 3x —2y>6 yA y< x +6 yh yexr-3y, 
ECE Cael ‘io ee fest 
4 - tH ar eet 
aaeee x a EEE [ oT] PSS ocr] 
[ - > rai wt eal Ss: im 
BEEEESESEICE : : LE ae AL Ay 
_— an CeCe] Peco | 
cafe fa Bee TT 
31. y<2 33. -25x<Syy 35. x-ysl 37. © 
y2-ly, x22 
is! i 
FA 8 
| i 
t O 
Co x Co Co 
senetale HH i Fiat 
! Co 
| | ia 
| A 


BY 


Answers to Selected Exercises AA19 


41.x-ys2 43. x20 45. 3x+y <6 47,.y =-2x +4 4. fxt+y=s4 
x2—2 y=0 2x-ys-l <6 
ys3 yy 2x + Sy < 10 y= -2 yE-2x+4 Vp 3x ty s 
Poco 3x + 4y<12 yh y<4 yy HH 4 xtys4 
EE | HA A = PEE NEE ET Betys6 Yh 
Poet Cope cece oo: Sone FEECE-ANEEE Be 
Woe LH Fee Coo Nees PBSC 
H sai oa AH Cert + HH 
PA hal COCA © HEHEHE H HH 
EERE - cot EEE EET 1 5.x 
[ i bak 
eT 
jest 


a eee 23S y=4 53. y>dx-2ory<4 Ya 
—2sx52 ASHE 
-3sys3y,4 EAR 


_| | 
Foo 
a 
HY 
iia 
jim 
[ee 
jet 
[ie 
BY 


55. no solution 57. infinitely many solutions 59. a. A = (20, 150); A 20-year-old with a heart rate of 150 beats per minute is within the target 
range. b. 10 = 20 = 70, true; 150 = 0.7(220 — 20), true; 150 = 0.8(220 — 20), true 61. 10 <a = 70; H = 0.6(220 — a); H = 0.7(220 — a) 
10 


63. a. [ y = 0 b. y=0 e.2nights 75. 10 77. 
xty25 at a 
x1 200x + 100y = 700 ‘6 a 
200x + 100y = 700 Stoo seas i 
----4-- 
Coo 
CeCe 
EEHHHt ary 
83. makes sense 85. makes sense 87. false 89. true 91. i. 2-2 93. y=2x —-2 
y>-l 
=nx+b = b = 
95. eee iy a 96. {(3, 1)} 97. {(2, 4)} 98. 165 99. a. a ee b. (1,5), (8, 5), (8, -2) 
ATL, 5)CC(8, 5)5 
(0, b) a 
: HESS 
| ioe 
y=nxt+b Orr fs to + 
18, 2-4 
c. at (1, 5): 13; at (8, 5): 34; at (8, —2): 20 
100. a. y b. (0, 0), (2, 0), (4, 3), (0, 7) c. at (0, 0): 0; at (2, 0): 4; at (4, 3): 23; at (0, 7): 35 101. 20x + 10y = 80,000 
et i 
FEO, 7) 
[ ial |e 
FAESRC EE 
EER 42) 
AHHH 
(0, 0) +2, 0-94 ¥ 
Section 4.5 Check Point Exercises 
x+y = 80 
1. z = 25x + S55y 2x+y = 80 3.30 = x = 80,10 = y $ 30;z = 25x + S55y; 4 30 = x = 80 
10 <y = 30 


4. 50 bookshelves and 30 desks; $2900 5. 30 


Concept and Vocabulary Check 


1. linear programming 2. objective 3. constraints; corner 


Exercise Set 4.5 
4. (1, 2): 17; (2, 10): 70; (7, 5): 65; (8, 3): 58; maximum: 70; minimum: 17 3. (0, 0): 0; (0, 8): 400; (4, 9): 610; (8, 0): 320; maximum: 610; minimum: 0 


5. a. yh = = 7. a. YA 9. a. YA 
i i i ial ba [TTT TT} 
10 LT / / 10 Dah a tinian See el ray i 

| | | 10 | 

5p see ste prt 

semen oH ane 

(0, 4) 4 SE (0, 4-H) (.4)<8F) Fett 

OU PSSSEE 0,3) AR pb co: BRR 

rrr (4,0): . LN N(6 0) 1,2 2 rf PH 
012345 * 0 2/46 810 a rr ae 


b. (0, 4): 8: (0, 8): 16; (4, 0): 12 b. qd, 2): 4: qd, 4): = (5, 8): i: (5, 2): 11 
c. maximum: 16; at (0, 8) b. (0, 3): 3; (0, 4): 4; (6, 0): 24; (3, 0): 12 c. maximum: 11; at (5, 2) 
c. maximum: 24; at (6, 0) 


AA20 Answers to Selected Exercises 


11. a. Yh ea 13. a. Yh 15. a. z = 125x + 200y 
1 EH oe b. (x < 450 
Bea 12\ 80.0 y= 200 
si 7) SBG, gh 600x + 900y = 360,000 
0.4/RNalot 2 ENS ye (0,200 
s 1(4, 0) oo} X65, 0) 4 c. 0, 
0.2)@ 4 6 810% Oe a6 810 4 Cocco 
250 A a sd a a 
12 12\ 7 b. (0,0): 0; (0, 6): 72; (3, 4): 78; (5, 0): 50 Jonna g B00, 200) 
b. (0, 2): 4; (0, 4): 8; es 5) 5 14.4; c. maximum: 78; at (3, 4) 150 FEN EEL (450, 100) 
(4, 0): 16; (2, 0): 8 100 FEE 
c. maximum: 16; at (4, 0) @ a Et PEEL (450, 0) 
x 


PISS 
d. 0; 40,000; 77,500; 76,250; 56,250 
e. 300; 200; 77,500 
17. 40 of model A and 0 of model B 19. 300 boxes of food and 200 boxes of clothing 21. 100 parents and 50 students 
23. 10 Boeing 727s and 42 Falcon 20s 29. does not make sense 31. makes sense 33. $5000 in stocks and $5000 in bonds 35. 54x7y 
12P+W 


36. L = 37.10 38. 4x7 + 9x7 -— 13x -—3 90.5x°-—2x74+12x-15 40age bf 


Review Exercises 


“se -[3-) = 
Sa UES SE TE Gc mice ; a) 
-5-4-3-2-1 012345 
tp [+--+ + +++ 
-5-4-3-2-1 012345 -11-10-9 -8 -7 -6 -5 -4 -3 -2 -1 
4. (-3, ~) 5. (—~,-2] 6. © 
a See —— yt ttt Ht Ht 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 
7. more than 50 checks 8. more than $13,500 in sales 9. {a, c} 10. {a} 11. {a, b,c, d, e} 12. {a, b,c, d, f, g} 
13. (—%, 3] 14. (-~, 6) 15. (6, 8) 
> SSS SS t+} — =} > 
-5-4-3-2-1 012345 -2-1012345678 0123 4567 8 9 10 
16. (—~, 1] 17. © 18. (2%, 1) U (2, ~) 
t+—t > 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 
19. (—%, —4] U (2, ~) 20. (—%», —2) 21. (—%, 2) 
<<“ + + HH —_—— 1 + +4 +> 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 -5-4-3-2-1 012345 
3 
22. (-5,2] 23. |—-7, 24, [49%, 99%) 
-~6-5-4-3-2-1 01234 }—}-—}- + +} 1} +} +} +} 
-5-4-3-2-10123 45 
11 23 6 
25. {-4,3 26. 27. 4 -—, > 28. 4 —4,-— 
a a es ad 
29. [—9, 6] 30. (—%,—6) U (0, *) 31. (-3,—2) 
tt eS} sep tt 
-10-8 -6-4-2 0 2 4 6 8 10 -10-8-6-4-2 0 2 4 6 8 10 -5-4-3-2-1 012345 


32. (-», —5] U [1, ©); ipa ea a ee ee a 33. © 34. Approximately 90% of the population sleeps between 5.5 hours and 


7.5 hours daily, inclusive. 


35. 3r—dy>12 yp 36. x -3y <6 YA 87. yc lian y, 38. 3, 39, rS2 yh 
FH + EEOC oO aan Sih im ett 
jl allt te eet SHH A+5|--4-- 4) SeSSS0e8 eee 
EEE ff EERE PSE P 
PEE scernseeay BEDGGeeaal possess eaeae 
eSee eT): . aoe PEE REEeer 5% 
Liebert anna ESE ¥ Sart ee Peet tH 
PEPE rr (infant ai infnhe Fat HH | 
Pert a a EGE AE BEES CCEEECCeee ai ia La 
[TTT a i a } } f : ct Gece col Ti PYttT 
Ene Ee SS aie al 
40. y>-3 y4 41, x-y=4 42. y<-x+4 43, -3=x<5y,4 44, -2<y=<6 yh 
GEES EEE x+ty25 yh, your-4 YR im ry i me man 
jp} t HH HH FA SHH I I tl I 4 KEEFE HY 
mi | i cc 1 CEES ii 
seit FEC eer See CE TIeeeE TTT Thal. 
HEE] © ma Coo) asia) | im 4 0) x ~---4----+ + 
MSP EERE HHH PERE Cee CH ro 
EEEEEEEEHHHH) EEEEEEEE EEF Pett sega! =o ae aaa HoH 
pestastaae seca Aneel H a 


45. x=3 46. 2x-y>-4 47. xt+y=<6 48. 3x+2y24 
ysoy, x20 YY y2zv—-3y4 = Lys 
CHEB H $44 40} 
| | ia iba i ct 
| | | ia il im L 
Bid ca B eis a el a il i i a a oe! | | | | oe il 
ry cH TT % By % HH 
Sra: Fee a ee | 
EHH EEE Eee Eee co 
7 I l il pet il imi [ 
[ 
[ 
£°0\-5 : bos 
50. ry ; > (2, 2): 10; (4, 0): 8; (1, 0): 2; maximum: 10; minimum: 2 
51. Yh 52. Yh 53. Yh 
EEECE EEE im Co Pee Eee 
10/9. Lo H 10-E EE] 10 ct i. 
BH 80, eH aL EEE 
“CoCo meet 5, 7)-4 Coo oe 
, ER SEEEEEEEH y FAH SEG, EHH 
4 EERE HEH AH 
0,3) ia t PPE ist ft 6 6 {| 
, 2 ON (8, 07 (0. 3) 2 (5,0) 57s) NGO EF 
02,04 6 810 * 0,04 6810 * 0(3,0)4 6 810 * 


maximum: 24 


maximum: 33 


x20,y2=0¥4 


Answers to Selected Exercises AA21 


49. 


12) 


maximum: 44 


5A. a. z = 500x + 350y b. (x + y < 200 Cc yh d. (10, 80): 33,000; (10, 190): 71,500; (120, 80): 88,000 
x= 10 290 [(40, 190) e. 120; 80; 88,000 
y = 80 160 SC 55. 480 of model A and 240 of model B 
, \120, 80) 
0 HHH 
ee 
0 40 120 200 * 
Chapter Test 
1. (—~, 12] 21 3. more than 200 minutes 
a ga 4. {4, 6} 
45 6 7 8 9 1011 12 13 14 pop 4 yt > 5. {2, 4, 6, 8, 10, 12, 14} 
-5-4-3-2-1012345 
6. (—2,—1) 7. [-2, ») 8. (—%, 4) 
pp} +} +} + 
-5 -4-3-2-1 12345 -5-4-3-2-1 0123 45 —2-10123 45678 


9, (—%,—4] U (2, ») 


wfagh (29 


15. (—, 90.6) U (106.6, ~); 
Hypothermia: Body temperature below 
90.6°F; Hyperthermia: Body temperature 
above 106.6°F 


-5-4-3-2-1 0123 4 5 


-10-8 -6-4-2 0 2 4 6 8 10 
13. (-3, 4) 14. (—%,—1] U [4, ») 


-§-4-3-2-1 0123 4 5 -5-4-3-2-1 0123 4 5 


ee AS & _ 7 yo4._4 i 18. y= =1 ys 19. x+y2=2 20. Faia 
HH oa H BH HEPEEEEHE x20 
emmemeiemny | | | am MEGoo) Per oar y20 yh 
BEES es Sepa aE SERsseeenp FEA 
Lot ESSE eer rs EECEEPREEEE 
H H Bee Beer ‘ PEE Eo 
Poe LI EEE EHH | FEES 
HHH 
EECHHEEH 
21. -2<xs4y 22. maximum: 26 23. 50 regular and 100 deluxe; $35,000 
i) Ea im 
FEC 
FECES T} 
LI Lt | 
EECHEEEEEE H" 
EEA A 


Cumulative Review Exercises 
2y! 


ae 4. 22; 4a* — 6a + 4 
¥ 


1 
5. 2x7 + x + 2312 6 fx) =—3x +4 


AA22 Answers to Selected Exercises 


7, fix) =2e +1 Yh 8. y>2x YA _ 9. 2x-y2O yA 
“TEA Gere: oo Bee =P 
Sceeee) aoe lefedatalat cay ay aun 
vane x Coo * CCC eee] © 
HEE EeeeR +++ Hee 
TAP TET] FT AGH 
11. {(—4, 2,-1)} 12. {(-1, 2)} 13. —17 14. 46 rooms with kitchen facilities and 14 without kitchen facilities 15. a. and b. are functions. 
16. [—7, ~) 17. (—~, —6) 18. (—%, 3] U [5, ©) 
a ae tt tt wt 
-8-7-6-5-4-3-2-1 0 1 2 -8-7-6-5-4-3-2-1 0 1 2 —2-1012345678 
19. [-10, 7 1 
[ ] 20. (-=.4) U (5, ©) 


-10-8-6-4-2 0 2 4 6 8 10 
—2-1 0123 45 67 8 


CHAPTER 5 


Section 5.1 Check Point Exercises 


1. Term | Coefficient | Degree 2. 16 3. The graph rises to the left and to the right. 4. This would not be appropriate over long 
axty5 8 9 time periods. Since the graph falls to the right, at some point the ratio would be negative, which is not 
y possible. 5. The graph does not show the end behavior of the function. The graph should fall to the left. 
—Tx3y? -7 5 6. —3x° + 10x27 - 10 7. Oxy3 + 3xy?- 15y -9 = 8 10x97 — 2x7 + 8x — 10 =, 13x7y? + 2xy? — 10 
—x7y = 3 
—5x —5 1 
11 11 0 


The degree of the polynomial is 9, 
the leading term is 8x*y°, and the leading 
coefficient is 8. 


Concept and Vocabulary Check 


1. whole 2. standard 3. monomial 4. binomial 5. trinomial 6.1 Zn+m 8. greatest; leading; leading 9. true 
10. false 11. end; leading 12. falls; rises 13. rises; falls 14. rises; rises 15. falls; falls 16. true 17. true 18. like 
19.-3x> 20. -3x79y at. 2x9 22, 10x5y2 28, 12xy* — 12y? 


Exercise Set 5.1 


1. Term | Coefficient | Degree 3. Term | Coefficient | Degree 
=x =1 4 5x3 5 3 
x? 1 2 Ix? 7 


The degree of the polynomial is 4, 
the leading term is —x*, and the leading 9 9 
coefficient is —1. 


The degree of the polynomial is 3, the leading term is 5x°, 
and the leading coefficient is 5. 


5. Term | Coefficient | Degree 7. Term Coefficient | Degree 
3x2 B} 2 xy? 1 5 
Tx! ST 4 —5x2y7 —5 9 
=x = 1 6y? 6 2 
6 6 0 =3 =3. 0 
The degree of the polynomial is 4, The degree of the polynomial is 9, 
the leading term is —7x*, and the leading the leading term is —5x7y’, and the leading 
coefficient is —7. coefficient is —5. 
9. Term Coefficient Degree 11. 0 13. 12 15. 56 17. —29 19. —1 
x 1 5 21-23. Graph #23 is not that of a polynomial function. 
332y4 3 6 25. falls to the left and falls to the right; graph (b) 
= y 7 7) 27. rises to the left and rises to the right; graph (a) 
a 2 3 
Ox 9 1 29. ix? + 7x? - 12-4 31. ee + x0 + ral 
=2 =2 0 33. 9x’y — 6xy 35. 2x’y + 15xy + 15 
The degree of the polynomial is 6, 37. oxiy” 6x"y° Sx?y + 2xy = at - oe —6 . 
the leading term is 3x’y*, and the leading 41. 12x° + 4x° + 12x — 14 43, 22y? + Dy" + Ty” — 13y" + 3y — 5 


coefficient is 3. 45. —5x? + 8xy — Dy? 47. x‘y? + 8x'y + y — 6x 


Answers to Selected Exercises AA23 


49. y" + 2y"” —3 51. 8a7b* + 3ab? + 8ab 53. 5x? + 3x°y — xy? — 4y3 55. Sx4 — x9 + 5x? — Sv +2 57. —10x*y* + 4x2 + 3 
59. —4x9 — x? + 4x + 8:7 61. —8x? — 2x — 1;-29 63. —9x° — x7 + 13x + 20 65. a. 3167; The world tiger population in 2010 was 
approximately 3167.; (40, 3167) b. underestimates by 33 67. rises to the right; no; The model indicates an increasing world tiger population but 


the tiger population will actually decrease without conservation efforts. 69. falls to the right; The number of viral particles eventually decreases as 
the days increase. 71. falls to the right; Eventually the elk population will be extinct. 85. Answers will vary; an example is f(x) = —x* — x + 1. 
87. Answers will vary; an example is f(x) = x* + x + 1. 
89. 25 91. 35 93. 
-5 5 
-10 10 
-5 10 
=10 a =10 


2 
95. does not make sense 97. makes sense 99. false 101. true 103. 10y*” — 6y2" + 5 105. {2} 


107. y — 5 = 3(x + 2);y = 3x + llor f(x) =3x +11 108. 10x7y? 109. 16x8 + 6x° 
110. 3x3 + 19x? + 43x + 35 


106. 2. — 3y 


"A 


Bkcees 


Section 5.2 Check Point Exercises 


1. a, —18x7y"! b. 30x! yoz8 2. a. 12x? — 18x° + 24x74 b. 10x°y? — 8x’y’ — 10x*y3 3. 6x97 — 2x7 -x +2 

4. 12x?y® — 8x2y4 + 6xy? + 2y? 5. a. x? + 8x + 15 b. 14x? + xy — 4y? c. 4x° — 12x4 — 5x3 + 15x 6. a. x? + lox + 64 

b. 16x? + 40xy + 25y? Dax? — 10x +25 ~~ b. 4x7 — 24xyt + 36y8 Bax? -— 9 ~~ b. 25x77 — 49y? sw. 25a*b4* — 16a? 

9. a. 9x? + 12x + 4 — 25y" b. 4x? + 4xy + y? + 12x + 6y + 9 10. a. x7 — 10x + 21 b. 5 Waa+a-2 b. 2ah + h? — 5h 


Concept and Vocabulary Check 


1. add 2. distributive; 4x° — 8x? + 6; 7x? 3. 5x; 3; like 4. 3x7; 5x; 21x; 35 5. A? + 2AB + B?: squared; product of the terms; squared 
6. A? — 2AB + B?: minus; product of the terms; plus 7. AX — B*: minus Bxath 


Exercise Set 5.2 


4.15x° 3. 15x3y! 5, —6x7y2z? 7 x yh2 og, 12x03 + Bx? 4. 2yF — 10y? 18. 10x® — 20x° + 45x39 15. 28x2y + 12xy? 

17. 18a°b> + 15a7b?— 19. —12x®y? + 28x3y* — 24x2y 24, — 129" + 20K" — 2x72 oP -—e - 150 OB - 1 oa - 

29. x4 + Sx +x? — 11x + 4 31.09 — 4x°y + 4xy? — ys 33. xy? + 8 35. x7 + 11x + 28 37. y — y — 30 39. 10x? + 1lx + 3 
41.6y?—1ly +4 43, 15x? — 22x +8 9 45. 2x2 + xy — 21y* 47. 14x*y? — 19xy — 3 49. x — 4x? — Se + 20 

51. 8x° — 40x73 + 3x7 — 15 53, 3x7" + Sx"y — 2y" 55. x7 + 6x + 9 57. y> — 10y + 25 59. 4x7 + 4xy + y? 

61. 25x? — 30xy + 9y? 63. 4x* + 12x*y + Dy? 65. 16x2y* — 8x°y3 + xy? 67. a*" + 8a"b”" + 16b7" 69. x7 — 16 71, 25x? — 9 

73. 16x7— 49y? 75. y° — 4 771 — yl 79, 49x2y4 — 100y? 81. 2502" — 49 83. 4x? + 12x + 9 — 16y? 

85.x7 + 2xy + y2—9 87. 25x27 + TOxy + 49y?- 4 89. 25y? — 4x79 -— 12x —-9 OH x? + Axy ty? 4+ 2x 4+ 2y 41 

93.x4-1 9.ax?+4xr—-12 b-1S o-12 9.ax°- 27 b-35  «-27 99.aa?+a+5  b.2ah+h? — 3h 
101.a.3a7 + 14a +15  b.6ah +3h7>+2h 103. 48xy = 105. —9x7 + 3x +9 = 107. 16x4 — 625 109. x — 3x7 + 3x -1 

111. (2x — 77 = 4x7 -— 28x +49 11. a? + Ox t+ 4x +24 bd. (x + 6)(x +4) = 2° 4+10K +24 9 115, a. x7 + 12x + 27 

bx? +6x+5 c6x+22 117. a. 4x7 -— 36x +80  b. 4x3 — 36x72 + 80x 119. a. V(x) = —2x° + 10x? + 300x _b.. rises to the left and 
falls to the right c. no; Because the graph falls to the right, volume will eventually be negative, which is not possible. d. 2000; Carry-on luggage 
with a depth of 10 inches has a volume of 2000 cubic inches. e. (10, 2000) f. (0, 15), although answers may vary. 


131. 10 133. 10 
-10 10 -10 10 
-10 —-10 
conclusion: y,; = y2 conclusion: y, = y2 
135. makes sense 137. makes sense, although answers may vary 139. false 141. false 143, x? + 2x 145, 2x? + 12x? + 12x + 10 


14 
147.9and11 148. (-=. -¥) U[2,%) 149. [-3,%) 150. 8.034 x 10? 154. a. 3x7 bb. 6x? 


152. x? — 5x7 + 3x — 15 153, 3x° — 2xy + 12x — 8y 


Section 5.3 Check Point Exercises 


1. 10x(2x + 3) 2. a. 3x7(3x7 + 7) b. 5x*y?(3. — S5xy) c. 4x7y3(4x7y? — 2xy + 1) 3. —2x(x? — Sx + 3) 
4. a. (x — 4)(3 + 7a) b. (a + b)(7x — 1) 5. (x — 4)(x? + 5) 6. (x + 5)(4x — 3y) 


AA24 Answers to Selected Exercises 


Concept and Vocabulary Check 


1. factoring 2. greatest common factor; smallest/least 3. false 4. —2x 5. false 


Exercise Set 5.3 


4.2x(5x +2) 3B y(y-4)  5.x7%(x +5) 9 7. 4x7°(3x7-— 2) 9, 2x7(16x? + x + 4) 
15. 2x(6y — 3z + 2w) 17. 3xy*(Sxy? — 3x? + 4y) 19. 5x?y4z7(Sxy? — 3x22? + 5yz) 
27. —2(x7 — 3x +7) 29. -5(y? — 8x) 84. —4x(x27 — Be +5) 33. —1(x? + 7x — 5) 


39. (x + y)(3x —1) 44. (3x — 1)(4x? + 1) 
- (y — 6)(x + 2) 53. (y + 1)(x — 7) 55. (5x — 6y)(2x + Ty) 57. (4x — 1)(x? — 3) 
63. (a — b)(y — x) 65. (a + 2b)(y” — 3x) 67. (x” + 1)(y" + 3) 69. (a + 1)(b — c) 


73, y°(3x — 1)*(6xy — 2y — 7) 75. (x? + 5x — 2)(a + b) 77. (x +y + z)a-—b+c) 


43. (x + 3)(2x + 1) 45. (x + 3)(x + 5) 


11. 2xy(2xy? + 3) 
24: 5x"(3x" = 5) 


13. 10xy?(3xy — 1) 
23. —4(x — 3) 25. —8(x + 6) 
37. (y — 6)(x — 7) 
49. (x — 3)(x? + 4) 
61. (x — 3)(x? + 4) 


35. (x + 3)(4 + a) 

47. (x + 7)(x — 4) 
59. (x — a)(x — b) 
71. (x37 — 5)(1 + 4y) 

79. a. 16; The ball is 16 feet above the ground 


after 2 seconds. b. 0; The ball is on the ground after 2.5 seconds. c. —81(2t — 5); f(t) 8t(2t — 5) d. 16; 0; yes; no; Answers will vary. 
81. a. (x — 0.4x)(1 — 0.4) = (0.6x)(0.6) = 0.36x b. no; 36% 
83. A = P+ Pr+(P+Prr=PAt+n+Prl+n=(14+rn(P+ Pr) = PO+n +r = PO +r 85. A = r(ar + 21) 
93. 10 Graphs coincide.; 95. 10 Graphs do not coincide.; 
factored correctly x? + 2x+x4+2 = (x + 2)(x4+1) 
-10 10 -10 10 
-10 -10 
97. does not make sense 99. makes sense 101. false 103. true 105, x2"(x" + 1 + x”) 107. 4y°"(2y* + 4y> — 3) 
20 14 
109. Answers will vary; an example is 6x” — 4x + 9x — 6. 110. {(2-14)} 111. a. function b. not a function 


112. length: 8 ft; width: 3 ft 113. 4 114. 2 115. 7 


Section 5.4 Check Point Exercises 


4. (x + 4)(x + 2) or (x + 2)(x + 4) 2. (x — 5)(x — 4) 3. (y + 22)(y — 3) 
6. (x9 — 5) — 2) 7. (Bx — 14)(x — 2) 8. x4(3x — 1)(2e + 7) 


9. (2x — y)(x — 3y) 


Concept and Vocabulary Check 


4. (x — 3y)(x — 2y) 


5. 3x(x — 7)(x + 2) 


10. (3y? — 2)(y2 +4) 14. (2x — 5)(4x - 1) 


1. completely 2. greatest common factor 3.45 4.—4 5. + 16 6. — 3y 7. 2x; 2x;— 18 8. — 11 9. 2x + 9 10. — 6y 
Exercise Set 5.4 

1. (x + 3)(x + 2) 3. (x + 6)(x + 2) 5. (x + 5)(x + 4) 7. (y + 8)(y + 2) 9. (x — 3)(x — 5) 11. (vy — 2)(y — 10) 

13. (a + 7)(a — 2) 15. (x + 6)(x — 5) 17. (x + 4)(x — 7) 19. (y + 4)(y — 9) 21. prime 23. (x — 2y)(x — Ty) 


25. (x + 5y)(x — 6y) 
37. 2x7(x + 3)(x + 16) 
49. (y + 8)(3y — 2) 

» (x + y)(3x + y) 

. 2x?(3x + 2)(4x — 1) 


29. (a — 10b)(a — 8b) 31. 3(x + 3)(x — 2) 
41. (x? — 6)(x? + 1) 43. (x + 6)(x + 2) 
51. (y + 2)(4y + 1) 53. (2x + 3)(5x + 2) 55. (4x — 3)(2x — 3) 
63. (2x + y)(3x — Sy) 65. (5x — 2y)(3x — 5y) 

73. y3(Sy + 1)(3y — 1) 75. 3(8x + 9y)(x — y) 


27. prime 
39. (x? + 2)(x3 — 3) 


81. 13x°v(y + 4)(y — 1) 83. (2x7 — 3)? +1) 85. (2x7 +: 5)(QX7 + 3) 87. (2y° + 1)(y? + 3) 
91. (2x — 13)(x — 2) 93. (x — 0.3)(x — 0.2) 95. | x + (2 - ; 97. (ax — b)(cx + d) 


101. f(x) = 3x — 13 and g(x) = x — 3, or vice versa 103. 2x + lbyx +3 
b. 0; The diver hits the water after 2 seconds. c. —16(t — 2)(t + 1); f(t) = —16(t — 2)(t + 1) 


W72axrtxtxtxet1+1=7x74+3x4+2 b. (x + 2)(x + 1) c. Answers will vary. 
117. 10 119. 10 
-10 10 -5 5 
-10 —-10 
Graphs coincide.; factored correctly Graphs coincide.; factored correctly 
123. makes sense 125. makes sense 127. true 129. false 131. —16, —8, 8, 16 
137. d"(2d — 3)(d—1) 188. (5,2) —- 139. {(2,-1,3)} 140. (x + 2)(4x” — 5) 


142. (x — 4)(x — 4) or (x — 4)” 


Mid-Chapter Check Point Exercises 


4. —x3 + 4x? + 6x +17 3. 30x°y? — 35x3y? — 2x?y 


6. -x? — 5x +5 7. 5 8. 8x? + 18% — 5 


143. (x + 5)(x — 5) 


2. —2x7y3z> 


4xty — 6x’y 9. 10x*y? — llxy — 6 


Ty 


33. 2x(x — 3)(x — 4) 


67. (3a — 7b)(a + 2b) 
77. 2b(a + 3)(3a — 10) 


133. (4x” — 5)(x" — 1) 
141. (x + 7)(x + 7) or (x + 7)” 


4. 3x3 + 4x? — 39x + 40 


35. 3y(y — 2)(y — 3) 
45. (3x + 5)(x + 1) 47. (x + 11)(5x + 1) 
57. (y — 3)(6y — 5) 59. prime 
69. 5x(3x — 2)(x — 1) 
79. 2y(2x — y)(3x — Ty) 
89. (Sx + 12)(x + 2) 


99. —x7y7(4x — 3y)(x — y) 


105. a. 32; The diver is 32 feet above the water after 1 second. 


d. 32;0 


135. b°(b" — 2)(b" + 5) 


5. 2x* — x3 — 8x? + lx — 4 
10. 9x? — 4y? 11. 6x°y — Oxy? + 2x? - 3y 


Answers to Selected Exercises AA25 


12. 49x°y? — 25x? 18. 6xh + 3N?- 2h 14x47 - 6x7 +9 15.09 + 2x7 4-207 - 15x -—6 = 16, 4x7 + 20xy + 25y" 
17. x7 + 12x + 36 —9y? 18, x? + 2xy + y? + 10x + 10y +25 19. (x — 8)(x +3) 20, (Sx + 2)(3y + 1) 
24. (Sx — 2)(x +2) 22. 5(7x7 + 2x — 10) = 28. A(x — 2)(x +1) 24. Sx*y(2xy — 4y +7) 25. (3x + 1)(6x + 5) 


26. (4x — 3y)(3x — 4) 27. (3x — 4)(3x —1) 28, (3x7 + 5)(x7 +2) = 29. x(Sx — 2)(Sx +7) — 30. (x9 — 3)(2x — y) 


Section 5.5 Check Point Exercises 

4.a. (4x + 5)(4x — 5) — b. (10y? + 3x?)(10y? — 3x2) Gy(1 + xy3)\(1 — xy?) 3. (4x? + 9)(2e + 3)(2x — 3) 

4. (x + 7)(x + 2)(x — 2) 5. a. (x + 3) b. (4x + Sy)? c. (2y* — 5) 6. (x +5+ y\(x+5-y) 7. (a+ b—2)(a—b +2) 
8. a. (x + 3)(x? — 3x +9) ib, (x? + 10y)(x* — 10x2y + 100y?) a (x — 2)? + 2x +4) ib. (1 — 3xy)(1 + 3xy + 9x7y?) 


Concept and Vocabulary Check 


1.(A4-B)(A+B) 2(A+BYP 3 (A-BY 4 (A+ B)(A7-AB+B’)  5.(A- B)(A + AB+t+ B’) — 6. 4x; 4x 
7. (b + 3); (b + 3) 8.-—7 9. 4x 10. + 3;-— 3x 11. — 10; + 100 12. false 13. true 14. false 15. true 16. false 


Exercise Set 5.5 


1. (x + 2)(x — 2) 3. (3x + 5)(3x — 5) 5. (3 + S5y)(3 — Sy) 7. (6x + 7y)(6x — Ty) 9. (xy + 1)(xy — 1) 

11. (3x? + Sy3)(3x? — Sy) 13. (x? + y?)(x? — y?) 15. (x —3 + y)\(x —3-y) 17. (a+ b — 2)(a-—b +2) 

19. (x" + 5)(x” — 5) 21. (1 + a")(1 — a") 23. 2x(x + 2)(x — 2) 25. 2(5 + y)(5 — y) 27. 8(x + y)(x — y) 

29. 2xy(x + 3)(x — 3) 31. a(ab + 7c)(ab — 7c) 33. Sy(1 + xy*)(1 — xy) 35. 8(x? + y’) 37. prime 

39. (x? + 4)(x + 2)(x — 2) 41. (9x? + 1)(3x + 1)(3x — 1) 43, 2x(x? + y*)(x + y)(x - y) 45. (x + 3)(x + 2)(x — 2) 

47. (x —7T)\(x+D~x-1) 49 (x +2) 54(%-5P? 53 (07-2) 55. By +1) 57. (8y—1) 59. (x — by)? 

61. prime 63. (3x + 8y)? 65. (x — 3 + y\(x — 3 — y) 67. (x + 10 + x?)(x + 10 — x’) 69. (3x — 5 + 6y)(3x — 5 — 6y) 
71. (x? +x + 1)? — x - 1) 73. (z + x — 2y)\(z — x + 2y) 75. (x + 4)(x? — 4x + 16) 77. (x — 3)(x? + 3x + 9) 

79. (2y + 1)(4y? — 2y + 1) 81. (5x — 2)(25x? + 10x + 4) 83. (xy + 3)(x’y? — 3xy + 9) 85. x(4 — x)(16 + 4x + x’) 

87. (x? + 3y)(xt — 3x7y + 9y?) 89. (5x? — 4y?)(25x* + 20x?y? + 16y*) 91. (x + 1)(x? — x + 1)(x® -— x3 +1) 


1 1 1 
93, (x — 2y)(x? — xy + y?) 95. (0.2x + 0.3)? or 700°” + 3) 97. (2 - s)(4e +x + 1) 


99. (x — 1)(x? + x + 1)(x — 2)(x? + 2x + 4) 101. (x* + 1)(x? + 4)(x + 2)(x — 2) 103. (x + 1)(x — 1)(x — 2)(x? + 2x + 4) 
105. a. (A + B)? b. A’; AB; AB; B? c. A? + 2AB + B? d. A? + 2AB + B? = (A + B)’; factoring a perfect square trinomial 
107. 25x” — 9 = (5x + 3)(5x —3) 109. 49x? — 36 = (7x + 6)(7x — 6) —- 144. 3a — 3ab? = 3a(a + b)(a — b) 


117. 10 ; Graphs do not conincide.; x7 + 4x + 4 = (x + 2)? 
“Ht 
-10 
119. y=(x+7)(x-3) ; Graphs do not coincide; 25 — (x? + 4x + 4) = (7 + x)(3 — x) 


40 
—20 20 
-40 


y= 25- (x7 + dv +4) 


121. 10 ; Graphs do not coincide.; (x — 3)? + 8(x — 3) + 16 = (x + 1) 


| 
an 
He 
oO 


123. 10 ; Graphs do not coincide.; (x + 1)? + 1 = (x + 2)(x2 + x + 1) 


125. makes sense 127. does not make sense 129. false 131. false 133. (y + x)(y? — xy + x? + 1) 135, (x + y")\(x2” — ety + y8") 


137. x° — y® = (x? + QF — y®) = (& + y)@? — xy + y*)Q@ — y)O? + xy + y’); 

x9 — y® = (x? — "(xt + xy? + y4) = (x + ye — yx? + x?y? + y's xt + a2y? + y* = (x? — xy + yx? + xy + y’) 
139. 1 140. [5, 11] 141. {(—2, 1)} 142. (x + 7)(3x — y) 143, 2x(x + 2) 144. 5x(x — y)(x — Ty) 
145. (x + y)(3b + 4)(3b — 4) 


AA26 Answers to Selected Exercises 


Section 5.6 Check Point Exercises 


1. 3x(x — 5)’ 2. 3y(x + 2)(x — 6) 3. (x + y)(4a + 5)(4a — 5) 
4. (x + 10 + 6a)(x +10 -— 6a) 5. x(x + 2)(x? — 2x + 4)(x® — 8x7 + 64) 


Concept and Vocabulary Check 
1b 2. e 3. h 4.c 5. d 6. f Za 8. g 


Exercise Set 5.6 


qox(x + 4)(x-— 4) 3.3(0n +37 5.3(3x—-1)9x7+3x4+1) 7 (x +4)(x-4)(y—-2) 9. 2b(2a + 5)(a — 3) 

11. (y + 2)(y — 2)(a — 4) 13. 11x(x? + y)(x? - y) 15. 4x(x? + 4)(x + 2)(x — 2) 17. (x — 4)(x + 3)(x — 3) 

19. 2x7(x + 3)(x? — 3x + 9) 21. 3y(x? + 4y*)(x + 2y)(x — 2y) 23. 3x(2x + 3y)* 25. (x — 6 + Ty)(x — 6 — Ty) 27. prime 
29. 12xy(x + y)(x — y) 31. 6b(x” + y’) 33. (x + y)(x — y)(x? + xy + y’) 35. (x + 6 + 2a)(x + 6 — 2a) 37. (x° — 2)(x° + 7) 
39. (2x — 7)(2 + x’) 41, 2(3x — 2y)(9x? + 6xy + 4y7) 43. (x +5 + y)\(x +5 —y) 45. (x* + y*)\(x? + y?)(x + y)(x - y) 

47, xy(x + 4y)(x — 4y) 49. x(1 + 2x)(1 — 2x + 4x7) 51. 2(4y + 1)(2y — 1) 53. y(14y2 + Jy — 10) 55, 3(3x + 2y)? 

57. 3x(4x7 + y’) 59. x y"(xy — 1)(x?y? + xy + 1) 61. 2(x + 5)(x — 5) 63. (x — y)(a + 2)(a — 2) 

6. (c+d-1)(c+d+1[(c+dy’+1] 67. (p + g)°(p — q) 69. (x + 2y)(x — 2y)(x + y)(x — y) 

71. (x + y +3) 73, (x — y)(x — y + 2)(x - y — 2) 75. (2x — y*)(x — 3y’) 77. (x — y)(x? + xy + y? - 1) 

79. (xy + 1)(x?y? — xy + 1)(x — 2)(x? + 2x + 4) 81. a. x(x + y) — y(x + y) b. (x + y)(x — y) 

83. a. xy + xy + xy + 3x(x) = 3xy + 3x? b. 3x(y + x) 85. a. 8x? — 2arx? b. 2x7(4 — a) 

89. 10 91. 20 


-5 —20 


Graphs do not coincide.; Graphs coincide.; factored correctly 
4x? — 12x + 9 = (2x -— 3) 
95. makes sense 97. does not make sense 99. true 101. false 103. x"(3x — 1)(x — 4) 105, (x? + 2x 
8x? 
107. {-1} 108-109. 52, 110.011.0112. (x — 5)(x +3) =0 
y3 


2)(x? — 2x + 2) 


Section 5.7 Check Point Exercises 
1 1 2 2 
4: 3 and 5, or {-33} 2. a. 0 and 3 orfo, =| b. 5 or {5} c. —4 and 3, or {-4, 3} 


3 3 
3,2; > and 2, or {-2, “> 2h 4. after 3 seconds; (3, 336) 5. 2 ft 6. 5 ft 


Concept and Vocabulary Check 


1. quadratic 2.A=O0orB=0 3. x-intercepts 4. subtracting 20x 5. subtracting 8x; adding 12 
6. polynomial; 0; descending; highest/greatest 7. right; hypotenuse; legs 8. right; legs; the square of the length of the hypotenuse 


Exercise Set 5.7 


1.(-4,3} 3 {7,1} 5. {-4, 2\ i {2 9. {2 | 11. {0,8} 13. {0. 3\ 15.{-2} 17. {7} 19. {3} 


21. {-5, 5} 23. eo ot 25. {—3, 6} 27. {-3, -2} 29. {4} 31. {-2, 8} 33. {1 2\ 35. {-6, —3} 

—4, 5} 39. {-5, 1, 5} 41. {-4, 0, 4} 43. {0, 2} 45. {-5, —3, 0} 47. 2 and 4; d 49. —4 and —2;c 51. {-7, -1, 6} 

53. {- 0, 5° 2h 55. —4 and 8 57. —2, > and 2 59. —7 and 4 61. 2 and3 63. —9 and 5 65. 1 second; 0.25, 0.5, 0.75, 1, 1.25 
7 69. (7, 21) 71. length: 9 ft; width: 6 ft 73, 5 in 75. 5m 77. a. 4x? + 44x b. 3 ft 79. length: 10 in.; width: 10 in. 


‘I 
81. length: 12 ft; width: 5 ft 83. 305 ft 


97. 10 99. 5 
| -5 5 
-5 5 
-10 -10 
{-3,-1 Yj {0, 2} 
101. makes sense 103. makes sense 105. false 107. true 108. Answers will vary; an example is x7 — 4x — 21 = 0. 


10 
111. {-2 aI 112. 12 113. $1700 at 5% and $1300 at 8% 114. 30 115. (—%, 2) U (2, ~) 


(@— +2) x-9 
"(2x — 1)(x + 2)’ 2x - 1 


Answers to Selected Exercises 


Review Exercises 


1. Term Coefficient Degree 2. Term Coefficient Degree 
ls =5 3 8x4y? 8 6 
Tx 7 2 - 
= = 1 =1xy 7 7 
2 2 0 —x3y -1 4 


The degree of the polynomial is 3, 
the leading term is —5x3, and the 
leading coefficient is —S. 


The degree of the polynomial is 7, 
the leading term is —7xy°, 

and the leading coefficient is —7. 
3. -31 4. a. 284; There were 284,000 record daily high temperatures in the United States in the 2000s. b. underestimates by 6000 
5. rises to the left and falls to the right; c 6. rises to the left and rises to the right; b 7. falls to the left and rises to the right; a 

8. falls to the left and falls to the right; d 9. a. rises to the right 
which the forest is being cut down. c. falls to the right 
eventually be negative, which is not possible. 10. x? — 6x7 —x-9 41. 12x3y — 2x*y — 14y — 17 
13. —2x7y? — 4x7y — 8 14. 3x3 + 5x’y — xy? — 8y3 15. —12x°y?z7 16. 2x° — 24x° — 12x3 17. 21x°y? — 35x°y? — Txy? 

18. 6x9 + 29x27 + 27x — 20 1944+ 49 4+ 4x72? — 2 —2 9 20.12x7 — 23x +5 24. 15x°2y? + 2xy —8 22. Ox? + 42xy + 49y? 
23, xt — 10x?y + 25y? 24. 4x? — 49y? 25. 9x7y4 — 16x? 26. x7 + 6x + 9 — 25y? 27. x7 + 2xy + y? + 8x + 8y + 16 
28. 2x7 —x-—15;21 22@aa*—-9% +10 b2aht+h?—7Th 30. 8x°(2x +3) 31.2x(1— 18x) 3 Txy(3xy — 2y + 1) 
33. 9x7y(2xy — 3) 34. —4(3x2 — 2n +12) 9 35, -1(x2 + 1x - 14) 36. (x — 1)(xX? - 2) ~~ 87. (y — 3)(x — 5) 

39. (x + 5)(x + 3) 40. (x + 20)(x — 4) 41. (x + 17y)(x — y) 42. 3x(x — 1)(x — 11) 43. (x + 7)(3x + 1) 

45. (5x + 4y)(x —2y) 46. x(3x + 4)(2x -—1) 9 47. (x + 3)(2x +5) 48. (x9 + 6)(x2— 5) 49. (x? + 3)(x7 — 13) 
51. (5x? + 2)(x3 + 3) 52. (2x + 5)(2x — 5) 53. (1 + 9xy)(1 — 9xy) 54, (x4 + y*)(x4 - y) 55. (x —1+ y)(x -1-—y) 
56. (x +8) 57.(3x—1)? 58. (5x +2y)? 59 prime 60. (5x —4y)? 64. (x +9 + yl(x +9 — y) 
63. (4x + 3)(16x? — 12x +9) 64. (Sx — 2)(25x7 + 10x + 4) 65. (xy + 1)(x*y? — xy +1) 66. 3x(Sx + 1) 
68. 4x(5x? — 6x7 + 7x — 3) 69. x(x — 2)(xX — 13) = 70. —2y*(y — 3)(y — 9) 74. (3x — 5)* 72. S(x + 3)(x — 3) 
73, (2x — 1)(x + 3)(x — 3) 74. (8x — y)(2x — Ty) 75. 2y(y +376. (x +3. + 2a)l(xt+3—-2a) ~~ 77. (2x — 3)(4x7 + 6x + 9) 
78. x(x? + 1)(x + 1)(x - 1) 79. (x? — 3) 80. prime 81. 4(a + 2)(a? — 2a + 4) 82. (x7 + 9)(x + 3)(x — 3) 
84, (3x — Sy)(9x? + 15xy + 25y?) 85. 2xy(x + 3)(5x — 4) 86. (2x3 + 5)(3x3 — 1) 87. (x + 5)(2 + xy) 
89, 


12. 15x? — 10x? + 1lx — 8 


AA27 


b. no; The model indicates increasing deforestation despite a declining rate at 
d. no; The model indicates that the amount of forest cleared, in square kilometers, will 


38. (x — 3y)(5a + 2b) 
44. (3x — 2)(2x — 3) 
50. (x + 11)(x + 9) 


62. (z + 5x — 1)(z — 5x + 1) 
67. 3x°(2x + 1)(2x — 1) 


83. (a + 3b)(x — y) 
88. (y + 2)(y + 5)(y — 5) 


. (a* + 1)(a? + 1)(a + 1)(a - 1) 90. (x — 4)(3 + y)(3 — y) 91. a. 2xy + 2y? b. 2y(x + y) 92. a. x7 — 4y? b. (x + 2y)(x — 2y) 
1 
93. {-5,—-1} 94. {3 7 95. {—8, 7} 96. {0, 4} 97. {—5, —3, 3} 98. 9 seconds 99. a. 20 miles per hour b. (20, 40) 
c. As a car’s speed increases, its stopping distance gets longer at increasingly greater rates. 100. length: 9 ft; width: 6 ft 101. 2 in. 


102. 50 yd, 120 yd, and 130 yd 


Chapter Test 
1. degree: 3; leading coefficient: —6 2. degree: 9; leading coefficient: 7 3. 6; 4 4. falls to the left and falls to the right 5. falls to the left 
and rises to the right 6. 7x°y — 18x*y —y — 9 7. 11x”? — 13x — 6 8. 35x/y3 9. x° — 4x7y + 2xy? + y3 10. 21x? — 20xy — 9y? 


11. 4x? — 25y? 12. loy? — S6y +49 18.7 + 4x + 4-9? 14. 3x7 +x%-—10;60 15. 2ah + h? — 5h 

17. (9y + 5)\(9y —5) 18. (x + 3)(x+5)\(x-5) 19. (5x — 3)? = 20. (vn +5 + 3y)\(x +5 -—3y) 24. prime 
23. (2x + 5)\(7x +3) 24. 5(x —1)(xX> + x41) 25.3(2x + y)(2x—y) 26. 2(3x —1)(2x — 5) 27. 3(x? +: 1)(x +: 1)(x - 1) 
28. (xt + y*)\(x? + y?)(x + y)(x - y) 29. 4xy(3y? + 2xy — 9) 30. (x? + 2)(x3 — 14) 31. (x? — 6)(x? + 4) 
33. y(y — 3)(y? + 2) 34. {-h2} 35. {1 <} 36. {o. i 37. {-1,1, 4} 38. 7 seconds 39. length: 5 yd; width: 3 yd 


40. 12 units, 9 units, and 15 units 


16. x°(14x — 15) 


Cumulative Review Exercises 


1. {4} 2 {(-4 x) 3. {(2,1,-1)} 4 (2,3) (—»,-2]U[7,~) 6 {1.3} 


2 
b 
7. {-5, 0, 2} 8x = 9. f(x) = 2x +1 10. winner: 1480 votes; loser: 1320 votes 
ca 
12. 4x — 5y <20 yy 13. ys-ly, 
YA Ata a CoA 
oF fas eel fst: 
ue a Be 
Senera | ols et Loy. 
f re [afer fe pee * Eo EEE * 
FALE Bee ott | ECEEHEHHEH 
TTT Tt a PEE] EEEEEEEBI 
COEer 
10 ; 
14.-—— 15. 7.06 X 107° 16. 9x* — 6x2y + y? 17. 9x4 — y? 18. (x + 3)(x — 3)° 19. x7(x? + 1)(x + 1)(x - 1) 


20. 14x7y7(1 — 2x) 


22. (y + 2)(y — 18) 


32. 3y(4x — 1)(x — 2) 


AA28 Answers to Selected Exercises 


CHAPTER 6 


Section 6.1 Check Point Exercises 


1. a. 80; The cost to remove 40% of the lake’s pollutants is $80 thousand.; (40, 80) b. 180; The cost to remove 60% of the lake’s pollutants is $180 


1 1 KD x+4 x+3 
thousand.; (60, 180) 2. (—~,-3) U ( 3; ) U ( , =) 3.x +5 a = i is me 
2 2 3x -—1 3x(x + y) x-4 
—4(x + 2 A(x +2 £3 
6. c ) or | ) 7. a. 9(3x + 7) a 
3x(3x — 2) 3x(3x — 2) 5 
Concept and Vocabulary Check 
1. polynomial; polynomial 2. zero 3. asymptote 4. asymptote 5. factoring; common factors 6x +5 7. false 
SPS xe 10 
8. -1 9. numerators; denominators 10. multiplicative inverse/reciprocal; R OR 11. = 12. 7 
Exercise Set 6.1 
. 21 7 11 
4; =55=332 3. 0; does not exist; 5) 5. > 35 5 7. (~~, 5) U (5, ©) 9. (~~, -3) U (-3,1) U1, ~) 11. (—%,—-5) U (-5, ~) 


13. (-~, 3) U (3,5) U (5, ~) 15. (-=.-4) U (-4 ) U (2, ©) 17.4 19. domain: (—~, —2) U (—2, 2) U (2, ©); range: (-%, 0] U (3, ©) 


21. As x decreases, the function values are approaching 3.;y = 3 23. There is no point on the graph with x-coordinate —2. 
1 
25. The graph is not continuous. Furthermore, it neither rises nor falls without bound to either the left or the right. 27.x +2 29. 3 
te 
4 4 1 yt7 x+9 eee x+3 x + Sy x? +2x +4 
31. 33. 37. —— > i: 41. cannot be simplified 43. ——— 45. er a a 
x y+5 3x ED y-7 x-1 x+4 3x -—y x+2 
F 3 x+7 x+3 x+4 2 y +2y+4 etxtl 
49. x° — 3 51. = 53. 5. 57. 6t.. ——_ + a 65. 4 
2 x x= 2 x+2 y(y + 3) 2y x= 2 
A(x + y) 9 a x yos (x* + 4)(x — 4) yor 
67. = 69. 1 71. 1 73. 75. 77. 79. ——— ve 85. —1)2x-1 
3(x — y) 28 10 3 2 x—-1 y—5 eee) 
1 +1 “ay 241 —~b b= 
87. 89. 3x2 91. — . G9» 95. —“ fe or “99.7 9 101. 2a +h —5 
x — 2y x(x = 1) (x + y)(b + c) b(a + 2) Ac? 4c? 
1 1 
103. (Z)eo x — 2;(—%,-2)U ( 2, >) U (5 =) 105. 195; The cost to inoculate 60% of the population is $195 million.; (60, 195) 
& 


107. 100; This indicates that we cannot inoculate 100% of the population. 109. after 6 minutes; about 4.8 111. 6.5; Over time the pH level rises 
back to normal. 113. 90; Lung cancer has an incidence ratio of 10 between the ages of 55 and 64. 90% of deaths from lung cancer in this group are 
smoking related.; (10, 90) 115. y = 100; As the incidence ratio increases, the percentage of smoking-related deaths is approaching 100%. 


129. a 131. ut 


-10 10 -10 10 


-10 -10 


Graphs coincide.; multiplied correctly Graphs do not coincide; right side should be x + 3. 


135. makes sense 137. does not make sense 139. false 141. false 
y" —= 1 4 
143. (je. == 145. sa 147. 4x —-Sy=20 yp 148, 2x3 — 11x? + 3x + 30 
¥-2 yee 4 149. 16a°b*%c? 
: H 150. Z 151 Z 
LH A “5 “6 
Loo q 1 
Lt | im 
152. — 
6 
Section 6.2 Check Point Exercises 
x—5 1 21+4x 4x 421 Qx2- Ax +8  2x?-x+4) 
1. 2. 3.18x7 4, Sx(x + 3)(x + 3) or5x(x +3) 5 . 
x +3 x-y 7 ne iG pee ) 18x? 18x? (x — 4)(x + 4) - (x — 4)@ + 4) 
3 x? —3x +5 A 3 3x — 5y 
“(x — 3)(x + 1)(x - 2) “y+2 “x — 3y 
Concept and Vocabulary Check 
P+ P-Q x-5t+y = 
ae numerators; common denominator 2. ra numerators; common denominator 3. 3 =] 
5. factor denominators 6.x + Z3andx — 2;x + 3andx + 1;(x + 3)(x — 2)(x + 1) 72% 8. 3y + 4 9. —1 


Answers to Selected Exercises AA29 


Exercise Set 6.2 

2 10x + 3 2x -1 yas x+1 x-3 4y + 3 x +xyty? 
3. 7 7. . 7 13. 1o:>—_. > 

3x x—5 x+3 y+3 4x — 3 eS 2y—-1 x+y 

19. (x — 5)(x + 5) 21. y(y + 10)(y — 10) 23. (x + 4)(x — 4)(x — 4) 25. (vy — 5)(y — 6)(y + 1) 27. (y + 2)(2y + 3)(y — 2)(2y + 1) 


1. 17. 175x? 


Be: 3 + 50x ae = 2 ae 3x — 4 ge 2x? — 2x + 61 ae: 20 — x an 13 2. 1 
5x2 (x — 2)(x + 1) (x + 2)(x — 3) (x + 5)(x — 6) (x — 5)(x + 5) (y — 3)(y — 2) x+3 

a: 6x? + 14x + 10 z x? — 3x — 13 ge a eg, x? + 2x — 14 zg 18 

(x + 1)(x + 4)(x + 3) (x + 4)(x — 2)(x + 1) es) (y — 4)(y + 4) 3(x + 2)(x — 2) x—4 
55, 22" + 7y 57, 2 18-300, Sx" + tay = 13 y* pt, 8%) — 32x? + 23x + 6 

@ — y)@ + y) (5x + 6)(x — 2) (x + Sy)@ — Sy(x — 4y) @ + De —De—-De-1 
= 16a” — 12ab — 18b? aS m+ 6 x + 5x48 ae ea: 1 os, 2d 

(3a + 4b)(3a — 4b)(2a — b) (m — 1)(m + 2)(2m — 1) (x + 2)(x + 1) x(x + h) a? + ab +b? 
75. (f — g)(x) a (—»,—5) U (—5, -3) U (3, ~) 77. 11; If you average 0 miles per hour over the speed limits, the total driving time is 


x+3 


720x + 48,050 
about 11 hours.; (0, 11) 79 


"G+ 70)\(x + 65)’ 
83. a. 307; There are 307 arrests for every 100,000 drivers who are 20 years old.; (20, 307) b. f(x) 


11 81. 12 mph; Answers will vary. 
—5x3 + 27,680x — 388,150 


+9 
2x(2x + 15) . b+a 
c. 25; 356 a —————— 91. Answers will vary.; ——_— 93. makes sense 95. does not make sense 97. false 99. false 
(x + 7)(x + 8) ab 
1 ra yt yl? 13 x+1 
1.3 — 10. = ae —_¢. W5. |= 5 106. 2x(Sx + 3)(Sx—3) 107. xy? + y3 108. -h_~— 109. > 
xe (x — y)(x — y) Ox 3 x—3 
Section 6.3 Check Point Exercises 
y 1 2x Fe ae 
5 2. 3. 7 
xt+y x(x + 7) x41 x-5 
Concept and Vocabulary Check 
z _ \ 9 +5 Lode ee 1 
. complex; complex aa pg per t 35-3: xe +3) 
Exercise Set 6.3 
4x +2 r+9 yx 4-x 1 1 x+1 (x + y)(x + y) 
; 3. 5. ts 9. 11. 13. —x 15. 17. 
t= 3 (x — 3)(x + 3) y-x Se = 3 x= 3 x(x + 5) x= 1 xy 
: 4x . 2y? + 5x? es 12 ie 3ab(b + a) ; x +10 5 2y ‘ Mmt+a a 4(7x + 5) 
19; = ill a \. . i 1. 5 
+4 y3(5 — 3x?) 5 (2b + 3a)(2b — 3a) 5x —2 3y +7 b — 2a 69(x + 5) 
3x — 2y m(m + 3) 3a(a — 3) 4 x+4 
3. —————— <) (i a eee 39. 41. 43. 6 45. cam: 47. 
13y + 5x (m — 2)(m + 1) (a + 4)(Ga — 5) (x + 2)(x — 2) ae ed) xo2 
49, = ieee yey th 53.R — bout 2.18 oh 
ae Ee 2a G+ 1 i per mon : RR; + RR; +R,Ry* out 2.18 ohms 
59. 10 _ 61. 63. does not make sense 
sa ia 65. does not make sense 
1 
67. ——_—_—— 
-5 5 (x +h + 1)(x + 1) 
es at+l1 
“at+2 
-10 71. {3,9} 
Graphs coincide.; simplified correctly 72. 16x* — 8x7y 4 y? 
73. (1,5) 
74. 2xy? 
1 a) 
a. 3 75. 35 + — 
Graphs do not coincide.; =x+3 21 
a 76. 7x 
3x 
Section 6.4 Check Point Exercises 
2 1.4 e 2 2 6 5 21x — 10 
1..4x0° = 8x = + 2. 3xoy" = KY 3. 3x — 8 4.94" =X 3: = 5. 2x° + 7x + 14 4 
2% y x —1 ae 


Concept and Vocabulary Check 


4. 16x? — 32x? + 2x + 4; 4x 2. 2x? + Ox? + 6x — 4 3. 6x7; 3x; 2x75 7x? 4. 2x7: 5x — 2;10x3 — 4x?; 10x? + 6x? 


9 
5. 6x2 — 10x; 6x? + 8x; 18x;—-4; 18x — 4 6. 9;3x — 53;9;3x —54 rar 7. divisor; quotient; remainder; dividend 
Be 


AA30 Answers to Selected Exercises 


Exercise Set 6.4 


2 7 > 3 , 3. 2 
1. 5x4 — 3x7 + 2 3. 6x7 + 2x —-3-= 5. 7x 7. —5x3 + 10x? x +8 9. 2a“b — a — 3b 11. 6x —— — 
x 4 | y xy? 
xt+3 1Bx74+x-2 12x -24+ Wxt5- 21.x7 + 2x +34 23, 2y? + 3y — 1 
; oe 2x +3 x1 
25. 3x7 — 3x + 1+ z 27. 2x7 + 4x + 54+ 29, 2y?>+y-2- z 31. 2y2 + 3y? - 4y +1 
: 3% PD. , 2x —4 , 2y=1 . 
+7 
33. 4x° + 3x —8 + — 35. 5x? +x4+34 Ss 37. (Se 2x7-9x +10 39 (Z)eo eixvrtx—-2 
x ob 3 P 3% = 1 & & 
2 2 4x + 8 —x+5 
44.0 — x?y + xy? — yi 4 s 43. 3x7 + 2x —1 45. dpa | 47. + x7 -—x -3 . 
xt+y vr+xt1 xv—-x+2 


a ioe 


49. 4x? + Sxy — y* 51. ( 


1 1 
i Je 2x? — 5x 4 s:( oo, i)u i) 53. x = 3a27 + 4a - 2 


55. 70; At the tax rate of 30%, the government tax revenue is $70 tens of billions, or $700 billion.; (30, 70) 


800 
57. f(x) = 80 + —— 
= 


Tio: 70; yes; Answers will vary. 


65. 10 67. 
—-10 10 -5 


-10 


Graphs coincide.; division correct 


20 


—20 


Graphs do not coincide; right side should be 3x7 — 8x? — 5. 


=. eee Oe (-=.-})u(Z-) 
x5 a , -s 2 


69. makes sense 71. makes sense 73. false 75. false 77. x7" +x" 434 
44 
82. 4.061 x 107 83. 22x + 12 84. a. 5x” — 10x + 26 ra) b. —10; 26; —44; The numbers are the coefficients of the quotient 
x 
10 
and the remainder. 85. a. 3x7 — 7x + 9 iq b. —7; 9; -10; The numbers are the coefficients of the quotient and the remainder. 
x 

86. 2x? + 3x — 2; (x — 3)(2x — 1)(x + 2) 
Mid-Chapter Check Point Exercises 

x+2 3(x — 2) x7 4+ 3x +9 5x — 3 x? + 6x — 4 3 
: . 5. ————___ 6. 2x3 — 5x? - 3x +60 Txt 8. 4x°y? — 2xty + = 

x+6 x-1 x-1 x-2 xe + 6x t¢1 i * * ae id ay 7 

x° — 14x — 16 ‘ 10 2(x — 3) Pe gage q 44 5x +2 
f E ——— : OS — : 

(x + 6)(x — 2) (x + 2)(x — 2) x-1 x—7 3x7 - 1 Sh Sel 

5) Ix +4 3x + 2 

15. a 16. a 17, XY 2 18. 16x? — 8x + 4 — ———_ 19. a 

(x — 6)(x — 1)(x + 4) 4(x + 1) 2x +1 (x + 2)(x — 1) 
20. D in: (—%,—7 —7,2 2, ©); = 

omain: (—%, —7) U (-7, 2) U (2, ©); f(x) 2a 


Section 6.5 Check Point Exercises 


1..x7 — 2x —3 2. —105 3. The remainder is zero.; 


Concept and Vocabulary Check 


9.45155: =—731 2. —5; 4; 0, —8; -2 3. true 


Exercise Set 6.5 
20 


12x+5 3 3x-8+ 5. 4x7 +x +44 


x+5 x 
15. x9 + 4x? + 16x + 64 


11. 3x2 + 3x -— 3 13. x7 + 3° 4+ 2x7 + 2x +2 


4. fic) 


1 2 12 
, and z, LS 
an orf 3 21 


187 ‘ 1300 
7. 6x4 + 12x3 + 22x? + 48x + 93 4 9. x° — 10x? + 51x — 260 4 
y=? 129 54x 


31x + 64 19. —25 


17. 2x4 — 7x3 + 15x? 


x+2 
1 x 11 
21. —133 23. 240 25. 1 27. The remainder is 0.; {—1, 2, 3} 29. The remainder is 0.; \-> 1, 2} 31. The remainder is 0.; {-s, 3 | 


33. 2; The remainder is zero.; —3, —1, and 2, or {—3, —1, 2} 
39. 0.5x? — 0.4x + 0.3 41. a. The remainder is 0. 


2 


11 i a | 
35. 1; The remainder is zero.; —, =, and 1, or {3 y i} 37. 4x° — 9x? + 7x — 6 
b. 3mm 


32 


Answers to Selected Exercises AA31 


47. a. For Exercise 27: b. For Exercise 29: c. For Exercise 31: 
(=53 Sa 
you’ — axl tx +6 y= -Sx7 +442 y = 6x3 + 25x? — 24x + 5 
9 5 150 
-3 4 
-3 
° -7 3 
-2 5 —20 


49. makes sense 51. makes sense 53. The remainder is 0.; {-2, —1, 2, 5} 54. (—10, ~) 55. {-5, —1} 56. {(5, 3)} 57. 6x 58. 3x 
59. (x + 3)(x — 3) 


Section 6.6 Check Point Exercises 
1. 6 or {6} 2. 4 or {4} 3. no solution or © 4. 4 and 6, or {4, 6} 5. 1 and 7, or {1,7} 6. 50% 


Concept and Vocabulary Check 


1. least common denominator (LCD) 2. 0 3. 2x 4. (x + 5)(x + 1) 5.x #2;x #—-4 6. S(x + 3) + 34 + 4) = 12x + 9 
7. true 


Exercise Set 6.6 


1. {1} 3. {3} 5. {4} 7. {-4} 9. {7} 11. no solution or @ 13. {2} 15. {2} 17. {5} 19. {-7,—-1} 21. {—6, 3} 


7 
4 1 3 2 
23. {-1} 25. no solution or @ 27. {2} 29. no solution or & 31. {-5} 33. {-6 | 35. 4, 10 37. —3, 39. — 
2 4) 3 2 4 x(x + 1) 
2x — 
41. {2} 43. {4} 45. 47. 0 49. 1,7 51. 60% 53. 10 days; (10, 8) 55. y = 5; On average, the students 
(x — 2)(x? + 2x + 4) 
remembered 5 words over an extended period of time. 57. 11 learning trials; (11, 0.95) 59. As the number of learning trials increases, 


the proportion of correct responses increases.; Initially, the proportion of correct responses increases rapidly, but slows down as time increases. 
61. 125 liters 


71. 20 5 {-5, 5} 73. 5 3 {-2, 1} 

-10 10 -5 5 

—20 —5 
75. does not make sense 77. makes sense 79. false 81. false 83. no solution or © 
9C + 160 

87. y4+2y 22 88. {15} 89. F = ——_— 90. p = a 91. {—20, 30} 92. 40 miles per hour 

x-y2-4 yy 5 q-f 

CI 40, ft | 


i es CO 


Section 6.7 Check Point Exercises 


b — 2a yz -_ 500,000 + 400x . 
1% 2x = 3. a. C(x) = 500,000 + 400x b. C(x) = ———___- c. 10,000 wheelchairs 4. 12 mph 
a yorZ x 


5. 6 months 6. experienced carpenter: 8 hr; apprentice: 24 hr 


Concept and Vocabulary Check 


1. xyz 2. fixed; variable 3. number of units produced 4. distance traveled; rate of travel 5. 1 6. a 
Exercise Set 6.7 
PV; Pq A-P Fd’ E-Ir th 
1;.P, — 3. r= y 9x4 =X + Zs 11.R= 13. = 
ak a eee. Gre, i AF =f 


15. 50,000 wheelchairs 17. y = 400; Average cost is nearing $400 as production level increases. 19. a. C(x) = 100,000 + 100x 
= 100,000 + 100x 
b. C(x) = ———____- c. 500 bikes 21. 5 mph 23. The time increases as the running rate is close to zero miles per hour. 
x 
25. car: 50 mph; bus: 30 mph 27. 6 mph 29. 3 mph 31. 500 mph 33. 4.2 ft per sec 35. 12 miles 37. 18 min; yes 39. 4 hr 
ab 


a+b 


41. 12 hr 43. 10 hr 45. 10 hr 47. 10 min 49. 3 51. 5 and 3 53. 10 55. x = 


AA32_ Answers to Selected Exercises 


65. For Exercise 45: 


- 67. makes sense 69. makes sense 71. false 73. true 75. f= 77. 8 hr 
ps — 
VEGAN FE CHEE) 78. (x + 2 + 3y)(x + 2 — 3y) 79. {(5,—3)} 80. {(3,—1, 2)} 81. a. 16 b. y = 16x? c. 400 
82. a. 96 b y= oe c. 32 83. 8 
x 
Section 6.8 Check Point Exercises 
1. 66 gal 2. about 556 ft 3. 512 cycles per second 4. 24 min 5. 9677 cubic feet 
Concept and Vocabulary Check 
k k. 
1. y = kx; constant of variation 2. y = kx" 3. y 4.y i 5. y = kxz 6. directly; inversely 7. jointly; inversely 
x z 
Exercise Set 6.8 
5 x kz3 kz kyz xVw 
1. 156 3. 30 5. > 7. 240 9. 50 1.x =kyz; y = 13.x=— y=— 15.x=—— y= 
6 x ye, Y kz x y B 7% x We y kz 
—k k. +k 
7x =key tw) y= ot. x Sy a ot. 5.4 ft 23. 80in. 25. about 607Ib 27. 32° 
kz y-w x 
1890 : : : ; 
29. a. L = RR b. an approximate model c. 70 yr 31. a. 90 beats per minute b. 95 beats per minute c. by the point (63, 30) 
1 
33. 90 milliroentgens per hour 35. This person has a BMI of 24.4 and is not overweight. 37. 1800 Btu 39. — of what it was originally 
kP,P, 0.02P, Py 4 
4.aC= ? b. k = 0.02;C = = c. approximately 39,813 daily phone calls 
F 2 
pont : 6 
43. a. b. Current varies inversely as resistance. c R= 7 


R (ohms) 


J (amperes) 


49. z varies directly as the square root of x and inversely as the square of y. 53. does not make sense 55. makes sense 
57. The wind pressure is 4 times more destructive. 59. Distance is increased by V/50, or about 7.07, for the space telescope. 60. —2 
61. (x + 3)(x — 3)(y — 3) 62. 4 63. 3 64. 6 65. domain: [—4, %); range: [0, ~) 


Review Exercises 


ta. - b. - c. does notexist d.0 2 (—%,-4) U(-4,3)U(3,%) 3 (-,-2) U(-2,1) (1%) 4 = t,x — 

6. as 7. cannot be simplified 8. aot 2a A 9. ew 10. aS 11. — 12, ae oe i 

x= 5 x+2 3 x+1 x2 3(x + 3) 2: 
Y + HO + 2) 3x? 


: 15. 
(y — 6)(y? + 4y + 16) 2x — 5 
19.3x +2 20.36x° 21. (x + 7)(x—5)(x +2) 22 


16. a. 50 deer b. 150 deer c. y = 225; The population will approach 225 deer over time. 


i ees as 5x. = 2 
x+3 “x(x — 5) “(x — 3)(x + 2)(x — 2) 
2x — 8 2(x — 4) 4x y-3 2x? — 9 
or 25. 26. 27. 
(x — 3)(x — 5) (x — 3)(x — 5) (3x + 4)(3x — 4) (y + 1)(y + 3) (x + 3)(x — 3) 
7 iat ee ag “22 eoge ee. Sey tay is 
x—5 "3x + 10 Ox +5 "2 + Bx — 33 “T-x — x 5x i a as 
10 : 128 


2 
re $8. 2x? — 4x + 1 - 89. x° + Sx! + 8x? + 16x? + 33x + 63 + ——> 40. 2x7 + 3x —- 1 


17.4 18. 


24. 28. 3(x + y) or 3x + 3y 


30. 


37. 3x —7 + 


4 5 F 
41. 4x? — 7x + 5 - aa 42. 3x7 + 6x7 + 10x +10 43. x7 — 4x2 + lox — 644 44. 3 45.4 46. solution 
XG x 


1 1 
47. not a solution 48. The remainder is 0.; {- 3° | 49. {6} 50. {52} 51. {7} 52. {-3} 53. \-> a} 54. {—23, 2} 


A 
55. {-3, 2} 56. 80% 57. C= R—-—nP 58. T, — PV, 59. P= T+ 60. R = R +R, 61.n = E T 
22 r 2 1 ad 


= 50,000 + 25x . 
62. a. C(x) = 50,000 + 25x b. C(x) = ———____ c. 5000 graphing calculators 63. 12 mph 64. 9 mph 65. 2 hr; no 


29. > 
“8 


x 
66. faster crew: 36 hr; slower crew: 45 hr 67. 240 min or 4 hr 68. $4935 69. 1600 ft 70. 440 vibrations per second 71. 112 decibels 


72. 16 hr 73. 800 cubic feet 


Answers to Selected Exercises AA33 


Chapter Test 
x x (x + 3)(x — 1) x= 2 3x — 24 at x? + 2x + 15 
1. (—%, 2) U (2,5) U (5, ~); 2. : 7 5. 6. ie 
a as ak ee x-4 x+1 x+5 x—3 3x +5 (x + 3)(x — 3) 
3x — 4 é 5x? — Tx +4 1723 0 44, 222 py gay 5g AG goa 8 
\e le A . . 5 — x 2 IX — ae 
(x + 2)(x — 3) (x + 2)(x — I(x — 2) x45 x— 10 8 a ia 4 
2 9-6 
15, 3x7 — 3x + 1+ —— 16. 3x7 +20 434 ~ 47.303 4x2 +7 1812 19. solution 20. {-7,3} 21. (-1} 
3xe 2 x2 —1 
Rs Rs = 300,000 + 10x 
22. 3 years 23. a Rowe = 24. a. C(x) = 300,000 + 10x b. C(x) = a= = c. 20,000 players 25. 12 hr 
= = 


26. 4 mph 27. 45 foot-candles 


Cumulative Review Exercises 


1 14] 2R - I 
1. (-%,—-6) 2. {-34} 3. {(-2, 0, 4)} 4. =a 5. {12} 6 s= aT ww 7. {(3, 2)} 8. f(x) = —3x — 2 
9. 10. y=2x-1 11, 2x-y<4 yy 
ace Fao oT 
| COE 
PH Bee -H 
Baa 7H 5 
aaa Heeeeee Tio 
if Sesee! Peay 
Eee 
cH 
x + 1) x +25 2 
12. x7 + 4x + 4 — Oy? 13. ———— 14, ———__—___ 15. 3x +44 16. (y — 6)\(x +2 17. 2xy(2x + 3)(6x — 5 
‘ ‘ - 2x + 5 A(x — 4)(x — 5) 7 pas (y x ) xy(2x )(6x ) 


18. 4 sec 19. basic cable service: $25; each movie channel: $10 20. 1 ft 


CHAPTER 7 


Section 7.1 Check Point Exercises 


4 

1a. 8 b. —7 c. 5 d. 0.09 e. 5 f. 7 2a.4 b. —V24 ~ —4.90 3. [3, 2) 

4. approximately 15.5 minutes 5.a.7  »b. |x +8| ¢.|7x°| or 7|x>| d.. |= 3)| 6a3 b-2  7.-3x 
8 a2 b.—-2  c.notarealnumber d.-1 9%a. |x +6] b.3x-2 68 

Concept and Vocabulary Check 


1. principal 28% 3. (0,0) 45x-20=0 5. lal 610° 7(-5% 8&a 9(-—%,%) 10. nth; index 
TA; la Sa 12. true 13. false 14. true 15. false 


Exercise Set 7.1 


1 3 
1.6 3. —-6 5. not a real number Ts 5 9. a 11. 0.9 13. —0.2 15.3 17. 1 19. not a real number 
21. 4; 1; 0; not a real number 23::=5: -V5~= —2.24; —1; not a real number 25. 4; 2;1;6 27. [3, ©);¢ 
29.[-5,~);d 31. (—~,3J;e 335 35.4 37. |x—1] 39 |6x?| or6x? = 41. —|10x7| or -10]x3| 
1 3 
43. |x + 6| 45. —|x — 4| 47.3 49. -3 51. = 53.-75 55. 3;2;-1;-4 57. —2;0;2 
59. 1 61. 2 63. —2 65. not a real number 67. -1 69. not a real number 71. —4 73, 2 75. —2 
7.x 79. |y| 81.-2x 83%-5 85.5 87. |x+3| 89. —2(x — 1) 


O. yy f= Ve 93. y, fix) = V3 


(0,3 


7| 
4 


domain: [0, %); range: [3, *) domain: [3,~); range: [0,%) 
95. (—, 15) 97. [1, 3) 99. 3 101. a. 40.2 in.; underestimates by 0.6 in. b. 0.9 in. per month c. 0.2 in. per month; This is a much 
smaller rate of change.; The graph is not as steep between 50 and 60 as it is between 0 and 10. 103. 70 mph; The officer should not believe the 
motorist.; Answers will vary. 


115. z ; Answers will vary. 117. 4 domain of f: [0, ©); range of f: [0, ~) 
h f domain of g: [0, ©); range of g: (—~, 0] 
domain of h: (—~, 0]; range of h: [0, ©) 
-10 10 domain of k: (—%, 0]; range of k: (—%, 0] 


=4 


AA34_ Answers to Selected Exercises 


119. does not make sense 121. makes sense 123. false 125. false 127. Answers will vary; an example is f(x) = V15 — 3x. 
129, |(2x + 3)| 131. The graph of h is the graph of f shifted left 3 units. yy, he) =Vx43 
TTI 


8 
7 2 
132.7x +30 133.2—- 134, (-=,-2) U(5,%) 185. or 136. 437. -— 
gy 3 x x x 


Section 7.2 Check Point Exercises 


= __ 3p \ 15 _ 

ta V25=5 b W-8=-2 6 W5xy? 2a. (Sxy)* ob (<2) 3a (W8=16 b(V25)=125 « —(W81)3 = -27 
643 7/5 1 1 1 _1 1 1 1 5/6 5 3/10 ne 

4. a. b. (2xy) 5. a. ae 10 b. gi 2 c. 3 8 d. Gxy)® 6. a. 7 b. - c. 9.1 d. ys 


7a. Vx b. 2a‘ c. V xy d. Wx e. Wx 
Concept and Vocabulary Check 


— = : = 5 1 1 1 1 
1.V36=6 2V8=2 3Wa 4°76 =23=8 5. (Way"or Va" 6. 7. 
( ) ( ) ( ) 3 163/2 (V'16) (4) 64 


Exercise Set 7.2 
4.V49=7 39 W-27=-3 5 -W16=-2 71 Way 9 W2xy?  114.(V81)2 = 729 13, (0/125)? = 25 
15. (W/-32 =-8 17. (W277 + (W168 = 1719. Weary)? at. 723. 59825. (Ix) a7 32 9, 3 


2 vs a5 3516 as i 14 1 1 1 1 1 1 
31. (x“y) 33. (19xy) 35. (7xy*) 37. 2xy 39. 7 41. ae 3 43. 164 8 45. ga 4 
27\13 3 1 1 1 5x 5/6 as 1 
a7. (= 5S. (oa ~ 16 51. (yy 53. a8 55.3 57.4 59x 61. x 63. si 65. 25 
1 1/4 _— 
67. 69. 32x 71. 5x7y> 73. = 153) 77. 27y?8 79. Wr 81. 2a? 83. x7y3 85. x°y® 87. Wy 89. Wa? 
y y: 
ot. Wey 98, W/2 or 6V32.— 95. N29 97. N57 ga. Nx tt. Vy 108, We 108, Wey 07. Wx 
2 3 
foo. xy ttt. Wath? 118738 — 115 + 2x? -— 15147. 2x1223 +x) 119. 15x! — 4x29) p21, 732 = 
3 y 


125. 58 species of plants 127. about 1872 calories per day 129. a. C = 35.74 + 0.6215¢ — 35.7404 + 0.4275tv45 b. 8°F 

131. a. C(v) = 35.74 — 35.7404 b. C(25) ~ —24; When the air temperature is 0°F and the wind speed is 25 miles per hour, the windchill 
temperature is—24°. _c. the point (25,-24) 18 a L +: 1.255'? — 9.8D'3 = 16.296 bb. eligible 

145. simplified correctly 147. Right side should be x!?. 


= 
7 
q 
5 
5 
r 


1 
149. does not make sense 151. does not make sense 153. false 155. true 157. 4 of the cake 159. [3, ~) 


160. y = —2x + llor f(x) = —-2x + 11 161. 3 162. {(3, 4)} 


HH 
e T 
16.48 bS a V16-V4=V16-4 16401732 b.1732 « V300=10V3 165.ax7? byt 


Section 7.3 Check Point Exercises 


taV55 be Vx?7-16 6 WOO de VW12x4 oa 45 2W5 a 2W2~— a. 10] x | V2 
3. f(x) = V3|x -2| 4. xt y?zVaxyz 5. 2x3 y*W/5xy? 6. 2x22 Wx7y2z3 7a. 2V3 b. 100V4_ sg. 2x*y V2. 


Concept and Vocabulary Check 
1.Wab 2.77) 3 WBS = 275 4 V5ix tt) 5 exh 


Exercise Set 7.3 
_ a : 3x : 
V5 38 WIS 5330 7 Bey W224 tte VP - 9 18 We 4 V7. ee 19. W778 5 
y 


21.5V2  23.3V5.— 25. 53x 7. 2W2 29.3% 8. —2yW2x? 33, 6[x +2| 935. A(x +. 2)W4 37. [x — 1] V3 
39. Vx 41. xtytVy 43. 4xV3x 45. pw 47. xtyWx?z 49. 3x2y2\3x2 51. (x + y) W(x + y)? 53. ypwy? 


Answers to Selected Exercises AAS35 


55. 2xy? W/2xy? 57. 2x27 W 5x" 59. (x — 3 W(x — 3) or (x — 3yPVx +3 61. 2V6 63. 5V2xy 65. 6x 67. 10xy V2y 
69. 60V2 71. 2W6 73. 2x? V10x 75. SxytWx2y? 77. QxyzW x23 79. 2xy*z W2y%z at. (x — yPW(x - y)? 
83. 633 W/2yz2 85. —6y?W2x3y 87. 6x3 y3V2_— 89. —12x3y4 W391. 6 V3 miles: 10.4 miles 93. 83 ft per sec; 14 ft per sec 


7.644 3.822 
95. a. = = b. 3.21 liters of blood per minute per square meter; (32, 3.21) 

2w22~« OW 
103. Graphs are the same; simplification is correct. 105. Graphs are not the same.; \ (3x2 — 6x +3 = |x — 1|V3 

yar y = V3 = 6x +3 
20 
5 
y=(r- v3 
5 5 
0 5 


0 


107. makes sense 109. makes sense 111. false 113. false 115. Its square root is multiplied by V3. 117. g(x) = VA 
yV iy 


3 
x 


119. [5,11] 120. {(2,-4)} 124. (4x — 3)(16x? + 12k +9) 122 a3lx ba 3120128, 8x 82124. 


Section 7.4 Check Point Exercises 


ta l0VI3 ob (21-6xy)VW7 6 SW3x +2W3x 0 a 21V5 Ps ~12V3x _ ¢. cannot be simplified 


; ; 23 3xV3 2y2Wy , 5Vx 
3a. -9V3 b. (5 + 3xy)Vx?y 4. a. sé b. me Cc. cd a 5. a. 2x°V5 b. So c. 2x*y 
y x 


Concept and Vocabulary Check 
1. Gt 8)V13 =13V3) 0k V9-3 — W403 =3V3-2V3 = V3 28 W972 + 8-2 = 302 + 22 = SW 
a 


8 2 72x° 
4. 5. 6. = V 36x" = 6x 
/b W273 2x 


Exercise Set 7.4 
v5 37W6) 5.202) 7.VI8 + 2V5. 9 TVS H+ 2We 14. 4V3 13. 19V3 15, OV2x 17. 13/2 


; 5 Vil 119 x 2xV2 
19. (9x + 1)V5x 24. TyW 2x 28. (Bx —2)W2x 9 25 4VE — 2 27. 5xWxy? 29. —— 8. v 33. = so 
Ve BE WO tae ° ae = 
vx 1 50x 9y* 2x? W/ 2x" : 
37. - ~ a9, * = : a> ue 3, — 7 . 45.2V2 47.2 49.3x  S4.x’y 5B, 2x7V5— 5B, 4a? 
y y x - 
V 2,242 2,2 3 2 5 43V/2 
57. 3V xy 59. 2xy 61. 2x“y Wy or 2x"y Vy 638. Vx + 3 65. Va‘ — ab + b 67. 35 69. —llxyV2x 71. 25xV2x 


73. TxV3xy 75. 3x W5xy 7. (Z)e0 = 4xVx; domain: (0,~) 79. (Z)eo = 2x W2x; domain: (—~,0) U (0, ~) 


81. P = 18V5 ft; A = 100 sq ft 83. 12/5 m 85. a. 5\/10: the projected increase in the number of Americans ages 65-84, in millions, from 
2020 to 2050 b. 15.8; underestimates by: 2.7 million 
95. Graphs are not the same.; V16x — V9x = Vx a Vix y= Vi6x — Vox 


0 5 
0 


97. makes sense 99. does not make sense 101. false 103. false 105. 2/2 107. eysabVb 108. {0} 


3x? + 8x + 6 
109. (x — 2y)(w — 6y) 190. ttt x $350 V7 + V35 11 6x? +33 +15 bv, 27 +: 332 
5 Waxy! (x + 3)(x + 2) 


x 


Mid-Chapter Check Point Exercises 
1.13 2 2xy3VIxy 8 SW42 a 1 W2e 1 ty"? 7-3, Vo Wt axV2e 11.20/10 


2 


ss _ y 1 — 
12. — 13. x7/? 14. Wy? 15. (x — 2)W(x - 2) 16. 2x*y* W/2x3y 17. 14W/2 18, xV/x’y? 19. 35 20. \/32 


22. 8x°y3Vy 23. —10x3yVoy = 24. (—, 6] «25. (— 0) 


113. 


AA36 Answers to Selected Exercises 


Section 7.5 Check Point Exercises 


15 — V21 16 
taxVv6+2ViI5 by-Wy 636-18VI0 2allt+2V30 bl caa-7 Ba b. 


: Viday : Wxy? 3W 4x3 y er ae 3V5+3V2+V+VE | 1 
._ a . Cc. yi — . $<. 
Ty 3y y 3 Vx +3 + Vx 


Concept and Vocabulary Check 
1. 350; 4210; 30/10; —36 2. (V10) (V5)? 10-5=5 3. rationalizing the denominator 4. V5 5. W9 


6.7V2-5 7.3V6+V5 


Exercise Set 7.5 


1.xV2+VI4 3.7V6-6 5.12V2-6 7.VW124+4WI0 9 2xV2-W? 14.32 + 11V2 9 13,34 — 155 
15.117 -36V7 =: 17. V6 + V10 + V21 + V35 19. V6 — V10 — V21 + V35 21.-48+7V6 23.8 + 2V15 


= vi0 
25.3x—2V3xy+y  27.-44 2.71 31.6 886 — SVE tx 85x + We - 2000 37.22 txWy?-yWy 39, —— 


- = — —— 5 
TI 3V3y V4 118 we V2 Wax W2x? 3W8 
1. wae Ys Vv. 47.3\/2 49. vis 51. Vax 53.55. Vax 57. = ges 
x y 2 3 x y 2x xy x 
3V/ 4x" a 3V3 5a2\/3ab aan 3W8 6\/xy 
ao waves) eo oF 2 eo, V2mn oy, cc | Y 75. 8V5 — 16 
P xy b? 2m xy xy 
13V11 + 39 + Vab = 2Vx -— 3 3V6+4 
77. Sa 79.3V5 —3V3 81. at vab 83. 25V/2 + 15V5 85.4 + V15 87. ee 3 svers 
Cf P 
qo Ege ie 97. ~~” 99. aw 7 a 
: y— 4x “V6 "Waxy “x — 3Vx “a—2Vab +b 2 Vx +5 4+ Vx “(x + y(Vx - Vy) 
3V2 5 71V6 ; = 5+1 
105. ove 107. —2V/25 109. 76 111. 7V3 — 7V2 113. 0 115. 6 117. a 1.62 to 1 119. P = 8V2in., A = 7sq in. 
121. 2/6 in. 7 
131. yoxt1 y = (Vx - 1)?; Graphs are not the same.; (Vx 1y(Vx 1) =x 2Vx+1 
2 
0 5 
-1 
133. y= (Vx +1)? ; Graphs are not the same.; (Vx + 1) x4 Wx Fh 
15 
yext1 
0 8 


2+ —4V6 + 
135. makes sense 137. does not make sense 139. false 141. true 143. {3} 145. sv2 a ava 


7 
2x +7 7 
~ 147. {-3} 148.13 14.44+5+2Vx+4 150. {0,5} 154. {5,2} 


146. 


Section 7.6 Check Point Exercises 
1. 20 or {20} 2. no solution or @ 3. —1 and 3, or {-1, 3} 4. 4 or {4} 5. —12 or {-12} 6. 2060 


Concept and Vocabulary Check 
1. radical 2. extraneous 3. 2x + 1;x2 — 14x + 49 4.x +2:x+8-6Vx-1 5. 2x + 3:8 6. true 7. false 


Exercise Set 7.6 
1. {6} 3. {17} 5. nosolutionorS 7. {8} 9 {0,3} 14. {1,3} 18. {3,7} 15. {9} 17. {8} 49. {35} 24. {16} 


5 

23. {2} 25. {2, 6} 27. {3} 29. {5} 31. no solution or © 33. {2, 6} 35. {0, 10} 37. {8} 39. 4 41. —7 
2h 2 

43. V = or V = gah 45. 1 = — 47. 8 49. 9 51. 5.4 ft 53. by the point (5.4, 1.16) 55. a. 16; 16% of Americans earning 
7 


2 


$25 thousand annually report fair or poor health.; overestimates by 1% b. approximately $30 thousand 57. 27 sq mi 59. 149 million km 


Answers to Selected Exercises AA37 


69. 6 {4} 71. 14 {1, 9} 


-1 -1 


73. does not make sense 75. does not make sense 77. false 79. true 81. Vx — 7 = 3; Vx = 414+ Vx =5 83. {16} 


425 Boge ee 
. 4x3 Sle : .(y-3+ =3-— 5x . 6 + 13: 15x? = 
85. 4x all 47x — 142 ans 86. x +3) 87. (vy — 3 + S5x)(y — 3 — 5x) 88. 6 + 13x 89. 15x 29x — 14 
54 + 43V2 
0... 
—46 


Section 7.7 Check Point Exercises 


= 18 26 

asi biVll « 4V3 2a8t+i b-10+10i 3a63+14 bSS-1li 4-V35 5, ae 
1 3. 

6-5 | Zal b. 7 c. —i 


Concept and Vocabulary Check 


101-1 2. 47 3. complex; imaginary; real 4. —6i 5. 147 6. 18; —15i; 12i; —10i7; 10 722+ 91 82+ 57 
9. —4i 410; —131 1H 


Exercise Set 7.7 


4. 10i 3. iV23 5. 3iV2 7. 3iV7 9. —61V3 11.5 + 63 13.15 + iV3 15. —2 — 3iV2 17.8 + 3i 19. 8 — 2i 
21..5+3i 23-1-7i 2.-24+9 27.8+15i 29-144+17) 31.94+51V3  33.-64+10i 35.—-21 — 15% 
37.-35- 146 39.7+19 41.-1-31i 433436 45.34 47.34 49.11 51.-54+12i 5321-20: 55.-V14 


= 3 . il 28 (21 12 18 3 11 
57.-6 59.-5V7 61.-2V6 632-=zi 651+i 67. +—j 69. +—j 71.0+i0ri 73.—- i 
Ja 3 25° ° 25 13. «13 10 =10 
11 16. 23 «43. de. an 5 . Tk. : 
75. i 77. + i 79. 0 ior i 81. 4i 83. + —i 85. —1 87. -i 89. —1 91. 1 
13.0 13 58 58 3 3 2 3 3 
93. i 95. 1 97. —i 99. 0 101; =—11 =—-5i 103. —5 + 107 105. 0 + 47i or 47i A075 1 =i 109. 0 111. 10 + 107 
20 30 = — 
113. 2B + Bi 115. (47 + 137) volts 117. (5 + iV15) + (5 — iV15) = 10; (5 + iV15)(5 — iVI5) = 25 — 1577 = 25 + 15 = 40 
14 2 
131. V-9 + V-16 = 31+ 41 = Ti 133. does not make sense 135. does not make sense 137. false 139. false 141. 5 5! 
8 16 2 yz 21 1 
432+) 1445 14541 =—— 146. {=I 147. {-4, | 148. {-3,3} 149. — V6 isa solution. 
B) 5) y? y=Z 11 2 
Review Exercises 
1 
1.9 2.=—— 3. -—3 4. not a real number 5. —2 6. 5; 1.73; 0; not a real number 7 23=2:=4 8. [2, 2) 
9.(—%,25] 105|x| 14. fx +14] 12 |x-4) 13.4% 9 14.2|x| 15. -20e +7) 16. W5xy 
1 | 3x 3X 
17. (V16)> = 64 = 18. (V/32)* = 16 = 19. (7x)"2_— 20. (19xy)® at. 22. - B37 Ba. 51° 
1/8 ( ) vel (19xy) 9234 ats bts a4 pd * 


25,2x*y 26. —_ a7.xcyt aa yWe 2. We 90. Wet. N32, $3150 million 33, V2Ixy 84. W773 
-~—____. x" = ; 
35. Wx — 5) 36. f(x) = V7|x — 1| 37. 2xV5x 38, 3x2y2W/2x? 39. 2y2z W2x3y3z 40. 2x? 6x At. 2xyW/2y? 


a 2 yz x Way 
42. xy? loytz 48. V2 — 144. 8W3 45. OVD 8. (Bx + y2)We 9-47. -8V6 8. 5W2 ees a= 


- ” 10y? "2x5 
B1.2V6 52.2172 53. 2nW2x 54. 10x2Vxy 55 6V2412V5 56.512 — W057. -83 + 3-35 
2V6 Vi14 

58. Vxy — V1ilx — Vily +11 59.13+4V10 60.22—-4V30 61.-6 624 63. ave 64. — 65. ANVY3 

V10x TW/4x Y189%8 5Wxy4 35 — 21 - x+8Vx +15 
66. af 67. War 68. W189x 69. : 70. 3V3 + 3 71. ve Sal 72. 10V5 + 15V2 73. na 

Sy x 3x 2xy 2 x-9 

5+ V21 3V2+2 2 3x 7 2 

74, ——— 75. 76. 77. 173... ——— 79. ———_ 80. {16 81. no solution or © 
2 7 vV14 Woxy V35 + V21 5-— V21 {16} 


82. {2} 83. {8} 84. {—4, —2} 85. a. f(30) ~ 34; In 2010, approximately 34% of American adults were obese; It’s the same. 
b. 36 years after 1980,in 2016 86. 84 yearsold = 87.91 «= 88. 3iV7 89. —-2iV2, 90.12 + 2i 91. -9 + 


i 15 3 
92. —12 — 8i 93. 29 + 117 94. —7 — 247 95. 113 + Of or 113 96. —2V6 + Oi or-2V6 97.5 Sd 


he 2 Tis. 1. 5; : 13. 13 
98. + i 99. i 100. 1 101. —i 
5. 10 3° 3 


AA38_ Answers to Selected Exercises 


Chapter Test 
1 Sy 20 3/3 2 

1.a6 b(-%,4] 2 of ave 849 6.5ix/V3 7. |x—-5| 8 2xy’Wy? -S 

———s x = x 
10. W50x2y 14. 2x W2y3 12. -7V2 18. (2x + y)VWe 14, 2xWe 18, 12V2- VIS 16. 26 + 6V3.—s'17. 52 — 143 

V5; /25x 

1%. 19, ~  20.-5 +2V6 24. {6} 22. {16} 23. {-3} 24.49months 25.51V3 26. -1 + 6 

Xx x 

1.7 

27.26 + Ti 28-6 + Oior—6 =H i 8D. 


2 : 5x — 6 16 — 9V3 
i— = go 8x3 — 22x? + 11x + 6 10 : 11. —64 12. 0 13. _ 16 = 9Vv3 
15(x + 2) ys 


“(x — 5)(x + 3) 13 


14. 2x7 +x%+54 5 «1534 3V6 = 16. 2(3x + 2)(4x —1) 17. (4x7 + 1)(2x + 1)(2e — 1) 
Te 


18. about 53 lumens 19. $1500 at 7% and $4500 at 9% 20. 2650 students 


CHAPTER 8 


Section 8.1 Check Point Exercises 


_ 3 3 
1. £V7or{tV7} 2. t+—— Sh 3. t3ior{43i} 4.3 + Vi0 or {3 + VIO} 5. a. 25; x? + 10x + 25 = (x + 5)? 


2 
5 9 3\? OF oh 8 9 3\" = 
5x? = 3x 4 x Gx? + x 4 xt+e 6. —2 + VS5or{-2 + V5} 


oe: 73 t Val [-3 t Val 
4 4 2 64’ 4 64 ; 4 4 

3 15 3 15 
a5t ra orf + ae \ 9.20% 10. 10/21 ft; 45.8 ft 


Concept and Vocabulary Check 


tT  V22 9 4 1 
i de a (#,/—s tf . £3: : _— — : = 
ttVd 24V7 3 iss 443: 825 82 Ro 89 OF 
Exercise Set 8.1 
5 V6 4. : 
1.{+5} 3 {tV6} 5. +7 Ts + 9. ti 11. {-10,-4) 138. (8 + V5} 15. (-2 4 2V2} 17. {5 + 3i} 
3+ Vil 49 49 7\? 
oe ar 21. {-3,9} 23. dja? + 2x +1 =(4 +1) 25. 49,27 - 14x 4+ 49=(x-7)Y 27. 7 5x? + Tx 4 7 x+5 
1 1 1 1\° 4 4 4 2\7 81 9 81 9\? 
29. —: x? , : 31. 3x7 + =x 4 x4 33. —; x? x4 (: ) 35. {-8, 4 37. {(-3 V7 
ie” 2" 46 (: i) ge 3G (: *) 64> 4 6 OM ca4 | wt} 
3 +v13 3 1 -14+vV5 {-3 \ —3 + V6 
{447 .f-1ti i .§ >, i ce oo i ean meee 
39. {4 15} 44. f-1+ i] 48 { : \ 45. { = a 47 { 5 \ 49. Bl 51 5 
4+VB 1 1 5 V31 1 VAP 
53, { —_—— 55. 7 + ra 57. (3 + j \ 59.-~,1 61.-2+ 5) 632+2i§ 65.v=V2gh 67.r=——-1 
3 47 4 4 4 5 P 
-1 + Vi19 
69. | 71. {-b,2b} 73. ax? + 8x b 16 a x?+8e+16 a(xt+4) 75.20% 77. 6.25% 


79. a. 1300 thousand; overestimates by 23 thousand b. 2014 81. 103 sec; 17.3 sec 83. 3/5 mi: 6.7 mi 85. 20V2 ft; 28.3 ft 
87. 50V2 ft; 70.7 ft  89.10m 


-1+VvV1-4 
97. 5 {-3,1} 101. makes sense 103. does not make sense 105. false 107. false 109. eS 
= 42 
444. {4V5,£V3} 112.42 118, (1 — 2x)(1 + 2u + 4x”) 144. x3 — 2x? -— de — 12 : 
= 


-5 5 11 1 . 
115. a. “4 b. 36; yes 116. a. 3 b. 0 117. a. 3x° + 4x +2=0 b. —8 


Answers to Selected Exercises AA39 


Section 8.2 Check Point Exercises 


1 1 34V7 f3+4v7 6 6 

1. —5 and —, orf 5, \ 2. v7 or v7 S01 v6 or Tia wv 4. a. 0; one real rational solution 
2 2 2 2 3 3 

b. 81; two real rational solutions c. —44; two imaginary solutions that are complex conjugates 5. a. 20x7 + 7x -3 =0 


b. x7 — 50 =0 c. x7 + 49 =0 6. 26 years old; The point (26, 115) lies approximately on the blue graph. 


Concept and Vocabulary Check 


—b + Vb? — 4ac 6 
(CO ae 2 ae 6.b?—4ac  7.no 8. two 
a 
9. the square root property 10. the quadratic formula 11. factoring and the zero-product principle 12. false 


Exercise Set 8.2 


6-3 a fsb {BEVEL {Te Ve 4 fev (8a VL pe say a {Sa VS 
47. \-> a} 19. 52; two real irrational solutions 21. 4; two real rational solutions 23. —23; two imaginary solutions 

25. 36; two real rational solutions 27. —60; two imaginary solutions 29. 0; one (repeated) real rational solution 31. {-3. 2h 

33. {1 + V2} 35. { = un 37. [34 ves} 39. {0,3} 41. {-6 £2V6} 43. [22 Vio} 45. {2 + V/10} 

47. ey) 49. {2+ 212} 5t.22-2e-15=0 53,12x27+5x-2=0 56.x27-2=0  57.x2-20=0 


59.x°+36=0 61.x7-2x +2 


-1 + val} 


0 633x7-2x-1=0 65b 67.a 69.1+ V7 nf 
~ V2 , 
73. 5-22, =e 75. {(-3,1,-1 + iV2} 77. 33-year-olds and 58-year-olds; The function models the actual data well. 79. 77.8 ft; (b) 


81. 5.5m by 1.5m 83. 17.6 in. and 18.6 in. 85. 9.3 in. and 0.7 in. 87. 7.5 hr and 8.5 hr 


; depth: 5 in.; maximum area: 50 sq in. 


1 
99. does not make sense 101. does not make sense 103. false 105. true 107. 2.4 m; yes 109. {-3, x} 106. {3, 7} 
5V3 — 5x 


111 112. yp BO) =x? +2 113. sa +2" yy fa 114. land 5 
Bae CoE Lg HAL 
FEN Eps) = 2? COA 
co roo CONN 
CECA Beue eee ange 
Seee\e/ ee SNE 
ECH im tH, f XZ tH 
EEFEEH-EHH] HEEEEE EEE * 
Section 8.3 Check Point Exercises 
1. Ya 2. yy f) = (x — 22 +1 3. (—2,—9) 
ne 7 : 
HO 
aa HA 
+4 
: 2,5 d in: (—%, %); :(-0,5 
pee eee (2, 5) omain: ( ); range: ( ] 
I 
FAPBHAE 
CoS 
Ong FV e+v5,0) 
seaars raaee | 
5. a. minimum b. Minimum is 984 at x = 2. c. domain: (—~, °); range: [984, 2) 6. 33.7 ft 
7. 4,—4;-16 8. 30 ft by 30 ft; 900 sq ft 
Concept and Vocabulary Check 
bb 
1. parabola; upward; downward 2. lowest/minimum 3. highest/maximum 4. (h, k) 5. ee a 6. 0; solutions 7. f(0) 
a a 


AA40 Answers to Selected Exercises 


Exercise Set 8.3 


LA) =(e-1% +1 BWM =@-1%-1) BAG HX - 1 7 g(x) =x? -2e4+1 «9. (3,1) 14. (-1,5) 13. (2,-5) 
15. (—1, 9) 


17. ya S@@) = (x - 4)? -1 19. ya f(x) = (vw - 197 +2 21. yay -1= (x - 3)? 
A BeLecee se 


yen 


[2, 2) 
25. YA 27: yp f(x) =x? — 2x -3 
THES Ta, 4) cooper 
SQ) = 4 = («= PANE - HER 
<0, 3) LNG. 0) > GB, 0) 
(-1,0)-4 a ro (31 * * 
FCA 
| LE ies 
r= 
(2, -1)“* = ~2 _ 
{[-1, oo) ( ; 4] 
29. 31. YA 33. f(x) =x + 6x +3 YA 
| a lol / | [TET [kT TT) 
f(x) = 2x - 37 + 3710 | 
cso oy ee 
RSE Be ee 
(3.-# SSE 
2 4 x=1 
(-~, 4] 
| 49 
4? 
35. f(x) = 2x7? + av-3y, 37. yh 
PH sareciastat 
eT a | See See eee 
COCO =2y — x2 — 214 | 
-1- Vi0, \ asetses ee a — ain 
2) Ny Svea + vin, 0-2) 
(-1, -5) MILL) 2 Seeewdite 
WALT EEE 
x=-1 x= 
[-5, %) (-%,—1] 
39. a. minimum b. Minimum is —13 at x = 2. c. domain: (—~, ©); range: [-13, ) 41. a. maximum b. Maximum is | at x = 1. 
5 1 5 
c. domain: (—, %); range: (—°, 1] 43. a. minimum b. Minimum is =a atx = ry c. domain: (—, %); range: -3 =) 


45. domain: (—~, ©); range: [—2, ») 47. domain: (—~, %); range: (-», —6] 49. f(x) = (x — 5) +3 51. f(x) = 2(x + 10)? — 5 
53. f(x) = —3(x + 2)? + 4 55. f(x) = 3(x — 11)? 57. a. 2 sec; 224 ft b. 5.7 sec c. 160; 160 feet is the height of the building. 
d. s(t) 4 59. 8 and 8; 64 61. 8, —8; —64 63. length: 300 ft; width: 150 ft; maximum area: 45,000 sq ft 

65. 12.5 yd by 12.5 yd; 156.25 sq yd 67. 5 in.; 50 sq in. 69. a. C(x) = 525 + 0.55x 


250 H 
UN Ta? + 6ar sto De P(x) = —0.001x? + 2.45x — 525 
(0, 160) # | c. 1225 sandwiches; $975.63 
i 
H 
1 > 
t 
77. a. 10 b. (20.5, — 120.5) c. 50 d. Answers will vary. 
0 30 
-10 10 
10 -130 
79. (2.5, 185) 200 81. (—30, 91) _ 
“= ee -150 100 
0 


—50 


83. does not make sense 85. does not make sense 87. false 89. false 91. x = 3; (0,11) 93. f(x) = -2(x + 3 - 1 
x 
eee 4 


5 
95. 65 trees; 16,900 pounds 96. {7} 97. 98. {(6,—2)} 99. {-1, 9} 100. {2 >} 101. 5u2 + llu+2=0 


Answers to Selected Exercises AA41 


Mid-Chapter Check Point Exercises 
1. {-3 ut 2. {-1.2} 3. evs) 4a {Ziv 5. {.6v5} 6. (3 + wT 7. {4iV13} 8. {-4.3} 


3° 3 5 


9.{-3+2V6} 10. {2+ V3} 41. {3 + M25) 12. {3eva 13. {4 14. (-5 + 2V'7} 


4 
15. f(x) = (ew - 3)? -4 y domain: (—,%); range: [—4, ~) 16. gx) =S5—(e +2)? yp domain: (—°, °°); range: (—2, 5] 
coo 2, s) HEE 
(0, 5) | (-2,5) aay da ceaeeae 
hcns Tce) | i | 
oo SHE 6 syenee SeauCa 
> EES oP (-2-V5,0) foe * 
Coe © , TS (-2+V5, 0) 
EEE PAATH Geo 
(3, —4) 
17. h(x) = -x2-4v 45 y domain: (—%, ); range:(—°, 9] 18. 34-VE D domain: (—°, ~); range: [—2, ~) 
[ TTT ’ 
=32=-6x4+1 y 3 
(-2, 9) — rH Gat | S(x) = 3x nt yh 
COP A a a ane 
- Sth ot H 
(—5,0) EE APNE ac il 
Heo aan 
CCOECEEO aye 0) EEE (1, -2): 
J LTT | pid 
ii sae 


19. two imaginary solutions 20. two real rational solutions 21. 8x7 — 2x -3 =0 22. x7 - 12 =0 23. 75 cabinets per day; $1200 
24. —9,—9;81 25. 10 in.; 100 sq in. 


Section 8.4 Check Point Exercises 
1. -V3,-V2, V2, and V3 or {+ V2, +3} 2. 16 or {16} 3. —V6,—1, 1, and V6, or {- V6, —1, 1, V6} 4. —1 and 2, or {-1, 2} 


5. = and 64, or {-4. os} 
27 27 


Concept and Vocabulary Check 


4. x75u? — 13u + 36 = 0 2. x'/? or Vx;u? — 2u — 8 = 0 3.x + 3;u2 + Ju — 18 = 0 4. x-!;2u? — Jut+3=0 
5. x9. 1? + 2u-—-3=0 


Exercise Set 8.4 
4. {-2,2,-1,1} 9 3. {-3,3,-V2, V2} 5. {-27,217,-V2, V2} 7. {1}. {49} 14. {25,64} = 18. {2,12} 15. {-- V3, 0, V3} 


11 1 —24V7 
17. {-5,-2,-1,2} 19. {-t +} 21. {42} 23. eS“) 25. {-8,27} 27. {-243,32} 29. {1} 34. (-8, -2, 1, 4} 
3 1 64 81 5 25 
33. —2,2,-1, and 1;c 35. lje 37. 2 and 3: f 39. —5,—4, 1, and 2 41. 5 and 3 43. 15 and 0 45. 5 and 6 


47. ages 20 and 55; The function models the data well. 53. {3, 5} 55. {1} 57. {-1, 4} 59. {1,8} 61. makes sense 


3 
v 225 1 1: « 3 5 
63. does not make sense 65. true 67. false 69. 4 V/—2, TA. 722k 1 73. {(4,—2)} 74, {-3. >| 
> 5x - 1 2 2 2 
a4 =5 
75. {-2,—-1,2 76. 
Cat 2) x +3 


Section 8.5 Check Point Exercises 


4. (-%,-4) U (5, &) 5 == 347) os i og 
-8-6-4-2 0 2 4 6 8 1012 2 0 7 -5-4-3-2-1 012345 
Jot 
-5-4-3-2-1 0 12345 
4. (—2,5) 5. (—%,—1) U[1, ~) 6. between 1 and 4 seconds, excluding ¢ = 1 
‘ ) andt = 4 
-5-4-3-2-1 0123 45 -5-4-3-2-1 012345 


Concept and Vocabulary Check 
1. x7 + 8x + 15 = 0; boundary 2. (~%,—5), (-5, —3), (-3, ~) 3. true 4. true 5. (—~,—-2) U[1, ~) 


Exercise Set 8.5 
1. (—»,-2) U (4, ~) 3. [-3, 7] 5. (—%, 1) U (4, &) 


et 
-§-4-3-2-1 0123 45 -3-2-1 0123 45 67 -§-4-3-2-1 0123 4 5 


AA42 Answers to Selected Exercises 


2 
7. (-%,—4) U (-1, &) 9. (2, 4] 11. |-4.2| 
{$+} + +} + fmt} > 
-5-4-3-2-1 012345 -5-4-3-2-1 01234 5 
-5-4-3-2-1 012345 
13. (-3,3) 1s. (-1,-3) 17 0] U [4 
ae) Dg aN rake . (-2% , 
; ; (-», 0] U[4, ») 
t——}—— +++} > -5-4-3-2-1 012345 
-5-4-3-2-1 012345 -1 0 1 
3 
19. | —2,—> U (0, ~) 21. [0, 1] 23. [2 — V2,2 + v2] 
}—}-—+} Fa pp pp > 
-5-4-3-2-1 0 123 4 5 ect sceel OL 2 34s ~5-4-3-2-1 0 12 3 4 5 
2-V10 2+V10 5 —V33] [5 + V33 
25. 2, U on 27. 00, U 5% |: 29. no solution or @ 
3 3 4 4 
31. [1,2] U [3, ») 33. [-2,-1] U [1, ~) 35. (—~, —3) 
t —= i 
-5-4-3-2-1 012345 -8-7-6-5-4-3-2-1 0 1 2 -§-4-3-2-1 012345 
37. (-1, ©) 39. {0} U [9, ~) 41. (—0, —3) U (4, ») 
Sg t 
-9 -8 -7-6 -5-4-3-2-1 0 1 -8-6-4-2 0 2 4 6 8 10 -§-4-3-2-1 012345 
4 
43. (—4, -3) 45. [2, 4) 47. |—%,—3 } U [2, @) 
pp KS 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 
-§-4-3-2-1 012345 
1 7 
49. (-», 0) U (3, ~) 51, (—~,—5) U (-3, ) 53. he U ae 
SS 
-3-2-10123 4567 -6-5-4-3-2-1 0 12 3 4 
-5-4-3-2-1 012345 
55. (-*, —6] U (-2, « 1 
( ; ) 57. (-=. t]uR=) 59. (—1, 1) 
-8-7-6-5-4-3-2-1 0 1 2 
61. (—%, —8) U (—6, 4) U (6, ~) 63. (—3, 2) 65. (—~,-1) U (1, 2) U (3, ~) 
HH 
-10-8 -6-4-2 0 2 4 6 8 10 -5-4-3-2-1 012345 -§5-4-3-2-1 012345 


al 
67. \-s -5| U [1, %) 69. (—%, —2) U [-1, 2) 71. between 0 and 3 seconds, excluding t = 0 and t = 3 73. a. dry: 160 ft; wet: 185 ft 


b. dry pavement: graph (b); wet pavement: graph (a) c. extremely well; Function values and data are identical. d. speeds exceeding 76 miles 
per hour; points on graph (b) to the right of (76, 540) 75. The company’s production level must be at least 20,000 wheelchairs per month. For 
values of x greater than or equal to 20,000, the graph lies on or below the line y = 425. 77. The length of the shorter side cannot exceed 6 ft. 

1 
83. [-3. 85. (— 2,3) U [8, ~) 87. (—3,—-1) U (2, ~) 89. a. f(x) = 0.1375x? + 0.7x + 37.8 b. speeds exceeding 52 mph 


23 
91. does not make sense 93. does not make sense 95. false 97. true 99. Answers will vary.; example: a =0 101. {2} 
x 
103. (—~©,2)U(2,%) 105. 27 — 3x7 = 0;[-3,3] 106. (—19,29) 107 ase ee 108. (x? + 4y*)(x + 2y)(x — 2y) 
=a re ‘ " ie do aad “@ +4) — 3) oe pe ee 
109. 110. ayy = 2" 111. yp fe) =2* 41 
_aae 3) FEO, 
: ai M (4, 3) StH a 
(~2, 4) 5 42,5) 
-1,2) (2, 5) | (0, 2) 
(0, 1) =4gceane 
Coo E COCs: 


= 
[ 
[ 
Cl 
CA 


~ 
alo 


Review Exercises 


4.{+8} 2 {4+5V2} 3. +2 4. {4+ 3V2} 5. {-7 + 6i} 6. 100;x? + 20x + 100 = (x + 10) 
2 


0 35 <2 3 7 2 V53 —3 + V4l 
7. ae 3x 4 4 (: >) {3, 9} 9. { 5 \ 10. { Fi 


\ 11. 8% 12. 14 weeks 13. 60V5 m; 134.2 m 


Answers to Selected Exercises AA43 


—2 + V10 


14. {1 + V5} 15. {1 + 3iV2} 16 { 


\ 17. two imaginary solutions 18. two real rational solutions 


2 1 23 
19. two real irrational solutions 20. {-2,4} 21. {—5, 2} 22. { ae Vv. \ 


1+ V21 

—. 23. {-4,4 24. (3 + 2V2 25.4—+ 
10 \ {-4, 4} { V2} {3 6 

26. {4+ V5} 27. 15x27 - 4x —-3=0 2827+ 81 =0 29.x7-48=0 30. a. 261 ft; overestimates by1 ft  b. 40 mph 

31. a. by the point (35, 261) b. by the point (40, 267) 32. 8.8 sec 


aS — 4. th 35. yd 36. ee ee 
(1) SA fis) = + 0? +4 RESP 19 2, EEE 09 1,0 STE -3.9) 
Porat esa Aste =@+at-2 Sos Re 
3,0 EH HAH 0.9 EH BEECH 
H (-1, 0) FEN Paeets ee eee 
4 EEE HMA, 8) 
x=1 x=1 


37. 25 in. of rainfall per year; 13.5 in. of growth 38. 12.5 sec; 2540 feet 39. 7.2 h; 622 per 100,000 males = 40. 250 yd by 500 yd; 125,000 sq yard 


= 11 
41.—7and7;-49 42. (-V2, V2,-2,2} 43. {1} 44. (-5,-1,3} 45. Fe x 46. {-27,64} 47. {16} 
1 1 
48. “355 ; 49. (—~,—-4] U 5° J 50. (—3, 0) U (1, ); 
-4-3-2-1 0123 45 6 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 
51. (—%, —2) U (6, ©); 23 53. between 1 and 2 seconds, excluding t = 1 
52. (-%, 4) U}—, ]}; ~ 
+—+—}—}+—}—} +} => 4 and t = 2 
“3-2-1 0 1234567 54. a. 200 beats per minute 
-3-2-1 0123 45 67 b. between 0 and 4 minutes and more than 
12 minutes after the workout; between 0 
and 4 minutes; Answers will vary. 
Chapter Test 
V10 hg 2 1 1\? = 
1.4 +— 2.{3 + 2V5} 3. 64;x7- 16x + 64=(x-87 4 —53x7+ Sx4 (: | ) 5.8 +V2} 6. S0V2 ft 
2 25 > 25 5 
bead fe ; bees . 1 _ . 3). 1s 
7. two real irrational solutions 8. two imaginary solutions 9. 5.5 10. (-4 + V1} 11. {-2 + Si} 12. 3 am ai 
13.x°-4e-21=0 14.x7+100=0 15. a. 182.8 ~ 183; overestimates by3 bb. 2023 
16. 17. yg fl) = - 2-3 18. after 2 sec; 69 ft 19. 4.1 sec 20. 23 computers; $169 hundreds or $16,900 
Seen tanner ae 24. {1,2} 22. 3,3,-2,2) 28. {1,513} 
I I im 
aeons 24. (—3, 4); 25. (—%, 3) U[10, ~); 
Neen ee EEE EESGEE EL EEDeEE 
= -5-4-3-2-1 012345 -4-2 0 24 6 8 10 12 14 16 
x 


Cumulative Review Exercises 


1. {3} 2. {(—5, 2)} 3. {(1, 4, —2)} 4. [10, 2%) 5. (—~, —4] 6. (2, ©) 7. (—2, 3) 8. {3, 9} 9. no solution or @ 10. {12} 
—2+V14 3] 
14:4 = 12. {8,27 13. | =2,— 
ae} em alas 
14. 15. yy = Be -ty 16. a—2y>—6y4 17: 9, jQj=-26- 942 
user Jeeeree EEE Hee we 
co Coo anal a glx 
CCE Kk = ro 
SH oe B rsccccteas 
ae] EEE im NCC 
ian aa8 iia O no 
20x! 3x? + 6x — 2 -3 
18. —l6x + 24y 19. — 7 20. x7 — 5xy — 16y” 21. 6x? + 13x — 5 22, 9x* — 24x7y + 16y” 23. : “ 24. 
y' (x + 5)(x + 2) x 
25. > 6 26. Sxy V2x 27. 9V2 28. 44 + 61 29. (9x7 + 1)(3x + 1)(3x — 1) 30. 2x(4x — 1)(3x — 2) 
X 
31. (x + 3y)(x* — 3xy + Oy?) B27 + 2x — 13522 33. x +5; (—%,2)U (2,6) 34. 2a+h+3 
35. 3x2 -7x +18-—°_ 36. R i pore! 37. y= —3x —lorf(x) =—-3x —1 386 39. $620 
_ * x+2 : fet: 1-1 -y = 73x or f(x) = —3x : : 


40. 13 yd by 4 yd 41. $2600 at 12% and $1400 at 14% 42. 11 amps 


AA44 Answers to Selected Exercises 


CHAPTER 9 


Section 9.1 Check Point Exercises 


1. approximately $160; overestimates by $11 
2 


fix) = 3* yh ya(t) yy fx) =3* 
Ferrey “2? ol) a ect ane 
a — COPE Te) 1 
I CCCCyECa (-3. 1 im im a(x) =3 
(5) EEE o> (5) SESH a.» 
fi TT ft a‘ I TT [ 
SCPE aw | 1,3 1 CIN TT - —— (2, 3) 
Es ) NH (-2, (2, ;) Ne (1, 1) 
Coon, (-1, | (eae 
(0,1) 5 x 25 x 
(1, 3) (2, x) =4, i 0. i (0,1) 
3 SO) N38 


The graph of g is the graph of f 
shifted 1 unit to the right. 
7. a. $14,859.47 


b. $14,918.25 


6. approximately 4446 


Concept and Vocabulary Check 


HH g(x) = 2° +3 


J Asx) =2* 


72,4) 
(1, 2) 
2.5 x 
(, 1) @D 
L :) 


The graph of g is the graph of f 
shifted up 3 units. 


1. b*; (—~, ~); (0, 2) 2. x; y = 0; horizontal 3. e; natural; 2.72 4. A; P3rin 5. semiannually; quarterly; continuous 
Exercise Set 9.1 
1. 10.556 3. 11.665 5. 0.125 7. 9.974 9. 0.387 
11. x f(x) sd 13. x F(x) 26 15. x f(x) of 
a |e ag | as 2 [9 
9 9 = 3 
=] 1 -4 2 0 lt 
3 3 1 
0 it 0 0 1 3 
1 3 1 2 2 1 
2 9 2 8 9 
qT. x F(x) 19. x g(x) 
1 y4 fe) = 4" ” 4 afay 
—2 16 Seses see - 2 9 5h gx) = (3) 
| SERS Ee Bee el 
~ 1 susseeees 1 2 puget eezees 
4 EEE 3 ECHEEH+EH 
0 1 Sueeeeeera 0 1 PEE 
Sao ee Pa 
1 4 Poet 3 HEE 
3 16 2.5 x 1 2 -—aae Hd 
2 Z 
4 
21. x h(x) 1 23. x f(x) yA 
-2 4 ( } -2 2.78 Feo 
Yh | | HH 
= 2 -1 1.67 EEE 
0 1 0 1 PARE EEE 
Sp fx) = (0.6)* 
a | ae HEPES 
2 2 0.36 sea 
2 = 
4 
25. yy g(x) = 2"! 29. A 
: DEEL Rhr Tra 
Sah Eff gc = 241 
EEE cere 
EEE] Ceri 4 [| 
HEE A HH 
Poe 
cI SQ) = 2* 
25 2.5 x 


The graph of g is the graph of f 
shifted 2 units to the right. 


The graph of g is the graph of f 


shifted 1 unit to the left. shifted 


The graph of g is the graph of f 


up | unit. 


Answers to Selected Exercises AA45 


31. 
ia 
a EOE HH 
- Ett tS x 
TN 
Coe HHH ERECT 
g(a) = —3* 
The graph of g is the graph of f The graph of g is a reflection of The graph of g is the graph of f 
shifted down 2 units. the graph of f across the x-axis. shifted 1 unit to the left and 1 unit down. 
37. nee 39. a. $13,116.51 —_b. $13,157.04. $13,165.31 
Hn 41. 7% compounded monthly 
[| 43. domain: (—~, ©); range: (—2, ©) 
/ 45. domain: (—%, ©); range: (1, ©) 
/ Het) a 4.3 47. domain: (—~, ©); range: (0, ©) 
The graph of g is the graph of f stretched 
1 
vertically by a factor of 3 
49. (0, 1) 51. 53. a. 574 million b. 1148 million c. 2295 million d. 4590 million 


e. It appears to double. 55. $832,744 57. a. 393 million 

b. approximately 388 million c. the linear model 59. a. 100% 

b. about 68.5% c. about 30.8% d. about 20% 

61. 11.3; About 11.3% of 30-year-olds have some coronary heart disease. 


63. a. about 1429 people b. about 24,546 people c. The number of ill people cannot exceed the population.; The asymptote indicates that the 


number of ill people will not exceed 30,000, the population of the town. 


0.05 \*" 0.045 \ 
69. a. fa) = 10,000( 1 af om) sft) = 10,000( 1 =F ont 


b. 5% compounded quarterly 
15000 


4.5% compounded monthly 


the bank that pays 5% interest compounded quarterly 


x iL: x ' 
71. does not make sense 73. does not make sense 75. false 77. false 79. a. y = (3) by = (=) cy =5* dy=3 


Da x+5 
B1.b=—— a2 -1 8 {2,5} Ball be 127 8B By = 
= 


7 
Section 9.2 Check Point Exercises 
4oa. 5x7 +1 b. 25x? + 60x + 35 2. f(g(x)) = 7(2) = x; g(f(x)) = im =x 
3. fig) = 4(2472) -7 = @ +) -7= wey =A = Bee a pe=*52 spe- FS 


6. (b) and (c) 7 


Concept and Vocabulary Check 

1. composition; f(g(x)) 2. fs g(x) 3. composition; g(f(x)) 4. g; f(x) 5. false 6. false 
7. inverse 8. x3 x 9. horizontal; one-to-one 10. y=x 

Exercise Set 9.2 


1.a2x + 14 b. 2x +7 co 18 8a 2x+5 b. 2x + 9 c9 5. a. 20x? — 11 b. 80x? — 120x + 43 c. 69 
7a. x* — 4x7 +6 b. x4 + 4x2 +2 c. 6 9a. Vx —1 b. Vx — 1 c. 1 ax b. x c. 2 13. a. x b. x c. 2 


AA46 Answers to Selected Exercises 


5 56 5x —4 
9 :e(f(x)) = - ; not inverses 


15. f(g(x)) = x; g(f(x)) = x; inverses 17. f(g(x)) = x; g(f(x)) = x; inverses 19. f(g(x)) = 


21. f(g(x)) = x; g(f(x)) = x; inverses 23. f(g(x)) = x; g(f(x)) = x; inverses 2.a f 'Mx)=x-3 b. f(f ‘(x)) = (« — 3) +3 = xand 
x 2x x =3 


flG¢@) =(+3)-3=x 27. a. f (x) = a b. f(f (x) = 2(£) = xand f (f(x)) = ic 29. a. f '(x) = 5 
2 £=3 7 (2x + 3) -3 _ . 7 ss 
b. f(f (x) = 2( ) + 3 =xandf \(f(x)) = —— 3 31.a. f '(x) = Vx - 2 b. fif (x) = (Vx — 2) + 2 = x and 


f7GQ)) = VW084+2)-2=x spa fx)=WVWx-2 9 b fd) = (Wx - 2) + 2)3 = x and f-(f(®)) = Wa + 22 -2 =x 


35. a. f ‘(x)= : b. ff (x) = i= x and f-'(f(@)) = a 37. a. f '(x) = x*,x =0 b. ff (x)) = Vx? = xand 
PG) = (Var =x Baa f= VERT bY) = (Vem TP + 1 = x and YQ) = VP +1 =x 
es ae om | 2x + 1 
3x +1 (Bt) +1 (St) +1 
41.a. fix) = b. f(f-(x)) - x and f-'(f(x)) - x 43, a. f (x) = (x — 3)? +4 
-2 = 4 (24) -2 
, eee 


—=2 
b. f(f 1(x)) V(x — 3) +4)-443 an f 'GQ@)) = (Wx —44+3)-3P +4=% 45. no inverse 47. no inverse 


55. 5 57. 1 59. 2 61. 1 
63. —6 65. —7 67. 3 69. 11 


49. inverse function 51. 


71. a. f represents the price after a $400 discount, and g represents the price after a 25% discount (75% of the regular price). b. 0.75x — 400; fo g 
represents an additional $400 discount on a price that has already been reduced by 25%. c. 0.75(x — 400) = 0.75x — 300; g° f represents an 
additional 25% discount on a price that has already been reduced $400. d. fog; 0.75x — 400 < 0.75x — 300, so f° g represents the lower price 
after the two discounts. e. f '(x) = x + 400; f~ represents the regular price, since the value of x here is the price after a $400 discount. 

73. a. fi ((U.S., 1%), (U.K., 8%), (Italy, 5%), (France, 5%), (Holland, 30%)} b. f ':{(1%, US.), (8%, U.K.), (5%, Italy), (5%, France), 

(30%, Holland)}; No; The input 5% is associated with two outputs, Italy and France. 75. a. No horizontal line intersects the graph of f in more 
than one point. b. f (0.25), or approximately 15, represents the number of people who would have to be in the room so that the probability of 
two sharing a birthday would be 0.25; f1(0.5), or approximately 23, represents the number of people so that the probability would be 0.5; f1(0.7), or 
approximately 30, represents the number of people so that the probability would be 0.7. 

77. f(g(x)) ARG %2)| + 32 = x and g(f(x)) 5 (2. 22) %2| x 

85. 5 ; inverse function 87. 15 ; no inverse function 


-10 10 
—5 5 
—5 —5 
89. 5 ; inverse function 91. 5 ; inverse function 
-5 5 -5 5 
5 -5 
93. ; inverses 95. does not make sense 97. makes sense 99. false 101. true 


103. Answers will vary; Examples are f(x) = Vx + 5 and g(x) = 3x’. 


an 


(2 - 2) 9 
5x = 3 3(3x — 2) — 2(5x — 3) 9x — 6 — 10x + 6 x 
(2 = 2) 3 5(3x — 2) — 3(5x — 3) 15%.— 10 — 15% + 9 1 


105. f(F(x)) 


8 
107.5 x 108 108. ijeeoees 100) 


TH 


1 
110. There is no method for solving x = 2” for y. 111. 3 112. (—%, 3) U (3, ~) 


Answers to Selected Exercises 


Section 9.3 Check Point Exercises 


1 
ta P=Hx 2.a.5 = logo x b. 3 = log, 27 c. y = log, 33 3. a. 2 b. 1 5 4. a. 1 


7. (5, ©) 8. approximately 80% 9.4 
10. a. (—~, 4) b. (—2, 0) U (0, %) 11. 34°; extremely well 


5. a. 8 b. 17 


Concept and Vocabulary Check 


1.b°> =x 2. logarithmic; b 3.1 4.0 5.x 6.x 7. (0, ©); (—%, 2%) 8. y; x = 0; vertical 
9.5—x>0 10. common; log x 11, natural; In x 


Exercise Set 9.3 


: 1 1 
4.27=16 323? =x 5D =32 7.6"=216 9 log8=3 11. log, -4 13. logg2 = 3 OS log;3x = 2 


7 
1 1 1 
17. logy1000 = 3.19. log;200= y 21.2 262-13 > BH -S BF HL 87.0 98.7 


47. (—4, ~) 49. (—~, 2) 51. (—~, 2) U (2, ~) 53. 2 55. 7 
57.33 59.0 61.6 63-6 65.125 67.9x 69. 5x” 

1 
71.Vx (73. 3°=x-1;{10} 9-75.49 = x; {2} 77.0 79.2 
81.d 83. c 85. b 87. approximately 95.4% 
89. a. 25.5%; underestimates by 0.7% b. 24.2% 


41. 19 43. 


91. approximately 188 decibels; yes 93. a. 88 
b. 71.5; 63.9; 58.8; 55.0; 52.0; 49.5 
c. 100 
0 12 
0 


The students remembered less of the material over time. 


103, 5 105. 3 
: 8 
f f 
-1 7 -1 10 
—2 -1 
The graph of g is the graph of f The graph of g is the graph of f 
shifted up 3 units. shifted 2 units to the right and 1 unit up. 
107.a b. 5 C10 
L8 Ss fe 
0 10 0 10 0 10 
=5§ -5 -10 


d. In each case, the graphs of f and g are the same.; log,(MN) = log, M + log, N 
e. the sum of the logarithms of the factors 


4 
109. makes sense 111. makes sense 113. false 115. false 417. 5 119. log; 40 120. {(—2, 3)} 121. 2(3x — y)(x — y) 


32 
122. (-%©, —7] U [-2, ~) 123. a. 5 b. 5 c. logs(8-4) = log,8 + log, 4 124. a. 4 b. 4 c. lon,( 2) = log, 32 — log, 2 
12.4.4 b.4 — c. log3% = 2log39 


AA47 


AA48_ Answers to Selected Exercises 


Section 9.4 Check Point Exercises 


1 
1. a. logs 7 + logs 11 b. 2 + logx 2. a. logs 23 — logs x b. 5 — In il 3. a. 9 log, 8 b. 3 nx c. 2 log(x + 4) 


1 1 Tx +6 x — 3) 
4. a. 4log,x + 3 OB y b. 7 logs x —2-—3logsy 5. a. log 100 = 2 b. ioe x ) 6. a. In (x?Wx + 5) b. log [o-> 
x x 


Ve log 2506 In 2506 7 
c. log, (“*) ae a. a a 4,02 
25y log 7 In7 


Concept and Vocabulary Check 
log, M 
log, b 


1. log,M + log, N; sum 2. log, M — log, N; difference 3. p log, M; product 4. 


Exercise Set 9.4 
1. logs; 7 + logs 3 3. 1+ log; x 5.3 + logx 7. 1 — log x 9. logx — 2 11.3 — logyy 13. 2 — In5 15. 3 log, x 


1 1 1 
17. —6 log N 19. —Inx 21. 2 log, x + log, y 23. 7 084% —3 25. 2 — 7 1OBel* + 1) 27. 2 log, x — log, y — 2 log, z 


1 1 1 1 2 1 2 
29.1 + 3 ogx 31. 3 ex ag 3 os 33. 5) log, x + 3 log, y — 3 log, z 35. 3 logs x +4 3 logs y 3 37. log 10 = 1 39. In (7x) 


2x +5 > x3 x + 6)4 
41. log, 32 = 5 43. ios ( Z ) 45. log (xy°) 47. In (yVx) 49. log, (xy) 51. In (5) 53. In (=) 55. In aS 
acts y vy x 
xy Vxy 1 3 
57. In 7 59. logs a Be aa 61. 1.5937 63. 1.6944 65. —1.2304 67. 3.6193 69. C—-—A 71. 3A 73. -A = —C 
Zz (x + 1) 2 2 


+3 
75. false; Ine = 1 77. false; log4(2x)* = 3 log4(2x) 79. true 81. true 83. false; log(x + 3) — log(2x) = toa( 23 ) 85. true 
x 


xy4 1 x(x" — 1) x(x — 1) 
87. true 89. a. 2 b. logs Gr 91. a. ry b. logos 5@ 4 1) = logos 5 
103.a.&b. y=2+logy y=logs(v+2) y = log; x is shifted up 2 units to obtain y = 2 + log; x, 
4 y = log; x is shifted to the left 2 units to obtain y = log; (x + 2), and 
y = log; x is reflected across the x-axis to obtain y = —log3 x. 


I 
93. a. D = 10 log () b. 20 decibels 
0 


-2 8 


-2 
y = —log3x y = logs 


y = logjo9 x is on the top and y = log; x is on the bottom. 
. y = log; x is on the top and y = logygo x is on the bottom. 

. If y = log, x is graphed for two different values of b, the graph of the one with the larger base will be 
on top in the interval (0, 1) and the one with the smaller base will be on top in the interval (1, ~). 


-0.5 
y= logasx — y = logigox 
Ine 1 4 
111. makes sense 113. makes sense 115. true 117. false 119. loge = = 121. 4x° 
InlO  =1In 10 
122, y,Sx—-2y>10 123. (—,1) 124. 2y Waxy? 125.64 126. 12-127. {-1, 3} 


Mid-Chapter Check Point Exercises 
1. (fog)(x) = 12x — 13; (ge f(x) = 12x + 3;no 2 (feg)(x) = xs (ge fe) = xyes — 3 (fe g)(x) = x: (go f(x) = x yes 


2 1 4x —5 +7 
4a5> BVS a a2 Sf %()= 6 fx) = 3 = 7. f-! = {(5,2), (-7, 10), (-10, 11)} 
8. function; no inverse function 9. function; inverse function 10. not a function 
TH: y, fa) =2*-3 domain: (—~, ©); range: (—3, %) 

KEELER 
Pat Ree hs Figg 
SORE REOE Pees 
COOP 
SSS Se ee 
cHH Cth, 
EERE PEE} 
SSE 


Answers to Selected Exercises AA49 


12. 1\° domain: (—~, ~); range: (0, °) 
f(x) = (¢) 
YR 
13. 
14. domain: (0, %); range: (—, %) 
1 1 
15. (—6,%) 16. (0,9) 17%. (—,-6) U(-6,) 18. (-, ©) 19.5 2-2 BB BBD 
1 = 

24. Evaluation is not possible; log» > —3 and log;(—3) is undefined. 25. 5 26. V7 27. 13 28. =e 29. Vir 

1 1 x8 Vx 
30.-logx + logy -3 31.19+20Inx 32. lo (=) 33. logsx° 34. io] 35. $8 

208 708 87 Vy 85 (@ — 2) 


Section 9.5 Check Point Exercises 


et a {3} ja ea {ait = 3.04 b. log 8000 ~ 3.90 or flog 8000 ~ 3.90 
. a. 3 or {3} a pa. TS ~~ 3.04 or | F ~ 3. . log = 3.90 or {log = 3.90} 


In9 2 2 
3. a =In3 ~ 110or{In3 ~ 110} 4a l2or{l2} b. za {<} 5. Sor {5} 6. 4and 5, or (4, 5} 
7. blood alcohol concentration of 0.01 8. 16.2 years 9. 1994 

Concept and Vocabulary Check 


In 20 
= 4. In6 5. 3 6x7 +x 7 


1.5.M=N 24x -1 3. 
In9 x+1 


8. false 9. true 10. false 


Exercise Set 9.5 
1. {6 3} 5 3} 72} 9 {2} 11. {3} 13. {4} 15. {5} 17. {-1} 19. {In 5.7 ~ 1.74} 


21. flog 3.91 ~ 0.59} 23. {= be 176} 25. {In5 ~ 161} 27. (ae ~ 10} 29. {= ee 3.66} 31. { ee 19.7} 


In 5 0.7 0.055 
In 30 1 — In 793 In 410 In 2 1 
33. {P in 10.1} 35. ee ~ -s4} 37. { m7 2= 100} 39. lige es ~ 0.76} 41. {81} 43. {x} 
109 62 2 3 e -112 
45. {3} 47. {100} 49. {59} 51. a 53. = 55. {e~ ~ 7.39} 57. {e ° = 0.05} 59. 4 — ~ 27.30 61. {e = 0.61} 


5 1 4 
63. {e7 —3 ~ 4.39} 65. {7} 67. {6} 69.{6} 71. nosolutionor® 73. {4 ~ oss} 75. {3} 77. {5} 
= 


79. no solution or @ 81. {5} 83. {2} 85. {28} 87. {2} 89. no solution or © 91. {3} 93. { x ae = 186} 
n 


95. {12} 97. {-2,6} 99. a. 36.1 million b. 2013 101. 118 ft; bythe point (118,1) 103.82 105.168% 107.87 109.15.7% 111. a. 17.0%; 
underestimates by 0.3%  b. 2016 113. about 2.8 days; (2.8,50) 115. a. 10> mole per liter b. 10-7 mole per liter _¢. 10° times greater 


123. {2} 10 125, {4} 4 127. {2} 4 


AA50 Answers to Selected Exercises 


129. {-1.39, 1.69} 


-3 


135. does not make sense 


447. {1,5} 
152. 


148. {—12} 


Annual Retail Sales of 


149. 


8 131. 


-1 27 


The barometric air pressure increases 
as the distance from the eye increases. 


137. makes sense 139. false 141. true 143. about 36 yr 
8 


16x!" : ; 
exponential function 


Call of Duty Games 


Mat 
> 


=“ 
Se 
Ss 
S 


| 
10, 980) 


oe 
Ss 
Ss 


oP 
| 


(2009, 778) 


Retail Sales 


> 
S 
S 


e 


200 |; 


(millions of dollars) 
an 
S 
i 


L 
¢ (2008, 436) 
(2007, 352). 
(2006, 196)-|— 


# (2005, 101) 


(2004, 56) en 2008 


Y 


ear 


> 
2012 ¥ 


Section 9.6 Check Point Exercises 


tia A = 643e2.02! 


3. yA logarithmic function 4. . 7 
— 2.4 © 
42 oof 0 eeeseenen 
es }-} =e 
ER Lee ame “EEE TEs 35, 75 
ee 12 ee 5S 60/8, 2) $30, 61) — 
2 os tH Se 
= 08 Peo 
Be 04 Ae S25 SC Tres, 36—77 
07 “too 200 300 400 gs - At 
Population (thousands) 5p 20,7 TTT nie 
aa 18 22 26 30 34 38 © 
Age 
5. a. the exponential function g b. the linear function f 6. y = 4e( 78x, y = ge? 
Concept and Vocabulary Check 
1.>0;<0 2..Ap;A 3. logarithmic 4. exponential 5. linear 6. In5 
Exercise Set 9.6 
4.127.5 million 3. Traq;2.7% 5.2015 Ta A=6.04e°  b. 2040 9, 118.7 


b. 2044 2.a. A = Age 048 b. about 72.2 years 


15. approximately 8 grams 


133. 150 


0 15 
0 


The runnet’s pulse will be 70 beats 
per minute after about 7.9 minutes. 


145. {10°°, 10°} 


150. a. 10 million; 9.97 million; 9.94 million; 9.91 million b. decreasing 151. a. 3 b. e(in 3) 


exponential function, although answers may vary 


11. 0.0121 13. —0.0053 


17. 8 grams after 10 seconds; 4 grams after 20 seconds; 2 grams after 30 seconds; 1 gram after 40 seconds; 0.5 gram 


oC 


: 1 : 
after 50 seconds 19. approximately 15,679 years old 21. a. 5 e! 1k yields k = ri ie —0.52912. 
ss ' , : In2 
b. about 0.1069 billion or 106,900,000 years old 23. 2A) = Ape“; 2 = e:In2 = Ine*;In2 = kt; = t 25. a. 1% b. about 69 years 
Es Ga ena 29. : vi 31. 7 
= ob ee 50 ne 
ES Lo (47, 52) _ ScnGGGRE See ge _ 
z So (42 38) 2 140 —}-(100, 140)-* #3 25 FAA 
ta Pittjtyist | | = ba 
ra 3 Z 130|-+(10, 130) — Oe 2 [| 2008, 2.2) 
a (37, 20) gs He bs Ef (2000, 1.8) 
3 (32, 13) sy 20rd, 20) | ag 1s rey 
g oH,” =~ 1040.4, 10) | | Sz gp ree 
7 ¥ 4 ~ | | 3 Ee aIeee] 
Woman's Age 100, #2 05 (2980, 0.6) FT 
> ss + 
0 20 40 60 80 100 x Ze a = 
exponential function Intensity Se ee 


(watts per meter’) 


logarithmic function 


Year 


linear function 


Answers to Selected Exercises AA51 


33. y= 10024); y = 100e1526 35. y= 2 5e (in 0.7)%, y = 2.5¢@~0:357x 

45. a. y = 200.9(1.011)*; r ~ 0.999; Since r is close to 1, the model fits the data well. b. y = 200.9eEOD*, y = 200.9e°91*; by approximately 1% 
47. y = 2.674x + 197.756; r ~ 0.997; Since r is close to 1, the model fits the data well. 

49. y = 200.9(1.011)*; y = 2.674x + 197.756; using exponential, by 2020; using linear, by 2027; Answers will vary. 

51. Models will vary. Examples are given. Predictions will vary. For Exercise 27: y = 1.402(1.078)*; For Exercise 29: y = 120 + 4.343 In x; For 
Exercise 31: y = 0.058x + 0.558 (x = number of years after 1979) 53. does not make sense 55. makes sense 57. true 59. true 


+ = 
X+5 gp 27,1) 6 ITV2— VS. (4, 


i 


61. 


Review Exercises 


er eee es | a a 3 x fy 05 * x f(x) 3° 
9 Ay 7) =16 =a = 
16 -1 -4 -1 -1 
4 1 0 -1 0 2 
4 1 11 
0 1 1 = 1 = 
1 4 2 a 2 47 
2 16 16 16 
5. Ya 6. 7 Ya 8. 


iy Cae ee 


fa: 
FH EA HH = x 4 
t HH TT TTT | 
The graph of g is the graph The graph of g is the reflection The graph of g is the graph The graph of g is the reflection 
of f shifted to the right 1 unit. of f across the y-axis. of f shifted down 1 unit. of f across the x-axis. 


9. 5.5% compounded semiannually 10. 7% compounded monthly 11. a. 200°F b. about 119°F c. 70°F; The temperature of the 
roomis 70°F. 12a.16x7—-8r+4 b4x° +11 6124 1aVxeFT bVxt+1 62 


14. f(g(x)) = x g(a) =x Z not inverses 15. f(g(x)) = x; g(f(x)) = x; inverses 


16a fx) ==T5 6 f@) = 4( ) t= Gay = 2 > Ee ay 


17a. f (x) =x? -2,x =0 b. ff (x) = VQ? - 2) +2 =xandf (f(x) = (Vx + 2)? —-2 =x 


x. 3 


We-1 ¥x—1\3 W(8x8 + 1)-1 
18a. f (x) = <a b. ff 1(x)) s( ) + 1=xandf (f(x) ( 7 ) 
19. inverse function 20. no inverse function 21. inverse function 22. no inverse function 
23. yi 24.497 =7 28.4=x 26.3%=81 27. log,216=3 28 log, 625 =4 
Fa 29. log;3 874 = y 30. 3 31. —2 32. —9 is not in the domain of y = log; x. 
LTE (4, 2) 1 1 
FH, ot 33.- 341 358 365 37. 38.-2 39-3 40.0 
aes aber ae 2 2 
Eee? cee eee 
(4-3) cena 
LELELL [ I 


42. domain of f: (-~, ©); range of f: (0, ©); domain of g: (0, ©); range of g: (-%, ~) 


YA 

ig fg) = log yx 
CEE 

I 1 
Kim (2) 
CN 
cSt 


43. (-5,©)  44.(-~,3) 45.(-~,1)U(1,~) 46 6x 47. Vx 48. 4x? 49.3 


AA52_ Answers to Selected Exercises 


50. a. 76 
b. 67.4 after 2 months; 63.4 after 4 months; 60.8 after 6 months; 58.8 after 8 months; 55.9 after one year 
bs (0, 76) 
(2, 67.4) 
SO, / (4, 63.4) (6, 60.8) | 
10 toto 51. about 9 weeks 52.2 + 3 loge x 53. —logyx — 3 54. logo x + 2logs y — 6 
100 fe 8, 58.8) 1 1 3° Vx 
BON fe F (12, 55.9) 55. 3m ay 56. log, 21 57. log (3) 58. In(x>y*) 59. In (+) 
60 Fe x y 49 
aH oH cH 60. 6.2448 61. —0.1063 62. true 63. false; log(x + 9) — log(x + 1) loa(* = 7) 
EEE 2 3 
024680127 64. false; logo x* = 4 log. x 65. true 66. {2} 67. {2} 68. {-3} 
As time increases, the amount of material In 12,143 In 141 In3 1 
retained by the students decreases. 69. ee id aso} 70. { = 0.00} 71. {a3 = 24a} 72. {at 
1 y 8 
73. {100} 74. {23} 75. {4} 76. {s} 77. {5} 78. nosolutionor@ 79. 3 80. {2} 81. {4} 82. 5.5 mi 
e 
83. approximately 2086 84. approximately 8103 thousand or 8,103,000 85. 7.3 years 86. 14.6 years 87. about 22% 
88. a. 0.041 b. about 62.4 million c. 2017 89. 325 days 
90. Average Savings by Getting More ; logarithmic function 91. Percentage of U.S. Households ; exponential function 
than One Bid on a Reroofing Job with HDTV Sets 
yh YA 
E sao00 ||| | [& $190n 50} +} 62009, 47 
SEE EEE his “ | 
eH Leta ge EEE 
& s1000| | 2, str) | Eo» LL sL2006, 28) 
ey CH LETT Ty Ty yy 
= FECES 10 +(2004, 10) 
2 LPT rrr (2001, | 4-1 
4 COCCETerr Prin . 
132 3 4 5 = 2005 2010 x 
Number of Bids Year 
92. y = 73e(ln2)r, y = 73¢9-956 93, y = 6.57043), y = 65e 05448 94. Answers will vary. 
Chapter Test 
x+7 
4: YA g(x) = 21 2. 6.5% compounded semiannually; $221 3. (fo g)(x) = 9x? — 3x; (ge f)(x) = 3x? + 3x - 1 4. f W(x) = a 5 
EH as 5. a. No horizontal line intersects the graph of f in more than one point. b. 2000 c. f '(2000) represents the 
OOo xy = 2" 1 
—— . ~ income, $80 thousand, of a family that gives $2000 to charity. 6. 5° = 125 7. log366 = 
sreeeeiitte 
CEeCooeorr 
8. yh domain of f: (-~, ~); range of f: (0, ©); domain of g: (0, ©); range of g: (—~, ~) 
f TTT TTI 1 
ean fe 7 9. 5x 10. 1 11. 0 12. (7, ~) 13. 120 decibels 14.3 + 5logyx 15. 3 logs -—4 16. log (x°y) 
EEE ee) = logax 7 In 1.4 In4 217 ef 
coe Nee Zl ( ) 181.5741 19. {6} 20. { \ 21. {aan 22. {5} 23. {I 24. { \ 25. {5 
— Yea "3 (6) In5 0.005 {5} 4 3 {5} 
CE rey 26. no solution or © 27. a. 82.4 million b. decreasing; The growth rate, —0.002, is negative. c. 2017 


28. 13.9 years 29. about 6.9% 30. A = 509e°%* 31. about 24,758 years ago 32. linear 33. logarithmic 
34. exponential 35. quadratic 36. y = 96e(P 938)" y = QGe~ 0-68 


Cumulative Review Exercises 


3 7 
1. {4} 2. {(2, 3)} 3. {(2, 0, 3)} 4. (—%,—2) U (4, ~) 5. {5} 6. [4, ») @ 3 +7} 
8. yA 9. yA 10. yA 11. 
eT HEEB LTT abeittTT LTT Fpl TT TTT 
SE TTT sy EEC HpE as ~ 39 >6 seerageietia 
HEE SaeeeeRREEs CPSs EEE 
Co iB’ = Coo = Co Coro, 
EHH EHH] x EEE ee EEE) x EEEEEEEP SSO 
Sea CpeCeEH EEE Hey yes tee 
CEE HHH} PEEP CHo+h tro 2 
Ad 
12. vA 13.-6 14c= oa Te e-x-17) 16x74+3x-17 17h 12f "x)= 
Seems (SEnee ~ al 1 y . 
HEE EHH 19. (—~,1)U(1,2)U(2,%) 20(4,0) Ay oer 5 or f(x) = oe 5 22, arene 16x? — 40x?y + 25y? 
snistat fae 24x27 — 5x +14 25. 2y?W2y> og, XB A)(x + 2)(x2- 2x +4) 2B 2(x + By)? 
seer ey isa 4. x x Sead 5. 2y 'y G=a0 (x \(x + 2)(x x + 4) . 2(x y) 
COOP tT rr} 2 
) 6 
f(x) = (x - 3)? -4 29. In (=) 30. length: 12 ft; width: 4 ft 31. 5 hr or 1 hr and 12 min 32. 5 mph 33. approximately 11% 
y 


CHAPTER 10 


Section 10.1 Check Point Exercises 
1.3V5 ~ 6.71 


(1 


x? + y? = 16 
. (x — 5)? + (y + 6) = 100 


PO ND 


a 


center: (—3, 1); radius: 2 units 


la TT TT) 
CHE aS wl 


# 


eal 


BY 


| 

ne la 
coo, 
ae 

fry 

| 

| 


oe 
(x +3) +(y-1? =4 


Concept and Vocabulary Check 
X, + X2 yi + yo 
2° 2 


1. VQ - x1)? + (2 — y1)? 2. 


Exercise Set 10.1 


1. 13 3. 2V2 ~ 2.83 5.5 7 V29 = 5.39 


3 
17. 


(x + 2)? + (y - 2)? =9 


6. (x + 2 + (y- 27% =9 


V5 ~ 2.24 19.(4,6) 21. (-4,-5) 23. (3.-s) 


33. (x — 3° + (y — 2)? = 25 35. (e+ 12% + (y- 4% =4 
41. center: (0,0); r = 4 Yh 
FECES 
ner aaasaa ue 
| aes ql 
CEH ets 
PRE 
TIS Ccr 
PPP 
el EL a I 
rt+y=16 
45. center: (—3,2);r = 2 YA 
Litt [TTI 
ai TTT TTT 
HACC 
ERE 
aT 
AEEE-EE-E-EH 
EEE 
inn ! ! 


| 
(x +3 +(y-2P=4 


49. (x + 3)? + (y + 1) = 4; center: (—3,-1);r = 2 


51. (x — 5)? + (y — 3)° = 64; center: (5,3); r = 8 


YA 


BY 


x? + y? — 10x — 6y — 30 =0 


55. (x — 1)? + y? = 16; center: (1,0);r = 4 
Yh 

Foo eo 
aS 
ony denne 
EH aoe Soe 
EAE © 
Blah Wa oaeP ae 
Ht cH 
EEEEEHEEHHEH 

xv -2x+y?-15=0 


3. circle; center; radius 


9.4/2 ~ 5.66 


PES - 


ct 
| 

cI 
r+yt 


Co 


Answers to Selected Exercises AA53 


4.(x-hP + -—kP =r 5. general 6. 4; 16 


11. 2V5 = 4.47 13. 2V2 ~ 2.83 15. V93 ~ 9.64 


25. (—3,-2) 27. (1,5V5) 29. (2V2,0) 34. x? + y? = 49 
37. (x +3 +(yt+1P%=3 ~~ 39. (x + 4) + y? = 100 
43. center: (3,1);r = 6 yA 
eA 
AEE AY = 
Cert Onn 
CECE * 
CoH coo 
iy i 
LL [TT 
(x — 3)? + (y — 1)? = 36 
47. center: (—2,—2);r = 2 Yh 


(x +2)? +(y +2 =4 


6x+2y+6=0 


53. (x + 4)? + (y — 1)* = 25; center: (—4, 1);r = 5 


EEE 


ES 
HY 


LU 
r+y t+ 8x 


57. x+y? =16 
x-y=4 


{(0, —4), (4, 0)} 


AA54 Answers to Selected Exercises 


59. (v— 2) +(y +3 =4 yy 61. (x — 2 + (y+ 1? =4 79. 10 
yee-3 oo 63. (x +3 + (y+ 2 =1 
Po ine y 65. a. (5,10) b. V5 
HH parr ce. (x — 5 + (y - 10 =5 -15.16 15.16 
(0, 3) AH * ‘ 
1 67. 2693 miles 
HERA 69. (x + 2.4) + (y + 2.7% = 900 
—10 


{(0, —3), (2, -1) 


= 


81. makes sense 83. does not make sense 85. false 87. false 89. The distance from A to B is 2V2 and the distance from B to C is 


3 
32. The distance from A to C is 5V2, which is equal to 2V2 + 3V2. 91. (—2, 2) and (6, 2) 93. y+4= 4% = 3) 
2 2 
94. f(g(x)) = 9x? + 24x + 14; e(f(x)) = 3x7 - 2 = 95. {4} 986. (== 4) 97.-3and3  98.—2and2 _ 99. ie + - al 


Section 10.2 Check Point Exercises 


1. YA 2. yA 3. YA 4. Yes, the height of the archway 6 feet from the center 
is approximately 9.54 feet. 


i 
BY 


= 
| 
I 
! 
[ 
cA 
[ 
[ 
! 
FH a 

2% 16x? + 9y? = 144 @+? , W- 2 _y 


Concept and Vocabulary Check 


1. ellipse; foci; center 2. 25; —5; 5; (—5, 0); (5, 0); 9; —3; 3; (0, -3); (0, 3) 3. 25; —5; 5; (0, —5); (0, 5); 9; —3; 3; (-3, 0); (3, 0) 
4. (-1,4) 5. (—2,—2); (8, -2) 


Exercise Set 10.2 


He YA 3. YA 5. Ya 7. YA 9. YA 11. YA 
H peasy eseaa HR sen. sasea 
Ko CERAEEH ANE HEEHAE AE EEEEEEE EH 
ECAEEEEEHRE HEHE EEE 
> > ~ > 
HHS - - 
l l ry l CT l 
Be Wag 25x? + dy? = 100 4x? + 16y? = 64 
49° 81 
2 2 2 2 
Xx Xx 
ae ty? =1 19. + = lorx’ 4 1 
YA 27. yh 29. YA 
eet Jeseeedl see ee EER 
Sat cite ae wisi Pet ia eet i aH Gane 
| tt | Tt | 
| ~— 
~ > 
Coocccncoye) * CoCCNSA oY) * 
Sane oe i a i Fae Da a 
PEt] ct 
l er ie LIT l i i 
(x-27 | W-I?_ (x + 3)? + 4(y — 2)? = 16 @-4" | t2_ Ee) (x +3)? == 
—y tet a ae a oe —7 to-yal 


Ps 1) Pe 1) 
4 1 


1 35. {(0,-1), (0,1)}_—-37. {(0,3)} 39. {(0,—2), (1, 0)} 


31. YA 
i 
[ 


CPt 
#Y 


l 
9(x — 1)? + 4(y + 3)? = 36 


Answers to Selected Exercises 


41. YA 43. Yes, the height of the archway 4 feet from the center is approximately 9.64 feet. 
FEE _ 2 : 
EERE x* y x y : 
45. a. + 1 + 1 b. tely 42 feet 
HH HH sas ‘ a ie ae Ot >304 + 599 approximately 42 fee 
NG ron 
oH Ton 
y = -V/16-4x? 
55. does not make sense 57. makes sense 59. false 61. true 
Ss 65. a. 984mi  b. 1016 mi _67.. (x + 2)(x + 2)(x — 2) or (x + 2)°(x — 2) 
fy 2 2 


T le 
| im | 
EERE EHH 68. 2xy*W5xy 69. [-1} 70. ec o = 1; Terms are separated by subtraction rather than 


WAP : : 9 


by addition. 71. a. —4 and 4 b. The equation y? = —9 has no real solutions. 72. a. —3 and 3 


b. The equation x? = —16 has no real solutions. 


Section 10.3 Check Point Exercises 


1. a. (—5, 0) and (5, 0) b. (0, —5) and (0, 5) 2. YA 3. YA 
SSS FASS 
Lh tf Rak CaP Aes 
EEN EEE SEeeS) de 
CH cS [ CEPT ata 
Sh [ WET, 

COA ee] © H tS] x 
Ha HR ECAR EA 
LF | [ I I 

l i i i Oo [ [ 

wiv ly ya =4 

nr a 


Concept and Vocabulary Check 


1. hyperbola; vertices; transverse 2. (—5, 0); (5, 0) 3. (0, —5); (0, 5) 4. asymptotes; center 5. dividing; 36 6. ellipse 
7. hyperbola 8. neither 9. hyperbola 10. ellipse 


Exercise Set 10.3 
1. (—2,0) and (2,0); b 3. (0, —2) and (0, 2); a 


AA55 


5. yA 7. yA 9. yA 11. yA 13. yh 
OR CaBLT apt Cab 2b Eg age seeee® 
Ny Le S CI zl) <a t PEE 
esERe Tt mR TrE aml H aoe a 
i i il > Sk : ay ! mHOSHmmG) is : + Tyee — > 
PAPER OY ep soucveGuned is [ae ot Pre er) 
al LHS | Gee im 
aan TT A | TT TT Tt tT TSS ama waa ae i i 
ee I LS Tt l l ial 
ef a1 ca eee ye ly 9x? — dy? = 36 
5 100 64 16 36 
2: 2 2 2 
x x 
15 OF Ye) 19, - > = 1 a2 -* =] 
PRC CH ff 9 25 4 9 
LNA EES inn 
CHa Ht ELFEN S74 HHH 
t i Shot <4 I LAS I x 
CoA Naa EE AHS H 
i te TS 
t | COC 
4 =4+y? 
25. yh i YA 
a SG Pe 
| EHH Corry | 
pr) fet] EI | 
im ro, CCCP TT a 
EEA E EEE © CEES ET 40) 
coor CO 
CCCP RDA Cry CCe 
AC 1 [ N 
is a if IPE CE] F Fi | 2 is 
a ce y = 
9 tie! 7 9! 
domain: (—~, —3] U [3,%); range: (—2, ©) domain: [—3, 3]; range: [—4, 4] domain: (—~, ~); range: (—», —4] U [4,~) 
29. {(—2, 0), (2, 0)} 31. {(0, —3), (0, 3)} 33. 40 yd 
: b b 
41. a no; two lines; y = —x and y = ——x 43. does not make sense 45. makes sense 47. false 49. true 
a a 
-10 10 


-10 


Ae Ae ws 
AR Toohey re) 
ThaTo » ITH See e _t# 2 
im coo COCR im im + > 8 HHH HHH 
Coot CH EEE MARA cH WC = sh 5 «Horo HER HHAH a 
4 TT ee T = 
im NES, sapere) SEEMEET Pe © TREE 
EEE wn i SCOOP KEEEPCEEEEL) = o - ee Fen \ 
ola + EERE + EECA ET Coe + a 3 J HEP At 
He SH & HEH mae = . 3 cae 9 
os Sry ml =I MTT * ie 
a Posen ; ioe) ; A i} = o = be 7 
ate tS 7 : 7 “3 3 ° 
secre Z a) > N 
Joowh =I N 
+ * a ae zs 
i : im ul s ; 
N S 4s HEHE EA = 7 
5 : im I COCO] = ‘=| = 4e 
ai im | S CEEEECEEEeca ” 
© im im! = i I = o 2 rs iz 
Lt im fl ee val > io) a. r a a eB 
SSSA a + ri go | = CoS eee] 
>! 3 COCO NEATH eg . D y tT 
| im t 2 } ~= | 
in CoH ; EEHFH 5 3 s > te 2 
CooCoeeeee ~ 
ee Eee Be 3 cs) HAREEEEEE 
gin ‘ ; > = z ray EFFA 
ge : : ae 3 : 
ial ma Q eo} I 
NEL 4k i : cq fa) N 
aH Ht 3s 2 5 
al AAT, : iS) a 
ll i= = i AR he 2 2 SS 
= <e im | CLEC oo iS) f : S 
“| tm are a * HEEE-H--E--H sal t t Mee 7t ns) © ae i 
va) 1 | im t il ct im iI = E ay an ToL] = 
. | i. Se et t 5 Nw Hatt AT TTT] 
| fits I < i he im T bf 2 ue} = Ht ag 
Soo a PX nd Shea 1 = : s t im S 
18 — eee | PH é 5 2 apy 
a > i. ! ule ia = f= os COAT |! 
: welen im | imi Ct * a 9 aia cH i a 
i a t Coocert 5° ~ ser ct a 
; 2 5 NO MRS 
Se v t=] © 7" o — : im x 
2 =| ~~ . 
= = ie rte) 
© o & N 
a Bolt 2 
ob TN Ss 
a T ta Toot Le . 2 | a AR 
| Se | i 
R EEREEEEH NAL AAA et 3 3: a a im = 
= t HH | rs coo 4 = [e) ° Q a im + 
7+ + 2 coo a HAHAH i | coo = fre) Ss ° + ct 2 
n = code ste | HHH re PHRA 5 : 6 a 
ie S He fae HH SAT > BR yi lS a os ssi ! 
ato chee. im coo + { THe FOZ CCP NS EO | a iaak-t al im > 
I na a = Cl TTT VN TT by | s I 2S 
ENSEEE-ZAFH =, < Shue ip) ot HoH, YEA * ; =— Q = oa ay oe tae ; 
| ! oy Slet a | a) l ey oO °® & Rs CAPA 
T ot » 1 an 3 . 2 oD . —_~ PEt cai 
x mm a on to) 9 = O oo 2 6 a * 
Paes Se artis = = = | 77 3 
ate | mid I wort [o) 3 O 2 : 3 
n m1 ifeealie = ma = 5 a 
% | i ~~ L ab) a ee) 1) ° 
n ~ o x< ~ x Ae fog # 
a) 3 8 mM ote a Q bo eee + 2 “Sb ee 
7 HAAN + ~ 7 H+ a, e EERE 
@ ~ , 4 Cc ry Co 5 fo} COACH | 
a ¢ NH > * ne: == <x iusd et XK 6 od PT le 
ake, = > Se ACA . na o 
Barone [et 1S) a im 
oO | {e) EEE a je) HT Ae ®vrt g salen Corry | 
© oh Oo. t /- + o ou ' ha an a 
£ . « oh . & Ss rsfn a PEP) > 
* g y > I x roy O 7 : Cee eter 
rf 12) 2 oO + Ko) Co) Le # 
oO ] a 5 f 
ON ~ 0) . S uF 
ep) a oO 
iS ~ < et on f s . 2 : 
s — r 
= 7 8 oO — O ol we) 2 aan 
wn + Came 
pas AR on =o — AR = B - N 3 a | 
g PRES 1° =) ® AH | He} yn S t le} » Vos 
FA RATT S| a fol HEE Forte an) > 7 OLl~ fe 
2 CNS Sie HPL HAE ke ST, a ge - 
< Es | FASE He HH TO i Haya + 2 8 e ie HH + 
7m I CI + w -_, 
7S Rea - a } 4 sa PANT, ce Gestetts so & 4 D "2 Sa See 
ole 8 O b a + = b ee a a OM CAA 
o f cis a = Fay LES a, ae KL v ro) Seite 1 s 9 4 «Ht coos 
I ms | T HOO CoO CPO NOY + = Ss - S on & t — 
9 oH] Ne BEALE Stal oe ew 6B TRESS Oo 8 2 9 2 “ECM 
gs 2 EEEEEE HT}e A OCT Og OS Bae Hen 
5 R iat BE ee ees S| oO ise] Cg i 
ite} So ba T pan Pep fT TT yey 
F oe ; 9 HYPHs 2g 2 § BL Uepeauus 
r ¢ O- Gs 5 le s 
= Or So ly ee 


Answers to Selected Exercises AA57 


31. Jt a 33. oY 35. A : wT. Yh - 39, oh 41. YR 
we |6CRREE]) Te 6 Rea sri 
[ [ i= i 1 
siitescce? fee Het eee) = ee Suite 
a, =2) el _p ott * SoH ee ane Maen eeeaS rcs 8 SSESee, seat 
= ‘ a ». HH i tH (-9, ~3) FER ; caneeanutia STE, - 1) 
EEEEEEEEEHH EEEEE-EET FP EEEEFEE EET} EEEEEEHEEHEH Coo Goo 
xedgr2+1 x=y'+2y-3 x= —y?-dy +5 x=y + by x= —2y" — dy x= —2y'— dy +1 
43. a. horizontal b. to the right c. (2,1) 45. a. vertical b. upward G ((1,.2) 47. a. vertical b. downward c. (—3, 4) 
49. a. horizontal b. to the left c. (4,—3) 51. a. vertical b. upward 6..(2;—5) 53. a. horizontal b. to the left c. (5,2) 
55. parabola 57. ellipse 59. hyperbola 61. circle 63. hyperbola 65. hyperbola y 67. circle YA 
sh Teaey 
IX a i iia v I a 
SS F CI i 
NSE. (0 iE in > 
AP aX 10 x EEA © 
2 I I [ 
AEC coo coo 
A cot BEEEEEEEHHH 
x — dy? = 16 4x? + 4y? = 16 
69. ellipse 71. parabola 73. circle 
YA Bd 
Poorer oA rat 7 Aa 
EEE FE A AN 
EEE, 4, DEH | aes 
RS et ToS ag EKEFEEHH 
on im i | ip 4m 
oI EEEeeet 
SST] Ct T | I ia 
cl CoCo cH 
V+ dy? = 16 x=(y-1?-4 (x — 2)? + (y + 1)? = 16 
75. domain: [—4,%); range: (—%, ©); not a function 77. domain: (—, %); range: (—~, 1]; function 
79. domain: (—%, 3]; range: (—, ©); not a function 
81. =(y-2-4 {(-4, 2), (0,0 83. y = 2,1 85. Yt 
ote (4,2), 0, 0} - pos te (2, 1)} BLO i 
im x=y’—3yfPu ime 
! (-2, D4 Lee} F H 
(4, 7 R0, 5 ; PH FEEEEEEEEEEE 
TSE Peete neat 
Ht x=y-3 [{o (x — 2)? + (y +2)? =1 
EEEEEEFEGEH EEE EEE EEE 
yote x=(y $2)?-1 
1 : 
87. a. y = 0.0001032x7 bb. S8ft = BWV = Tul b. 4.5 ft 91. a. ellipse  b. x7 + 4y?7=4 
101. y> + 2y + (-6x + 13) = 0; y 1+ V6x — 12 
10 
-10 10 
-10 
105. makes sense 107. makes sense 109. true 111. false 113. Yes; the height of the arch 30 feet from the center is 45.5 feet. 
114, Yh yy arts 115. f(x) = 3x +15 116. (-3,-1} 117. {(2.5,-2)} 118. {(4,-3)} 119. {2,4} 
FH 
FE Ee 
CEPA 
EHH 7 
HH Eee * 
[ | | 
i [ Tr 
COT [ LT} 


Section 10.5 Check Point Exercises 


1. (0, 1) and (4, 17), or {(0, 1), (4, 17)} 2. (2,—1) and (-£ 2), or {@. —1), (-£ 2) 
3. (3, 2), (—3, 2), (3, -2), and (—3, —2), or {(3, 2), (—3, 2), (3,-2), (-3,-2)} 4 (0,5) or {(0, 5)} 


5. length: 7 feet; width: 3 feet 


Concept and Vocabulary Check 


4. {(-2,- V3), (2,-V3), (-2, V3), (-2,-V3)} 


1. nonlinear 2. {(—4, 3), (0, 1)} 3. 3 
Exercise Set 10.5 


1. {(2,0),(-3,5)} 3 {(2,0),(1, 1} —&. (3,11), (4,-10)} 7. {(-3,-4),(4,3)} {e. 3), (-3.-4)} 
14. {(3, 0), (—5,—-4)} 13. {(3, 1), (-1,-3), (1,3), (-3,-D} 15. {(4,-3), (-1,2)} 17. {(4,-3), (0, 1} 


AA58 Answers to Selected Exercises 


19. {(3, 2), (—3, 2), (3,-2), (—3,-2)} 24. {(3, 2), (—3, 2), (3, -2), (—3,-2)} 23. {(2, 1), 2, 1), (2,-1), (-2,-1)} 
25. {(3, 4), (3,-4)} 27. {(0, 2), (0, -2), (-1, V3), (-1,-V3)} 29. {(2, 1), (-2, 1), (2, -1), -2,-D)} 
31. {(—1,—4), (1, 4), (2V2, V2), (-2V2,-V2)} 33. {(4, 1), (2,2)} 35. {(0,0), (-1,1)} 37. {(0, 0), (2, 2), (-2, 2)} 


{can hD} a feon(B-8)} wrsy mo -2eom 
x2 


45 3; 2x? + y? = 9:2 and1,—2and1,—2and—1,or2and—1 47. {(2,-1), (—2,1)} 49. {(2, 20), (—2, 4), (-3, 0)} 
1 1 1 

st. i. 1.-5).(-1,3).(1.-4).(4.5)} 

53. Answers will vary.; example: YA 55. (0, —4), (2, 0), (-2, 0) 


57. length: 11 feet; width: 7 feet 


I 
l i 
(-3, 0). ES 3, o 59. length: 8 inches; width: 6 inches 
FH Wy meee 61. large square: 5 meters by 5 meters; small square: 2 meters by 2 meters 
EEE AEH 
cH Coo 
Circe : P+ y?=9 
2 
Ellipse : = + oo =1 


63. a. between the 1940s and the 1960s b. 1949; 43%; 43% c. 1920; 28% d. 1919; white collar: 27.5%; farmers: 27.4%; fairly well, although 


answers will vary. 71. does not make sense 73. makes sense 75. true 77. false 79. {(8, 2)} 
8 (leet 1. 2 é 
81, 3x-2y=6 yy 82.m=— 83. 6x7 — 1l6x*>+17x-6 84. -~—=-—; 85.120 86. 2; 5; 10; 17; 26; 37; Sum is 97. 
BI 3 2’ 8’ 27°80 
Sy 
| ee 
[ 
A Poo 
TT 
TTT Tt 
Review Exercises 
11 
1.13 22V2~283 3.(-5,5) 4 (-4.~2) Bx +y=9 6 (x +2) + (y - 4) = 36 
7. center: (0,0);r =1  ~—*+ 8. center: (—2,3);r = 3 = 
seeneaEaeee sececseeanee 
CTT ry [TVET tT AN ye 
rt ~ ct 
im | 5x | | 
im coo Coon, 
H-EE-E-E--EH, HA 4x 
tea] ic] Tel Jet 
v+yel @ +2)7+Q-37=9 
9. center: (2,-1);r=3 yp 10. center: (0,2); r = 2 at 
PEELE A PELE 
erry See wl (aio PTT TT 
i! ‘ | Tt | 
fey Tahe 
| im \* CoCr 
FEENEY ct Che 
COO Coo CCCCe isi x 
[ | | Ti [TT 
vr+y— 4x +2y-4=0 vw +y?—dy=0 
YA YA YA YA YA y 
™ Fee He i. Eee = EEEEEBEEE EH ™ TOT % Seo “= EERE] 
ct a 
- NCH cH HH A HE HAH 
REE NGRES VALOR CEE NEE 0) HH Ast F-NIEEA TS] = CEP EN TE FAH EHH 
rt EHH oN CCere CNH - Hy Sox 
o ol cH o ol SHH 
x ae ey 47 + y? = 16 4:7 + Oy? = 36 (@w-1? | (y +2)? _ @w+1? , W-2?_ 
36 t=! tie! a Te eee “9 tag 
17. Yes, the height of the archway 14 feet from the center is approximately 12.43 feet. 
18. Ya 19. Ya 20. Ya : 21. YR 
correo Bley Nol egear  cuemes 
Se A TN Se 
i rit DOWIE F [ [ = 2 [ 
fit Nis t) Ly > { ii it > it ne i ii > ii op L id it ir 
PKS 2 oar a PIE eR 
EEE PN TN AN cael 
FEHEEHHHH+-H] HEH GACH EEE Ere 
a ya 9x? — 16y? = 144 4y? — 2 = 16 
y=l ag -¥ = 
; 24. 
a *f-- | 23. at ahs im a oot oq 
[ 4 ao Bie ET ee Pr | oi oe 1S af GB lie Bie 
ae FEC Pet Cty cto, 
4H EEE ervok taut EEE B® 
ime EEEEE PERS © Seeeeeae A ei Hees He Z(10, —2) 
EEE BSEEEEEEELGT Ey aeiaaty etree 
| l I I im TTT lai I 
x=(y-3-4 x= —-2Ay +3)? +2 x=y-8y+12 x=-y?-4y+6 


Answers to Selected Exercises AA59 


26. parabola 27. ellipse 28. hyperbola 29. circle 30. hyperbola 31. ellipse 32. parabola 


33. circle a 34. ellipse ya. 35. hyperbola YA 36. ellipse yy 
Eafe EAB] 
i f 
EEE OH ECE THE / 4 | 
rt ! T 
im t a co, CER TE i» a 
NA oN ‘ : | as 
rt q rt | im [ A! | 
4 EEHEH HEE} EHEEEEEH-+H-H1 
5x2 + Sy? = 180 4x? + 9y? = 36 4x? — Dy? = 36 Phat 
37. parabola yk 38. parabola ___¥4__ 39. ellipse — 40. circle 2h 
SSS CEEERBEECRCH EEE Err EER EEEEEE CE 
CITT COO im im | Tete 
, im 22 im mo, t t 
ace Stiiniy Stitt, cite 
xt+3=-y? +2y y-3=x"-2 +27, 5? _| (x — 3) + (y +2) =4 
16 a 


1 
42. a. y = —x? b. (0,3); 3 inches above the vertex 43. {(1, 0), (4, 3)} 


41. circle = qu D 
{ft _ 
FEE 44. {(0,1),(-3,4)} 45. ((-1,1),(L-D} 48. {(3, V6), (-3, V6), (3, V6), (3, -V6)} 
Be Geen Seen 1 
4 7 47. {(2,2), (—2, -2)} 48. {(1, 2), (9, 6)} 49. {(—3,—-1), (1, 3)} 50. {e1-n.(4 2)} 
Pa prer—a 4620 5 9 
B14 @-1),(5-z)¢ 52 {,2),C3,2), 2-3), C2,-3)} 
53. {(3, 1), (-3, 1), (3, -1), and (—3, -1)} 54. 8 meters by 5 meters 55. (1, 6) and (3, 2) 56. x: 46 ft; y: 28 ft or x: 50 ft; y: 20 ft 
Chapter Test 
7 
1. V73 ~ 854 2 Z -4) 3. (x — 3 + (y+ 2) =25 4, center: (5,-3);r = 7 5. center: (—2,3);r = 4 
6. (7,—-3) 7. (—2,-5) 
8. hyperbola a 9. ellipse a 10. parabola wh 14. ellipse 24+. 
Nf FEN a | | 
Boge) 2° Nee LOks NEES (-4, nS FOE 
[ [ CI { [ [ [ 
f+ lo alae } : 
ry 4x7 + Dy? = 36 x=(y+1?-4 16x? + y? = 16 
ee ales 
12. hyperbola 2 y oF 13. parabola A v4 oo 14. ellipse oh | : 15. circle YA 
Ci TI Le | —— eee i Pri 
TRRER HEEEEee HERE * 
oH eR HS) Fe EERE 
ssssss sssccs ascccs 
25y? = 9x? + 225 ve -y' + 6y (x= 2") +3" _ 
16 9 
16. circle mere oe 17. {(4, -3), (-3, 4)} 18. {(3, 2), (—3, 2), (3, -2), (-3, -2)} 
H 19. 15 feet by 12 feet or 24 feet by 7.5 feet 20. 4 feet by 3 feet 
TT TAPIA TT 
AD 
EEE Eee 
ToT 
i! rt 
2 
= + 7 =1 


1 
6. {as = 201} 7. {(1, 3), (1, 3), (1, -3), (-1, -3)} 


0. 
8. 2 9. 3x-y>6 10. 11. 9x7 - 4y? = 36 YA 
yp SQ) = —3x+ 4 3 [ 4 1 a oo 7 Ly’ - 
i.e Aer sel 
S Ho ; | cH Hy HH 
Co Col CCCer a i Th. i i am 
NG EFS ea EERE meee oe ees 
it | TT iat | | | 
im COT im 
iis ae Bie im LI a a am if 
ch an mI I im I t oN 


r+y' + dx -6y+9=0 
12.46 13.x27-S5y—-1 14. 2xy°VW2y 9 15. 11 + 100i =~ 16. 3x(2x — 3)? 17. (xv — 2)(x + 3)(x-—3) 18. (—, 2] 


1- Vx?  1-2Vx + 
10. £ ) or vere 20. In(x!3y7) 24. Bx? HH +44 
1x 1-x Bees 


24. 175 miles; $67 25. apple: 60 calories; banana: 87 calories 


22. x7 -12=0 23. faster car: 50 mph; slower car: 40 mph 


AA60 Answers to Selected Exercises 


CHAPTER 11 


Section 11.1 Check Point Exercises 


11141 10 51 
4.a.7,9,11,13 be -=,5,--,= 210,—,5,5 3.a. 2(1)? + 2(2)? + 203)? + 2(4)? + 2(5)* + 2(6)? = 182 
a. 7,9, 11, 35’ 9°17 3° 6’6 a. 2(1) (2) (3) (4) (5) (6) 
9 n 1 
b. (27-3) + (24-3) + (2-3) =47 «6 44+44+44+44+4=20 4a Dd’? 0b. pe 
i=1 i=1 
Concept and Vocabulary Check 
1 
1. sequence; integers; terms 2. general 3,1 4. 3 5. factorial; 5; 1; 1 6. ay + dy + a3 + +++ + a,; index; upper limit; lower limit 
Exercise Set 11.1 
226 11 1 32 
1.5,8,11,14 3.3,9,27,81 5. -3,9,-27,81 7.-4,5,-6.7 9=,5,-,1  14.1,-=,=,-— 13.1,2,=,= 15. 4,12,48,240 
5°3°7 3°7° 15 23 
3 15 11 30 14 i n gi 


5 ; 3 
17,105 19.60 24. 11S 28, —7 25.557 298. 1S 81. PrP 33 S2 35 Si 37. 
n 14 15 
4. > (2i- 1) 43. Answers will vary; examples are: S) (2k + 3) or S (2k + 1). 45. Answers will vary; an example is: 5 ar‘, 
i=1 k=1 k=2 k=0 


n 
47. Answers will vary; an example is: 5) (a + kd). 49. 45 51. 0 53. 2 55. 80 
k=0 


57. a. 1515; A total of 1515 thousand, or 1,515,000, autism cases were diagnosed in the United States from 2001 through 2008. 
b. 1512; underestimates by 3 thousand 59. $8081.13 69. As n gets larger, the terms get closer to 1. 


1 
71. Asn gets larger, the terms get closer to 0. 73. does not make sense 75. makes sense 77. false 79. true 81. a, = — 


+2 n+ 1) 
83. a, = (-1)” 85. a, = - = er dy 


89. 600 91. n°? — 3n? + 2n 93. 4log x + 6logx + Slogx = log x'® 


6 
95. 2xy?W/S5xy 96. (3x — 2)(9x? + 6x + 4) 97. {-% a} 98. —5; —5; —5; —5; The difference between consecutive terms is always —5. 


99. 4; 4; 4; 4; The difference between consecutive terms is always 4. 100. —45 


Section 11.2 Check Point Exercises 
1. 100, 70, 40, 10, —20, —50 2. —34 3. a. a, = 0.7n + 31.3 b. 46 4. 360 5. 2460 6. $740,300 


Concept and Vocabulary Check 

1. arithmetic; common difference 2. a, + (n — 1)d; first term; common difference 3. AG + a,); first term; nth term 
4. 2;116 5. 8: 13; 18;5 

Exercise Set 11.2 


1.4 3.5 5; =3 7. 200, 220, 240, 260, 280, 300 9-=7,= 33 155,.9, 13 11. 300, 210, 120, 30, —60, —150 13. _ 2, 2 1, 2 0 


15. —0.4, -2,-3.6,-5.2,-6.8,-8.4 17.33 19.252 2.95523. -142 25. a, = 4n — 3:49 = 77 ~~ 27. ay, = 11 — Anz any = —69 


1 2 
29. dy, 4n — 16; ar 96 31. ad, = =n — >a = 6 33. a, = 4.3 — 0.3n; ax = —1.7 35. 1220 37. 4400 39. 5050 


3° 3 
41.3660 43.396) 45, $+ 13 +418 +---+88=816 47.2 + (-1) + 4) +--+ + (85) = -1245 
49.4+8+12+---+400= 20200 541.7 53.22 55.847 57. f(x)=—4x +5 594,=3n-2  61.a.a, =05n+ 10.5 


b. 35.5% 63. company A; $1400 —65. a. $25,626 b. $25,626; It’s the same. 69. Company A: $307,000; Company B: $324,000; Company 
B pays the greater total amount. 71. 2869 seats 79. makes sense 81. makes sense 83. false 85. true 87. 200th term 

At 
- {1 + (Qn — 1)] 5 (2n) nr 90. {1005} 91. [-5, 2] 92. P 7A 93. —2;—2; —2;—2; The ratio of a term to the term 
that directly precedes it is always —2. 94. 5;5;5;5; The ratio of a term to the term that directly precedes it is always 5. 95. 8019 


89. S,, 


Section 11.3 Check Point Exercises 
333 
"248 
b. $291,946 8.9 9. ror 1 10. $4000 


1. 12, 6,3 2.3645 3. a, = 3(2)" sag = 384 4. 9842-5. 19,680 6. approximately $2,371,746 7. a. $333,946 


Concept and Vocabulary Check 
a, — r") 


1. geometric; common ratio 2. ayr"—|; first term; common ratio 3. a eae first term; common ratio 4. annuity; P;r;n 
=/ 


a 
5. infinite geometric series; 1; - |r| =1 6. 2; 4; 8; 16; 2 7. arithmetic 8. geometric 9. geometric 10. arithmetic 
—r 


Answers to Selected Exercises AA61 


Exercise Set 11.3 


és) 5.5 

1.r=3 3.r=-2 5r= 2 7r=—0.1 9. 2, 6, 18, 54, 162 11. 20, 10,5, 74 13. —4, 40, —400, 4000, — 40,000 

A 
15. —F.5.-1,2,-4 1% ag = 76819. ayy = -10,240 2A. ag = -200 BB. ag = 0.1 25. ay = 3(4)""!; a7 = 12,288 

1 n-1 2 
27. dy, is( +) $07 = 28. ay = 1.5(-2)"":a7=96 31. a, = 0.0004(-10)""!;a, = 400 38. 531,440 ~—35. 2049 
16,383 63 3 2 5 47 257 

37. or 8191.5 39. 9840 41. 10,230 43. —— 45. — 47. 4 49. — 51. 20 53. 55. 57. 

2 128 2 3 9 99 999 


59. arithmetic; d = 1 61. geometric; r = 2 63. neither 65. 2435 67. 2280 69. —140 71. dy = 12,a3 = 18 73. $30,000 
75. $16,384 77. approximately $3,795,957 79. a. approximately 1.01 for each division b. a, = 35.48(1.01)""! 
c. approximately 38.04 million 81. $32,767 83. approximately $793,583 85. approximately 130.26 in. 87. a. $11,617 b. $1617 


1 
89. a. $87,052 b. $63,052 91. a. $693,031 b. $293,031 93. $9 million 95. 3 


107, 5 horizontal asymptote: y = 3; sum of series: 3 
0 10 
0 
; = -1 + V33 
109. makes sense 111. makes sense 113. false 115. false 117. 2000 flies 119. 2V7 120. —-. 121. —3(V3 + V5) 
122. The exponents on a begin with the exponent on a + b and decrease by 1 in each successive term. 123. The exponents on b begin with 0, 
increase by 1 in each successive term, and end with the exponent ona + b. 124. The sum of the exponents is the exponent ona + Db. 
Mid-Chapter Check Point Exercises 
3 2.5 

1. 1,=2; 33° 2A 2. 5,2,—-1,-4,-7 3. 5,—15, 45, -135, 405 4. a, = 4n — 23a.) = 78 5. a, = 3(2)"" +; ayy = 1536 

1 1995 5 5 
6. a, 5” + 23 a39 13 7. 5115 8. 2350 9. 6820 10. —29,300 11. 44 12. 3725 13. 64 14. i 15. i 


18 
16. Answers will vary.; an example is > oy 17. 464 ft; 3600 ft 18. $1,071,794 
i=1 ! 


Section 11.4 Check Point Exercises 
1a20 b1 628 dal 2xtt+ 44+ 6x27 + 4r +1 3.2 — 10x4y + 40x3y? — 80x7y3 + 80xy4* — 32y9 4. 4032x°y* 


Concept and Vocabulary Check 


os 8! n! ae ne og ae PE ork 1 wks, (Os 
1. binomial 2: P16! 3. AG =o 4. (5): + (F245 Kee 2S a 3 xt 2? at 4)r°2 + 5 2 
5, @ " (‘Jar + (5 Jar-2n? + (5 aro fe aes op (“or 6. Binomial 7. a” 'b’ 

0 1 2 3 n 


Exercise Set 11.4 


1.56 312 51 7.4950 9 x9 + 6x7 + 12x +8 = 14. 27x93 + 27x?y + Oxy? + y? 13. 125K — 75x? + 15x — 1 

15. 16x* + 32x39 + 24x? + 8x +1 9 17. x8 + 8x°y + 24x4y? + 32x?y3 + loy* = 19. yt — 12y? + S4y? — 108y + 81 

21. 16x12 — 32x? + 24x° — 8x3 +1 9 23. c2 + 10c* + 40c? + 80c? + 800 +32 25.  — Sxt + 10x39 — 10x? + Sx - 1 

27. 243x° — 405x4y + 270x3y? — 90x7y? + 15xy4— y? 29. 64a° + 192a°b + 240a*b? + 160a°b? + 60a7b* + 12ab> + b® 

31. x + 16x7 +.112x° 33. x! — 20x°y + 180x8y? 85. x9? + 16x79 + 120x78 37. y® — 20y°7 + 190y*4 = 39. 240x424. 126° 
4 1 3 1 


21 
43. 56x°y! 45. =a 47. 319,770x! y!4 49. x! + 4x7 + 6x? 4 a oR 51. x — 3x13 + a = 53. 8 
x x x 


55. 4x7 + 6x°h + 4xh? +h? 57,252 59. 0.1138 
69. 30 fo, f3, and f, are approaching f, = fs. 


71. x? — 3x2 +3x-1 
73, x° + 12x° + 60x* + 160x3 + 240x? + 192x + 64 


-10 10 


=30 
75. makes sense 77. does not make sense 79. true 81. false 83. 10x*y° 84. a? + 4a + 6 


Do = 
85. fle(x)) = 4x2 — 2x — 6 g(f(x)) = 2x2 +10x-3 86. 5 ayes 


AA62_ Answers to Selected Exercises 


Review Exercises 


1. 3,10, 17, 24 goatee 2128 ho 5.95 6-20 7A ill tse 
i Recreation eererred Ege aan Pes aoe ome . = . Answers will vary; an example is Si 
erepes a APS 26 2 48° 16 > Pies 2542 
13 10 3 1 1 
8. Answers will vary; examples are S$) i? or (i + 3)°. 9. 7, 11, 15,19, 23,27 10. —4,-9,-14,-19,-24,-29 11. phy -51 
i=4 i=1 
23 «1 43 
12. 20 13. —30 14. —38 15. a, = 4n — 113 an) = 69 16. a,, = 220 — 20n; ax) = —180 17. a, 5 71 42 7 
18. a, = 22 — Tn;ay =—118 19.1727 20. 225. 2. 15,150 = 22. 440 23. -500 = 24. — 2325 
11111 11 
. a. a, = 4.75n + 34. . 969 F : F >>> —5= . 16, -4, 1, -=, — 
25. a. a, = 4.75n + 34.25 b. 96% ~—26. $418,500 27. 1470 seats 28. 3,6, 12, 24,48 29, Peis  w1etl-pa, 


1 
31. —5,5,-5,5,-5  32.a,= 1458 33. a, = 7 Bas= —48 35. a, = 1(2)" l ora, = 2" | ag = 128 


1" yt 4 127 
36. a, 100( ) 3g = = 0.00001 37. a, 12( ) +g 38. 17,936,135 39. ——or 15.875 40. 19,530 
10 100,000 3 729 8 
41. —258 42 an 43. zl 44. : 45 s 46. 20 47 : 48. ul 49 imately 1.4 f h divisi 
. " 18 a) "3 = 5 5 "3 " 99 . a approximately 1.4 tor eac ivision 


b. a, = 4.2(1.4)"! c. 62.0 million 50. approximately $42,823; approximately $223,210 51. a. $19,129 b. $8729 52. a. $91,361 


1 ‘ 
b. $55,361 53. $9 = million 54. 165 55.4005 56. 8x + 12x27 + 6x +1 57. x8 — 4x° + 6x4 — 4x7 +1 

58. x° + 10x4y + 40x%y? + 80x7y? + 80xy* + 32y> 59. x° — 12x + 60x* — 160x7 + 240x7 — 192x + 64 ~— 60. x! + 24x14 + 252? 
61. x? — 27x° + 324x7 ~—s 62. 80x73. 4860x7 


Chapter Test 
11 141 enh Ue al 
1. L-7 16° 25 2. 105 3. Answers will vary; examples are ee pe aa 4. ad, = 5n — 13442 = 59 
5 = (5) = : 6. —385 7. 550 8. —2387 9. —21,846 10. 8 11 ce 12. approximately $276,427 
- Ay ri 3442 262,144 3 A ; i; ; 5 - 99 . app y , 


13. 36 14, x!9 — 5x8 + 10x° — 10x4 + 5x? - 1 15. x° + 8x7y* + 28x%y* 


Cumulative Review Exercises 


1. {22} 2. {5 + Ti} 3. (—%, —3) U (2,%) 4. {-2} 5. no solution or @ 6. (-= 2) 7. {(4, 0, -5)} 8. {9} 
9. {(2, 1), (-2, 1), (2,-1),(-2,-1)} 10. {(—14, -20), (2, -4)} 


11. 12. A 13. y 15. 4é 2x? + 5x — 2 
ap HH HH "(x — 5)(x + 2) 
HH Br +5 x+1 
EEE 14 cI 17. 
- il 10" x 7 1 
coos sali 18, 2V5 + 2v2 

y= (x + 2) —4 le afety [TT real ar 
5 Waxy? 
19. 12V5__20. — 21. (x + y)(Sa— 4b) 22. toe ( 7 24. 3V10 ~ 9.49 units 25. 208 +~—-26. 1800 
xy 


1 j 4 
7 lox* — 32x3y? + 24x7y® — 8xy? + yl 29, (—~,-5) U(—5,3) U(3,%) = 30. (3,2) 34. (-%,1) 32. 8 ft by 3 ft 


1 298 
33. $18,500 34. k = 2nd oa 0.3607; about 0.298 oT 7000 


Graphing Answer Section 


CHAPTER 1 


Section 1.1 Check Point Exercises 


7a 44} RS b. 44+ +++ 4 14 cat tt 
-5-4-3-2-1 012345 -5-4-3-2-1 0 12345 -5-4-3-2-1 0123 45 
Exercise Set 1.1 
65. +} +t tt 66. 67. 
-2-1012345 678 -5-4-3-2-1 01234 5 -5-4-3-2-1 012345 
GB. 4} pet} fp 69. 70. 
-5-4-3-2-1 012345 -5-4-3-2-1 0123 4 5 -5-4-3-2-1 0123 4 5 
71. p+ +++ 4 72. t}+$—++$-+$ +$ 73. 
-5-4-3-2-1 012345 -5-4-3-2-1 012345 -5-4-3-2-1 012345 
FA pp itt ad 76. 
-8-7-6-5-4-3-2-1 0 1 2 -5-4-3-2-1 012345 -5-4-3-2-1 012345 
77. 78. 
-2-1012345 678 -2-1012345678 
Exercise Set 1.2 
182. 
-5-4-3-2-1 012345 
Section 1.3 Check Point Exercises 
2 y=l-Y 4 OD gy 3. y=lx+1y4 daa 
ma (-1, 0) EE KE THEA - (2,3 
AQ, 3). ——f N\A 43). Fe a - 
HEE (-2, -3)4 FAQ —3) (~3,2) Fe 0,1 
ic | yf. imam (-2,1) -100 100 
H] -8) 
4 
—100 


13. 


ON (-1, -3) 
Ba 
[TTT tT 


FIJI CI 


G2. Graphing Answer Section 


OIA 4s 
5 i Tp 
ala we | i 
aS\ ie eve 
a ey S 
an) foc) | =~) faa TT 
eS ak ® ECA rH Peg i 
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Applications Index 


Academy Award winning films, 676 
Acid rain, 728 
Activities, dreaded, 280-281 
Adult residential community costs, 830, 835-836 
Advertising, monthly sales variation with, 484-485 
Age 
awakenings during night by, 38 
blood pressure and, 596, 605-606 
of driver. See Driver’s age 
height as function of, 146, 147, 548 
neurosis and, 3 
resistance to happiness and, 13-14 
Aging process, 525 
AIDS, 218 
cases diagnosed (U.S.), 314, 315, 316-317 318, 
319-320 
T cell count and clinical diagnosis of, 116-117 
Air in lungs, volume of, 38 
Airplane flight, 38 
rate of travel, 206, 249 
weight/volume constraints, 298 
Alcohol and risk of accident, 722-723, 729 
arrests and drunk driving, 418, 429 
Alcohol content of wine blend, 205 
Alligator’s tail length given body length, 488 
Altitude and atmospheric pressure, 750 
Alzheimer’s prevalence (U.S.), 98 
Amazon deforestation, 399 
Americans, approval of other countries by, 28 
America’s Cup, 502, 524 
Angle measures, 206, 219 
Animal protein consumption, 90 
Annuities, 846-848, 854 
value of, 854, 868-869 
Antifreeze solution, 207 
Arch bridge, 793, 800 
Architecture, conic sections in, 778, 784 
Area 
maximum, 623-624, 627, 629, 630, 658 
of rectangle, 339, 362, 372,539, 551 
of shaded/unshaded region in rectangle, 339 
of square, 551 
of trapezoid, 490, 539 
of triangle, 241 
Arrests and drunk driving, 418 
driver’s age and, 429 
Asteroid detection, 801 
Astronomical units, 81 
Atmospheric carbon dioxide, concentration of, 
148-149, 750 
Atmospheric pressure and altitude, 750 
Attitudes of college freshmen, 724-725 
Autism, incidence of, in U.S., 828 
Automobile repair estimate, 273 
Average cost function, 468-469, 475, 477, 495, 498, 499, 651 
Average rate of change, 146-147 
Awakenings during night, by age and gender, 38 


Ball’s height above ground, 217, 230, 348, 386-387, 402, 
647-648, 650, 658, 659 
baseball, 627, 659 
bounce height, 488 
football, 14, 230 
time to drop to ground, 500 
Bank and credit union charges, 263 
Banking angle and turning radius of bicycle, 488 


Baseball contract, 819, 853 
Baseball’s height above ground, 627, 659 
Basketball court dimensions, 61 
Basketball player’s hang time, 560 
Batting average, 477 
Berlin Airlift, 297, 304 
Bicycles, cost and revenue in manufacture of, 207 
Bicycling 
average rate of, 471 
bicycle-friendly communities, 659 
graph illustrating ride, 39 
in Holland, 688-689 
rate of, 498 
rate with/without wind, 495 
Billionaires, U.S., 90 
Bird purchase, 15 
Birthday cake, 524 
Birthday date sharing, 689 
Births and deaths 
in US. (2000-2009), 125, 130-131 
worldwide, 67 
Blood alcohol concentration, 174, 722-723, 729 
Blood pressure and age, 596, 605-606 
Boats 
canoe manufacture, cost and revenue in, 207 
rate in still water, 498 
rate in water, 206, 250 
rate of current and, 753 
rowing rate in, 206, 220 
Body-mass index, 489 
Body temperature, 33-34, 310 
Bouquet, mixture of flowers in, 220 
Box area/volume, 339, 362 
Box dimensions, 454 
Boys and girls in family, 208 
Brain, growth of, 735 
Braking distance, 217 
Break-even analysis, 201-203 
Bridge coupon book/toll passes, 67, 273 
Bridges 
arch, 793, 800 
suspension, 793, 798 
Building’s shadow, 657 
Bus fares, 67 
Business analysis, 242 
Business ventures, 177, 194, 201-203, 206-207 
Butterfat in cream, 205 


Cable service, 500 
Cable TV, nonprogram minutes in hour of prime-time, 
505 
Calories 
calculations, 817 
caloric intake, 523 
in restaurant meals, 196 
Campus election, 402 
Candy consumption, 403 
Candy mix, 206 
Canoe manufacturing, 475 
Carbon dating, 733-734, 739-740, 752 
decay model, 739-740 
Carbon dioxide, atmospheric, 148-149, 750 
Cardboard length/width for box, 809 
Cardiac index, 532 
Car meals, 833 
Carpenters, work done by, 474 


Car rentals, 260-261, 286 
Carry-on luggage restrictions, 339 
Cars 
depreciation of, 53, 101 
fuel efficiency of, 145 
monthly loan payments on, 430, 437 
rates of travel, 437,817 
stopping distance of, 401, 482, 488, 638, 650-651 
value of, 828 
Cellphone(s) 
city coordinates on, 764 
and land-line customers in U.S., 191-192 
service plan, 254, 273, 310 
Centrifugal force, 486 
Chaos, patterns of, 501, 569 
Charitable giving, 751 
Charter schools, 594 
Checking accounts, 264, 309 
Chernobyl nuclear power plant accident, 673 
Chicken(s) 
eaten per year, 90 
raised for food, 90 
Children 
born in US., cost of raising, 823-824 
modeling height of, 696-697 
Cigarette tax, 828 
Cigarette use in U.S. by ethnicity, 192 
Circular cylinder volume, 62-63 
Clean house, importance of having, 630, 636-637 
Cleaning time, 498 
Closet’s length and width, 393 
Coin mix, 206, 220 
Coin tosses, 284 
Cold virus, 326 
College education 
accessibility to, 66-67 
cost of, 1, 40, 49, 51-52, 154, 838 
information retention over time, 673-674, 702 
projected enrollment, 67, 100 
College programs in green studies, 14 
College students 
claiming no religious affiliation, 105, 106, 107-108 
discretionary spending by, 15, 28-29 
freshman life objectives, 56-57 
freshman attitudes, 724—725 
opposition to feminism among first-year, 702 
Collinear points, 241 
Comets 
Halley’s Comet, 774, 784, 793 
intersection of planet paths and, 809 
Commute, average rate of, 470-471 
Compact disc manufacturing, 286 
Compound interest, 348, 589-591, 595, 657, 669-670, 
672, 674, 723-724, 727, 729, 731, 743, 748, 750, 751, 
828 
on annuity, 846-848, 853, 854, 868-869 
continuously, 674, 675, 716, 724, 727, 731, 743, 750, 
751, 752, 753 
Computers 
discounts, 677-678, 679-680, 688 
hard drive sales, 205 
price before reduction, 60, 660 
sale, 205, 348 
student to computer ratio in U.S. public schools, 
320 
Condominium sales, 250 


AP1 
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Cone volume, 486 
Constraints, 298-301, 303-304 
Continuously compounded interest, 674, 675, 716, 724, 
727, 731, 743, 750, 751, 752, 753 
Coronary heart disease, 674 
Corruption, countries with least amount of, 112 
Corruption Perceptions Index, 112 
Cost(s) 
of college education, 1, 40, 49, 51-52, 154, 838 
of federal entitlement programs, 164-165 
of federal social programs, 90 
inflation, 40 
mailing, 123 
nursing home, 830, 835-836 
parking garage, 39 
pollution removal, 404-405, 455, 460-461, 463, 498 
of raising child born in U.S., 823-824 
Cost and revenue functions, 201, 202, 204, 206-207, 250 
Cost and revenue functions/break-even points, 
206-207, 220, 244, 249, 250 
Cost before added tax, 68 
Cost-benefit analysis, 491 
Cost function, 498, 499, 628. See also Cost and revenue 
functions 
average, 468-469, 475, 477, 495, 498, 499, 651 
Countries, approval ratings by Americans of, 28 
Current, electrical, 571, 660 
Cycling. See Bicycling 
Cylindrical tin can surface area, 349 


Death rate and hours of sleep, 208, 214 
minimum death rate, 658 
Death-row inmates, last words of, 66 
Deaths 
births and, in U.S. (2000-2009), 125, 130-131 
births and, worldwide, 67 
greatest cause of, in 20th century, 249 
Decay model for carbon, 739-740 
Defective products, 285 
Degree-days, 839 
Desk manufacturing, 218, 249 
Digital camera, price before reduction, 59-60 
Dinosaur bones and potassium-40 dating, 740 
Dinosaur walking speeds, 532 
Distance 
between cities, 764 
between houses at closest point, 786 
seen to horizon from specific height, 531 
that skydiver falls in given time, 856 
Distance traveled, 29 
Diver’s height above water, 362, 650 
Divorce, wife’s age at marriage and, 152 
Doorway’s diagonal length, 595 
Driver’s age 
and accidents, 250 
driving under the influence of alcohol and, 429 
and fatal crashes, 609 
Driving rate and time for trip, 482-483, 496 
Driving time from Miami to Atlanta, 428 
Drugs 
amount spent by drug industry to market, 152 
concentration, 34, 146-147 
Dual investments, 196-197, 199, 205, 220, 244, 248, 250, 
394, 579, 660 


Eagle’s flight, 171 
Earthquake epicenter, 764 
Earthquake intensity, 691, 697, 749 
Earthquake relief, 297, 298, 299-301 
Educational attainment 
for Americans ages 25 and older, 838 
income by, 54-56, 99 
Elderly population, 540 
Electrical resistance, 437, 490, 660 
Elephant’s weight, 729 
Elevator capacity, 263-264, 295 
Elk population, 326, 499 
Ellipse, equation of, 778 
Elliptipool, 777 
Endangered species, 740 
Energy efficiency of building materials, 194-195 
Energy formula, Einstein’s, 65 


English, number of words in, 66 
Exam grades, 273, 286, 309 
Facebook users, 673 
Fahrenheit/Celsius temperature interconversions, 14, 
63-64, 172-173, 273, 689 
Family, boys and girls in, 208 
Fathers, single, 741 
Federal Express aircraft purchase decisions, 304 
Federal minimum wage, 154 
Federal programs 
entitlement programs, cost of largest, 164-165 
social programs, cost and enrollment for, 90 
Federal tax code, number of words in, 675 
Fencing 
for enclosure, 806-807, 816, 870 
maximum area inside, 623-624, 627, 629, 658 
Ferris wheel, 764 
Fetal weight, 657 
Field’s dimensions, 100, 101 
Film, costs to develop, 101 
Films, horror, 205 
Financial support of children, milestones in ending, 204 
Flashlight using parabolic reflecting mirror, 799 
Floor dimensions/area for pool and fountain, 809 
Floor length and width, 402 
Flower bed enlargement, 595 
Flu 
epidemic, 674 
inoculation costs, 415 
outbreak on campus, 855 
vaccine, 194 
Focal length 
for camera lens, 437 
for eyeglass lenses, 467-468 
Football field dimensions, 61 
Football’s height above ground, 14, 230 
Force required to stretch spring, 488 
Foreign-born population in U.S., 219 
Frame dimensions, 68 
Free countries in world, number of, 53 
Free-falling object’s position, 647-648, 652-653, 659 
Free fall time, 595 
Fuel efficiency, 145 
Fundraiser attendance, 205 


Galapagos Islands plant and animal species, 515, 522, 561 
Galaxies, elliptical, 856 
Garden path, dimensions of, 387-388, 392 
Gardens 
area of, 340 
border width, 500 
dimensions, 870 
Gas pressure in can, 483-484 
Gay service members discharged from military for 
homosexuality, number of, 172 
Gender 
awakenings during night by, 38 
wage gap by, 123 
winning times for Olympic 400-meter run and, 193 
George Washington Bridge, 798 
Global warming, 103, 148-149, 750 
Gold 
in alloys, 205 
different karats mixed, 205 
Golden Gate Bridge, 798 
Golden rectangle, 551 
Grade inflation in U.S. high schools, 153 
Granola-raisin mixture, 206 
Graphing calculators, cost of manufacturing, 498 
Gravitational force, 486 
Gravity model, 490 
Greenhouse effect, 750 
Greeting cards business, cost and revenue from, 207 
Grooming, minutes per day spent on, 217 
Gymnast’s height above ground, 391 


Half-life of radioactive element, 740, 750 
Halley’s Comet, 774, 784, 793 
Happiness 
age and resistance to, 13-14 
average level of, at different times of day, 689 
per capita income and national, 165 


Headlight unit design, 815 
Health, annual income and, 560-561 
Health care, percentage of the gross domestic product 
going toward, 728 
Health club membership fees, 67 
Heart beats over lifetime, 91 
Heart function throughout aging process, 525 
cardiac index, 532 
Heart rate, 294-295 
life spans of most mammals and, 488-489 
model, 658 
Heat generated by stove, 490 
Heat loss of a glass window, 489 
Height. See also Ball’s height above ground 
from birth to age 100, 38-39 
of boys at certain age, 579 
child’s height modeled, 696-697 
of debris after explosion, 348 
diver’s height above water, 362, 650 
of fireworks, 92 
as function of age, 146, 147, 548 
gymnast’s height above ground, 391 
median height of boys, 513 
median height of girls, 513 
of object, 217,230 
percentage of adult height attained by girl of given 
age, 701 
rocket’s height above ground/water, 393, 401, 658 
of table, 219 
weight and height recommendations/ 
calculations, 64, 488 
Higher education costs, 40, 49, 51-52, 838. See also 
College education 
High schools, grade inflation in U.S., 153 
HIV/AIDS cases, global. See also AIDS 
HIV infection, T cell count and, 116-118 
Homosexual relationships, college freshmen attitudes 
toward, 724-725 
Honeycombs, 364 
Horror films, 205 
Hotel room types, 206 
House sales prices. See Real-estate sales and prices 
(US.) 
Hubble Space Telescope, 490, 755, 788, 793 
Hurricane relief, 304 
Hurricanes and barometric air pressure, 729 
Hygiene, time spent on, 217 
Hypotenuse, length of, 551 


Illumination intensity, 489, 499, 579 
Image reductions on photocopier, 674 
Imaginary number joke, 571 
Income 
Americans reporting fair or poor health by, 
560-561 
by educational attainment, 54-56 
national happiness and per capita, 165 
Individual Retirement Account (IRA), 846, 847-848, 
854, 855, 869 
Inflation, cost of, 40,52 
Inflation rate, 673 
Information, retention over time. See Memory retention 
Intelligence quotient (IQ) and mental/ 
chronological age, 489 
Interest 
compound, 348, 589-591, 595, 657, 669-670, 672, 
674, 723-724, 727, 729, 731, 743, 748, 750, 751, 
828, 846-848, 853, 854, 868-869 
continuously compounded, 674, 675, 716, 724, 727, 
731, 743, 750, 751, 752, 753 
simple, 64, 194 
Interfaith marriage, 273 
Investment(s) 
accumulated value of, 670, 672, 723-724 
amounts invested per rate, 218 
choosing between, 670, 672 
compound interest, 589-591, 657, 669-670, 672, 
674, 723-724, 727, 729, 743, 747, 748, 751, 752, 
753, 828 
for desired return, 286 
dual, 196-197, 199, 205, 220, 244, 248, 250, 394, 579, 
660 


and interest rates, 29 

lump-sum vs. annuity, 853 
maximizing expected returns, 304 
simple annual interest on, 64, 194 


Jeans price, 688 
Job interviews, turnoffs during, 284 
Job offers, 839, 840, 853 


Kidney stone disintegration, 755, 766, 772-773 
Kinetic energy, 489 


Labor force, women in, 552—553, 558-559, 561 
Labrador retrievers, colors of, 336, 340 
Ladder’s reach, 595 
Lamp manufacture, 244 
Lampshade casting hyperbolic shadows, 779 
Landscape design, 387-388, 392 
Languages, comparison of number of words in differ- 
ent, 66 
Last names, top U.S., 104, 105-106 
Lawn mowing time, 610, 753 
Lawsuits by smartphone companies, 164 
Learning curve, 464 
Leg lengths of right triangle, 609 
Lemonade business, 194 
Length 
of side of square, 392 
of sides of triangle, 401, 402 
of violin string and frequency, 484 
Letters, cost of mailing, 123 
Libraries, with wireless Internet access, 173 
Life expectancy, 154, 157-157, 193 
Life span, heart rate and, 488-489 
Light reflectance and parabolic surface, 793-794, 799, 
815 
Literacy and child mortality, 135-136, 140, 152, 153 
Loan payments, 430, 436-437 
Long-distance telephone charges, 68 
Lot’s dimensions, 206 
Love over time, course of, 263 
Lunch menus, 303 


Mailing costs, 123 
Mall browsing time and average amount spent, 662, 
663 
Manufacturing constraints, 299 
Marching band, 208 
Marginal tax rates, 38 
Margin of error, 281, 284 
Markup, 68, 466-467 
Marriage(s) 
decisions about, 230 
ending in divorce, by wife’s age at marriage, 152 
interfaith, 273 
marital status of U.S. adults (1970-2008), 178, 191 
percentage of U.S. men who are/have been mar- 
ried, 736 
percentage of U.S. population never married, ages 
25-29, 163-164 
Mass of hydrogen atoms, 91 
Mass of oxygen molecules, 91 
Maximum area, 623-624, 627, 629, 630, 658 
Maximum product, 630 
Maximum scores, 304 
Maximum tree growth, 658 
Maximum yield, 629 
Median height 
of boys, 513 
of girls, 513 
Medicare as percentage of GDP, 192 
Memory retention, 464, 673-674, 702, 728, 749, 870 
Miles per gallon, 145 
Minimum death rate, 658 
Minimum product, 622-623, 658 
Minimum wage, 154 
Miscarriages, by age, 740 
Mixture problems, 197-199, 205, 207, 220, 248, 250, 464 
Modernistic painting consisting of geometric figures, 
219 
Moon weight of person given Earth weight, 488 


Motel rooms, 311 
Moth eggs and abdominal width, 448, 454 
Motion problems, 200-201, 206, 217, 220, 249, 250, 381, 
386-387, 393, 470-471, 476, 477, 478 
distance covered by any moving body, 88 
Motorcycle stopping distances, 657-658 
Mountain bike manufacturing, 475 
Multiplier effect, 850, 854, 869 


National Park Service expenditures, 577 

Nature, Fibonacci numbers found in, 820 

Negative square roots, 571 

Net worth of five richest Americans, 90 

Neurosis and age, 3 

Newton’s Law of Cooling, 742 

Nickels in change machine, 274 

Nonprogram minutes in hour of prime-time cable TV, 
505 

Nuclear waste, 734 

Nursing home costs, 830, 835-836 

Nutritional content, 218 


Obesity, in U.S., 578 

Ohm’s law, 571 

Open box lengths and widths, 393 

Orbit(s) 
of comets, 774, 784, 793, 809 
perigee/apogee of satellite’s, 777 
of planets, 755,772 


Painting frame width, 401 
Parabolic arch and boat clearance, 800 
Parents 
percentage ending child’s financial support at vari- 
ous milestones, 204 
willingness to pay child’s college education, 
216-217 
Parking garage costs, 39 
Parking lot length and width, 392 
Path, dimensions of 
around garden, 387-388, 392 
around swimming pool, 68, 392 
PDAs (personal digital assistants), cost and revenue 
from manufacture of, 220 
“Peanuts” cartoon, 542, 551 
Pedestrian route length, 595 
Pendulum swings, 854 
Perceived length of time period and age, 489 
Percentage of adult height attained by girl of given 
age, 701 
Perigee/apogee of satellite’s orbit, 777 
Perimeter 
of rectangle, 429, 539 
of triangle, 539 
Pest-eradication program, 855 
Pets 
spending on, in US., 830 
of US. presidents, 265 
pH level of human mouth after eating food containing 
sugar, 416 
Phone calls between cities, 479, 489-490 
Photocopier, image reduction on, 674 
PH scale, 728 
Physician visits, 124 
Piano keyboard, Fibonacci numbers on, 820 
Pitch of tone and wavelength, 498 
Plane. See Airplane flight 
Plane figure area, 340 
Planets 
elliptical orbits, 755,772 
intersection of comets and paths of, 809 
modeling motion of, 811 
years, 561 
Plant food mixture, 220 
Play, production costs and revenues from, 207 See also 
Theater entries 
Playing field dimensions, 82 
Poll’s margin of error, 281 
Pollution removal costs, 404-405, 455, 460-461, 463, 
498 
Pond fill time, 498 
Pond width, 659 


Applications Index APS 


Pool dimensions, 68 
path around, 68, 392 
Pool emptying time, 610 
Pool fill time, 476, 477, 499 
Population 
Africa, 733 
over age 65 (U.S.), 742 
of aphids, 80 
California, 727, 853 
Canada, 742 
city, walking speed and, 735, 750 
deer, 497 
elderly, 540 
elk, 326 
Europe, 752 
exponential growth modeling, 740 
foreign-born (U.S.), 219 
geometric growth in, 843 
Germany, 752 
gray wolf, 668-669 
Hispanic, 750 
Hungary, 729 
India, 673, 739 
Iraq, 739 
Israel, 739 
Japan, 739 
Mexico, 740 
New Zealand, 740 
Nigeria, 741 
Palestinian, 739 
projected growth rates, 739 
reindeer, 326 
Russia, 739 
Texas, 727, 853 
tiger, 313, 325-326 
Tokyo, Japan, 747 
Uganda, 742 
United States, 133, 731-733, 741, 843, 868 
world, 67, 102, 730-731, 736-737, 738, 751 
Population projections, 68, 751 
Precipitation and temperature, regions resulting from 
ranges in, 290-291 
Price per acre for Alaska purchase, 90 
Price reductions, 68, 69, 96, 100, 101, 175, 660 
Problem solving time, 485 
Profit function, 203, 204, 207 628 
Profits, 498 
and loss, 208 
maximizing, 303, 310, 311, 628, 630, 659 
maximum daily, 301 
maximum monthly, 303 
on newsprint/writing paper, 310 
production and sales for gains in, 263 
total monthly, 303 
Public speaking, dread of, 275, 280-281 
Pyramid volume, 499 


Radiation intensity and distance of radiation machine, 
489 
Radio sales, 133 
Radios produced and sold, 206-207 
Rain gutter cross-sectional area, 609, 610, 627 
Ramp, vertical distance of, 591 
Rates of travel for cars, 817 
on round-trip commute, 437 
Razor blades sold, 218 
Real-estate sales and prices (U.S.), 856 
condominiums, 250 
value appreciation, 856 
Record time for women’s 400-meter run, 172, 193 
Rectangle 
area of, 362, 372, 539 
dimensions of, 124, 349, 609, 651, 660, 753, 807, 809, 
815,816 
golden, 551 
perimeter of, 429,539 
Rectangular box dimensions, 454 
Rectangular solid volume, 63 
Red blood cells in the body, 100 
Reflecting telescopes, 793-794 
Reindeer population, 326 
Restaurant tables and maximum occupancy, 206 


AP4 Applications Index 


Retirement, saving for, 846, 847-848, 869 
for health-care expenses, 740 

Revenue from sales, 194 

Revenue functions, 628. See also Cost and revenue 
functions 

Robotic exoskeletons, cost of manufacturing, 466, 
468-469 

Rocket’s height above ground/water, 393, 401, 658 

Round-robin chess tournament, 392 

Rug’s length and width, 809 

Rumor, spreading of, 80-81 

Runnet’s pulse, 729 

Running rate/time driving and hiking, 475-476 


Sabbatical, saving money for, 854 
Salaries 
anticipated earnings, 853 
college professor, 154 
comparing, 838, 839, 840 
gross amount per paycheck, 68 
lifetime computation, 845-846, 853 
of major league baseball players, 853 
before raise, 870 
salesperson’s earnings/commissions, 100, 309 
summer job comparison, 251 
total, 838, 853, 868, 869 
total weekly earnings, 303 
Sales 
computer, 205, 348 
condominium, 250 
digital camera, 59-60 
monthly, variation with advertising and price, 
484-485 
radio, 133 
real estate, 856 
revenue from, 194 
television, 348 
theater ticket, 218 
video games, 730 
Salesperson’s earnings, 100, 309 
Satellite dish, 798-799, 800 
Savings 
and compound interest, 727 
geometric sequencing, 853 
for health-care expenses during retirement, 740 
from multiple bids, 751 
for retirement, 846, 847-848, 869 
total, 853 
Scattering experiments, 786 
Scatter plots for data, 157, 158, 166 
Scholarship funds, annuities for, 854 
Schools, charter, 594 
Security cameras at schools, percentage U.S. students 
seeing, 868 
Semielliptical archway and truck clearance, 766, 
773-774, 776, 815 
Shaded region areas, 372-373, 379, 401 
Shading process, 854 
Ship tracking system, 809 
Shot put 
parabolic paths of, 621 
path of, given angle, 609 
Sign’s length and width, 392, 401 
Simple interest, 64, 194 
Single fathers, 741 
Skating rink area, 348 
Skid mark measurements and speed of car, 513-514 
Skydiver’s fall, 482, 498 
Sky diver’s free fall time, 595 
Sleep, hours of, 309 
death rate and, 208, 214, 658 
Smartphones 
lawsuits initiated by companies selling and produc- 
ing, 164 
sales, 152, 164 
Smokers 
percentage of U.S., 152, 169 
probability of suffering from some ailments, 863 
Smoking-related deaths and disease’s incidence ratios, 
416, 417 


Snow clearing time, 498 
Snow fall, 38 
Soccer field dimension, 68 
Social Security as percentage of GDP, 192 
Social Security System, projected income and outflow 
of, 99-100 
Sonic boom, hyperbolic shape of, 784 
Sound intensity, 489, 702, 713, 740, 752 
Space exploration and relativity theory, 533, 540 
Spaceguard Survey, 786 
Speed, stopping distance and. See Stopping distance 
Speed skating times, 263 
Spending, average annual per capita, 217 
Spirals in nature, 820 
Square, length of side of, 392 
Stadium seats, 839 
Stationery item costs, 251 
Stereo prices, 248 
Stereo speaker loudness, 498 
Stolen plants, 69 
Stomach acid, 728 
Stopping distance 
of cars, 401, 482, 488, 638 
of motorcycles, 657-658 
of trucks, 651 
on wet and dry pavements, 650-651, 652 
Student enrollments, 579 
Students to computers ratio in U.S. public schools, 320 
Sunlight intensity beneath ocean’s surface, 727 
Super Bowl 
cost of advertising, 152-153 
viewers, 174 
Supply and demand, 193, 810 
Supply-side economics, 438-439 
Suspension bridges, parabolas formed by, 793, 798 
Swimming pool dimensions, 68 
path around pool, 68, 392 
Swimming pool emptying time, 610 
Swimming pool tile border, 610 


Table height, 219 
Table top dimensions, 249 
Tangent line to circle, 765 
Target heart rate for exercise, 294-295 
Task mastery, 713-714, 749 
Tax-deferred savings plans, 847 
Individual Retirement Account (IRA), 846, 
847-848, 854, 855, 869 
Taxes 
bills, 263 
burden, per capita, 87-88 
cigarette, 828 
corporate income, 67 
number of words in federal tax code, 675 
rebate and multiplier effect, 850, 854 
tax rate percentage and revenue, 438-439, 445 
top marginal tax rates, 38 
US. population and total tax collections, 82-83 
Taxpayers audited by the IRS, 152 
T cell count and HIV infection, 116-118 
Teachers’ earnings, 833 
Telephone calling plans, 263, 310 
Television 
cable, 505 
HDTV, U.S. households with, 751 
ownership, 99 
prices, 248 
sale, 348 
screen length/width, 809 
Temperature 
average global, 148-149 
body, 33-34, 310 
of cooling cup of coffee, 748 
degree-days, 839 
and depth of water, 488 
in enclosed vehicle, 699, 741 
Fahrenheit-Celsius interconversions, 14, 63-64, 
172-173, 273, 689 
monthly average, 284 
record daily high, in U.S., 399 


regions resulting from range of, 290-291 
windchill, 523 
Tennis court dimensions, 68 
Test scores, 208 
difference between and mean of, 206 
Textbook, markup rate on, 466-467 
Text messaging plan selection, 58-59, 100, 254-255 
Theater attendance, maximizing revenue from, 304 
Theater seats, 839, 868 
Theater ticket sales, 218 
Theater trip, cost of, 478 
Thefts in U.S., 326 
Thrown objects, path of, 609, 611 
Tiger population, 313, 325-326 
Time in motion, 470-471 
Tolerance limits for machine parts, 284 
Total economic impact of factory on town, 854, 869 
Train passengers, 98 
Trans fats on food labels, consumers looking for, 741 
Trapezoid, area of, 490, 539 
Travel, modes of, in selected countries, 688-689 
Trees, Amazon deforestation, 399 
Triangle 
angle measures, 66, 99, 166, 206, 219 
area, 241 
height, 610 
length of sides of, 401, 402, 562 
perimeter of, 539 
Truck rental costs, 263, 817 
Truck stopping distances, speed and, 651 
Tunnel-boring machines, work done by, 473 
TV. See Television 


Universe imagery, 788 


Vacation lodgings, 295 
Value of an annuity, 854, 868-869 
Video-game rentals, 67 
Video-game sales, 730 
Violin string length and frequency, 484 
Vitamin content, 231 
Vitamin sales, 192 
Voltage, 571 
Volume(s) 
of box, 362 
of circular cylinder, 62-63 
of cone, 486 
of figures, 340 
for given regions, 373 
Voting systems usage, 263, 264 


Wage gap by gender, 123 

Walking speed and city population, 735, 750 

Water current rate, 499 

Water pressure and depth, 479-480 

Water supply produced by snowpack, 480-481 

Water temperature and depth, 488 

Water used in a shower, 481 

Web site design, 471-474 

Weight 
and height recommendations/calculations, 64, 488 
moon weight of person given Earth weight, 488 
obesity in U.S., 578 

Weightlifting, 741,743 

Wheelchair business, 201-203 

Wheelchair manufacturing, 469, 475, 651 

Wheelchair ramp, vertical distance of, 591 

Whispering gallery, 772, 776-777 

Will distribution, 69 

Windchill temperature, 523 

Wind force, 490 

Wind pressure, 490 

Wine blend, alcohol content of, 205 

Winning times for Olympic 400-meter run, gender 

and, 193 

Wire, height of attachment to antenna, 591 

Wire length, 389, 393, 595, 610 

Women in labor force, 552-553, 558-559, 561 

Work in US., changing pattern of (1900-2005), 810 

Work problems, 471-474, 476-477, 478, 498-499 


subject Index 


Absolute value, 15-16, 18, 93 
definition of, 18 
finding, 16 
geometric meaning of, 15 
positive vs. negative exponent in scientific 
notation and, 84 
in simplifying radical expressions, 506 
Absolute value bars, 306, 528 
rewriting absolute value equation 
without, 275 
rewriting absolute value equation with two 
absolute values without, 276-277 
Absolute value equations, 275-277, 306 
solving, 275-277 
Absolute value inequalities, 307 
of form |u| <c, 277-279 
of form |u| = c, 279 
of form |u| > c, 279-280 
intervals in solution set to, 280 
problem solving using, 280-281 
solving, 277-280, 307 
with unusual solution sets, 280, 307 
Absolute value symbols, 22 
Academy Awards, films winning most, 676 
Adams, John Quincy, 772, 777 
Addition 
associative property of, 23 
commutative property of, 22-23 
of complex numbers, 564-565, 575 
of functions, 127-128 
inverse property of, 17 
of like radicals, 534-536 
of polynomials, 320-321, 395 
of radical expressions, 574 
of rational expressions, 493 
of rational expressions when denominators 
are opposites, 425 
of rational expressions with common 
denominators, 418-419 
of rational expressions with different 
denominators, 421-423, 424-425 
of real numbers, 16-18, 93 
Addition method 
and dual investment problems, 197 
and motion problem, 200 
nonlinear systems solved by, 803-805, 814 
systems of linear equations in three 
variables solved by, 209-210, 245 
systems of linear equations in two variables 
solved by, 183-186, 243 
variables eliminated using, 183-186, 209-210, 
243, 245, 803-805, 814 
Addition property of equality, 41, 42 
Addition property of inequality, 255 


Additive identity, 17 
Additive inverses, 17-18, 410-411 
adding or subtracting rational expressions 
with denominators that are, 425 
of polynomial, 322 
Aging process, 525 
AIDS, 314, 317, 318, 319-320 
Algebraic expressions, 92-94 
defined, 2 
English phrases translated to, 2-3 
equivalent, 22-23 
evaluating, 3-4, 92 
simplifying, 24-26, 43, 94 
terms of, 24 
Algebra of functions, 125-134, 167-168 
difference, 127, 128, 168 
product, 127, 128, 168, 334-335 
quotient, 127, 168 
sum, 127, 168 
using, 128-131, 334-335 
America’s Cup, 502 
Analytic geometry, 30 
Annuities, 846-848 
value of, 846-848 
Architecture, hyperbolas in, 778, 784 
Area 
formulas for, 59 
maximizing, 623-624 
Arithmetic operations, English phrases 
involving, 2 
Arithmetic sequences, 830-839, 865 
applications with, 835-836 
defined, 830 
general term of, 832-833, 865 
sum of first n terms of, 833-836, 865 
writing terms of, 831 
Arrests for driving under the influence, 418 
Arrows, 167 
in graph, 116 
Associative property, 94 
of addition, 23 
and English language, 23 
of multiplication, 23 
Asteroids, 800-801 
Asymptotes 
of graph, horizontal and vertical, 407, 492, 
664, 665, 695, 696, 743, 745 
of hyperbola, 781, 782-783, 813, 873 
Augmented matrix, 221, 223-224, 225, 227, 246 
Average cost, business problems involving, 
468-469 
Average cost function, 468-469, 495 
Average rate of change, 145-147, 169 
slope as, 145-147, 169 


Axis of symmetry, 612, 655, 813 
of parabola, 612, 613, 789, 793 


Babbage, Charles, 232 
Back substitution, 182 
Barr, Roseanne, 630 
Base 
change-of-base property, 710-711, 745 
natural (e), 667-669, 738, 747 
Bass, Alan, 510 
Berlin Airlift, 297 
Binomial(s), 315, 395 
completing the square of, 586-587 
dividing polynomial by, 440 
multiplying trinomial and, 329-330 
product of two, 330-332, 396 
squaring, 332-333 
Binomial coefficients, 857-858, 866 
Binomial difference, square of, 333, 396 
Binomial expansions 
finding particular term in, 860-861, 867 
patterns in, 858 
Binomial expressions, 858 
Binomial sum, square of, 332-333, 396 
Binomial Theorem, 858-860, 867 
Blood alcohol concentration, 722-723 
Blood pressure, 596 
and age, 605-606 
Boundary points, 639 
locating on number line, 639, 640, 641, 644, 
646, 656 
Braces, 6, 22 
Brackets, 10, 22 
Branches, of hyperbola, 779 
Break-even analysis, 201-203, 244 
Break-even point, 201-203, 244 
Burrows, Christopher J., 793 
Business 
average cost for, 468-469 
functions, 201-203, 242, 244 


Calculators, exponential expressions evaluated 
on, 4 

Calculus, 335 

and change studies, 147 

Candy consumption, 403 

Carbon-14 dating, and Dead Sea Scrolls, 
733-734 

Carbon dating, and artistic development, 733-734 

Cardano, Girolamo, 571 

Cardiac index, 532 

Car payments, monthly, 430 

Cartesian coordinate system, 30. See also 
Rectangular coordinate system 
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Centaurus galaxy, 856 
Center 
of circle, 758 
of ellipse, 767 
of hyperbola, 779 
Centrifugal force, modeling, 486 
Change-of-base property, 710-711, 745, 
871-872 
Chaos, patterns of, 569 
Chaos theory, 501 
Chapter summaries, retaining information 
through, 161 
Chapter test prep video, 389 
China, “Pascal’s” triangle discovered in, 861 
Circles, 756, 758-765, 766, 812 
area and perimeter formulas for, 60 
defined, 758 
general form of equation of, 761-762, 812 
recognizing from equations, 794, 814 
standard form of equation of, 758, 759-760, 
761,812 
tangent line to, 765 
Circular cylinder, volume formula for, 60, 
62-63 
Class notes, reviewing and rewriting, 435, 826 
“Clearing equation of fractions,” 45 
Closed dots, 116, 167 
Closed interval, 10 
Coefficients, 24, 25, 315 
binomial, 857-858, 866 
correlation, 165, 735, 736 
leading, 315, 316, 395 
Leading Coefficient Test, 318-320, 395 
negative, 344, 396, 398 
College education, cost of, 1, 48-49 
College freshmen, changing attitudes of, 54 
College marketers, 15 
Combined variation, 484-485 
Combining like terms, 24-25 
Comets 
hyperbolic orbit of, 784 
parabolic paths, 793 
Common difference, of arithmetic sequence, 
830, 831 
Common logarithmic functions, 696, 745 
Common logarithms, 696-697 
changing base to, 710-711 
introducing, 710, 745 
properties of, 697 
Common ratio, of geometric sequence, 840, 841 
Commutative property, 94 
of addition, 22—23 
of multiplication, 22-23 
Completing the square, 586-589, 653 
converting general form of circle’s equation 
to standard form by, 761 
graphing quadratic functions in form 
f(x) = ax? + bx +0, 616 
quadratic equations solved by, 587-589, 653 
Complex fractions. See Complex rational 
expressions 
Complex numbers, 564 
adding and subtracting, 564-565, 575 
dividing, 566-568, 576 
multiplying, 565-566, 576 
Complex rational expressions, 430-438, 493 
simplifying by multiplying by one, 431-433, 
434 


Composite functions, 677, 744 
forming, 677-679 
Compound inequalities, 265-274, 306 
equivalent, solving absolute value 
inequalities using, 307 
examples of, 266 
finding those involving “and,” 266 
finding those involving “or,” 269 
solving those involving “and,” 266-269 
solving those involving “or,” 270-271 
Compound interest, 348, 589-591, 669-670 
formulas for, 590, 669, 670, 723-724, 743, 846 
and problem solving, 589-592 
Computer, history behind, 232 
Computer technology, exponential growth in, 668 
Condensing logarithmic expressions, 708-710 
properties for, 708 
Conditional equation, 46, 99 
Cone, volume formula for, 60 
“Cone of Apollonius, The” (Prince), 794 
Conic sections, 755, 766 
circles, 60, 756, 758-765, 766, 794-795, 812, 814 
ellipses, 766-778, 794, 795-796, 812, 814 
hyperbolas, 766, 778-787, 794, 795-796, 813, 
814, 873 
identifying by their equations, 794-796, 814 
parabolas, 611-621, 655, 766, 788-800, 
813-814 
Conjugates, 544, 574, 576, 599, 600 
of complex number, 566 
to divide complex numbers, using, 566-568, 
576 
multiplying, 544, 576 
Consistent systems, 188, 213, 244 
Constant, 2 
Constant function, 144 
Constant of variation, 480, 483 
Constraints, in linear programming, 298-299, 
300, 308 
Continuous compounding of interest, 670, 
724, 743 
Continuous function, 407 
Continuous graph, 318, 395 
Copernicus, Nicolaus, 811 
Correlation coefficient, 165, 735, 736 
Cost-benefit model, 404, 460-461 
using, 404-405 
Cost function, 201-203, 244, 468-469 
Cramer, Gabriel, 232 
Cramer’s rule, 232 
with inconsistent and dependent systems, 239 
system of linear equations in three variables 
solved using, 237-239, 248 
system of linear equations in two variables 
solved using, 233-235, 247 
Cube 
perfect, 526 
volume formula for, 60 
Cube root functions, 507-508 
evaluating, 507-508 
Cube roots, 502, 573 
defined, 507 
simplifying, 508 
Cubes, sum and difference of, 397 
factoring, 369-370, 397 
Curve fitting, 213, 246 


Darwin, Charles, evolution theory of, 515 


Data, modeling, 5-6, 92, 157-158, 214 
with slope-intercept form, 148-149 
Dead Sea Scrolls, and carbon-14 dating, 
733-734 
Decaying entity, 731 
Decimal notation, 97 
converting from scientific notation to, 83-84 
converting to scientific notation from, 84-86 
Decimals, fractions expressed as, 7 
Degree 
of ax", 315 
of nonzero constant, 315, 395 
of polynomial, 315, 316, 395 
of polynomial equation, 385 
of term ax"y™, 315 
Degree-day, 839 
Denominators. See also Least common 
denominator (LCD) 
adding rational expressions with the same, 
418-419 
irrational number in, 545 
negative exponents in, 73 
rationalizing, 544-546, 574-575, 584 
rationalizing those containing one term, 
544-546, 575 
rationalizing those containing two terms, 
546-547, 575 
simplifying rational expressions with 
opposite factors in, 410-411 
subtracting rational expressions with the 
same, 419-420 
Dependent equations, 188, 213, 244-248 
Dependent systems, identifying 
determinants used for, 239 
matrices used for, 227 
Dependent variables, 107, 169 
Descartes, René, 30 
Determinants, 232, 247-248 
inconsistent and dependent systems 
identified with, 239 
second-order, 232, 247 
solving systems of linear equations in two 
variables using, 233-235, 247 
systems of linear equations in three 
variables solved using, 237-239, 248 
third-order, 235-237, 247 
Difference 
binomial, square of, 333, 396 
of cubes, factoring, 369, 370, 397 
of functions, 127, 128, 168 
and sum of two terms, product of, 333-334, 
396 
Difference engine, 232 
Difference of two squares, 364-367 
factoring, 364-367, 397 
grouping used for obtaining, 368 
visualizing, 367 
Dinosaurs, extinction theory, 800 
Directrix, of parabola, 789, 813 
Direct variation, 479-482 
in combined variation, 484485 
with powers, 481 
and problem solving, 480-482 
Discriminant 
for determining number/type of solutions, 
601-602, 654 
using, 602 
Distance formula, 756—757, 758, 767, 812 


Distributive property, 23-24, 94 
and addition of polynomials, 320-321 
for factoring out Greatest Common Factor, 
342, 344, 396 
for multiplying complex numbers, 565 
for multiplying monomial and polynomial 
that is not monomial, 328-329 
for multiplying radicals with more than one 
term, 542 
other forms of, 24 
Division 
of complex numbers, 566-568, 576 
long, 440-443, 448-449, 493, 494 
with numbers in scientific notation, 86 
of polynomial by binomial, 440 
of polynomial by monomial, 439-440 
of polynomials, 438-447, 493-494 
of radical expressions, 536-538, 574 
of rational expressions, 411-412, 492 
of real numbers, 20-21, 93 
simplifying complex rational expressions 
by, 433-434 
synthetic, 448-451, 494 
by zero, 21 
Domain, 105-106 
of any quadratic function, 618-619 
of composite function, 677, 678 
of cube root functions, 507 
determining, 125-127 
of function, 125-127, 167 
identifying, from function’s graph, 118-120 
of logarithmic function, 696 
of natural logarithmic function, 696 
of rational function, 405—407, 492 
of relation, 104-105, 167 
of sequence, 820, 821, 822 
of square root function, 503, 504-505, 572 
Doubling time, savings and, 724 


Earning potential, math background and, 762 
Earthquake magnitude, 691, 697 
Ebbinghaus retention model, 435 
Einstein, Albert, 65, 533 
Elements, 92 
of matrix, 221 
of set, 6 
Ellipse(s), 766-778 
applications with, 772-774 
definition of, 766-767 
graphing, 769-772 
graphing those centered at origin, 769-770 
graphing those not centered at origin, 
770-772 
horizontal and vertical elongations of, 767 
recognizing from equations, 794-796, 814 
standard form of equation of, 767-770, 812, 
872-873 
Ellipsis, 6 
Empty set, 47, 95, 187, 259, 268, 292, 458 
e (natural base) 
in continuous compounding formula, 670 
evaluating functions with, 667-669 
expressing exponential model in, 738, 747 
End behavior, 318, 375, 395 
of polynomial functions, 318-320 
Endeavor space shuttle, 793 
Energy, nuclear, 65 
Energy efficiency of building materials, 194-195 


English language, associative property and, 23 
English phrases, 10 
translating into algebraic expressions, 2-3, 92 
English sentences, and inequalities, 260 
Environmental pollution, cost of reducing, 
404405 
Equal sign, 5, 287, 288 
Equation(s), 5, 92. See also Linear equations; 
Polynomial equations 
absolute value, 275-277, 306 
categorizing, 47-48 
conditional, 46, 99 
of conic sections, 794-796, 814 
containing fractions, 95 
dependent, 188, 213, 244-248 
equivalent, 41 
exponential, 716-719, 746 
functions as, 107-108 
graphing, 30-39, 94 
graphing, using point-plotting method, 32-33 
inconsistent, 47-48, 95 
inverse variation, 483 
logarithmic, 719-722, 746 
quadratic in form, 630-637, 655 
radical, 552-562, 575 
rational, 455-465, 494-495 
in two variables, 31 
types of, 46-48, 95 
of variation, 479-480 
Equation of line 
horizontal lines, 143-144 
parallel to given line, 159 
point-slope form of, 154-166, 170 
slope-intercept form of, 140-143, 155-157, 170 
standard form of, 136-138, 141, 157 
various forms of, finding, 157 
vertical lines, 144 
Equation of the inverse, finding, 682-683 
Equivalent algebraic expressions, 22—23 
and associative properties, 23 
and distributive property, 23 
Equivalent compound inequalities, solving 
absolute value inequalities using, 307 
Equivalent equations, 41 
Equivalent inequalities, 255 
Ethiopia, 730 
Evaluating an algebraic expression, 3-4 
Evaluating the function, 108 
Even-degree polynomial functions, graphs of, 
320, 395 
Even-degree polynomials, and Leading 
Coefficient Test, 319 
Even-degree quadratic function, graph of, 352 
Even roots, 509, 573 
Exam(s). See also Test(s) 
choosing seat during, 549 
final, 592 
partial credit on, 606 
Expanding a logarithmic expression, 704-708 
and power rule, 706-707 
and product rule, 704-705 
properties for, 707 
and quotient rule, 705 
Expanding the summation notation, 824-825 
Expansion by minors, 236 
Explanations, verbal or written, 214 
Exponential equations, 746 
defined, 716 
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natural logarithms used in solving, 718-719 
solving, 716-719 
Exponential expression, 4, 21, 22 
evaluating, 20 
functions involving, 109 
simplifying, 77-78, 97, 519-520 
Exponential form, 691 
changing from, to logarithmic form, 692 
changing from logarithmic form to, 692 
location of base and exponent in, 692 
Exponential functions, 662-675, 743 
characteristics of, 666 
defined, 662 
evaluating, 663 
examples of, 662 
expressing model in base e, 738, 747 
graphing, 664-667, 694-695 
modeling data with, 734-737 
natural, 667-669, 743 
Exponential growth, 668, 842 
Exponential growth and decay models, 
730-734, 747 
Exponential notation, 4 
Exponential REGression option, graphing 
utility, 736 
Exponents, 4, 92. See also Rational exponents 
and large numbers, 83 
negative, 73-74, 96 
negative integers as, 72-74 
power rule for, 74 
products-to-powers rule for, 75, 96 
quotient-to-power rule for, 76, 97 
zero, 71-72, 96 
Extraneous solutions, 555,575 


Factorial notation, 822, 865 
Factoring, 342, 396-397 
difference of two squares, 364-367, 397 
general strategy for, 398 
monomial from polynomial, 342, 396 
perfect square trinomials, 367-368, 
397, 587 
polynomial equations solved by, 385-386 
polynomials, 374-380 
quadratic equations solved by, 381-385, 
582, 603 
radicals simplified by, 526-529 
special forms, 364-374, 397-398 
by substitution, 355-356, 359 
success in mathematics and understanding 
of, 377 
sum and difference of two cubes, 369-370 
trinomials, 397 
trinomials by grouping, 359-360 
trinomials in two variables, 354, 358-359 
trinomials whose leading coefficient is not 
1, 356-359 
trinomial with leading coefficient of 1, 
350-355 
Factoring by grouping, 344-346, 396-397 
to obtain difference of two squares, 368 
trinomials, 359-360, 398 
Factoring completely, 354-355, 366-367 
Factoring out Greatest Common Factor, 342-344, 
354-355 
Factors, 342 
of term, 25 
Fermat, Pierre de, 30 
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Fibonacci (Leonardo of Pisa), 820 
Fibonacci numbers, on piano keyboard, 820 
Fibonacci sequence, 820 
Films, Oscar-winning, 676 
Final exam, 592 
Finite sequences, 821 
First terms, in binomial, 330 
Fixed cost, 201 
Focus (foci) 
of ellipse, 767 
of parabola, 789, 813 
FOIL method 
and factoring by grouping, 345-346 
and factoring by substitution, 356, 359 
and factoring completely, 355 
and factoring trinomials, 350, 351, 354, 357 
and factoring trinomials by grouping, 359 
for multiplying complex numbers, 565 
for multiplying polynomials, 330-332 
for multiplying radicals with more than one 
term, 542 
for multiplying sum and difference of two 
terms, 333 
for multiplying two binomials, 396 
and square of binomial, 332, 333 
Formulas, 5, 92 
and applications of rational equations, 495 
for area, perimeter, and volume, 60 
Binomial Theorem, 859, 867 
compound interest, 590, 669, 670, 723-724, 
743, 846 
distance, 756-757, 758, 767, 812 
exponential growth and decay, 731 
for general term of arithmetic sequence, 
832, 833 
for general term of geometric sequence, 842 
and mathematical models, 5-6 
midpoint, 757-758, 812 
for motion, 88 
problem solving using, 96 
quadratic, 597 
solving for variable in, 61-65, 466-468, 495 
special-product, 332, 333 
time in motion, 470 
value of an annuity, 847 
variation, 479 
Foxworthy, Jeff, 178 
Fraction(s) 
complex. See Complex rational expressions 
equations containing, 95 
expressing as decimals, 7 
linear equations with, 45-46 
linear inequalities containing, 258-259 
writing repeating decimal as, 850 
Fractional equation. See Rational equations 
Fraction bars, 22 
Free-falling object, modeling position of, 647-648 
Function(s), 103-154. See also Exponential 
functions; Logarithmic functions; 
Polynomial functions; Quadratic functions; 
Rational functions 
algebra of, 125-134 
analyzing graphs of, 116-118 
average cost, 468-469, 495 
business, 201-203, 242, 244 
composite, 677-679, 744 
composition of, 678 
constant, 144 
continuous, 407 


cost, 201-203, 244, 468-469 
defined, 106 
determining domain, 125-127 
domain of, 118-120, 125-127 
as equations, 107-108 
evaluating, 108 
exponential expressions and, 109 
graphing, 114-120, 167 
inverse, 679-683, 744 
linear, 114, 136-154 
logarithmic, 745 
objective, 297-298, 300-301 
one-to-one, 684-685, 744 
polynomial multiplication for evaluating, 
335-336 
profit, 203, 244 
quadratic, 213-214, 335, 352, 611-630, 655 
radical, 527-528, 558-559, 572-573 
rational, 404-407, 438-439, 492 
relations as, 105-107 
represented by tables, 109-110 
revenue, 201-203, 244 
square root, 503-505 
sum of (addition of), 127-128 
vertical line test for, 115-116, 167 
Function machine, 107, 108 
Function notation, 107-110, 167 


Galapagos Islands, 515 

Galileo, 30 

Gauss, Carl Friedrich, 223 

Gaussian elimination, 223, 225 

General form, of equation of circle, 761—762, 812 

General term 
of arithmetic sequence, 832-833, 865 
of geometric sequence, 841-843, 866 
of sequence, 820, 821 

Geometric figures, formulas for area, perimeter, 

and volume, 60 

Geometric population growth, 843 

Geometric sequences, 840-848, 866 
applications with, 845-846 
common ratio of, 840, 841 
defined, 840 
general term of, 841-843, 866 
sum of first n terms of, 843-846, 866 
writing terms of, 841 

Geometric series, 848-850 
infinite, 848-850, 866 

Gilbert, William, 582 

Global warming, 103 

Golden rectangles, 551 

Graphing calculators/graphing utilities 
approximating expression on, 605 
binomial coefficients computed with, 857 
to categorize equations, 47 
change-of-base property to graph 

logarithmic functions on, 711 
checking solution of radical equation on, 556 
checking tables and graphs on, 115 
circles graphed on, 759, 762 
common logarithms evaluated on, 696-697 
converting from decimal to scientific 
notation on, 85 

determinant of matrix evaluated on, 237 
ellipse graphed on, 769 
equations graphed on, 35-36 
e to various powers evaluated on, 668 
even-degree quadratic functions, 352 


exponential expressions evaluated on, 4, 663 

factorials found on, 822 

functions evaluated on, 108 

keystroke sequences for rational exponents, 
517,518 

linear equations graphed on, 138 

maximum function feature, 624 

minimum function feature, 214 

modeling data with, 735, 736-737, 743 

models for scatter plots obtained on, 158 

numeric or graphic check on, 45 

parabola on, 792 

polynomial equations, 386 

polynomial functions graphed on, 317, 320 

rational functions graphed with, 407 

reduced row-echelon form (RREF) on, 231 

row-echelon form on, 227 

SHADE feature, 289 

solutions to linear equations in one variable 
on, 45, 47-48 

solving systems on, 180 

square root functions on, 504 

sum of first 7 terms of arithmetic sequence 
on, 835 

sum of first n terms of geometric sequence 
on, 845 

sum of sequence on, 825 

TABLE feature on, 386, 406, 623, 722, 737, 859 

terms of sequences, 822 

verifying solution set for rational inequality, 
640, 642, 643 

verifying solution set of absolute value 
equation, 276 

verifying solution set of linear inequality, 
257 

verifying solution to quadratic equation, 599 

ZOOM SQUARE setting, 762, 769 

Graphs/graphing 

asymptotes of, horizontal and vertical, 407, 
492, 664, 665, 695, 696, 743, 745 

circles, 759, 760, 761 

ellipse, 769-772 

equation quadratic in form, 631 

equations, 30-39, 94 

even-degree polynomial functions, 320, 395 

exponential functions, 664-667, 694-695 

functions, 114-120, 167 

and horizontal line test, 683-685 

horizontal parabolas, 790-793 

hyperbolas, 782-783 

information obtained from, 116-118 

inverse functions, 685 

linear inequalities in two variables, 287-290 

logarithmic functions, 694-695 

odd-degree polynomial functions, 320, 
375, 395 

one-to-one function, 685 

parabolas, 790-793 

by plotting points, 114-115 

polynomial functions, 320, 375, 395, 452 

quadratic functions, 352, 582, 611-619, 655 

rational functions, 407, 471, 492 

real numbers, 8 

sequences, 822 

smooth and continuous, 318, 395 

stories told with, 33-34 

systems of inequalities, 307-308 

systems of linear equations in two variables 
solved by, 179-180, 186, 243 


systems of linear inequalities, 291-293 
using intercepts, 136-138 
vertical lines, 144, 169 
Gravitation, Newton’s formula for, 486 
Gray wolf population, growth in, 668-669 
Greater than or equal to symbol, 9, 10, 93 
Greatest common binomial factor, factoring 
out, 344-345 
Greatest Common Factor (GCF), 342, 396-397 
factoring out, 342-344, 354 
factoring out, then factoring difference of 
two squares, 366 
greatest common binomial factor, 344-345 
Grouping/grouping method, factoring by, 
344-346, 396-397 
special forms used when, 368 
trinomials, 359-360, 398 
Grouping symbols, 22 
Group projects 
business functions, 242 
conic sections, 811 
cost-benefit analysis, 491 
factoring problems, 394 
financial options for six-year contract, 864 
free-falling objects, 652-653 
growth phenomena that is leveling off, 572 
planetary motion modeling, 811 
pricing options, 305 
scatter plots for data, 166 
weightlifting, 743 
word problems, 91 
Growing entity, 731 
Growth, exponential, 668, 842 
Growth patterns, modeling those leveling off, 
502, 505, 548 
Growth rate, for world population, 730 


Half-life, 733 
Half-planes, 287, 307 
HAL (Hybrid Assistive Limb), 466, 469 
Halley’s Comet, 774, 784, 793 
Harvey, William, 30 
Height of children, modeling, 696-697 
Hexagons, in honeycombs, 364 
Homework, warm ups for, 685 
Horizontal asymptotes, 407, 492 

x-axis as, 664, 665, 743 
Horizontal lines, 157 

equations of, 143-144 

graphs of, 169 
Horizontal line test 

applying, 684 

for inverse functions, 683-685, 744 
Horizontal parabolas 

equations of, 813 

graphing, 790-793 
Hubble Space Telescope, 755, 788, 793 
Hybrid Assistive Limb (HAL), 466, 469 
Hyperbolas, 766, 778-787 

applications with, 784 

asymptotes of, 781, 782-783, 813, 873 

definition of, 779 

graphing, 782-783 


recognizing from equations, 794, 795-796, 814 


standard form of equation of, 779-781, 813 
Hypotenuse, of right triangle, 388 


IBM, 232 
Identity, 46, 47, 48, 95 


Identity element of addition, 17 
i (imaginary unit), 563-564, 575 
simplifying powers of, 568, 576 
Imaginary numbers, 564 
as solutions to quadratic equation, 584-585, 
600, 601 
Imaginary part, of complex number, 564 
Incidence ratio, 416 
Inconsistent equation, 47-48, 95 
Inconsistent systems, 187, 212-213, 244, 245, 
246, 248 
determinants used for identifying, 239 
geometric possibilities for, 212 
matrices used for identifying, 227 
Independent variable, 107, 169 
Index, 508 
Index cards, to help learn new terms, 282 
Index of summation, 824, 825 
Individual Retirement Account, 846, 847-848 
Inequalities. See also Compound inequalities 
absolute value, 277-280, 307 
and English sentences, 260 
equivalent, 255 
isolating x in middle of, 268 
with no solution, 259 
polynomial, 638-643, 647-648, 656 
rational, 643-647 
solving, 254-261 
with unusual solution sets, 259 
Inequality symbols, 9-10, 93, 254, 286, 287, 288 
reversal of direction of, 255 
Infinite geometric series, 848-850 
sum of, 848-849, 866 
Infinite interval, 10 
Infinite sequence, 821, 865 
Infinity symbol, 10 
Innumeracy, 341 
Innumeracy (Paulos), 341 
Inside terms, in binomial, 330 
Instantaneous change, roller coasters and, 553 
Integers, 6, 92 
Integral exponents, properties of, 96 
Intercept form of line, 166 
Intercepts, graphing using, 136-138 
ellipse, 768 
linear equations, 136-138, 168 
Interest 
compound. See Compound interest 
dual investments with simple, 196-197, 199 
Interest rates, doubling time and, 724 
Intersection of sets, 266, 306 


Interval notation, 10-11, 118-120, 254, J256—-259 


domain of rational function expressed in, 
405-406 
Intervals 
in graph of solution set to absolute value 
inequalities, 280 
on real number line, 11 
satisfying polynomial inequality, 639, 640, 
641-643, 656 
satisfying rational inequalities, 645, 646, 656 
Inverse 
additive, 17, 410-411, 425 
equation of the, finding, 682-683 
multiplicative (reciprocal), 20, 411 
Inverse function(s), 679-683, 744 
defined, 680 
of exponential function. See Logarithmic 
functions 
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finding, 682-683 

graphing, 685 

horizontal line test for, 683-685, 744 

notation, 680 

verifying, 680-682 
Inverse properties 

of logarithms, 694 

using, 697, 698 
Inverse variation, 482-484 

in combined variation, 484-485 

equations, 483 

problem solving, 483-484 
Investments 

choosing between, 670 

and compound interest, 589-591, 670, 

723-724, 743, 846 

and simple interest, 196-197, 199 
Irrational number, 8, 92 

in denominator, 545 

as exponent in exponential function, 664 

natural base e, 667-669, 738, 747 

as solutions to quadratic equations, 

599-600 

Isolating x in the middle of inequality, 268 
Isosceles right triangle, 594 


Jeopardy!, 668 

Job offers, 840 

Johns, Jasper, 341, 604 
Joint variation, 486 


Kepler, Johannes, 772, 811 
Kidney stone disintegration, 755, 772-773 
Kurzweil, Ray, 668 


Labrador retrievers, probability of fur color of, 
336 
Laffer, Arthur, 438 
Landscape design, problem solving with, 
387-388 
Language, proactive vs. reactive use of, 699 
Large numbers 
and exponents, 83 
names of, 83 
Last terms, in binomial, 330-331 
Leading coefficient, 315, 316, 395 
negative, 344 
Leading Coefficient Test, 318-320, 395 
Leading term, 315, 316, 318, 395 
Leaning Tower of Pisa, 647-648 
Learning Guide (Miller), 110 
Least common denominator (LCD), 45, 493 
finding, 420-421, 422, 423, 424 
in solving rational equations, 455-456, 457, 
458, 459 
Legs, of right triangle, 388 
Less than or equal to symbol, 9, 10, 93 
Like radicals, adding and subtracting, 534-536 
Like terms, 24-25 
Limitations, inequalities to describe, 298-299 
Line(s) 
equations of, 157 See also Equation of line 
regression, 136, 168 
slope of, 138-140 
tangent, to circle, 765 
Linear equations, 398 
algebraic word problems solved using, 54-61 
defined, 41 
with fractions, 45—46 
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Linear equations, (cont. ) 
intercepts used for graphing, 138 
in one variable, 41-46 
properties of equality for solving, 41-42 
solutions (roots) of, 41 
solving, 40-53, 95 
Linear equations in three variables, 209 
Linear functions, 114, 136-154, 168, 335 
data modeled with, 157-158 
direct variation equation as special case of, 
479-480 
graphing in slope-intercept form, 142-143 
and slope, 169 
Linear inequalities 
containing fractions, 258-259 
problem solving with, 260-261 
properties of, 255 
solving, 254-261, 305 
with unusual solution sets, 259 
Linear inequalities in one variable, 254, 305 
Linear inequalities in two variables, 286-297, 
307-308 
graphing, 287-290 
Linear programming, 297-305, 308 
constraints in, 298-299, 300, 308 
objective functions in, 297-298, 300-301, 308 
problem solving with, 299-301 
Linear regression feature, graphing utility, 736 
Linear systems. See Systems of linear equations 
Line segments, midpoint of, 757-758 
Logarithmic equations, 746 
defined, 719 
product rule used for solving, 720-721 
quotient rule used for solving, 722 
solving, 719-722 
Logarithmic expressions 
condensing, 708-710 
expanding, 704, 706-708 
Logarithmic form, 691 
changing from exponential form to, 692 
changing to exponential form from, 692 
equations in, 692 
location of base and exponent in, 692 
Logarithmic functions, 691-703, 745 
with base b, 691 
change-of-base property to graph, 711 
common, 696, 745 
definition of, 691-692 
domain of, 696 
graphs of, 694-695 
modeling data with, 734-737 
natural, 698, 745 
Logarithmic properties, 704-715 
basic, 745 
change-of-base property, 710-711, 745, 
871-872 
involving one, 693 
power rule, 706-707, 708, 745 
product rule, 704-705, 707, 708, 720-721, 
745, 871 
proofs of, 871-872 
quotient rule, 705, 707, 708, 722, 745 
using, 693-694 
Logarithmic REGression option, graphing 
utility, 735, 743 
Logarithms 
common, 696-697, 710-711, 745 
evaluating, 693 
inverse properties of, 694 


natural, 698-699, 710, 711, 718-719, 745 
properties of, 745 

Long division, 448-449, 493, 494 
polynomial, 440-443 

Lower limit of summation, 824, 825 


Main diagonal, 221 
Major axis, of ellipse, 767 
Malthus, Thomas, 843 
Mandelbrot set, 569 
Margin of error, 275, 280-281 
Math: A Rich Heritage, 762 
Mathematical illiteracy, 341 
Mathematical models, 1,5, 92,377 
applied problems solved using, 48-49 
of chaos, 501 
and formulas, 5-6 
involving linear inequalities, 290-291 
Mathematics, universality of, 861 
Math Study Skills (Bass), 510 
Matrix (matrices), 221, 246 
augmented, 221, 223-224, 225, 227, 246 
determinant of 2 X 2, 232-233, 247 
determinant of 3 X 3, 235-237, 247 
inconsistent and dependent systems 
identified with, 227 
linear systems solved using, 220-231, 246 
square, 232, 247 
Matrix row operations, 221-223 
Maximized quantity, objective function 
describing, 297-298, 300-301 
Maximizing quadratic functions, 620-621, 
623-624, 655 
strategy for solving problems 
involving, 622 
Midpoint formula, 757-758, 812 
Miller, Dan, 110 
Minimized quantity, objective function 
describing, 297-298, 300 
Minimizing quadratic functions, 620-621, 
622-623, 655 
strategy for solving problems involving, 622 
Minimum function feature, on graphing utility, 
214 
Minor, 236, 247 
Minor axis, of ellipse, 767, 769, 770 
Mixture problems, 197-199 
Model breakdown, 6 
Modeling 
data with exponential and logarithmic 
functions, art of, 734-737 
height of children, 696-697 
planetary motion, 811 
with square root function, 505 
with variation, 479-491, 496 
Monomials, 315, 395 
factoring from polynomial, 342, 396 
multiplying, 328-329, 396 
multiplying polynomial and, 328-329, 396 
multiplying polynomial that is not 
monomial and, 328-329 
polynomials divided by, 439-440 
Monteverdi, Claudio, 30 
Motion, 381 
formula, 88 
modeling, 386-387 
planetary, 811 
Motion problems, 200-201, 495 
involving time, 470-471, 495 


Multiplication 
associative property of, 23-24 
of binomial and trinomial, 329-330 
commutative property of, 23 
of complex numbers, 565-566, 576 
of conjugates, 544, 576 
of monomial and polynomial, 328-329, 396 
of monomials, 328-329, 396 
with numbers in scientific notation, 86 
of polynomial functions, 334-335 
of polynomials, 328-330, 396 
of radical expressions, 529-530, 573-574 
of radical expressions using special products, 
543-544 
of radicals with more than one term, 
542-543, 574 
of rational expressions, 410-411, 492 
of real numbers, 19, 93 
of sum and difference of two terms, 
333-334, 396 
Multiplication property of equality, 41, 42 
Multiplication property of inequality, 255 
Multiplicative inverse (or reciprocal), 20, 411 
Multiplier effect, and tax rebates, 850 


National Education Association, 833 
Natural base (e), 667-669, 738, 747 
Natural exponential function, 667, 668-669, 743 
Natural logarithmic functions, 698, 745 
Natural logarithms, 698-699 
changing base to, 710,711 
exponential equations solved using, 718-719 
introducing, 710, 745 
properties of, 698 
Natural numbers, 6, 92 
n compounding periods per year, 670 
Negative coefficient, 344 
common factor used with, 344 
factoring out GCF or common factor with, 
396, 398 
Negative-exponent rule, 72-74, 432 
Negative exponents, 73-74, 96 
complex rational expressions written 
with, 432 
Negative integers, as exponents, 72-74 
Negative multiplication property of 
inequality, 255 
Negative numbers 
cube root of, 507, 508 
even root of, 509 
square root of, 503 
square root of, as multiples of i, 563-564 
square root of, multiplying, 566 
Negative reciprocal, 160, 170 
Negative slope, 139, 169 
Negative square root, 503 
Negative units, 8 
Neuroticism and age, 2, 3 
Newton, Isaac, gravitation formula of, 486 
Nonlinear systems, 800-811, 814 
applications with, 805-807 
recognizing, 801 
solving by addition method, 803-805, 814 
solving by substitution, 801-803, 814 
North Korea, 730 
Notes, reviewing, 826 
nth partial sum, 833-836, 843-846 
nth roots, 508 
even and odd, 508-509 


of real numbers, 575 
solving radical equations containing, 553 
Nuclear energy, 65 
Nuclear waste, 734 
Numbers, sets of, 6 
irrational numbers, 8 
rational numbers, 7 
real numbers, 6-8, 92 
Numerators 
negative exponents in, 73 
rationalizing, 548-549 
simplifying rational expressions with 
opposite factors in, 410-411 
Numerical coefficient, 24, 25 
Nursing home costs, modeling, 835-836 


Objective functions, in linear programming, 
297-298, 300-301, 308 
Odd-degree polynomial functions, graphs of, 
320, 375, 395 
Odd-degree polynomials, and Leading 
Coefficient Test, 319 
Odd roots, 508-509, 573 
One-to-one correspondence, 8 
One-to-one functions, 684-685, 744 
Open dots, 116, 167 
Open interval, 10 
Opposites (additive inverses), 17-18, 410-411 
adding or subtracting rational expressions 
with denominators that are, 425 
of polynomial, 322 
Ordered pairs, 30-31, 94 
as solutions of systems, 178-179 
Ordered triples, as solution of system of linear 
equation in three variables, 209 
Order of operations, 4, 21-22, 94 
Origin, 8, 30, 94 
asymptotes of hyperbola centered at, 873 
graphing ellipse centered at, 769-770 
graphing ellipse not centered at, 770-772 
graphing hyperbolas centered at, 782-783 
Oscar-winning films, 676 
Outside terms, in binomial, 330 


Parabolas, 611-621, 766, 788-800, 813-814 
applications with, 793-794 
and axis of symmetry, 612, 613, 789, 793 
definition of, 789-790 
downward opening, 612, 613, 617, 620, 655, 
789, 813 
in form f(x) = ax? + bx + c, 616-619 
in form f(x) = a(x — h)? + k, 612-616 
graphing, 790-793 
leftward opening, 789, 790-791, 813 
recognizing from equations, 794, 795-796, 814 
rightward opening, 789, 790, 792-793, 813 
upward opening, 612, 613, 615, 620, 655, 
789, 813 
Parabolic paths of shot put, 621-622 
Parallel lines, 159, 259 
and slope, 159, 170 
Parentheses, 22 
and distributive property, 24 
in interval notation, 10 
and simplifying algebraic expressions, 26 
Partial credit, 606 
Pascal, Blaise, 30, 861 
Pascal’s triangle, 861 
Paulos, John Allen, 341 


“Peanuts” comic strip, 542 
Percents, 341 
Perfect cube, 526 
Perfect nth power, 526, 528 
with exponents divisible by n, 528 
Perfect square, 365, 526 
Perfect square trinomials, 384, 586-587 
factoring, 367-368, 397, 587 
Performance, checking own, 189 
Perimeter, formulas for, 60 
Perpendicular lines, 160-161 
and slope, 160-161, 170 
Pets, presidential, 265 
Pirates of Penzance, The (Gilbert and 
Sullivan), 582 
Planetary motion, modeling, 811 
Plotting points 
graphing functions by, 114-115 
in rectangular system, 31 
Point-plotting method of graphing, 32-33, 
114-115 
Point Reyes National Seashore, 286 
Points, plotting in rectangular coordinate 
system, 31 
Point-slope form of equation of line, 154-166, 170 
to write line’s equation, 155-157 
Pollutants, cost of removing, 404-405 
Polynomial(s), 313-341 
adding, 320-321, 395 
complex number operations and, 565 
defined, 314-315, 395 
degree of, 315, 316, 395 
degree of four terms for, 315 
dividing, 438-447, 493-494 
dividing by monomials, 439-440 
dividing by those containing more than one 
term, 440-443 
dividing using synthetic division, 448-451 
factoring, 374-380 
factoring completely, 354-355 
long division of, 440-443 
monomials factored from, 342, 396 
prime, 342, 356, 358, 366, 396 
strategy for factoring, 374-377 
subtracting, 321-322, 395 
vocabulary of, 315-316 
Polynomial equations, 385, 398 
applications with, 386-389, 398 
degree of, 385 
Pythagorean Theorem used for obtaining, 
389 
Remainder Theorem and solving, 451-452 
solving by factoring, 385-386 
in standard form, 385 
Polynomial functions, 316-318 
end behavior of, 318-320 
evaluating, 316-317 
graphs of, 320, 375, 395, 452 
multiplication of, 334-335 
Remainder Theorem used for evaluating, 451 
Polynomial inequality, 638-643 
definition of, 639 
solving, 639-643, 656 
solving problems modeled by, 647-648 
Polynomial multiplication, 328-330, 396 
for evaluating functions, 335-336 
FOIL method used in, 330-332 
multiplying monomial and polynomial that 
is not monomial, 328-329 
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when neither is monomial, 329-330 
Population growth 
geometric, 843 
gray wolf, 668-669 
US., modeling, 731-733 
world, 730 
Positive multiplication property of inequality, 255 
Positive number, cube root of, 507,508 
Positive (or principal) square root, 502, 572 
definition of, 503 
Positive slope, 139, 169 
Positive units, 8 
Power rule, 96, 706-707, 708, 745 
for exponents (powers to powers), 74-75 
Powers of i, simplifying, 568, 576 
Practice, math success through, 699 
Precipitation, 253 
Presidents, pets of, 265 
Prime polynomials, 356, 358, 366 
over the set of integers, 342, 396 
Prime trinomials, 351 
Prince, Richard E., 794 
Principal, 196 
Principal nth root, 509 
Principal square root, 502, 572 
definition of, 503 
Problem solving 
with absolute value inequalities, 280-281 
involving maximizing/minimizing quadratic 
functions, 621-624 
with linear inequalities, 260-261 
with linear programming, 299-301 
quadratic formula used for, 604-606 
with scientific notation, 87-88 
with square root property, 589-591 
success in, 374 
with systems of equations, 244 
using formulas, 96 
Product(s) 
of functions, 127, 128, 168, 334-335 
minimizing, 622-623 
special, 334, 543-544 
special-product formula, 332, 333 
of sum and difference of two terms, 
333-334, 396 
of two binomials, 330-332, 396 
Zero-Product Principle, 381-382, 384, 385, 
398 
Zero-Product Principle in reverse, 603, 654 
Product rule, 70-71, 96, 704-705, 707, 708, 
745, 871 
for solving logarithmic equations, 720-721 
using, 705 
Product rule for radicals, 526, 573 
for multiplying radicals with same 
indices, 573 
for simplifying radicals, 573 
simplifying radicals using factoring and, 
526-529 
Products-to-powers rule, 75, 96 
Profit function, 203, 244 
gain or loss, 202 
Public speaking, 275 
Pythagorean Theorem, 388 
and distance between two points, 756-757 
polynomial equation obtained using, 389 
and square root property, 591 


Quadrants, 31 
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Quadratic equations, 398, 582 
compound interest problems solved using, 
590-591 
defined, 381 
determining most efficient method for 
solving, 602-603 
discriminant of, 601-602 
irrational solutions to, 599-600 
rational solutions to, 598 
as result of clearing fractions from rational 
equations, 458-460 
solving by completing the square, 587-589, 653 
solving by factoring, 381-385, 582, 603 
solving by square root property, 583-586, 603 
solving using quadratic formula, 597-601, 
603, 654 
in standard form, 381, 398, 582 
writing from solutions, 603-604, 654 
Quadratic formula, 596-611 
deriving, 597 
graph of circle and, 762 
for problem solving, 604-606 
quadratic equations solved with, 597-601, 
603, 654 
Quadratic functions, 213-214, 335, 581 
applications of, 621-624 
graphs of, 352, 582, 611-619, 655 
minimizing or maximizing, 620-621, 655 
Quadratic in form, solving equations, 630-637, 655 
Quarterly compounding of interest, 670 
Questions, asking in class, 131 
Quizzes, analyzing errors made on, 412 
Quotient, 20-21 
of functions, 127, 168 
of two rational expressions, 411-412 
Quotient rule, 71, 96, 705, 707, 708, 745 
for radicals, 536-538, 574 
for solving logarithmic equations, 722 
using, 705 
Quotients-to-powers rule, 76, 97 


Radical equations, 552-562, 575 
applications of, 558-559 
solving, 553-558 
solving those containing nth roots, 575 
Radical expressions, 502, 572-573 
adding and subtracting, 534-536, 574 
adding and subtracting with higher indices, 
535-536 
combining those requiring simplification, 535 
dividing, 536-538, 574 
multiplying, special products used for, 543-544 
multiplying, then simplifying, 529-530, 574 
multiplying those with more than one term, 
542-543, 574 
product rule for, 526, 573 
quotient rule for, 536-538, 574 
simplifying, 506, 509-510 
simplifying by factoring, 526-529 
simplifying using rational exponents, 
520-521 
simplifying when variables to even powers in 
radicand are nonnegative quantities, 528 
Radical functions, 572-573 
problem solving using models that are, 
558-559 
simplifying, 527-528 
Radical sign, 502 
Radical symbols, 22, 502, 503 


Radicand, 502 
Radius, of circle, 758 
Range, 105-106 
of any quadratic function, 618-619 
identifying, from function’s graph, 118-120 
of relation, 104-105, 167 
Rate of change, average, 145-147, 169 
Rational equations, 455—465 
applications of, 460-461, 495 
formulas and applications of, 495 
solving, 455-460, 494-495 
Rational exponents, 515-525, 573 
defining, 515-519 
exponential expressions simplified using, 
519-520 
negative, 518 
with numerators other than one, 517-519 
properties of, 519 
radical expressions simplified using, 520-521 
Rational expressions, 404, 492-493 
adding, 493 
addition of, when denominators are 
opposites, 425 
addition of those with common 
denominators, 418-419 
addition of those with different 
denominators, 421-423, 424425 
complex, 430-438, 493 
dividing, 411-412, 492 
in motion problems, 470 
multiplying, 410-411, 492 
simplifying, 407-409, 457, 492 
subtracting, 493 
subtraction of, when denominators are 
opposites, 425 
subtraction of those with common 
denominators, 419-420 
subtraction of those with different 
denominators, 423-425 
Rational functions, 404-407, 438-439, 492 
domain of, 405-407, 492 
graphs of, 407, 471, 492 
inverse variation equation as, 483 
Rational inequalities, 643 
solving, 643-647, 656 
solving problems modeled by, 647-648 
Rationalizing denominators, 574-575 
containing one term, 544-546, 575 
containing two terms, 546-547, 575 
in solving quadratic equation by square root 
property, 584 
Rationalizing numerators, 548-549 
Rational numbers, 7, 92 
Real number line, 8, 11 
Real numbers, 8 
adding, 16-18, 93 
dividing, 20-21, 93 
multiplying, 19, 93 
ordering, 9-10 
set of, 6-8, 92 
subtracting, 18-19, 93 
Real part, of complex number, 564 
Reciprocal (or multiplicative inverse), 20, 411 
negative, 160, 170 
Rectangles 
area and perimeter formulas for, 60 
golden, 551 
Rectangular coordinate system, 30, 94 
circle in, 756 


distance between two points on, 756-757 
ellipse on, 767 
graphing equations in, 31-36 
points plotted in, 31 
Rectangular solid, volume formula for, 60, 63 
Reduced row-echelon form, 231 
Reflecting light, and parabolas, 793-794 
Regression line, 136, 168 
Relations, 104-105, 167 
defined, 104 
as functions, 105-107 
Relativity theory, 533 
Remainder Theorem, 451, 494 
to evaluate polynomial function, 451 
using to show number as solution of 
polynomial equation, 451-452 
Repeated factorization, 366 
Repeating decimals, 7 
written as fractions, 850 
Representative numbers/test values 
solving polynomial inequalities at, 639, 640, 
641, 643, 656 
solving rational inequality at, 645, 646, 656 
Revenue, 201 
Revenue function, 201-203, 244 
Richter scale, 691, 697 
Right triangle, 388 
isosceles, 594 
Rise, 138 
Robotic exoskeletons, 466, 469 
Rodriguez, Alex, 819 
Roots of equations, 41 
Roster method, 6, 92 
Row-echelon form, 221, 227 
reduced, 231 
Row equivalent, 222-223 
Row operations, 246 
on augmented matrix, 221-223 
Run, 138 
Rutherford, Ernest, 786 


St. Mary’s Cathedral (San Francisco), 778 
Salaries 
comparing, 840 
lifetime computation, 845-846 
Satisfying the equation, 31, 41 
Satisfying the inequality, 254, 287 
Savings, and doubling time, 724 
Scatter plots, 136, 168, 734-737, 747 
graphing utility to model, 158 
Schulz, Charles, 542 
Scientific calculators 
approximating expression on, 605 
common logarithms evaluated on, 696 
converting from decimal to scientific 
notation on, 85 
evaluating e to various powers, 668 
exponential expressions evaluated on, 4, 663 
factorials found with, 822 
keystroke sequences for rational 
exponents, 518 
polynomial functions on, 317 
square root functions on, 504 
Scientific notation, 82-91, 97 
computations with, 86-87, 97 
converting from decimal notation to, 
84-86 
converting to decimal notation, 83-84 
defined, 83 


problem solving with, 87-88 
Second-degree polynomial equation, 381 
Second-order determinants, evaluating, 232, 247 
Semiannual compounding of interest, 670, 743 
Sense of the inequality, changing, 255 
Sequences, 820-822 

arithmetic, 830-839, 865 

defined, 821 

factorial notation, 822-823, 865 

Fibonacci, 820 

finite, 821 

geometric, 840-848, 866 

graph of, 822 

infinite, 821, 865 
Series, geometric, 848-850 

infinite, 848-850, 866 
Set-builder notation, 6, 11, 92 

domain of rational function expressed in, 

405-406 

intersection of sets expressed in, 266 

to represent function’s domain and range, 129 
Sets, 6, 92 

intersection of, 266, 306 

of irrational numbers, 8 

of numbers, 6 

of rational numbers, 7 

of real numbers, 6-8, 92 

solution. See Solution set 

union of, 269-271, 306 
Shakespeare, William, 30 
Shopping mall, average amount spent in, 662 
Shot put, parabolic paths of, 621-622 
>, 824 
Simple interest, dual investments with, 196-197, 

199 
Simplifying algebraic expressions, 24—26, 43, 94 
Simplifying complex rational expressions 

by dividing, 433-434 

by multiplying by one, 431-433, 434 
Simplifying exponential expressions, 77-78 

common errors in, 78 

with rational exponents, 519-520 
Simplifying radical expressions, 506, 509-510 

cube root, 508 

by factoring, 526-529 
Simplifying rational expressions, 407-409, 492 

solving rational equations contrasted 

with, 457 
Slope, 169 

as average rate of change, 145-147, 169 

defined, 138, 145 

interpreting, 145 

of line, 138-140 

negative, 139, 169 

and parallel lines, 159 

and perpendicular lines, 160-161 

positive, 139, 169 

undefined, 139, 169, 170 

zero, 139, 170 
Slope-intercept equation of nonvertical line, 169 
Slope-intercept form of equation of line, 

140-143, 157, 170 

linear functions graphed in, 142-143 

modeling data with, 148-149 

writing, 155-157 
Smooth, continuous graphs, 318, 395 
SOAP method for factoring differences of 

cubes, 370 
Social media, 15 


Solution(s) 
of compound inequality, 266, 270 
of equation in two variables, 31 
extraneous, 555,575 
of inequality, 254 
of inequality in two variables, 286-287 
infinitely many, 188 
of linear equation in one variable, 41 
numeric and graphic checks of, 45 
of nonlinear system in two variables, 801 
of system of linear equations, 178-179 
of system of linear equations in three 
variables, 209 
of system of linear inequalities, 290 
Solution set 
of absolute value inequality, 280 
of inequality, 254, 255 
of linear equation in one variable, 41, 42 
of nonlinear system in two variables, 801 
of system of linear equations in three 
variables, 209 
of system of linear inequalities, 291-292 
Solving a formula for a variable, 61-65 
twice-occurring variables, 64 
Solving an inequality, 254 
Solving linear equations, 40-53 
Sonic boom, hyperbolic shape of, 784 
Space Telescope Science Institute, 793 
Special forms 
difference of two squares, 364-367, 397 
factoring, 364-374, 397-398 
perfect square trinomials, 367-368, 384, 397, 
586-587 
sum and difference of cubes, 397 
Special-product formula, 332, 333 
Special products 
for multiplying radicals, 543-544 
using, 334 
Sphere, volume formula for, 60 
Square 
area and perimeter formulas for, 60 
perfect, 365, 526 
Square matrix, 232, 247 
Square of binomial difference, 333, 396 
Square of binomial sum, 332-333, 396 
Square root function, 503 
domain of, 503, 504-505, 572 
evaluating, 503-504 
modeling with, 505 
Square root property, 583, 653 
problem solving with, 589-591 
and Pythagorean Theorem, 591 
quadratic equations solved by, 583-586, 603 
Square roots, 8, 572 
evaluating, 502-503 
Square root signs, 22, 503 
Square roots of negative numbers, 503, 
562-564 
defined, 563 
as multiples of i, 563-564 
multiplying, 566 
Standard form 
of equation of circle, 758, 759-760, 
761-762, 812 
of equation of ellipse, 767-770, 812, 
872-873 
of equation of hyperbola, 779-781, 813 
of equation of line, 136-138, 141, 157 
of polynomial, 315 
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polynomial equation in, 385 
quadratic equations in, 381, 398, 582 
Standard viewing rectangle, 35 
Statuary Hall (U.S. Capitol Building), 772, 776 
Stopping distances for cars, 638 
Strontium-90, from nuclear reactors, 734 
Study groups, 323 
Studying 
as key to math success, 510 
time and location for, 861 
Substitution 
and dual investment problem, 197 
for eliminating variables, 181-183, 210, 
801-803 
factoring by, 355-356, 359 
and mixture problem, 198-199 
nonlinear systems solved by, 801-803, 814 
systems of linear equations in two variables 
solved by, 181-183, 186, 243 
Subtraction 
of complex numbers, 564-565, 575 
definition of, 18 
of functions, 127 
of like radicals, 534-536 
of polynomials, 321-322, 395 
of radical expressions, 534-536, 574 
of rational expressions, 493 
of rational expressions when denominators 
are opposites, 425 
of rational expressions with common 
denominators, 419-420 
of rational expressions with different 
denominators, 423-425 
of real numbers, 18-19, 93 
Sullivan, Arthur, 582 
Sum 
binomial, square of, 332-333, 396 
of cubes, factoring, 369-370, 397 
and difference of two terms, product of, 
333-334, 396 
of first n terms of arithmetic sequence, 
833-836, 865 
of first n terms of geometric sequence, 
843-846, 866 
of functions, 127-128, 168 
of infinite geometric series, 848-849, 866 
Summation notation, 823-826, 865 
using, 824-825 
writing sums in, 826 
Supercomputers, 227 
Supply-side economics, 438-439 
Switch-and-solve strategy, 682, 744 
Symbols 
approximation, 8 
for binomial coefficients, 857 
for elements in sets, 6-7 
empty set, 47 259 
greater than or equal to, 9, 10, 93 
grouping, 22 
inequality, 9-10, 93, 254, 255, 286, 287, 288 
infinity, 10 
less than or equal to, 9, 10, 93 
for opposites (or additive inverses), 17 
radical, 22, 503 
sigma, in adding terms of sequence, 824 
square root, 22, 502, 503 
Symmetry, axis of. See Axis of symmetry 
Synthetic division, 448-451, 494 
polynomials divided using, 448-451 
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Systems of equations. See Systems of linear 
equations 
Systems of inequalities. See Systems of linear 
inequalities 
Systems of linear equations, 178 
matrix solutions to, 220-231, 246 
problem solving and business applications 
using, 194-208, 244 
Systems of linear equations in three variables, 
208-219, 245-246 
inconsistent and dependent systems, 
212-213 
problem solving with, 213-214 
solution of, 209 
solving by eliminating variables, 209-212, 245 
solving by using matrices, 225-227 
solving those with missing terms, 211-212 
solving using determinants and Cramer’s 
rule, 237-239, 248 
Systems of linear equations in two variables, 
178-194, 243-244 
comparing solution methods, 186 
determining if ordered pair is solution of, 
178-179 
with infinitely many solutions, 187, 188 
with no solutions, 187-188 
number of solutions to, 187 
solving, using determinants and Cramer’s 
rule, 233-235, 247 
solving by addition method, 183-186, 243 
solving by graphing, 179-180, 186, 243 
solving by substitution method, 181-183, 
186, 243 
solving by using matrices, 223-225 
Systems of linear inequalities 
applications of, 297-305 
graphing, 291-293, 307-308 
modeling with, 290-291 
Systems of nonlinear equations in two variables, 
801-811, 814 
applications with, 805-807 
recognizing, 801 
solving by addition method, 803-805, 814 
solving by substitution method, 801-803, 814 


Tables 
checking, using graphing utility, 115 
creating, using graphing utility, 35-36 
functions represented by, 109-110 
Tangent line, to circle, 765 
Tax rates, and supply-side economics, 438-439 
Tax rebates, and multiplier effect, 850 
Temperature, 253 
conversions between Fahrenheit and 
Centigrade, 63-64 
in enclosed vehicle, 699 
Terminating decimals, 7 
Terms 
of algebraic expressions, 24 
in binomial, 330-331 
finding, in binomial expansion, 860-861 
of geometric sequence, 841 
leading, 315, 316, 318, 395 
like, 24-25 
multiplying sum and difference of, 333-334 
of sequence, written from general term, 821 
of sequences involving factorials, finding, 823 
Test(s). See also Exam(s) 
analyzing errors made on, 412 


relaxation during, 807 
strategies for taking, 461 
Test points, graphing linear inequalities without 
using, 289-290 
Test value 
solving polynomial inequalities at, 639, 640, 
641, 643, 656 
solving rational inequalities at, 645, 646, 656 
Third-order determinants 
defined, 235 
evaluating, 235-237, 247 
Tiger population, global, 313 
Time, motion problems involving, 470-471, 
495-496 
Transverse axis, of hyperbola, 779-780 
Trapezoid, area and perimeter formulas for, 60 
Trial and error, 350 
Triangle 
area and perimeter formulas for, 60 
isosceles right, 594 
Pascal’s, 861 
right, 388 
Trinomials, 315, 395 
factoring, 397 
factoring by grouping, 359-360, 398 
factoring those whose leading coefficient is 
not 1, 356-359 
factoring those with leading coefficient of 1, 
350-355 
multiplying binomial and, 329-330 
multiplying monomial and, 329 
perfect square, 367-368, 384, 397, 586-587 
prime, 351 
Trinomials in two variables, factoring, 354, 
358-359 
“29-Fold M-set Seahorse” (Voss), 569 


Undefined slope, 139, 169, 170 
Union of sets, 269-271, 306 
defined, 269 
Unit distance, 8 
US. Bureau of Justice, 418 
USS. Census Bureau, 843 
United States population, modeling growth of, 
731-733 
Upper limit of summation, 824, 825 


Value, of second-order determinant, 232-233 
Value of an annuity, 846-848 
Variable cost, 201 
Variables, 2, 92 
dependent, 107, 169 
independent, 107, 169 
solving for, in formulas, 61-65, 466-468, 
495 
Variables, eliminating 
addition method of, 183-186, 209-210, 243, 
245, 803-805, 814\ 
solving linear system in three variables by, 
209-212, 245 
solving linear systems in two variables by, 
181-183, 209-210 
solving nonlinear systems by, 801-805, 814 
substitution method of, 181-183, 186, 210, 
243, 801-803, 814 
Variation 
combined, 484-485 
constant of, 480, 483 
direct, 479-482 


equations of, 479-480 
formulas, 479 
inverse, 482-484 
joint, 486 
modeling using, 479-491, 496 
Variation problems, solving, 480-482 
Vertex (vertices), 300, 301 
of ellipse, 767, 768, 771, 772 
of hyperbola, 779, 781, 782, 783, 813 
of parabola, 611-612, 618-619, 655, 789, 790, 
791, 792, 813 
Vertical asymptotes, 407, 492 
y-axis as, 695, 745 
Vertical format for polynomial subtraction, 322 
Vertical lines, 157 
equations of, 144 
graphs of, 144, 169 
Vertical line test, for functions, 115-116, 167 
Vertical parabolas, equations of, 813 
Video, chapter test prep, 389 
Viewing rectangle 
on graphing utility, 35 
understanding, 35-36 
Volume, formulas for, 60 
Voss, R. F, 569 


Wadlow, Robert, 488 
Watson (IBM computer), 668 
Wells, Vernon, 819 
West Side Story (film), 676 
Whispering gallery, 772 
Whole numbers, 6, 92 
Williams, Venus and Serena, 104 
Wilson, Michael, 560 
Women in labor force, 552-553, 558-559 
Word problems, solving, 194-201 
strategy for, 54, 96 
Work problems, solving, 471-474, 495 
World Expo, 177 
World population 
future of, 738 
growth in, 730 
modeling data about, 736-737 
rewriting model in base e, 738 


x-axis, 30, 94, 136 
x-coordinate, 31, 94, 136 
x-intercept, 136-137 168 
of parabola, 614-615, 617, 618 
solving polynomial inequalities and, 640 


y-axis, 30, 94 
y-coordinate, 31, 94, 136 
y-intercept, 136-137, 168 
graphing using slope and, 142-143 
of parabola, 614-615, 617, 618 
Yosemite National Park, 253 
‘Youngman, Henny, 178 
YouTube, chapter test prep video on, 389 


Zero, division by, 21 

Zero exponent, 96 

Zero-exponent rule, 71-72 

Zero (Johns), 604 

Zero-Product Principle, 381-382, 384, 385, 398 
in reverse, 603, 654 

Zero slope, 139, 170 

0 Through 9 (Johns), 341 

Zoom in/zoom out, on graphing utilities, 36 
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